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Although impurities in condensed matter systems are commonly regarded as disruptive to
ideal bulk behaviour, they can also create local environments where the interplay between
a defect and its host material can reveal rich and exotic quantum phenomena. Magnetic
impurities in conventional superconductors generate Yu—Shiba—Rusinov (YSR) in-gap bound
states, which illustrate both aspects. They suppress the local superconducting order parameter
through pair breaking while enabling rich quantum effects, including a quantum phase
transition. Additionally, they have attracted interest as building blocks for creating topological
superconducting platforms capable of hosting Majorana bound states.

This thesis investigates the changes in the local superconducting order parameter caused by
magnetic impurities and the impact of these changes on the phenomena associated with the
YSR states. For a single magnetic impurity, the YSR states induce a quantum phase transition
when the exchange coupling is varied, accompanied by a discontinuous change in the local
superconducting order parameter. Modelling this change through a self-consistent treatment of
the order parameter leads to significant modifications of the YSR spectrum in the form of a
finite energy gap at the quantum phase transition, as well as changes in ground-state properties
at low temperatures. In contrast, observables such as the Josephson current through a YSR state
remain largely insensitive to the detailed order parameter profile. Extending the analysis to a
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when such a treatment is essential and when a constant order parameter approximation provides
an adequate description.

Keywords: Superconductivity, Superconducting order parameter, Impurities in
superconductors, Josephson junctions, Yu-Shiba-Rusinov state, Majorana bound state,
Quantum phase transition

Andreas Theiler, Department of Physics and Astronomy, Quantum Matter Theory, Box 516,
Uppsala University, SE-751 20 Uppsala, Sweden.

© Andreas Theiler 2026
ISSN 1651-6214

ISBN 978-91-513-2791-4
URN urn:nbn:se:uu:diva-582746 (http://urn.kb.se/resolve?urn=urn:nbn:se:uu:diva-582746)



Dedicated to the sore shoulders
of the giants I got to stand on






List of papers

This thesis is based on the following papers, which are referred to in the text
by their Roman numerals.

I

II

II

v

Majorana bound state localization and energy oscillations for magnetic
impurity chains on conventional superconductors.

Andreas Theiler, Kristofer Bjornson, and Annica M. Black-Schaffer.
Phys. Rev. B 100, 214504 (2019)

Superconducting quantum interference at the atomic scale.

Sujoy Karan, Haonan Huang, Ciprian Padurariu, Bjorn Kubala,
Andreas Theiler, Annica M. Black-Schaffer, Gonzalo Morras, Alfredo
Levy Yeyati, Juan Carlos Cuevas, Joachim Ankerhold, Klaus Kern, and
Christian R. Ast.

Nat. Phys. 18, 893 (2022)

Temperature dependent energy gap for Yu-Shiba-Rusinov states at the
quantum phase transition.

Andreas Theiler, Christian R. Ast, and Annica M. Black-Schaffer.
Phys. Rev. B 112, 134505 (2025)

Josephson tunneling through a Yu-Shiba-Rusinov state: Interplay of
m-shifts in Josephson current and local superconducting order
parameter.

Andreas Theiler, Christian R. Ast, and Annica M. Black-Schaffer.
(Manuscript 2026) arXiv:2602.08827 (submitted to Phys. Rev. B)

Reprint of Paper I was made with permission from the publisher.
Papers II-IV were reprinted under the terms of the Creative Commons license
CCBY4.0https://creativecommons.org/licenses/by/4.0/.

My contributions to the publications

Paper I: I carried out the calculations and was responsible for summarising
the methods, results, and conclusion for the publication. Parts of the self-
consistent calculations of the superconducting order parameter calculations
and the resulting effects on the localisation of the Majorana bound states were
included in my master thesis project.


https://creativecommons.org/licenses/by/4.0/

Paper II: I performed the self-consistent calculation of the local supercon-
ducting order parameter and its effects on the Josephson current through the
Yu—Shiba—Rusinov state. I was responsible for the summary of these results
as presented in the supplementary material.

Paper III and IV: | had the main responsibility for the analytical and numer-
ical models, performing the analytical and numerical calculations, analysis of
the results, and writing the manuscripts.



Acronyms

AIM Anderson impurity model.

BCS Bardeen—Cooper—Schrieffer.
BdG Bogoliubov—de Gennes.

CPU central processing unit.

DCB dynamical Coulomb blockade.
DOS density of states.

GPU graphics processing unit.

JSTM Josephson scanning tunnelling microscopy.
LDOS local density of states.

MBS Majorana bound state.

NRG numerical renormalisation group.

QPT quantum phase transition.

SOC spin-orbit coupling.

STM scanning tunnelling microscopy.

STS scanning tunnelling spectroscopy.

TBTK tight-binding tool kit.
TPT topological phase transition.

YSR Yu-Shiba—Rusinov.






Contents

1 IntrodUCtion ... 11
2 SupercondUCtiVIty ... 14
2.1  Real space tight-binding Hamiltonian ... 14
2.2 Bogoliobov—de Gennes formalism in real space ..................... 15
2.2.1  Mean-field decomposition ... 15

2.2.2 Nambu spinor basis ... 17

2.2.3  Reduction of the Hilbert space size ...................... 19

2.3 Self-consistent order parameter ... 20
2.4 Green’s funCtions ... 21
2.4.1  T-matrix approach for single impurities ... 22

2.5  Unconventional superconductivity ... 23

3 Magnetic impurities and YSR states ... 26
3.1  Experimental manipulation of YSR states ... 28

3.2 Modelling YSR states ... 28
3.2.1  Classical impurity spin ... 29

3.2.2  Local superconducting order parameter suppression .... 33

3.2.3  Anderson impurity model for magnetic impurities ....... 36

3.24  Alternative models for magnetic impurities .................. 38

4 Josephson current through YSR states ... 40
4.1  Scanning tunnelling microSCOPY ... 40

4.2 Josephsoneffect ... 41

4.3  Modelling Josephson scanning tunnelling microscopy .............. 42
4.4  Josephson current through YSR states ... 47
4.4.1 Dynamical Coulomb blockade ... 50

5 Topological superconductors and Majorana bound states ... 52
5.1  Topological phases of matter ... 52

5.2 Bulk-boundary correspondence ... 53

5.3 Majorana fermions ... 54

5.4  Modelling topological edge states ... 55

6  Numerical methods ... 58
6.1  Numerical treatment of tight-binding Hamiltonians ................ 58

6.2  Exact diagonalisation ... 59

6.3  Lanczos algorithm ... 60



6.4  Kernel polynomial methods ... 62
6.5  Self-consistent superconducting order parameter calculations ... 65

6.6  GPU acceleration in scientific computing ............................ 66
7 Summary of Papers ... 67
T4 Paper I . 67
7.2 Paper Il ... 69
7.3 Paper Il ... 71
7.4 Paper IV . 72
8 Conclusions and outlook ... 74
O SUMMATIES ... 76
9.1  Popular science SUMMATY ................c...ccocoooiiiiiiiii, 76
9.2  Popularvetenskaplig sammanfattning ... 78
Acknowledgements ... 81

R OIS . oo &3



1. Introduction

Superconductivity has, since its discovery by Heike Kamerlingh Onnes in 1911
[1], fascinated and challenged countless physicists. It has two defining prop-
erties, a vanishing dc resistivity and the Meissner effect [2]. The former can
be explained by the supercurrents, which flow in a superconductor indefinitely
without dissipating. The latter explains the perfect diamagnetism of a super-
conductor, which expels an external magnetic field from its interior via internal
supercurrents counteracting the field.

A material can become superconducting when cooled to low temperatures.
Many elemental metals and alloys become superconducting at critical tem-
peratures typically around 10K or below and are classified as conventional
superconductors. This kind of superconductivity is caused by electrons inter-
acting with the atomic lattice, i.e. electron-phonon interactions [3, 4]. An-
other class of superconductors was discovered in systems that do not follow
the conventional electron-phonon pairing mechanism. They belong to the un-
conventional superconductors, first found in heavy-fermion systems [5] and
later in cuprates [6], whose critical temperature can be above the boiling point
of liquid nitrogen. Further examples include iron-based superconductors [7]
and two-dimensional systems such as twisted bilayer graphene, where the elec-
tronic structure and correlations allow for a wide range of pairing symmetries
[8]. A further important development is topological superconductivity, which
is characterised by a non-trivial band topology in addition to its pairing mech-
anism, and supports protected boundary states such as Majorana bound states
(MBSs) [9].

On the theoretical side, superconductivity was initially described only at a
phenomenological level, for example, by the London equations that describe
the electrodynamics of the superconductor and the Meissner effect [10]. A true
microscopic description for superconductivity was found in 1957 by Bardeen—
Cooper—Schrieffer (BCS) [11, 12], who built on the insight that superconduc-
tivity is caused by an attractive electron-phonon interaction that exceeds the
Coulomb repulsive interaction at energy scales close to the Fermi level [13,
14] and that paired electrons can form bound states with lower free energy
than unpaired electrons when such an attractive interaction is present [15]. In
their theory, BCS describe superconductivity as a condensate of these electron
pairs, called Cooper pairs. This description of superconductivity captures the
properties of conventional superconductors and many of its general concepts
apply to aspects of unconventional superconductivity as well. The BCS the-
ory uses a variational approach based on an ansatz for the wave function of
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the superconducting ground state. An often more practical approach to treat-
ing superconductivity, based on the BCS theory, is the Bogoliubov—de Gennes
(BdG) description of superconductivity, which uses a mean-field treatment and
describes superconductivity in terms of an order parameter [16—18].

This thesis focuses on the effects of magnetic impurities on conventional su-
perconductors. While non-magnetic impurities leave conventional supercon-
ductivity largely intact due to Anderson’s theorem [19], magnetic impurities
break time-reversal symmetry and give rise to so-called Yu—Shiba—Rusinov
(YSR) impurity bound states, whose energies lie within the superconducting
energy gap [20-23]. By tuning the coupling between the impurity and the
superconductor, these bound states can drive the system through a quantum
phase transition (QPT), a phenomenon of particular interest in this work. At
this transition, the ground state changes from a spin-singlet to a spin-doublet
state, leaving clear signatures in several physical properties.

The recurring theme of this thesis is the study of changes in the local super-
conducting order parameter. A magnetic impurity has strong effects on this
order parameter, albeit highly localised to the vicinity of the impurity. This
is due to the pair breaking effect, as the spins of the Cooper pairs of a con-
ventional superconductor are aligned antiparallel, while the magnetic nature
of the impurity favours a parallel spin alignment. These competing tendencies
mean that strong magnetic interactions can significantly suppress the order pa-
rameter. This work investigates in detail how this affects physical observables
such as the energy spectrum of the Y SR states, the magnetisation of the ground
state, and the Josephson current through the impurity.

Magnetic impurities can also be used to engineer a topological system by
placing them on the surface of an otherwise topologically trivial superconduc-
tor. In this system, the YSR states created by the impurities hybridise and, in
the presence of spin-orbit coupling (SOC), they can form MBSs at either end
of the chain. The non-Abelian exchange properties of the MBSs make them
promising candidates for fault-tolerant quantum computing, as they are inher-
ently robust against local perturbations [24—26]. Part of this thesis investigates
how the MBSs interact with other subgap YSR impurity states and how they
are affected by changes in the local superconducting order parameter.

The remainder of this text is organised as follows. Chapter 2 introduces the
BdG formalism, which is the description of superconductivity that is the basis
of the following chapters. Chapter 3 describes the properties of the YSR states
with a focus on the single particle models and on the superconducting order pa-
rameter suppression. Chapter 4 discusses the Josephson current through a YSR
and gives an overview of how it can be measured in scanning tunnelling mi-
croscopy (STM) experiments. Chapter 5 introduces the basic ideas of topolog-
ical superconductivity and outlines how MBSs can emerge in impurity chains.
Chapter 7 includes a summary of all papers included in this thesis, followed
by the conclusions and outlook in Chapter 8. The grey boxes at the beginning
of the main chapters indicate the papers to which they relate, provide a brief
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overview of the chapter content, and, where appropriate, include references for
further reading. Throughout this work, natural units areused 4 = kg = c =1,
unless otherwise stated.
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2. Superconductivity

This chapter aims to be an introduction to the concepts of conventional
superconductivity, which form the basis of all the Papers I-IV included
in this thesis. Furthermore, this work focuses on impurity problems,
which break translational invariance and remove the Bloch structure of
the Hamiltonian. Hence, momentum is not a good quantum number
and it is therefore natural to work in real space. Therefore, this chap-
ter focuses on the description of superconductivity in real space and
is structured as follows: Sec. 2.1 introduces the general tight-binding
Hamiltonian for superconductivity, while the following Sec. 2.2 de-
scribes the mean-field Bogoliubov—de Gennes (BdG) formalism which
is used throughout this thesis. Sec. 2.3 explains how the superconduct-
ing order parameter can be calculated self-consistently in inhomoge-
neous systems. In Sec. 2.4 Green’s functions in the BdG formalism are
introduced and Sec. 2.5 gives an overview of unconventional supercon-
ductivity. With superconductivity being a popular topic in condensed
matter theory, there are many excellent references that cover this topic.
Some examples are Refs. [18, 27-31], where Ref. [31] focuses explic-
itly on the real-space formulation of superconductivity.

2.1 Real space tight-binding Hamiltonian

Real-space models are well suited for studying superconducting systems that
lack translational symmetry. Thus, this thesis uses real-space tight-binding
Hamiltonians for the description of superconductivity. I start with a general
single-particle Hamiltonian H that represents the normal state of the host ma-
terial:

Ho=_ h ol Cior, 2.1

ij,oo’

where the indices i, j describe lattice site indices and other quantum numbers
such as orbitals if needed and o, o’ label spins. The band structure of the system
without superconductivity is described by the coefficients h?.vw, , which can in-
clude energy terms such as chemical potential, Zeeman field splitting, local im-
purity scattering potentials, and kinetic terms such as nearest-neighbour hop-

ping and spin-orbit coupling (SOC). The operators ciTU (cir) are the fermionic
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creation (annihilation) operators, describing the quasiparticles of the system.
They obey the usual Fermi anticommutation rules:
{cl, Cior} = Bijdo0r, 2.2)

{C;TO" cjzl-o"} = {Ci0'7 Cjo”} = 0. (23)

Superconductivity is the result of an attractive interaction between electrons
in a material. In the case of conventional BCS superconductivity, this attractive
interaction is mediated by phonons, i.e. the vibrations of the lattice [13, 14].
In real space, this interaction is typically modelled as an on-site term, resulting
in the Hamiltonian for the superconductor [18, 31]

Hacs = Ho — Vae D _ el ciycir, (2:4)

where V. > 0 describes the strength of the attractive interaction. The inter-
action term is quartic in the fermionic operators, i.e. it describes a particle-
particle interaction. In general, these terms are difficult to handle both analyt-
ically and numerically. However, Eq. (2.4) can be simplified by means of a
mean-field decomposition, as explained in the next section.

2.2 Bogoliobov—de Gennes formalism in real space

2.2.1 Mean-field decomposition

One of'the key insights of the BCS theory was that superconductivity is caused
by pairs of electrons with opposite spin and opposite momentum [12]. The
expectation value for such a pair in real space is given by the local pair wave
function

E,JU’ = <Ciacia’>- (25)

The interaction term in Eq. (2.4) can be rewritten in terms of this pairing func-
tion as

Hing = —Vie Z C;rTCLCuCiT
i
= Ve Z(CITCQ — Fiyy + Fo)(erey — Fig + Figg) (2.6)

= —Vie > (18F 14* + chiel B + cuen By — IR,
i

where 0 F |+ = Fj |+ — ¢jj ¢t denotes the fluctuations of the pair density. The
mean-field approximation assumes that these fluctuations are small, and thus
terms quadratic in them can be neglected [30].
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Combining Eq. (2.4) and (2.6) gives the mean-field description for the su-
perconductor, the so-called Bogoliubov—de Gennes (BdG) Hamiltonian [16—
18, 31]

Pt Ax Al
Hpig = Ho + Z (AiCiTCii + Ai Ci\LCiT> + Z Visc 2.7)

The last term in this Hamiltonian does not contain any operators and is there-
fore constant. Hence, it can be omitted from calculations that are concerned
with spectral features.! In addition, A; is the superconducting order parameter
which is defined by the gap equation

Ai = 5Vae ((eireiy) — {eucir))
= $Vee(Fipy — Fiyp)-

The minus sign in the gap equation encodes the spin-singlet pairing of con-
ventional Cooper pairs. For this equation, I choose the symmetric form, which
is analogous to how other types of superconducting order parameters are de-
fined, and this form is frequently found in the literature. However, for conven-
tional superconductivity, Eq. (2.8) can be simplified by considering (cir¢iy) =
— (cicip) due to the Fermi anticommutation rules of the operators. The type of
superconducting order parameter defined by Eq. (2.8) is called s-wave, since
it is isotropic, exhibiting no dependence on any particular spatial direction.
This is in analogy to atomic orbitals, where the s orbital is isotropic as well.
Superconductivity can also be introduced to a system via an attractive electron-
electron interaction with other symmetries than shown in Eq. (2.4), which can
result in other order parameters with symmetries analogous to higher orbitals
like p, d, f, etc. This is further discussed in Sec. 2.5.

In the BAG Hamiltonian (2.7), the superconducting order parameter A" can
be interpreted as the amplitude of creating a Cooper pair in the superconducting
condensate by removing two particles from the band structure. The opposite
process is given by A; which removes one Cooper pair from the condensate
and creates two electrons. In the band structure of a homogeneous system
this can be seen by s-wave superconductivity creating an energy gap of 2|A|
symmetrically around the Fermi level. This can be seen in Fig. 2.1, where the
density of states (DOS) of an s-wave superconductor is compared to the DOS
of its normal state.

The superconducting condensate is sensitive to temperature fluctuations and
is therefore only stable at temperatures below the so-called critical temperature.
Only below this temperature does the order parameter become a macroscopic
finite value. The transition from a zero order parameter to a finite value can be

2.8)

'There are a few exceptions where this constant term needs to be considered, such as calculations
where the total free energy needs to be considered and compared for different parameters in the
Hamiltonian.
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= Superconductor
Normal state

DOS

Figure 2.1. DOS of an s-wave superconductor with an energy gap of 2A shown as a
solid blue line. The normal state density of states is shown as a dashed orange line, with
the peak at the Fermi level E'r being caused by the van Hove singularity. The calcula-
tions were done using a generic tight-binding Hamiltonian with only nearest-neighbour
hopping ¢ and s-wave pairing A = 0.3 ¢ on a two-dimensional square lattice.

classified as a Landau transition [32], similar to other transitions from a dis-
ordered to an ordered state, such as magnetism. The appearance of an order
parameter in the system is also tied to the spontaneous breaking of a symmetry.
In the case of superconductivity, this symmetry is the global gauge symmetry
U(1), as the order parameter for the s-wave superconductivity is a complex-
valued scalar A; = |A;| e!¥, with a fixed phase . Therefore, the BAG Hamil-
tonian is no longer invariant under the gauge transformation cj; — cjs €' X.
Furthermore, the breaking of the U(1) symmetry further leads to the break-
ing of the particle number conservation in the system due to Noether’s theo-
rem [33]. However, this is only the case for the mean-field BdG Hamiltonian
(2.7). The fully interacting Hamiltonian of Eq. (2.4) does not break the U(1)
symmetry.

2.2.2 Nambu spinor basis

The mean-field BdG Hamiltonian 2.7 is quadratic, i.e. comes in a form of two
creation and annihilation operators per term. However, terms of the form cfcf
or cc still make it difficult to treat this Hamiltonian directly with common meth-
ods for tight-binding Hamiltonians. This can be solved by using the Nambu
spinor basis. The first step is to partially transform the particle operators of
‘H, into hole operators, to cast the Hamiltonian into particle-hole form. This is
done by using the anticommutation relations of the particle operators to write

the identity

ciTchU/ — %(c;rgcjgl — cjgfciTU + 0050 ) (2.9)
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and interpret the antinormal ordered operators as hole creation and annihilation
operators.? Using this transformation, the BAG Hamiltonian Hpyg, where the
tilde denotes the transformed terms, can now be written in matrix form using

the so-called Nambu spinors \IJT = ( Cits IT i Cits Ci ¢>

7:leG = Z \I/TthG\I/ + const.

@?gm Mg 0 Ay (2.10)
e T
iy J,TT ij, ™
Ardi 0 —hyh, —hy g

The constant term in the first line is due to the commutation relations of the
transformation (2.9) and is generally neglected for most calculations. The BdG
Hamiltonian is now in a form that can be solved with common methods devel-
oped for tight-binding Hamiltonians, for example by solving the eigenvalue

problem [31]
Z WBC = Fnof, (2.11)

where F,, are the eigenvalues and the corresponding eigenstates are defined as
on = | ik | 2.12)

The eigenstate amplitudes ;.. and v{, are commonly referred to as coherence
factors and correspond to the particle and hole states, respectively.

Being able to solve the Hamiltonian (2.10) in this way comes at the cost of
doubling the size of the Hilbert space, due to the particle-hole transformation
described in Eq. (2.9), which effectively adds for each particle term a hole
term with opposite sign. This construction makes the BdG Hamiltonian and
its eigenstates particle-hole symmetric by design:

PHpaP ™" = —Heaa, (2.13)

21t can sometimes be easier to conceptualise the hole states by relabelling antinormal ordered
operators by cjc,/ciTo — thU, hie explicitly, where At (k) is now a hole creation (annihilation)
operator, but this is uncommon in the literature and, therefore, I will adhere to the common
convention in this thesis.

3This basis is somewhat arbitrary and is usually chosen for convenience, depending on the use
case. Different Nambu bases are connected by a unitary transformation and therefore do not
change the physics of the underlying system. For example, in Sec. 3.2 I use the basis U =

(cier Cil, Cila _CiT) .
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with P being the particle-hole symmetry operator. Note that this symmetry in-
troduced by the BdG-formalism does not rely on #y having particle—hole sym-
metry. The BAG particle-hole symmetry ensures that every eigenstate ¢;* with
energy I, has a corresponding eigenstate P¢;' with opposite energy —F,,.
This makes the BAG energy spectrum symmetric with respect to the Fermi
level, which is always at zero if the constant term in Eq. (2.10) is ignored. It
also highlights that this artificial introduction of hole states doubles the de-
grees of freedom, while not adding any physical information, as each state in
the spectrum has a counterpart state connected by the particle-hole symmetry
operation. However, this artificial doubling of the Hilbert space size is neces-
sary as the BdG Hamiltonian mixes particle and hole states, which can be seen
from diagonalising the Hamiltonian in the next step.

The quasiparticle operators of the superconductor are the so-called Bogoli-
ubov quasiparticles and are defined by the Bogoliubov-Valatin transformation
[16, 17, 31],

Clo’ - Z ulg%z - O-/Ulo' '7;27 Z ula' ’Yn - O-/Ula-’yn) (214)

where o = = for up and down spins and v (y') are the creation (annihila-
tion) operators for Bogoliobov quasiparticles. These quasiparticles follow the
fermionic anticommutation rules and diagonalise the BAG Hamiltonian:

Heac = Y Enivn- (2.15)
n

These quasiparticles describe the excitations from the superconducting ground
state and are a mixture of particles and holes. The Bogoliubov quasiparticles
will become relevant again when discussing Majorana fermions in Chap. 5

2.2.3 Reduction of the Hilbert space size

If the normal state Hamiltonian does not include any spin mixing terms h%T L=
hO 1 =0 the BAG Hamiltonian for an s-wave superconductor then becomes
block diagonal and can be described using two Nambu spinors for the two
blocks \IJiTU = ( iTU, ci;,>, where & denotes the opposite orientation of o.

If the normal state Hamiltonian has additionally time reversal symmetry,
1.€. hu "= h?j7 1w it is sufficient to describe the BdG Hamiltonian with either

of the two dimensional Nambu bases \Il;rg and the transformation of Eq. (2.9)

simplifies to
chjJ — ciTgch, C;ra.Cja— — cjgc + . (2.16)

Therefore, one spin orientation forms the particle component, and the opposite
spin orientation forms the hole component. In this case, no prefactor of % is
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needed compared to the 4 x 4 basis of Eq. (2.9), as no new degrees of freedom
are introduced.* However, the Hilbert space size of this 2 x 2 Nambu basis is
still doubled, as the normal state Hamiltonian g is fully describable by one
spin orientation.

2.3 Self-consistent order parameter

In homogeneous superconducting systems, the order parameter is constant and
is typically calculated from the Fourier transformed Hamiltonian in momen-
tum space. However, for inhomogeneous systems with broken translational
invariance, such as heterogeneous systems, systems with edges, or impurity
systems, the real space formulation of the mean-field BAG Hamiltonian is of-
ten the preferred description. In this case, the superconducting order parameter
can vary locally and needs to be calculated from the gap equation (2.8), which
can be rewritten in terms of the coherence factors by using the Bogoliubov
transformation (2.14):

Ai = 3Vie (eireiy) — (cijeir)
_ lV E nk, no__nk, n (217)
= Ve ) Fr(En) (v i) — off"ufy)

where fr is the Fermi function at temperature 7' and it is assumed that the
attractive interaction V. is spatially constant.

Solving the gap equation, is a conundrum, as the right-hand side of Eq. (2.17)
implies calculating the expectation values (ci,ciz) or the coherence factors,
both of which depend on the Hamiltonian 7:[Bdc,. The Hamiltonian in turn de-
pends on A;, the left hand side of the gap equation. The common solution to
this problem is to solve the equation self-consistently. This is performed start-
ing with an initial guess A=Y for the distribution of local order parameters.
Using this guess, the Hamiltonian in Eq. (2.10) can be solved, and consequently
anew candidate for A?=! is calculated with the gap equation (2.17). This step
is then repeated until the solutions for two consecutive order parameter distri-
butions satisfy the self-consistency condition:

|APM — A < €. (2.18)

This yields the final result for the superconducting order parameter Ainﬂ up
to a fault tolerance of €. The notation || || denotes the norm chosen for the
parameter space of the order parameters, for example, a common choice is
HA.H = maxi(Ai).

*This factor of % in the 4 X 4 Nambu basis is often dropped or absorbed into the definition of
the respective parameters in literature. This does not qualitatively change the results, however,
it can lead to discrepancies when comparing them to results using a 2 x 2 basis.
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The self-consistent method generally shows good convergence towards a
stationary point of the free energy. However, it does not guarantee that this
stationary point is the global minimum of the free energy, i.e. the ground state
solution. The system can still have local minima, for example, when deal-
ing with superconducting vortices in the system [34]. Whether there are one
or more local minima in the free energy can be determined, for example, by
changing the starting guess of the order parameter. However, for the results
presented in Papers I-1V the self-consistency method converged reliably to the
same global minima.

Calculating the local superconducting order parameter numerically with the
self-consistent method can be computationally very intensive, especially for
large system sizes and using exact diagonalisation for each iteration step. In
Chap. 6 I discuss numerical methods that help reduce computational effort.

2.4 Green’s functions

In Chapters 3 and 4, I discuss the effects of a magnetic impurity on an s-wave
superconductor, where Green’s functions are an important tool for the ana-
lytical treatment of this system. Therefore, in this chapter, I provide a brief
overview of how they can be expressed within the BdG-formalism. For the
description of superconductors, it is convenient to express them in matrix form
in the Nambu spinor basis \Il:r ® ;. The components of the retarded Green’s
function given by G (w) = [(w+i6)1 —Hpag] " can be expressed in terms of
the coherence factors by first writing the Green’s function in the diagonal Bo-
goliubov basis of Eq. (2.15) G" (w) = diag[(w +id — E,,)~!]. This expression
can be converted by the inverse basis transformation /G"U' to the original
Nambu basis \I/:r , with { being a unitary matrix where the n’* column is given
by the eigenvector ¢;" that contains the corresponding coherence factors. The

explicit form for the retarded Green’s function, for the basis \IllT = <CiT¢v G ¢> >
is then

A B 1 ufulld  ulolt
where the small positive constant § is needed for convergence and describes
a broadening of the peaks in the Green’s function caused by the quasiparticle
poles at F,,.

The diagonal components of the retarded Green’s function G‘{LH and 61%722
are referred to as the normal part of the Green’s function and describe the
particle-particle and hole-hole correlations. These components of the Green’s

5T am using a 2 x 2 Nambu basis here for simplicity and brevity, as it is straightforward to expand
this formulation to a 4 X 4 basis.
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function are often used to describe observables derived from the BAG spec-
trum. For example, the local density of states (LDOS) is given by

pi=—21trim Gl = —1Im éﬁ,u + éiri,22 , (2.20)

where @;}711 and GiTi,22 contribute the particle and hole components, respec-
tively.

The off-diagonal parts of the retarded Green’s function @;}’12 and éﬁ,Zl are
the so-called anomalous Green’s function, often denoted as Fj;. They are a
measure of the correlations between particles and holes and are a character-
istic feature of superconductors. It is also possible to find anomalous corre-
lations that correspond to spin configurations other than the original pairing
symmetries of the superconductors when the normal state 7 has spin-mixing
terms. However, this does not necessarily induce another superconducting or-
der, which depends on an attractive interaction as a glue between the Cooper
pairs. Therefore, a non-zero anomalous pairing correlation does not imply a
corresponding finite order parameter. Furthermore, the anomalous retarded
Green’s functions are related to the pair wave function of Eq. (2.5) by

Ry =4 [ dofr(e) (). @21)

In Eq. (2.19), an expression for the retarded Green function is shown in
terms of the coherence factors. However, it is not always possible to calculate
them numerically for the full energy spectrum. In this case, other methods such
as kernel polynomial expansions can be used to determine the relevant Green’s
functions of the system, which is discussed in Sec. 6.4.

2.4.1 T-matrix approach for single impurities

This section outlines how the retarded Green’s functions can be determined
analytically for a system with a single magnetic impurity coupled to a super-
conductor, as is the case for Papers II-IV. For this treatment, the impurity is
treated as a local perturbation of an otherwise uniform system, with the latter
described by H

H = Hpg + Vimp- (2.22)

The impurity is fully described by Vin, and is assumed to be localised at site
XQ.

Assuming that the solution for the pristine system H3, is known and is
described by the undressed retarded Green’s function §"0 = [(w + i)l —
H3 4] 71, the Dyson equation for the retarded Green’s function of the system
can be obtained by solving the equation of motion [28]:

a _ ~r0 ~r0 Ar
Gij(w) = Gif (@) + Gix, (W) B(w) Gy (W), (2.23)

Xoj
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with ¥ being the self-energy that is dependent on the impurity Hamiltonian
Vimp- The Dyson equation can be solved in various ways, for example, by

replacing Gfmj with g;"?j on the right-hand side of the equation. This gives an

approximation up to the first order in the self-energy > for GG

Conversely, when the impurity description does not have many-body in-
teractions and can instead be modelled purely as a scattering potential, the
self-energy is ¥ = Vip,. For example, as in the original analysis of magnetic
impurities in conventional superconductors by Yu, Shiba, and Rusinov [20,
21, 23]. This allows for solving the Dyson equation by expanding it to infinite
order by iteratively inserting Eq. (2.23) into itself:

G (w) = 35" (w) + G (w) Vimpdrg; (w)
—+ fl.’;?, (w)vimpg;?xo (W>Vimpg;§)j (W) + ... (2.24)
- QGO (w) + g:;?) (w)TXoXo (w)g;?] (w)7

where Txoxo is the T-matrix that sums all scattering processes up to infinite
order and is given by

oo (@) = [1 = Vimpdio (@)] " Vimp. (2.25)
The energies of an impurity bound state can be calculated from the Green’s
function, whose poles correspond to quasiparticle excitations. Furthermore,
as the poles of the impurity bound states are introduced by the T-matrix and
lie within the superconducting energy gap, i.e. |w| < |A|. Their respective
energies can be calculated by solving the equation [31]

det [1 — Vimpdity, (w)] = 0. (2.26)

2.5 Unconventional superconductivity

In the previous sections of this chapter, I discussed s-wave superconductivity,
which is described by BCS theory [12] and applies to the so-called conven-
tional superconductors. Unconventional superconductors, on the other hand,
are the class of materials that exhibit superconducting properties, such as van-
ishing dc resistivity and the Meissner effect, but do not conform to BCS the-
ory. These superconductors are characterised by order parameters that are not
conventional s-wave, as described by Eq. (2.8), and by pairing mechanisms
that typically differ from the electron-phonon interaction, although anisotropic
electron-phonon interactions can also produce non-s-wave pairing, e.g. [35].
A well-known example for this is the class of high-7,. cuprate superconduc-
tors, which exhibit d-wave superconductivity [36—38]. The order parameters
of unconventional superconductors break, in addition to the global U(1) sym-
metry, further symmetries such as lattice symmetries, time reversal symmetry
or translational invariance [39, 40].
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The appearance of unconventional superconductivity can be explained by
an attractive electron-electron interaction that does not necessarily come from
electron-phonon interactions, as described in Eq. (2.4), but can also have other
origins such as spin fluctuations. In its generalised form, the attractive inter-
action can be written as

Hine == > VijaproChaClcinGis, (2.27)
ij,aBvé

where the Greek letters denote spin indices. The interaction matrix V;; o5
needs to be consistent with anticommutation relations under the exchange of
combined spin-space indices, analogous to the rules for fermionic operators.
In addition, the interaction has to preserve the symmetries of the underlying
normal state Hamiltonian.

In general, the mean-field decomposition of this interaction follows similar
arguments as presented in Sec. 2.2.1. However, the superconducting order pa-
rameter is no longer necessarily described by a single scalar value, instead it
can have both a spin structure and a spatial dependency. Hence, the spin and
spatial structure of the pair wave functions chosen for the mean-field decom-
position are different from conventional superconductivity. In principle, there
can be several order parameters into which Cooper pairs can condense and, in
most systems, the ground state of the superconductor realises the one with the
highest 7.

The general form of a superconducting order parameter, with a spin structure
and allowing for inter-site pairing [31], is described by the gap matrix

R A;IT AP
B = (A# Al (2.28)
ij ij .
= (¢joo + dyjo) i o2,

where in the last line the order parameter is decomposed into a scalar represen-
tation 4 for spin-singlet configurations and into a vector d;;, which represents
spin-triplet pairing.

As the order parameter describes a pair of electrons, it obeys antisymmetry
rules under the exchange of parameters. Consequently, spin-singlet order pa-
rameters are antisymmetric under the exchange of spin indices and have even
spatial parity v5; = ;. Therefore, they follow the nomenclature for the cor-
responding atomic orbitals s, d, g, etc. Spin-triplet order parameters, on the
other hand, are even under spin exchange, have odd spatial parity djj = —dj;,
and belong to the orbital symmetries of p, f, etc.

This description of unconventional superconductivity fits naturally into the
BdG formalism, which I have presented for conventional superconductivity in
Sec. 2.2. A key aspect of this treatment is that even if the microscopic origin
of the underlying attractive interaction is unknown, different pairing states can
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still be described by the gap matrix at the mean-field level. This makes the
BdG-formalism a powerful tool for describing a broad range of superconduct-
ing phenomena.
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3. Magnetic impurities and YSR states

This chapter discusses the effects magnetic impurities have on an s-
wave superconductor, namely the creation of bound in-gap states, com-
monly referred to as Yu—Shiba—Rusinov (YSR) states. It aims to give
an overview of the general properties of these states, with a focus on the
quantum phase transition that occurs when the interaction between the
impurity and the substrate is varied. Section 3.1 gives an overview of
experimental techniques that allow the manipulation of the aforemen-
tioned coupling and Sec. 3.2 discusses techniques to theoretically model
these impurity states, concentrating mainly on single-particle models
and the effects of the magnetic impurity on the local superconducting
order parameter. The YSR states are the main focus of Papers II-IV,
while some of their properties discussed in this chapter are also rele-
vant for Paper I. Reviews of this topic can also be found in Refs. [41—
44].

Impurities can generally have interesting effects on the sample material in
which they are embedded and can be divided into two main categories, mag-
netic and non-magnetic. To describe their general effects on a superconduc-
tor, it is beneficial to start with Anderson’s theorem [19]. In simple terms,
his argument is as follows: In the presence of non-magnetic impurities, the
translational invariance is broken. However, it is still possible to construct a
wave function for the electrons in the normal state. As non-magnetic impu-
rities do not break the time reversal symmetry, the time reversed version of
the electron wave function is an eigenstate of the Hamiltonian as well. When
considering attractive s-wave pairing, it is thus still possible to construct a
BCS-like state from the electron wave function and its time reversal counter-
part. Therefore, Anderson was able to explain how s-wave pairing is robust
against non-magnetic impurities and how it can persist even at a high degree
of disorder. Magnetic impurities, on the other hand, break the time reversal
symmetry such that Anderson’s argument does not hold. Thus, magnetic im-
purities can suppress or even prevent s-wave superconductivity depending on
the concentration. However, Anderson’s theorem does not hold for unconven-
tional superconducting symmetries, which are typically strongly affected by
magnetic and non-magnetic impurities.
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Although a single magnetic impurity only perturbs the system locally and
therefore cannot suppress superconductivity on a global scale, it can still pro-
duce notable effects, such as creating localised bound states whose energies
lie within the superconducting gap. The discovery of these states is generally
attributed to Yu, Shiba, and Rusinov [20-23] and they are consequently called
YSR states!.

An interesting aspect of a system hosting YSR states, is that the system
can exhibit a first order quantum phase transition (QPT) depending on the ex-
change coupling J between the magnetic impurity and the host material [41].
Assuming a spin-% impurity for simplicity and weak coupling, the ground state
ofthe host superconductor system is a variational state of the BCS ground state
with all quasiparticles in a paired state, and therefore the superconducting con-
densate is still spin-singlet. In this regime, the impurity interacts only weakly
with the superconductor, and its behaviour is close to a free spin. Hence, the
ground state of the combined system is a spin-doublet. The first excited state
is a screened spin-singlet state, where one of the electrons in the condensate
screens the impurity spin. Ifthe interaction between the impurity and the super-
conductor is strong, this screening of the impurity spin becomes energetically
more favourable and the excited state becomes the ground state. Therefore, the
energies of these two states cross at a critical coupling J¢, and the ground state
of the system changes from a doublet to a singlet. This change in the ground
state corresponds to a QPT. As the excited state and the ground state have dif-
ferent fermion parity, the crossing is protected and the QPT has no divergent
time or length scales [41, 45].

YSR states have been an ongoing research interest due to their special prop-
erties. Apart from studying the QPT [45-54], they are also interesting in other
contexts, such as for spin polarised tunnelling [55, 56], probing interactions
between bands in multi-band superconductors using quasiparticle interference
[57] or they show anisotropic spatial structure that is modulated by the Fermi-
surface of the substrate [58]. In addition, YSR states are a fundamental build-
ing block for engineering Majorana fermions in atomic magnetic impurity
chains on s-wave superconductors with Rashba SOC [59]. These Majorana
fermions are topological edge states that are of special interest in the context
of quantum computing based on topologically protected edge states [24-26],
further discussed in Chap. 5.

It is worth noting that magnetic impurities with spin higher than 1, for ex-
ample atoms with unpaired electrons in the d-shell, are able to induce multiple
pairs of YSR states in the superconducting gap. Interactions between the or-
bitals themselves or different hybridisation effects between the substrate and
the orbitals of the impurity can further influence the spectrum of these states
[42, 54]. However, in this chapter, I will focus on impurities with a single
1 .
5-spin.

'Sometimes these magnetic impurity states are also referred to simply as Shiba states.
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3.1 Experimental manipulation of YSR states

Before I discuss how to model YSR states in Sec. 3.2, here I give an overview
of experimental methods for creating and manipulating them. Generally, scan-
ning tunnelling microscopy (STM) experimental setups with normal or super-
conducting tips are ideal for observing Y SR states created by magnetic impuri-
ties, as they can both scan the proximity of the impurity with atomic resolution
and measure spectral features locally at the impurity site.?

The first experiments that observed YSR states from deposited impurity
atoms on the surface of crystalline superconducting metals, used manganese
and Gadolinium atoms on bulk niobium [60] or manganese and chrome atoms
on a lead surface [61, 62]. While deposited adatoms on a superconductor in
general allow for the observation of impurity states, the magnetic interaction
between the impurities and the superconducting substrate is determined by the
local environment and the hybridisation of the impurity valence orbitals with
the substrate. Therefore, the interaction remains fixed in this setup and is gen-
erally hard to quantify. While different coupling strengths can be realised by
sampling various impurity locations or changing to other atomic impurity ele-
ments, this method is unable to track the YSR states across the QPT.

Alternatively, STM experiments can use the atomic forces acting between
the tip and the impurity, which depend on the tip sample distance. This can
potentially pull or push the impurity away from the substrate, changing the
magnetic interaction between the two. Although this effect is not observable
in all experimental setups, it has been achieved in various systems. A common
setup is to use molecular complexes with metal atoms in the centre that form a
magnetic moment [45—48]. The relatively weak bond between the metal atom
and the organic molecule makes this system typically very susceptible to be-
ing manipulated by atomic forces. Additionally, in certain systems, such as
FeTep.55S€0.45, surface impurities have been reported to be tunable via the tip
sample distance [50, 54]. Furthermore, it is also possible to attach magnetic
impurities to the STM tip [55, 56, 63, 64]. If these impurities are not rigidly
bound to the tip apex, they can be manipulated by varying the tip—sample dis-
tance [49, 51-53].

3.2 Modelling YSR states

This section is concerned with the modelling of magnetic impurity states in
systems where the magnetic interaction can be tuned, as discussed in Sec. 3.1.
The focus is on single-particle models that describe the impurity by a clas-
sical spin with a fixed orientation, based on the classical spin Kondo model
(Sec. 3.2.1) and the mean-field Anderson impurity model (AIM) (Sec. 3.2.3).
The former model is used in Papers I-111, and the latter in Papers IIl and IV. In

%A brief overview on STM experiments in this context can also be found in Sec. 4.1.
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addition, I briefly discuss different methods to model YSR states in Sec. 3.2.4,
which use a full quantum spin.

3.2.1 Classical impurity spin

The conventional approach to modelling YSR states is the same as for other
impurity problems. This is done by introducing additional terms that model
the impurity and couple it to the Hamiltonian of the host material, such that
the new Hamiltonian is described by H = Hy. + Himp. The Hamiltonian for
the substrate H,., representing a generic s-wave superconductor, is given by

Hee = 1 Z c;rocig —t Z ciTchU + Z (ACITCL + h.c.) , (3.1
i,o (i,j),0 i

where p denotes the chemical potential, ¢ is the hopping amplitude between
nearest-neighbour sites (i, j), and A describes the superconducting order pa-
rameter. Following the argument of Shiba [21], the impurity spin is described
by?

Himp = JSsx,, (3.2)

where J is the coupling strength between the impurity spin and the supercon-
ductor, S the spin of the impurity and sy, = 2> oo Cio’g (05,07 Cxo,0 the
local spin of the electron at the impurity site Xxg. Solving this Hamiltonian is
generally difficult, as it describes a many-body interaction and needs computa-
tionally intensive techniques such as numerical renormalisation group (NRG)
calculations [65]. Therefore, it is common to treat this problem in the classical
spin limit, where the interaction is in the limit of J — 0 and S — oo, such
that the product JS — J # stays finite. In this limit, the direction of the spin
impurity is fixed in a single direction. Its effect on the superconductor can be
seen as a local Zeeman field present at site xg. Although this simplification
ignores the many-body effects of the impurity, such as spin fluctuations, it is
still capable of reproducing many physical properties of the YSR states [66,
67].

In addition, an impurity has a different electronic configuration compared
to the host material, and, therefore can change the local electronic density [41].
Due to strong screening, in metals this effect is usually very localised and is
often described as a local perturbation of the on-site energy ¢;, effectively in-
troducing a non-magnetic scattering amplitude. Hence, the Hamiltonian for
the impurity in the classical spin limit, including a non-magnetic scattering ¢;

® Another option for the description of the impurity spin is to use the closely related Anderson
impurity model, as described in Sec. 3.2.3.

“Here I have taken the liberty of a slight abuse of notation, by not renaming .J in the classical
impurity spin approximation, to keep the notation less cluttered.
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(a) AIM | (b) Kondo

Figure 3.1. Schematic representation of the single-particle models based on the mean-
field Anderson impurity model (AIM) (a) and on the Kondo model (b), with the red
dots representing the magnetic impurities, while the grey dots represent lattice sites
in the substrate. The main conceptual difference between the two models is that the
Kondo impurity spin is embedded in the substrate and described by a magnetic and
non-magnetic scattering amplitude J and ¢;, respectively. The Anderson impurity
model, on the other hand, is represented as a quantum level with a spin splitting term
J, an on-site energy €; and additionally a coupling between the impurity level and the
substrate ts;. Adapted from Paper III CC BY 4.0 with some modifications, such as the
variable names changed to align with the main text.

for completeness, is (see Fig. 3.1 (b))
Himp = Y _ oo (35) o Cxo0 + 1 D €l pCxoor (3.3)
oo’ o

As the Hamiltonian for the superconductor in Eq. (3.1) is spin rotationally sym-
metric, the direction of J can be chosen freely without loss of generality. The
conventional and convenient choice is J = Jz. As the magnetic impurity does
not introduce a spin-mixing term, such as an SOC term would, the Hamilto-
nian is block diagonal, with each block describing a YSR state with a different

spin polarisation. Using the Nambu spinor basis \IllT = <clT 4 Cids cj L _Ci,T) ,
the Hamiltonian for the impurity site xg, for example, is

on = \I’lo hxo \lecn

hxy = (1 + €)oo + Aogri + Josm

_(hTT 0)
0 Ry (3.4)
wte +J A 0
. A —pu—ci+J
N 0 wte —J A
A —p—ec;—J

Here the Pauli matrices ¢ and 7 describe the spin and particle-hole space, re-
spectively. Each block A4t and | in hy, contributes to one YSR subgap state
in the energy spectrum, and both blocks relate to each other via particle-hole
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Figure 3.2. Energy spectrum of the YSR states as a function of .J, with the supercon-
ducting gap edges and the quasiparticle continuum indicated in gray. At the critical
coupling, indicated by J¢, the system passes through a QPT. The particle spin po-
larisation of the states is colour-coded according to Eq. (3.6). System parameters are
g; =0, =0,and A = 0.3, calculated for a square lattice with size 71 x 71.

symmetry.> The onsite terms for sites other than Xy and the hopping terms
in H have the same block structure. Hence, it is sufficient to calculate only
the energy of the YSR state of one block, and its counterpart has an energy of
opposite sign.

Solving the Hamiltonian H (Eqgs. (3.1) and (3.3)) is straightforward using
numerical methods such as exact diagonalisation, as discussed in Chap. 6. Al-
ternatively, it can be solved analytically, e.g. by solving the Dyson equation as
outlined in Sec. 2.4.1. The solution for the energies of the YSR states is [20,
23,41]

1+ (mNog;)? — (mNgJ)?

eysk = £A
\/[1 + (ﬂ'NoEi)z — (TI'N()J)z]Q + 4(7['N0J)2

, (3.5)

where N is the density of states at the Fermi level of the host material in the
normal state. The energy spectrum of this system as a function of J is shown
in Fig. 3.2, where the YSR states appear within the superconducting energy
gap. The energies of the YSR states appear symmetrically around the Fermi
level, and in the case of vanishing magnetic interaction J — 0, the energies of

SStrictly speaking, there are two more states that are generated in the spectrum by the impurity,
however their energies lie outside the gap and, therefore, are virtual bound states that mix with
the energy continuum.
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the states merge with the superconducting coherence peaks, as expected from
Anderson’s theorem. At the critical coupling Jo = %No‘/l + (mNoe;)?, the
YSR states cross zero energy, which marks the QPT.

The crossing of the YSR states through zero energy changes the spin polar-
isation of the ground state of the system. This effect can be explained for this
model by calculating the particle spin polarisation of the YSR states, which is
given by

1 T0 + 73

<s>$SR D) (Yysr| @ 5 [UYsR) 5 (3.6)

where |1){gg) denotes the wave function of the YSR state, the index « describes
if itis unoccupied or occupied (o = u, 0) and s is the spin operator. As there are
no spin-mixing terms included in the model, the spin polarisation is only non-
zero in the z direction. At J = 0 the system is unperturbed by the magnetic
interaction and the ground state is a spin-singlet, which is typical for s-wave
superconductors. The total spin polarisation in this case is zero [41]. For finite
(positive) values of J in the weak-coupling regime J < J¢ the particle spin
polarisation of the occupied state is (s.)yqg = i and for the unoccupied state
($2)ysr = —% for a particle-hole symmetric normal state (4 = €; = 0). Both
states are fully spin polarised, because the occupied (unoccupied) YSR state is
comprised of equal contributions from particle spin up (down) and hole spin
down (up) parts, following the block structure of the Hamiltonian (3.4) [68].
The exact ratio between the particle and hole contributions depends on the
particle-hole symmetry of the Hamiltonian, with both contributions adding to
a spin polarisation for each state of +1, independent of J. The particle spin
polarisation of the YSR states is depicted in the energy spectrum in Fig. 3.2
with the lines representing the energies of the YSR state and coloured blue (red)
for spin up (down). The total spin polarisation of the ground state stays zero for
aslongas J < Jg. Itis worth noting that for this model the spin of the impurity
is not included in the total spin polarisation, as only its effective interaction
with the superconductor is considered. Therefore, the spin polarisation of this
model is different from other model descriptions that model the impurity spin
directly. For J > J¢, the two YSR states switch occupation with the occupied
state having (s.)yqx = —+ and the unoccupied state (s.)ysg = 3. Thus, the
particle spin polarisation of the ground state in the z-direction is —% in the
strong coupling regime.

Another interesting aspect of the YSR states is that their particle spectral
weights are asymmetrically around the Fermi level in the case of a local particle-
hole asymmetry in the normal state, caused by either a finite . or ¢;. This effect
is shown in Fig. 3.3, where the particle LDOS for various values of ¢; is plot-
ted. The peaks in the LDOS that correspond to the YSR states with finite ¢;
are asymmetrical with respect to the Fermi level. This feature is often reported
in STM experiments, e.g. [69]. Towards which side of the Fermi energy the
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Figure 3.3. Particle LDOS at the magnetic impurity site for different values of ¢; in
the weak coupling regime J < J¢. The peaks of the YSR states are scaled down by
a factor of 0.05. The coherence peaks appear less pronounced due to the nature of the
numerical calculation used and the applied broadening to the peaks. The remaining
calculation parameters are J = 1¢ and otherwise the same as in Fig. 3.2.

asymmetry of the spectral weights of the YSR states is biased depends on the
sign of €; and on which side of the QPT the system resides [41].

3.2.2 Local superconducting order parameter suppression

In general, a magnetic interaction competes with the superconducting order. In
simple terms, because of the magnetic interaction, it is energetically favourable
for the spins in the system to align in parallel or antiparallel with this inter-
action, depending on if the interaction is ferromagnetic or antiferromagnetic.
However, for an s-wave superconductor, the spins of the Cooper pairs need to
form a singlet, i.e. they are antiparallel to each other. Therefore, for a strong
enough magnetic interaction it is favourable for the system to break Cooper
pairs, thus suppressing the superconducting order parameter and consequently
superconductivity.

In the case of a single magnetic impurity, the effect of this pair breaking
mechanism and the resulting suppression of the local superconducting order
parameter is highly localised and takes place on length scales typically well
below the superconducting coherence length [23, 70]. The effects of the mag-
netic coupling J on the local order parameter at the impurity site are shown
in Fig. 3.4 (a). In the weak coupling regime, the local order parameter con-
tinuously decreases with increasing J. However, at the QPT, the local order
parameter changes discontinuously and for J > Jo becomes negative. This
is generally denoted as a m-shift in the local order parameter, referencing the
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Figure 3.4. (a) Local superconducting order parameter at the impurity site as a function
of the magnetic interaction J. (b) Energy spectrum as a function of .J, calculated for a
self-consistent order parameter. The dots are coloured according to their contribution
to the local superconducting order parameter at the impurity site d, (Xo). To highlight
the YSR states, their corresponding dots are drawn larger. The calculation parameters
for both panels are the same as in Fig. 3.2.

change in its phase ¢, and has been studied extensively for various scenarios
[68, 70-77].

The effects of this suppression on the energy gap of the superconductor are
minor and it introduces only weakly bound states, which lie very close to the
gap edge in energy (see Fig. 3.4) [60, 61, 68, 78]. However, it has effects on
the energy spectrum of the YSR states, such as introducing a discontinuity in
the spectrum at the QPT [68, 70, 72, 73, 75, 77, 79].

To explain the 7-shift, I will roughly follow the argument of Ref. [75], where
the authors studied the change in the local order parameter for a chain of mag-
netic impurities, and apply it to the scenario of a single impurity. To calculate
the local superconducting order parameter near the impurity, it needs to be cal-
culated self-consistently, as described in Sec. 2.3. The local superconducting
order parameter Ay, at the impurity site X is calculated from the gap equation:

Axo = _‘/;0/2 (<CX0$CX0T> - <cX0TCXUi>)
2 Y (B (s i), O

8, (xo)

where in the last line the pairing contribution d,,(x¢) is introduced, which de-
scribes the contribution of each state v to the superconducting order parameter
at the impurity site and it is calculated from the superconducting coherence
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factors v, , and u, x,z With eigenenergies £,. At zero temperature, the lo-
cal order parameter at Xg is thus a sum of the pairing contributions 4, (x¢) for
eigenstates v whose energy lies below the Fermi level.

For an unperturbed superconductor with a uniform order parameter that is
assumed to be real for the sake of argument, all §,,(xg) of the states below the
Fermi level are positive and, therefore, coherently add to the order parameter.
In contrast, for all states above the Fermi level, these contributions 4, (x) are
negative. Hence, all contributions d, (xo) have either a phase of 0 or 7 depend-
ing on if the state v belongs to a occupied or unoccupied state, respectively.®

With a magnetic impurity present in the system, this picture changes. First,
the magnetic interaction reduces the contributions 4, (xg) to the local super-
conducting order parameter of the occupied states due to the pair breaking
mechanism. For a sufficiently strong magnetic interaction .J, an increasing
number of states close to the coherence peaks even contribute incoherently to
the order parameter. This is shown in Fig. 3.4, where the pairing contributions
d,,(xg) are plotted for each eigenstate of the system close to the Fermi level as
a function of J. This leads to a monotonic decrease of the absolute value of
the local order parameter at the impurity site.

The m-shift in the local order parameter can be attributed to the YSR states
crossing the Fermi level at the QPT. The pairing contributions of the Y SR states
have the same phase as the part of the spectrum from which they originate. In
other words, the state originating from the gap edge below the Fermi level at
J = 0 is coherent with the occupied states, while the other state is incoherent.
This does not change with increasing J, as is shown in Fig. 3.4 (b). Therefore,
in the weak coupling regime J < J¢, the occupied YSR state contributes co-
herently to the local superconducting order parameter. At the QPT, the two
states switch occupancy and for J > J¢ the pairing contribution of the occu-
pied YSR state is now negative and adds out-of-phase to Ay . Furthermore,
since the YSR states are highly localised at the impurity site, while the other
states that form the continuum are spread over the substrate, the pairing contri-
bution §, (xp) from the occupied YSR state outweighs the contribution of the
other states at xg. As a consequence, the local order parameter at xy changes
sign due to the large negative contribution from the YSR state.

A similar argument works for the local superconducting order parameter in
the vicinity of the impurity site. However, as the YSR localisation is sharply
peaked at the impurity site, its contribution is generally not substantial enough
to induce a m-shift in the local superconducting order parameter for sites other
than the impurity site and the reduction in the order parameter is less severe

®In the case of a finite system with edges, i.e. open boundary conditions, the phase of 6, (xo)
is no longer fixed to 0 or 7 due to a broken translational invariance [75]. In this chapter, all
calculations are done using a large supercell with one impurity and periodic boundary conditions
to avoid this complication. Furthermore, even in the case with edges present, the arguments
presented still hold as the variations in phase are mostly peaked around ¢ and ¢ + 7, with ¢
being the average global phase of the system.
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[41, 68]. Therefore, the profile of the local order parameter closely follows the

spread of the YSR state. In turn, the spatial distribution of the YSR states is

highly dependent on the Fermi surface. Depending on the dimensionality of

the substrate, the decaylrate of the YSR state far away from the impurity is pro-
T T

portional to ~ (krr) 2 e € (2D) or ~ (kpr)~te € (3D) with kr being the
Fermi momentum, r the distance from the impurity and £ the superconducting
coherence length [23, 42, 80]. Therefore, the spatial spread of the YSR states
is significantly larger in two dimensions. Furthermore, an anisotropic Fermi
surface of the substrate leads to an anisotropic spatial distribution of the YSR
state [58, 68, 70, 74, 80].

The 7-shift in the superconducting order parameter at the QPT also has an
effect on the spectrum of the YSR states. The discontinuity in A; causes a
discontinuity in the YSR energy spectrum [68, 70, 79], which can be seen in
Fig. 3.4. This effect is temperature dependent, which is the main focus of
Paper III.

3.2.3 Anderson impurity model for magnetic impurities

This section discusses how magnetic impurities can be modelled using the
mean-field Anderson impurity model (AIM) as an alternative to the Kondo
model in the classical spin limit presented in Sec. 3.2.1. Both models are
closely related to each other through a Schrieffer-Wolff transformation [81].
However, the AIM introduces an additional parameter, which can be benefi-
cial for the description of certain scenarios. Below, I summarise the model and
its advantages, following Ref. [49].

The Hamiltonian of the AIM for s-wave superconductors consists of three
parts (see Fig. 3.1 (a) for a visual representation),

H= Hsc + Himp + Vsia (38)
Himp = €a Y _ dbdo + Ungrnay, (3.9)
Vi =Dt (chydo ) + .. (3.10)

The Hamiltonian H. describing the superconducting substrate is the same as
in Eq. (3.1). The AIM introduces the impurity as an additional quantum level,

which is modelled by Hiy,p, with dg) being the annihilation (creation) operator
for particles located on the impurity site, ng4, the number operator for spin o,
€4 1s the on-site potential, and U the local Coulomb interaction. The term V;
couples the impurity with the substrate at site x( through a hopping term whose
strength is given by t;.

Analogously to the Kondo model in Eq. (3.2), the AIM includes quantum
correlations, which are generally difficult to treat (see Sec. 3.2.4). However,
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the AIM can be reduced to a single-particle description using a mean-field
approximation in the spin occupation channels (n4,). The density-density in-
teraction operator in (3.9) then reduces to

Ungyng, = U ({(nay)nay + (nay)nat) - (3.11)

The expectation values (ng4,) describe the average occupation for a up and
down spin particle on the impurity and generally need to be calculated self con-
sistently, as the two depend on each other. For example, they can be calculated
from the spin resolved spectral function of the impurity A4, = —% Im G, doo

through
() = [ Aso(@) Fr(w) o (.12)

This mean-field approach then transforms the impurity Hamiltonian to single-
particle form:

Himp %gdzdj;dcr - jzdg (02)070' do, (3.13)
with &g = Y((nat) + (nay)) + €q being the renormalized on-site potential and

J= %((ndT) — (nqy)) the effective spin dependent energy level splitting. The
latter describes a Zeeman field that only acts on the impurity site, resulting
in an impurity spin that is quantised to s = % [49]. This is in contrast to the
classical impurity model, where the spin of the impurity itself is not included,
only its effective interaction on the substrate.

The energy spectrum of the YSR states of the AIM can be determined ana-
lytically by solving the Dyson equation as outlined in Sec. 2.4.1 [49, 82] and
is given by

72 207244 ~ 2

¢ (v2N3ts, + (T - €0?) (w2 NBEhs + (T + 50?)

€ysp = £A ,  (3.14)

with Ny being the LDOS at the impurity site. Predictably, this expression is
similar to the energies of the YSR states calculated from the classical impurity
spin model in Eq. (3.5). Comparing the two expressions for €, = ¢; = 0 results
in the following relationship between the parameters of the two models:

2
_&

J
This shows that increasing the coupling between the impurity and the substrate
in the AIM is equivalent to increasing .J in the classical spin impurity model

and drives the system towards the strong coupling regime. Inversely, increas-
ing J drives the system into the weak coupling regime. This can be understood

J (3.15)
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by considering that the impurity has superconducting pairing correlations be-
cause of the proximity effect, which increase with ¢s;. The ratio between the
pairing correlations and J defines whether the system is in the weak or strong
coupling regime. Therefore, a large .J reduces this ratio and drives the system
towards the weak coupling regime, while increasing the coupling ¢,; enhances
the superconducting pairing correlations in the impurity.

Equation (3.15) establishes that both models give qualitatively equivalent
results. However, there are some subtle differences between the two. For ex-
ample, the AIM includes the impurity spin, while the classical spin Kondo
model only models its effects on the substrate. Additionally, the couplings
J and J play opposite roles in the two models. Increasing J drives the sys-
tem from weak to strong coupling, while, according to Eq. (3.15), increasing
J has the reverse effect. Furthermore, the classical impurity spin model has
one less model parameter and, therefore, is the simpler model, making it of-
ten the preferred model [20-23, 68, 70]. This also motivates our use of this
model in the numerical calculations in Papers I-1II. However, introducing a
coupling between the impurity and the substrate, as is done in the AIM, can be
beneficial when describing experiments in which this coupling can be directly
modified, while J stays mostly constant [49, 82]. For this reason, this model
is used in the analytical calculations of the Papers II and III and the numerical
calculations in Paper IV.

3.2.4 Alternative models for magnetic impurities

In Secs. 3.2.1 and 3.2.3, I discuss how to model magnetic impurities using
single-particle Hamiltonian descriptions based on the classical spin Kondo
model or mean-field AIM, respectively. These approximations treat the im-
purity spin as a frozen spin with a given direction, which breaks the spin
rotational symmetry. In addition, they neglect the internal degrees of free-
dom of a quantum spin and, therefore, cannot describe physical processes like
spin flips, which, for example, lead to the Kondo effect in normal metals.
However, treating the full models and their many-body correlations with non-
perturbative numerical methods, such as NRG [65] or quantum Monte Carlo
techniques [83—85], is computationally intensive, which makes such simula-
tions prohibitive when combined with other computationally expensive tasks,
such as self-consistent calculations of the local order parameter, as performed
in Papers I-1V. Therefore, in this section, I briefly discuss the validity of these
effective models compared to interacting models, as well as list other possible
ways to model magnetic impurities.

A comparison between a NRG calculation using the quantum spin Kondo
model and the classical impurity spin limit model can be found in Ref. [86].
The results show that the classical spin model only reproduces the NRG results
for large quantum impurity spins. This is not surprising, since the classical im-
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purity spin approximation is in the limit of an infinitely large impurity spin
S — oo. However, this appears in contradiction with experimental results,
where the classical spin approximation has been successfully used to describe
measurements, even in the case of spin-% impurities [49, 51]. A possible expla-
nation for this contradiction could be the presence of axial magnetic anisotropy,
which adds an energy barrier to spin flip processes in the free spin model, ef-
fectively locking the spin into one direction [86]. Such an anisotropy is likely
to be found in experiments probing YSR states, as they generally study im-
purities on a surface. This surface breaks the inversion symmetry, allowing a
magnetic anisotropy to be present.

In addition to the classical spin impurity models discussed in this thesis,
there are other methods to describe YSR physics, such as based on perturbation
theory [87, 88] or the zero-bandwidth model [89]. The latter is a simple model
that couples the AIM to a superconductor with a single site. Due to the low
dimension of the Fock space needed to describe this model, it is analytically
solvable and still able to capture most of the behaviour of the in-gap states
induced by a quantum impurity spin. However, due to the low dimensionality
of the superconducting Hamiltonian, this model is unsuitable to describe the
response of the local order parameter to the presence of a magnetic impurity.
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4. Josephson current through YSR states

This chapter provides background relevant for Papers II and IV, which
both focus on the Josephson current through a Yu—Shiba—Rusinov
(YSR) state at the quantum phase transition (QPT) in the context of
scanning tunnelling microscopy (STM) experiments. Sec. 4.1 gives a
brief overview of the STM setup, followed by an introduction to the
Josephson effect in Sec. 4.2. The derivation for the critical Josephson
current in STM experiments is found in Sec. 4.3, and the application of
the results to tunnelling through a YSR state is discussed in Sec. 4.4.
An effect that modifies how the Josephson current is observed in STM
experiments, the dynamical Coulomb blockade (DCB), is discussed in
Sec.4.4.1. Relevant reading material on the topics covered can be found
in the books and reviews [28, 29, 90-93].

4.1 Scanning tunnelling microscopy

The general concept of scanning tunnelling microscopy (STM) measurements
is based on the idea of measuring a tunnelling current of electrons flowing
from a sharp metal tip to a metallic or otherwise conductive sample in a vac-
uum [94, 95]. By applying a bias voltage between the tip and the sample, a
small tunnelling current can be observed. Due to the sharpness of the tip, the
tunnelling process from the tip to the sample is dominated by a single atom
and therefore by the conduction orbital (or orbitals) that extend from the tip
apex. Furthermore, the overlap of this orbital and the orbitals extending from
the sample surface gives the tunnelling current an exponential dependence on
the distance between the tip and the sample. Hence, when scanning the tip
horizontally across the surface of the sample, the resulting tunnelling current
at a fixed bias voltage is very susceptible to the tip-sample distance, allowing
the topographic profile of the sample to be measured with atomic resolution.

The STM setup can also be used to measure the local spectral features of the
sample. This is achieved by adjusting the bias voltage between the tip and the
sample and is generally referred to as scanning tunnelling spectroscopy (STS).
This can be understood by looking at the simplified relationship between the
tunnelling current and the bias voltage V', which at low temperatures 7" < eV
and with no interactions between tunnelling electrons is given by [96]

eV
Lan(V) ox / 0 pampte (@ — €V )prip (), @.1)
0
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where psample and pyp are the LDOS of the sample and the tip, respectively.
Therefore, the tunnelling current is proportional to the convolution of the LDOS
of the tip and sample in the single-particle picture. By choosing a material with
a flat DOS around the Fermi level for the tip, the LDOS of the sample can be
extracted by measuring the differential conductance [96, 97]:

dl
— X Psample(€V). 4.2)

dv
A variation of the STM setup that opens up interesting possibilities is the
use of a superconducting tip. In STS measurements, this is beneficial because
the sharp superconducting coherence peaks in the energy spectrum of the tip
can provide better resolution of the measured spectral features of the sample
(cf. Eq. (4.1)). Additionally, it makes it possible to observe the Josephson
effect in the tunnelling junction if the sample is also a superconductor. The
remainder of this chapter focuses on the Josephson effect and how it can be

used to measure impurity effects.

4.2 Josephson effect

A characteristic feature of superconductors is their ability to conduct a super-
current, i.e. a dc current without dissipation. In 1962, Brian Josephson pre-
dicted that such a supercurrent should also be able to flow between two ideal
superconductors connected through a weak link, such as a thin insulating layer
[98, 99]. This is possible by Cooper pairs tunnelling through the insulator, ef-
fectively coupling the superconducting condensates of the two superconduc-
tors.

Josephson’s findings can be summarised in two equations, with the first one
describing the dc-Josephson effect. It establishes a relationship between the
current I flowing through this junction and the phases of the two supercon-
ducting condensates @1 and @o:

I = Icsin(¢p) with @9 = ¢1 — @2, (4.3)

where I is the critical current that depends on the details provided by the na-
ture of the junction and is the maximum of the superconducting current that can
flow across the junction. This relationship has some interesting consequences.
If the phase of the order parameter of a single superconductor is globally con-
stant, it can generally be gauged away by a corresponding gauge transforma-
tion. Therefore, the exact value of this phase does not affect the physical ob-
servables. However, as soon as two superconductors come into contact, the
difference in phases of the two superconductors becomes relevant, as it will

IStrictly speaking, one has to consider the gauge invariant phase difference here. However, as
this would not change the discussion [29], [ have omitted it.
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generate a current in the system. Furthermore, this current is not driven by an
applied voltage across the junction. Conversely, Eq. (4.3) can also be inter-
preted as the phase difference of the two superconducting condensates being
set by the current [ that is applied across the junction, as long as |I| < |I¢].
The second relationship found by Josephson relates a voltage V' across the
junction to the rate of change of the difference of the superconducting phase:

dpg  2e
==V 4.4
dr R (@4)
where e is the electron charge and 7 denotes time. This equation describes the
Josephson ac-effect, where the phase difference changes due to the voltage and
consequently, according to Eq. (4.3), the current through the junction oscillates
with frequency %V.

4.3 Modelling Josephson scanning tunnelling
miCcroscopy

The Josephson effect can be observed principally in STM setups, with both
the sample and the tip are superconductors, which I refer to as Josephson scan-
ning tunnelling microscopy (JSTM) in the remainder of this text. The critical
Josephson current typically follows the Ambegaokar-Baratoff relationship, as
commonly observed JSTM measurements [100—102]:

m|Al A
I = tanh 2
clty = = ~tanh 5o

(4.5)

where Ry is the normal state resistance of the tunnel junction. This equation
assumes that the order parameters A at the tip and the substrate are the same
and that they are measured at the system temperature 7'. Eq. (4.5) establishes a
relationship between the product o R and the order parameter. In principle,
this allows to probe the order parameter of the sample [91, 103]. However, the
Ambegaokar-Baratoff equation assumes a constant local order parameter, such
as in the bulk of a homogeneous system. Therefore, in some cases, such as in
the vicinity of magnetic impurities, where the changes in the local order param-
eter occur on length scales well below the superconducting coherence length,
the Ambegaokar-Baratoff relationship is no longer necessarily valid. More-
over, Eq. (4.5) does not account for tunnelling through YSR impurity states,
which leads to significant changes in the Josephson-transport characteristics
of the junction, particularly in the vicinity of the QPT. This effect is one of the
main observations reported in Paper II. The remainder of this section outlines a

2The Boltzmann constant is reinstated kg here, however, it is silently dropped in the remainder
of this chapter (kg = 1).
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derivation of a microscopic description suitable for this scenario, and Sec. 4.4
describes the results for the case of YSR states.

On the microscopic level, the Josephson junction formed in a JSTM setup
can be described in a similar way to an atomic point contact between two su-
perconducting leads, L and R, where one corresponds to the tip and the other
to the sample. To model the point contact, both leads are coupled by a hopping
term H 7 that connects a single site of the tip to a single site of the substrate.
For the description of the two leads of this junction, i.e. tip and the substrate,
I assume that both are conventional s-wave superconductors as introduced in
Eq. (3.1), and are described by the Hamiltonians H;, g. In addition, Hy, r can
also contain the description of inhomogeneities, such as magnetic impurities,
which is discussed in Sec. 4.4. Furthermore, | assume that they can have differ-
ent chemical potentials 17, g, which gives rise to a voltage potential between
the two leads defined through eV = u;, — ur. Moreover, the superconducting
order parameter of both sides can have different superconducting phases ¢, r,
which allows for the Josephson effect.

Typically, a simple normal hopping term between the systems suffices to
describe the Josephson effect:

Hp = tich, ,Crxo +hec. (4.6)

g

where ¢; defines the hopping parameter that allows particles to tunnel between
the leads and it is generally small for JSTM. The full Hamiltonian, describing
the system, is then H = Hp, + Hp + Hr and the index xg describe the sites in
the L, R leads which are coupled to each other.

By using a gauge transformation, it is further possible to move the global
phases of the two superconductors and the applied voltage between them into
the expression of Eq. (4.6) [93, 104]:

Hr — Hr(r Ztt o5 el oo Chxger T hic, (4.7)

where the time dependent phase difference ¢(7) includes the voltage V' be-
tween the two leads L, R and their superconducting phase difference:

(1) = ¢ +2eVT  with ¢g = o1, — pr. (4.8)

The time dependence of the phase depends on the voltage between the leads
and reflects the ac Josephson effect according to Eq. (4.4). The gauge trans-
formation in Eq. (4.7) simplifies the following calculation steps, as now all
the non-equilibrium effects are described by Hr, which can be treated as a
perturbation of the system.

The current I between the two sites is described by the change in the average
number of particles in one of the leads multiplied by the electronic charge, as
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for this model, the number of particles on one side can only change by particles
flowing across the junction:

=—ie([H,Ng]). 4.9)

Here the particle number operator of the left lead /Ny, is arbitrarily chosen, as
using Np gives the same expression for the current but in the opposite direc-
tion. The commutator on the right side can be further simplified by considering
that ([Hgr, Ni]) = 0 and ([Hr, Nz]) = 0[93]. This leaves only the commu-

tator of < [(Hr, N L]> yielding the expression for the current

I(r)=iey [tt e Y2(ch (T)era(T)) — t; e T2 (el (T)eLa(T)) ]

(4.10)
where the index xg is absorbed into L, R to simplify the notation. This expres-
sion allows for a very intuitive interpretation. The first term on the right-hand
side of the equation quantifies the average number of particles propagating
from the right lead to the left lead, multiplied by the phase accumulated by
these particles as a consequence of the phase-dependent coupling between the
leads. The second term provides an analogous contribution for particles mov-
ing in the opposite direction, and the net current is given by the difference
between these two contributions.

It is worth noting that in Paper II, we used an alternative way to calculate the
zero-bias-voltage Josephson current. This is done by taking the derivative of
the free energy F' of the system with respect to the phase difference I = 26371;
[29]. These two approaches are generally equivalent [93]:

oF . aln(Z) __l 9;577‘[
on " oe Ztr[ a%]
_ (N[
- <3¢>o>_ <a¢0>7 (4.11)
87'~[T 7, ~ _i
< N > = 5 ([Hr, Nul) = 5 ([, Ni]), (4.12)

where the partition sum is given by Z = tr [e*m{] . This yields the same results
as Eq. (4.9). Therefore, the dc-Josephson current can also be determined by
calculating the change in the free energy of the total system as a function of
the superconducting phase difference between the leads.

The remainder of this section derives the expression for the Josephson cur-
rent, continuing with Eq. (4.10) and follows Refs. [82, 93, 105] with some
additional simplifications due to the fact that higher order terms in ¢; can be
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neglected due to the weak coupling in a JSTM setup in this calculation.’ Gen-
erally, the Hamiltonian H of the junction describes a non-equilibrium system
and therefore, the expectation values in Eq. (4.10) can be evaluated using non-
equilibrium Green’s functions [106]. Using Nambu spinors ;, introduced in
Sec. 2.2.2, the lesser Green’s are defined as:

Giy(r, ) =i <¢}(T’) ® w¢(7)> : (4.13)

For Hamiltonians without spin mixing terms, it is sufficient to only consider
the 2 x 2 Nambu basis \I/iTU = (ciTU, ¢iz) instead, as discussed in Sec. 2.2.3.
In the following, spin indices ¢ are omitted to simplify the notation. In this
basis, and using this expression for the lesser Green’s functions, the current of
Eq. (4.10) can be rewritten as:

I(t) =etr Kft@f%L(T,T) — GZR(T,T)ftﬂ , (4.14)

where #; encodes the phase and voltage dependent hopping of the tunnelling

coupling: o)
r tt€z T 0

In order to evaluate the expression of Eq. (4.14) for the current it is conve-
nient to express the lesser Green’s functions in Eq. (4.14) in terms of the local
Green’s functions of the two leads. This can be achieved by treating Hr as a
perturbation. As I am focusing on a JSTM tunnelling junction, it is sufficient
to only consider terms up to first order in ;:

A~

Cin(rr) = o [ an{a5u(r = m)iu(r)dfa(r — 7) e

+ 9L (T — Tt (T)dRR(T — T) p

where gg’o(f) are the undressed advanced (retarded) Green’s functions of the
leads at « = L, R and g, are the corresponding undressed lesser Green’s
functions. The Green’s function for the current flow in the opposite direction
GE ; 1s calculated by exchanging the indices of the leads, i.e. L < R. Itis
generally more convenient to express the undressed Green’s in the frequency
domain w instead of the time domain 7, which is achieved via a Fourier trans-
form:

Cin(rir) = [ do{of, @h (D)

(4.17)
+ 50 (M @) ]

3The higher order terms describe Andreev reflections in the tunnelling junction. However, as
this chapter focuses on the dc-Josephson effect in low transmission junctions, the contributions
of those terms are negligible [42, 105].
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Due to the dependency of  on the voltage V', the Green’s function using the
notation g have their frequency argument w shifted by V in the following
way:
AV <9aa,11(w +eV)  faai2(w+ eV)) (4.18)
Jaa = faa,21(w - GV) Jaa,22 (w - EV) ' '
Furthermore, the lesser Green’s functions can be calculated from the advanced
(retarded) Green’s functions:

95 (w) = 2mip(w) fr(w) with p(w) = £(1/m) Im[g*D(W)].  (4.19)

By combining Eqs. (4.14), (4.17) and (4.19), the Josephson current can, in
general, be calculated from the local advanced and retarded Green’s function
of both unperturbed leads. These Green’s functions can be either analytical so-
lutions for simpler systems or could be numerically calculated from e.g. tight
binding models. Depending on the exact treatment, the expression for the cur-
rent can be further simplified, for example in the limit of zero-bias voltage,
which is discussed in the remainder of this section and Sec. 4.4.

In the limit of zero-bias voltage V' = 0, the expression for current through
the junction, after some algebra, simplifies to [74]

I = Icsin(¢y) with I = %tf / dwfr(w) Im[f} (W) frr(w)]* (4.20)
Here the notation of the anomalous Green’s function was reduced to f7; , (L) =
Ir R(LL),12° In this expression, the diagonal Green’s function components here
cancel out and only the anomalous parts f” contribute. This is an expected re-
sult, as no current of single quasiparticles is expected to flow if there is no
voltage across the junction. The only contribution to the current in this case is
the superconducting pairing, described by f", present in both leads. Further-
more, this expression is of the same general form as predicted by Josephson
(see Eq. (4.3)), where the Josephson current has a sinusoidal dependency on
the superconducting phase difference ¢g. The critical current I~ depends on
two factors. First, I depends on ¢? which is inversely proportional to the nor-
mal state junction resistance Ry [97], which is in line with the Ambegaokar-
Baratoff formula in Eq. (4.5). Secondly, the current depends on the supercon-
ducting pair correlations described by f”, which for a homogeneous s-wave
superconductor scale with the superconducting order parameter and are given
by [28, 107]:
mNo,L(R)AL(R)

. 2
\/A%(R) — (w+19)
where ¢ is a small positive number, which introduces a phenomenological
broadening to spectral features [108]. Both anomalous Green’s functions scale

(4.21)

foorr (W) =

*Here 7 was reintroduced for completeness of this end result, as it is generally set to 7 = 1 in
the text.
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with the normal state LDOS at the Fermi level Ny, which contributes inversely
to the resistance Ry of the junction [97]. Thus, a large value of Ny in both
leads will increase the critical Josephson current, which again is in line with the
Ambegaokar-Baratoff relationship in Eq. (4.5). The dependence of the current
on the order parameter of both leads demonstrates that the Josephson effect is
only possible in junctions where both leads are superconducting.

4.4 Josephson current through YSR states

In Sec. 3.2.2, I discuss the effects of a magnetic impurity and the resulting
YSR states on the superconducting order parameter of the substrate. When
the system goes through the QPT, the sign of the local order parameter flips,
denoted as a m-shift in the local superconducting order parameter. In addition,
at this QPT the ground state of the system changes its spin configuration. If a
Josephson current flows through an impurity hosting a YSR state, this change
in spin configuration and subsequent change in pairing of the occupied YSR
state causes a reversal in the direction of the Josephson current [51, 66, 74, 109,
110]. This is commonly called the 7-shift in the Josephson current, as it relates
to the shift in the current-phase relation. The relationship between these two
types of m-shifts is explored in more detail in Paper IV, where we show that
the 7-shift in the superconducting order parameter does not cause the 7-shift
in the Josephson current. Instead, the YSR states are directly responsible for
both 7-shifts.

In this section I focus on explaining the 7-shift in the Josephson current
from Eq. (4.20). This equation is derived in the context of two superconduct-
ing leads that are weakly coupled through an atomic point contact, as is the
case in a JSTM experiment. To model the leads, I assume that the left lead is
a magnetic impurity, described by the Anderson impurity model (AIM) cou-
pled to a conventional s-wave superconductor as described in Sec. 3.2.3 and
Paper IV. The label of the left lead is thus renamed LL — YSR. The right side
of the junction is assumed to be a conventional s-wave superconductor with
no impurity bound states present and relabelled RR — BCS.

The 7-shift in the current phase relationship at the QPT can be explained by
taking a close look at the expression for the Josephson critical current and its
dependence on the retarded anomalous Green’s functions f” in Eq. (4.20)

oo X [ dufr) lfgs el o pesl), 422

where | have reintroduced the spin indices o again, as the magnetic impurity
breaks time reversal symmetry and, therefore, the pairing functions of the YSR
state behave differently for different spin orientations. This expression for the
critical current can be separated into two parts, which can be motivated by
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looking at the anomalous Green’s functions for the BCS lead given by

7 NoAgcs
\/ABCS (w+16)?

which uses the Nambu spinor basis \I!lT = (c:r +Cids ciT i —Ci,T>- This anoma-

Vo5 (4.23)

cro BCS

lous Green’s function is purely real for energies |w| < Apcs and purely imagi-
nary otherwise for § — 0. Thus, it allows to separate Eq. (4.22) according to
the real part and the imaginary part of /7 pcg [74]. Assuming a low tempera-
ture where the Fermi function fr resembles a sharp step function, the critical
current can be separated into two contributions 5% and IZ°5:

0
Io x Z/ dw (Im[f75 ysr (@) Re[ foz pes(w)]

+ Re[f75 ysr(w)] Im[f;c'r,BCS(w)])

o IGH I, (4.24)
with
1e" OCZ/A dw Im[f75 ysg(w)] Re[f55 pes(w)] (4.25)
Apcs
I o Z/ dw Re[f75 ysr(w)] Im[f55 pes(w)]. (4.26)

These two contributions originate from different energy ranges, with the first
part I gSR being dominated by pairing correlations within the negative energy
part of the superconducting gap w € [—Apcs, 0]. This part is only non-zero if
there are in-gap bound states present and is, therefore, the contribution from
the YSR state. The other contribution to the critical Josephson current, I2¢5,
originates from pairing correlations at energies w < —Apcs and includes the
coherence peaks of both leads. This contribution is therefore referred to as the
BCS term.

Using this separation, it is possible to explain the m-shift of the critical
Josephson current at the QPT through the change in the local pair correlation
functions f7. Starting with I’ the imaginary part of the pairing correlations
of the YSR lead is shown in Fig. 4.1(a,b). Due to the spin polarisation of the
YSR states, the corresponding peaks in ] ;¢ have opposite signs for the two
spin orientations (cf. Sec. 3.2.2). Only one of the two peaks in f7 ygp cON-
tributes to 1°®, depending on which YSR state is occupied. The occupation
of the YSR states changes as the system crosses the QPT (Fig. 4.1(a,b)). The
contribution of the BCS lead to I}7® is the real part of [ Bcs> Which does not
change sign at the QPT (see Eq. (4.23)). Therefore, IP% changes sign at the
QPT due to the change in YSR state occupation (Fig. 4. 1(c)).
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Figure 4.1. (a,b) Imaginary parts of the anomalous Green’s function of the magnetic
impurity for the two spin orientations. The label QPT™ (a) denotes that the system
is in the weak-coupling regime, QPT™ (b) denotes the strong-coupling regime. (c)
Contributions of the anomalous Green’s functions of the YSR lead and the BCS lead to
IR, plotted over the relevant energy range. For this result, an implicit sum over the
two spin orientations was performed and a small broadening was applied to make the
YSR state peaks clearer. (d) As in (c), but for the critical current contribution 7, gcs .
The results are calculated using the same mean-field AIM model for the magnetic
impurity as in Eq. (3.8) and in Paper IV. The model parameters are ;x = 0.5¢ and
A = 0.24 t for the chemical potential and the superconducting order parameter in both
leads. The impurity is specified by the exchange interaction J = 1.0¢ and the on-site
potential €; = 0. The coupling between the impurity and the substrate is t5; = 1.18¢
in the weak-coupling regime (QPT™) and ¢,; = 1.50¢ in the strong-coupling regime
(QPT™).
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The other component of I, I, gcs’ is predominantly carried by the super-

conducting coherence peaks in the pairing correlations. These correlations are
only indirectly influenced by the YSR state and remain mainly positive in the
relevant energy range of w < —A, as shown in Fig. 4.1(d). Thus, the resulting
critical current 7, gcs is positive and does not change sign at the QPT.

In addition, the YSR states have a large local spectral weight at the impu-
rity site, making I several times larger compared to 25, This can also be
seen by comparing the amplitudes in Fig 4.1 (¢) and (d). Therefore, the result-
ing critical Josephson current /- is dominated by the YSR contribution and
exhibits a w-shift at the QPT.

Finally, I note that the decomposition of the critical Josephson current into
IB® and IZS contributions was not performed in Paper IV, since this view-
point was developed after the manuscript was completed. In Paper II, two
transmission channels, analogous to 1% and 1255, are described to account for
the experimental results. They are motivated by different possible pathways
for the electrons present in the tunnel junction and possible ways to model are
described in Paper IV. However, through preliminary testing, I here found that
the ratio between 1% and I depends on the system parameters. For some
parameter regimes, I, gCS could make a noticeable contribution, while still re-
maining smaller than I, gSR . This may give rise to an alternative explanation for
the BCS-like transport channel in Paper 1I. In Paper IV, we note that there is an
offset in the absolute critical Josephson current before and after the QPT. This
can be explained by the coherent and incoherent addition of I** and 12 to
the total critical Josephson current, depending on which side of the QPT the
system resides.

4.4.1 Dynamical Coulomb blockade

To connect Sec. 4.4 with the experimental results of Paper II, here I discuss
the dynamical Coulomb blockade (DCB), an effect that can complicate the
measurement of the critical Josephson current [111]. The DCB can be under-
stood by considering that a Josephson junction has an intrinsic capacitance C.
When a Cooper pair tunnels through the junction, a charge of 2e is transferred
between the two sides. This transfer charges the junction capacitance and con-
sequently increases the free energy of the total system. The electrostatic energy

2
associated with this process is Fo = (32 . One the other hand, Cooper-pair

tunnelling provides the Josephson energy E; = % In JSTM junctions, the
small tip size results in a small junction capacitance, leading to a relatively high
charging energy F¢ [91]. In addition, the critical Josephson current is small,
as the junction typically has a high resistance. As a result, a JSTM junction
typically has a lower Josephson energy than the charging energy E; < E¢.

5 Another relevant scale is the thermal energy kg7 In JSTM experiments the temperature is
typically lower than the characteristic junction energies and thus can often be neglected [112].
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This places the system in the DCB regime. Since E¢ exceeds E';, the system
minimises its electrostatic energy by suppressing fluctuations in the number
of Cooper pairs. Thus, the charge of the system is well-defined. Because the
superconducting phase is the canonical conjugate of the charge, the phase fluc-
tuates, which suppresses Cooper pairs from tunnelling through the junction at
zero-bias voltage. This is in contrast to an ideal Josephson junction, where the
well-defined phase allows coherent tunnelling at zero-bias voltage, while the
charge is fluctuating. However, in the DCB, Cooper pairs can still tunnel se-
quentially and incoherently through the junction under the exchange of energy
with the electromagnetic environment [112—117]. The incoherent tunnelling
current is dissipative and leads to a finite voltage drop across the junction. This
behaviour is described by P(E)-theory, which treats Josephson tunnelling as
a perturbation of the charging energy E¢ [112, 114-116].

The maximum current of incoherently tunnelling Cooper pairs that can be
supported by the junction in the DCB regime is called the switching current Ig.
It depends on properties such as the impedance of the junction and tempera-
ture and can be determined using P(E)-theory. Moreover, since the switching
current is caused by Josephson tunnelling, it scales with the Josephson energy
as Is oc E2, and consequently with the critical Josephson current as Ig o< I, (%
[90]. As aresult, relative changes in the critical Josephson current can still be
determined in JSTM experiments by measuring the switching current.

In the case of JSTM experiments that probe a YSR state, the DCB compli-
cates the measurement of the m-shift in the critical current because the switch-
ing current only provides information about the absolute value of /. There-
fore, the sign change in I~ at the QPT can only be measured indirectly. In a
simple picture, a w-shift in the critical Josephson current would imply that the
experimentally measured switching current should go to zero at the QPT. How-
ever, this behaviour is not observed in the experimental results of Paper II. This
contradiction can be explained by the fact that in JSTM experiments, the cur-
rent through the junction is often carried by several transport channels [118].
These channels typically originate from electrons tunnelling through different
overlapping orbitals of the atom at the STM tip and through different orbitals
of the atoms in the sample, depending on the actual position of the tip. Hence,
there may be other channels present in the system that do not involve a YSR
state. In this case, only the channel that involves the YSR state has a 7-shift
at the QPT, while the other channels do not. Therefore, the critical Joseph-
son current of the YSR state channel adds constructively or destructively to
the contributions of the other channels. This results in a shift in the measured
switching current instead of it going to zero.

A detailed understanding of these channels is essential to interpret the ex-
perimental results, as discussed in Papers Il and IV. As outlined in Sec. 4.4, an
alternative explanation for the existence of these non-YSR transport channels
is the BCS contribution JZ° to the critical Josephson current.
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5. Topological superconductors and Majorana
bound states

This chapter provides background for Paper I. In that work we model
Majorana bound states (MBSs) at the endpoints of a magnetic impu-
rity chain coupled to an s-wave superconductor with strong spin-orbit
coupling (SOC). The MBSs appear because the chain-substrate system
enters a topological superconducting phase. The basics of this topo-
logical phase transition are described in Sec. 5.1, and the emergence
of edge states at the boundaries is described in 5.2. The MBSs are the
topic of Sec. 5.3 and a derivation for their wave function from a simple
toy model is described in Sec. 5.4. Topology is an important concept in
condensed matter physics, driving a wide range of new developments.
In this chapter, I focus on aspects relevant to Paper I and refer the reader
to the reviews in Refs. [24, 25, 119, 120] for further detail.

5.1 Topological phases of matter

Conventional phases in condensed matter physics are typically described within
Landau’s framework, where phase transitions lead to the emergence of an or-
der parameter and consequently to the breaking of a global symmetry of the
system. Examples of these ordered states include magnetism, superconductiv-
ity, or crystalline order. Topological phases, in contrast, are characterised by
quantised topological invariants of the ground state band structure as defined
by the Hamiltonian.

A system can be either topological or trivial, depending on the quantum
symmetries and the dimensionality of the system. For non-interacting topo-
logical systems, a topological invariant can be defined and it determines if
the system is in a topological phase or trivial phase. For gapped systems, the
topological invariants depend on the structure of the occupied bands. These
invariants are quantised and remain unchanged under continuous changes in
the parameters of the Hamiltonian, as they are dictated by the symmetries of
the system. The topological invariant can only change when the system en-
counters a topological defect. In the present context, this defect corresponds
to a closing of the bulk energy gap, which allows bands to exchange between
the occupied and unoccupied parts of the spectrum. The point in the parameter
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space where the topological invariant changes, is typically called a topological
phase transition (TPT).

The topological invariants do not only identify topological phases, they are
also linked to physical properties. These properties are conserved and robust
against perturbations, such as defects, as long as the system remains in its topo-
logical phase. An example of such a property is the quantised conductance in
the quantum Hall effect [121, 122]. Furthermore, edge states can be observed
at the boundaries between systems with different topological invariants, which
is discussed in Sec. 5.2.

Non-interacting gapped fermionic Hamiltonians can be classified into 10
classes. This framework was developed following the discovery of topologi-
cal insulators [123—125] and is based on the Altland-Zirnbauer classification
[126]. The class of a system depends on the three global quantum symmetries:
Time-reversal symmetry, particle-hole symmetry, and chiral symmetry. Fur-
thermore, the dimensionality of the system determines the type of topological
invariant. The topological invariants can be one of either three types, Z, 27
and Zs, or zero, i.e. the system is topologically trivial. The former two types
describe topological phases corresponding to Chern-type invariants, which are
integers (Z) or even integers (2Z). The Zo group describes systems that can
be in a topological phase or a trivial phase. An overview of this classification
can be found, for example, in Refs. [127-129].

In Paper I, we study a chain of magnetic impurities deposited on an s-wave
superconductor surface with Rashba SOC. This system has particle-hole sym-
metry, enforced by the BAG Hamiltonian of the superconductor, a broken time-
reversal symmetry due to the magnetic interaction of the impurities, and no
chiral symmetry. These symmetries place the system in class D in the Altland-
Zirnbauer classification, and as the chain represents a one-dimensional system,
the topological invariant is of type Z,. Hence, the system can either be in the
topologically trivial phase or in the topological phase with edge states at the
chain ends. This is discussed for a simplified model in Sec. 5.4.

5.2 Bulk-boundary correspondence

Topological phases have the key property that they host protected states at the
boundaries of the system. This phenomenon is described by the bulk—boundary
correspondence [9, 130]. At an interface between two topological phases with
different invariants Ny and Vs, the system must change its invariant accord-
ingly. As discussed in Sec. 5.1, a system can only change its topological in-
variant by closing the band gap, which exactly occurs somewhere across the
interface. This gap closure implies the existence of in-gap states that are lo-
calised at the boundary. Depending on dimension and symmetry class, these
boundary states either disperse and cross zero energy or are pinned to zero en-
ergy by particle-hole symmetry, as is the case for MBSs in 1D superconductors
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(see Sec. 5.4). The number of topological edge states is given by the difference
in topological invariants | No — N7|. It is worth noting that, in this context, the
topologically trivial phases and the vacuum are represented by N = 0. Con-
sequently, at the boundary to a trivial phase, the number of edge states of a
topological phase is equal to its invariant. In one-dimensional class D super-
conductors, this implies one edge state at each end of a topological region,
consistent with the Z, invariant. These topological edge states are protected
against local perturbations as long as they do not close the bulk gap, and global
symmetries are preserved.

5.3 Majorana fermions

In particle physics, Majorana fermions are real solutions of the Dirac equation,
which have the intriguing property of being their own antiparticle [120, 131—
133]. Asaconsequence they have to be charge neutral, as particles and antipar-
ticles have opposite charges. Majorana fermions have proven to be elusive in
high energy physics experiments, with neutrinos being a possible candidate.
However, their true nature remains an open question [134].

In solid state physics, Majorana fermions can emerge as quasiparticle exci-
tations of superconductors, when the excitation operator is self-adjoint. The
Bogoliubov quasiparticles of a superconductor  already imply a similar rela-
tionship (cf. Eq. (2.14)) [31]:

v(E) =+'(-E). (5.1)

At zero energy, the Bogoliubov quasiparticles thus become self-adjoint and are
a linear combination of half a particle and half a hole. As Bogoliubov particles
come in pairs due to the BdG particle-hole symmetry, Majorana fermions do so
as well. Hence, to realise Majorana fermions in superconductors, zero energy
eigenstates are required, and ideally an energy gap should be present, to protect
these quasiparticles from thermal excitations.

In one-dimensional topological superconductors, the bulk—boundary corre-
spondence produces such zero-energy Bogoliubov quasiparticles that are spa-
tially separated at either ends of the topological region. This spatial separation
is an important aspect, as overlapping Majorana fermions hybridise, leading
to a finite energy for both states. Hence, the quality of the Majorana fermions
depends on the spatial separation, i.e. the length of the topological region.

In this context, Majorana fermions are typically referred to as Majorana
bound states (MBSs) or Majorana zero modes'. In the remainder of this chap-

'The term Majorana zero mode highlights that they ideally reside at exactly zero energy, but in
finite systems, however, slight overlap between the modes shifts their energy away from zero,
in which case the term Majorana bound states is more accurate, as these states are still localised
at the boundaries of the topological region.
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ter, I will use the acronym MBS, to be consistent with the nomenclature in
Paper 1.

A minimal model that hosts MBSs is the Kitaev chain. It represents a one-
dimensional system of spinless fermions described by a chemical potential p,
nearest neighbour hopping term ¢, and p-wave superconductivity A, [135].
This system is in a topological phase as long as |p| < 2t and A, is finite. In
the topological phase, the ground state can be expressed as Majorana fermion
pairs that are delocalised across neighbouring sites, with unpaired Majorana
fermions remaining uncoupled at the ends of the chain, thereby forming the
MBSs.

There are no materials known that are able to realise the Kitaev chain. How-
ever, it is possible to engineer systems that effectively behave like a Kitaev
chain. In Paper I, we study such a system. It consists of an adatomic impurity
chain of ferromagnetically aligned magnetic impurities coupled to an s-wave
superconductor with strong Rashba SOC [136-141]. As the system is based
on a conventional s-wave superconductor, there is no intrinsic p-wave pairing
in the system. However, the spin mixing of the SOC induces spin-polarised
p-wave pair correlations in the system, that coexist with the s-wave pairing cor-
relations [120, 142]. The magnetic interactions of the impurities shift the two
p-wave pairing contributions apart with respect to the Fermi level, so that only
one of them contributes at low energies. This effectively realises the spinless
pairing needed to implement the Kitaev chain.

Systems of this kind, along with related platforms such as semiconduct-
ing nanowires, are of great interest for quantum computing applications. This
arises from the fact that MBSs behave as anyons with non-Abelian exchange
statistics in two-dimensional systems [143]. In simple terms, the exchange
of two MBSs does not generally commute with the exchange of subsequent
MBSs, which is in contrast to ordinary fermions. This process is usually called
braiding, and such operations can, in principle, be implemented through se-
quences of quantum gates and form the basis of topological quantum compu-
tation based on MBSs [24-26, 135, 144-146]. Because MBSs are topologi-
cally protected, they are inherently resilient against local perturbations, making
qubits based on MBSs inherently fault tolerant.

5.4 Modelling topological edge states

In this section, I present the derivation of the MBS wave function from a simple
p-wave model, which is applied in Paper I to describe the MBS wave function.
Here 1 show how this expression can be obtained from a simple continuum
model following Refs. [9, 119, 130, 143].

Starting with a two-dimensional model for a spinless chiral p-wave super-
conductor, which in the momentum Nambu basis \IIIT( = (CL c_x) is given by
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the Hamiltonian
Ap(ky +iky)
H = E \I/ (A* ko —1I<:) e U_y, (5.2)

with e, = |k|?/2m — p representing a parabolic energy dispersion and the
off diagonal terms describe the momentum dependent p-wave pairing. The
energy spectrum of this system is E(k) = £+/ei + |Ap|?|k|2. This system
is topological for p > 0 and trivial for 4 < 0 with a gap closing at © = 0 at
k = 0. The edge states appear in the system at the band gap closing, therefore,
it is sufficient to look at the low energy spectrum where p is small and higher
order momentum terms can be neglected. In this case, the energy dispersion
of the system reduces to

N (53)

which is a linear dispersion, analogous to a relativistic free particle with mass
1, as described by the Dirac equation.?

In order to model the topological edge states, the system is separated into
three stripes, which run parallel to the y-axis with a topological region in the
centre by setting u(x) > 0 for 0 < x < L and setting () < 0 otherwise.
The low energy Hamiltonian is then separated into a « and y dependent part
H = H, + H, with the k, dependencies Fourier transformed to real space
(ky — 10y):

- i mlx)  1Ap0,
M, = Xz:% (i Ad, —e)) T (5.4)
0 i Ak
1, = Z\I! <_1A* ! , y) N (5.5)

The energy dispersion of this Hamiltonian is Ex = =£|Ap||k,|, which is the
energy dispersion of a massless Dirac fermion propagating in two different
directions. These two states are localised at the two opposite boundaries of the
system, which can be seen from the solution of their wave function [9, 130,
143]

1 [1] =4/ dep@)
+ _ A, S T H
)= — | ".|e D , 5.6
o) = o | 1 6:6)
which describes two states located at the two boundaries of the system z = 0
and z = L and that have an exponential decay from their respective edges,
with a decay rate dictated by (). In addition, H,. [¢*(z)) = 0 implies that
the energy cost of locating these states at the edges is zero.

%In this context, terms such as y are called mass gaps, which refer to the fact that these terms
represent the mass of the relativistic particle and cause a gap of 24 in the energy spectrum
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The solution of this model can be mapped to the p-wave chain by contracting
the y-direction into a line, by setting k£, — 0. This pins the energy of the edge
states to zero, creating the MBSs located at the end points of the chain.

In Paper I, we numerically model the MBSs in a system that hosts an ef-
fective p-wave pairing, due to the conversion of s-wave pairs by Rashba SOC
[120, 142]. We compare the numerical solution of the MBS wave function to
an analytical expression based on Eq. (5.6). However, this equation describes
the wave function in terms of a p-wave order parameter A, while the model
in our paper has an s-wave order parameter. The conversion of s-wave pair-
ing correlations into effective p-wave correlations scales with the Rashba SOC
and the s-wave order parameter. However, we find good agreement when we
substitute A, with the SOC strength in Eq. (5.6).
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6. Numerical methods

A significant part of the work for Papers I-IV was setting up and car-
rying out numerical calculations. For these calculations I use the tight-
binding tool kit (TBTK) [147, 148], to which I contributed during my
PhD. In Sec. 6.1, I give an overview of the steps necessary to carry out
these calculations using TBTK. Sections 6.2-6.4 discuss the numerical
methods used in the papers, namely exact diagonalisation, the Lanczos
algorithm, and the Chebyshev polynomial expansion. As these methods
are often seen as a means to an end, [ focus on the practical implications
of them, such as computational time scaling and memory requirements.
In Sec. 6.5, I discuss how exact diagonalisation and the Chebyshev
expansion can be used to calculate the superconducting order param-
eter self-consistently. An overview of how graphics processing units
(GPUs) can accelerate numerical calculations is presented in Sec. 6.6.

6.1 Numerical treatment of tight-binding Hamiltonians

In this section, I focus on how to numerically treat any non-interacting gen-
eral tight-binding Hamiltonian, using TBTK [147, 148], which is a software
package designed for working with Hamiltonians H that have the form

H= ZaachCB. (6.1)
ap

Here, the coefficients a,z describe the single-particle interactions, and « and
[ contain all physical indices needed to describe the system, for example, spa-
tial coordinates, momentum, orbital index, spin or particle-hole index in the
case of BdG Hamiltonians. In addition, these indices can also contain extra
information such as a subsystem index for heterogeneous systems.

For the analysis of such a Hamiltonian, the workflow of TBTK is divided
into four steps: Defining a model based on the Hamiltonian, solving the model,
extracting the relevant properties from the solution, and post-processing.

The first step consists of finding a matrix representation h of the Hamil-
tonian H by defining a Hilbert space, which can be seen as a bidirectional
mapping between a3 and matrix elements of /1, based on the physical indices
«, 8. The Hilbert space is not unique and has to be chosen by hand. Choos-
ing a Hilbert space is often non-trivial for large systems, since the mapping
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should ideally remain simple, intuitive, and extensible, which can be difficult
to achieve at the same time. TBTK and similar software packages allow the
user to skip this step, by using an efficient algorithm that constructs a unique
Hilbert space given a certain set of physical indices. Therefore, it allows the
user to encode the Hamiltonian of Eq. (6.1) directly into a model in the soft-
ware.

The matrix representation i can now be further treated by the so-called
solvers, which are various numerical methods that can extract relevant infor-
mation from the Hamiltonian. This step is usually the most computationally
demanding, which makes selecting the appropriate solver and method impor-
tant. Therefore, the methods relevant to this thesis are discussed in more detail
in Sections 6.2-6.4.

After solving the Hamiltonian, TBTK uses so-called property extractors
and, depending on the solver, they can calculate physical properties such as
eigenvalues, eigenstates, LDOS, DOS, density, or general expectation values.
This step is further simplified because the automated Hilbert space construc-
tion allows these properties to be calculated directly based on the physical in-
dices av and £.

The final step in this workflow is to post-process the obtained physical prop-
erties to derive the final calculation results. TBTK also provides built-in func-
tionality to simplify this step, such as routines for common mathematical op-
erations or plotting data. Alternatively, it allows the user to export the data
to common file formats suitable for other external programs. A more detailed
description of how these steps can be expressed in TBTK’s code can be found
in its documentation second-quantization.com.

6.2 Exact diagonalisation

In this section, I discuss exact diagonalisation in the context of eigenvalue
solvers. These solvers are generally included in common linear algebra soft-
ware packages and often use algorithms based on the QR-algorithm [149—-151].
This method is used in Papers Il and IV.

Exact diagonalisation is often seen as the gold standard, as it yields all eigen-
values and eigenstates with high numerical accuracy. Therefore, it provides a
complete solution for a given Hamiltonian / and allows the calculation of any
property of the system. However, this comes at a cost, namely computational
time and memory requirements. The number of calculation steps to solve a
Hamiltonian, as in Eq. (6.1), scales with O(N?3), where N is the size of the
Hilbert space. Furthermore, exact diagonalisation implementations use dense
matrices to store the Hamiltonian in its Hilbert space representation, which
means that memory requirements scale with O(NN?). This cannot be avoided
because storing all eigenstates requires the same memory footprint as storing
the dense Hamiltonian.
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Since exact diagonalisation is costly in terms of memory and computational
time, it can be important to consider symmetries of the system. Symmetries of-
ten divide the Hamiltonian into smaller independent blocks that can be solved
separately. The best example of this is translationally invariant tight-binding
Hamiltonians, where the Bloch description in momentum space yields a Hamil-
tonian with blocks that are independent at each momentum. Another example
is the Hamiltonian describing the YSR states in Sec. 3.2.1, where the Hamil-
tonian has two spin-blocks, each with a Hilbert space size of % Therefore,
solving one of the blocks takes % of memory space and % of computational
time compared to solving the full Hamiltonian.

6.3 Lanczos algorithm

The Lanczos algorithm' enables the computation of a limited number of eigen-
values and the corresponding eigenstates of a Hermitian matrix with high ac-
curacy [152]. This is used in Paper I to extract the low-energy spectrum of
the system, including the MBSs. Its basic working principle can be explained
using the related power method algorithm. Given an initial guess for an eigen-
state of the system |¢/°), it can be formally decomposed into the eigenstates of
the Hamiltonian:

N
00) = ailds),  with a; = (¢:[¢°). (6.2)
=1

When [°) is multiplied m times with the matrix representation of the Hamil-
tonian A this yields, in terms of the eigenstates of the system

N
R 0) = Ay i) (6.3)
=1

where )\; is the eigenvalue of the eigenstate |¢;). Given enough iterations m
the term with the eigenvalue A4, Which is largest in magnitude, dominates
the sum in Eq. 6.3, and the product of A" |+/°) becomes proportional to | a2 )-
If this eigenvalue is degenerate, the algorithm yields a linear combination of
the degenerate eigenstates. Therefore, this algorithm can be used to find the
largest eigenstate and eigenvalue of the Hamiltonian. The convergence de-
pends strongly on the size of the gap between the largest and the second largest
eigenvalue.

The Lanczos algorithm greatly improves on the power method, where after
each multiplication with the Hamiltonian the vectors are orthogonalised us-
ing the Gram-Schmidt process, and the resulting orthogonalised vectors are

' A related algorithm and often also discussed in this context is the Arnoldi algorithm, which is
the generalisation of the Lanczos algorithm to general matrices.
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the so-called Lanczos vectors. For exact arithmetic, it is sufficient to perform
this orthogonalisation between three consecutive Lanczos vectors. The coef-
ficients used in this orthogonalisation form a tridiagonal matrix. With enough
iterations, the largest eigenvalues of the tridiagonal matrix converge towards
the largest eigenvalues of the Hamiltonian. Solving this tridiagonal matrix has
efficient algorithms and yields the eigenvalues from which the corresponding
eigenstates can be determined. Eigenvalues near a chosen target value A can
be obtained using the shift-invert method by applying the Lanczos procedure
to the matrix (h — A1) ~! [153].

As each Lanczos iteration consists of a matrix-vector multiplication, it can
be performed with a dense or a sparse matrix representation of the Hamilto-
nian, with the latter being the sensible choice, saving on memory space and
being computationally less expensive.? Therefore, the Lanczos algorithm has
a considerably shorter calculation time compared to exact diagonalisation and
scales with the number of Lanczos iterations m as O(Nm), plus O(m?) to
solve for the tridiagonal matrix. This makes it a very efficient method for cal-
culating a limited number of eigenstates and eigenvalues, for example, if only
the low energy spectrum close to the Fermi level is of interest.

A good rule of thumb for the number of Lanczos iterations needed is twice
the number of eigenstates of interest. However, especially for a small number
of target eigenstates, a larger number of coefficients may be needed. In general,
it is good practice to check the convergence of the eigenstates by increasing
the number of coefficients.

In theory, the Lanczos method could be used to diagonalise the whole Hamil-
tonian. However, due to imprecisions caused in the number representation in
computers, the orthogonalisation step is not perfectly precise. This effectively
means that with each iteration these imperfections are amplified, and subse-
quent vectors are not necessarily orthogonal to previous vectors any more.
This introduces so-called ghost states after too many Lanczos iterations, which
manifest themselves as non-physical degenerate states in the calculated energy
spectrum. This can be mitigated by complete reorthogonalisation or by implicit
restarting schemes. These mitigation schemes are commonly implemented in
linear algebra software packages that include the Lanczos method.

The difference between dense and sparse matrices is that the former stores all elements of a
matrix in memory, including zeroes, and sparse matrices only store non-zero elements. Typical
tight-binding Hamiltonians are very sparse and their the non-zero entries increase only linearly
with N. Thus, the memory requirements for a sparse matrix representation grows with O(NN)
compared to O(N?) for dense matrices. The same scaling applies to the number of computa-
tional operations needed for a matrix-vector product.
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6.4 Kernel polynomial methods

As discussed in Sec. 6.3, the Lanczos algorithm reduces calculation time and
memory requirements considerably compared to exact diagonalisation. How-
ever, it is not a good choice when information about the whole system is
needed. The kernel polynomial method can be a good solution when spec-
tral properties of the whole system need to be calculated, for example, Green’s
functions. This method works in principle in a way that is similar to a finite
Fourier series, where the spectral properties of a function are approximated
by a finite series of sine and cosine functions. However, the Fourier series
is defined for periodic functions, whereas tight-binding Hamiltonians have a
bounded energy spectrum. Therefore, the kernel polynomial method uses an
expansion in bounded polynomials accordingly. Generally, Legendre [154] or
Chebyshev [155-157] polynomials are used.

In this section, I discuss the kernel polynomial method based on the Cheby-
shev polynomials, as they were used to calculate the self-consistent order pa-
rameter in Papers I and II. Additionally, I present the general calculation steps
needed for this expansion, as the Chebyshev expansion is typically only in-
cluded in specialised software packages. As Chebyshev polynomials are de-
fined on the interval [—1, 1], the Hamiltonian needs to be rescaled so that its
highest and lowest eigenvalues, w4, and wy,iy, fall within this interval.’ The
rescaled values for the Hamiltonian A and the energies w are given by

AL L} (6.4)

a a
a = QL_E(wmaa: - wmin)7 b= %(wmax =+ wmin)v (65)

where ¢ is a safety margin to avoid sampling the Chebyshev expansion near
|| = 1, where numerical errors are typically largest.

The retarded Green’s function for two indices « and 3 is given by G/, 5=
(Yol [(w+i6T)L—h]~1 |4hg), where [1),) is a unit vector with only one entry at
the index «a. This retarded Green’s function can be expressed as an expansion
in Chebyshev polynomials* [155-158],
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with u%ﬂ being the coefficients of the expansion, defined by

i = (ol Ta(h) [Ug) = (Valgs),  with |g5) = Tu(h) [¥s) . (6.7)

3If the minimum and maximum eigenvalues are not known, they can be calculated using the
Lanczos method.

*Other types of Green’s function can also be expressed as a Chebyshev expansion and are of
similar form.
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Figure 6.1. Coherence peaks of the LDOS of an s-wave superconductor calculated
with the Chebyshev expansion for two different numbers of Chebyshev coefficients
N¢. The dashed black lines use a Lorentz kernel to suppress the Gibbs oscillations with
a broadening of 7 = 10~*. Lines are offset for clarity. The calculations use a generic
tight-binding Hamiltonian on a two-dimensional square lattice of size 5000 x 5000
with nearest neighbour hopping ¢ and s-wave pairing A = 0.31¢.

Here, T;,(x) = cos(n arccos x) are the Chebyshev polynomials of the first kind
and follow the recursion relationship:

To(x) =1, Ti(x)=z, T,=22T,_1(x)— Th—2(x). (6.8)

The vectors |qg), which are needed to calculate the Chebyshev coefficients

,uffﬁ defined in Eq. (6.7), are calculated following these recursive relationships
and through products with the Hamiltonian:

a9) =[¥s), gy =hlvg), laf)=2hlgs ") —1d5). (69

In practice, only a limited number N¢ of the vectors |qg> and Chebyshev coef-

ficients M%B are calculated and used in the calculation of the Green’s function
in Eq. (6.6). This makes the Chebyshev expansion an approximation that be-
comes more accurate with an increasing number of coefficients.

A problem that can arise by using the Chebyshev expansion are the Gibbs
oscillations that occur around sharp spectral features, which diminish for in-
creasing number of Chebyshev coefficients. An example of this is shown in
Fig. 6.1, where these oscillations are noticeable in the LDOS around the co-
herence peaks of an s-wave superconductor. A common solution is to use
modified Chebyshev coefficients ,uffﬁ — uif‘ﬁ = Kn,uﬁﬁ in the expansion of
Eq. (6.6) that involve a damping kernel K,,. Common choices are the Jackson
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and Lorentz kernels [155]. Both strongly reduce Gibbs oscillations, improv-
ing the convergence of the truncated Chebyshev series. The Jackson kernel
further guarantees positivity of positive-definite quantities, such as the LDOS
(see Fig. 6.1), thus preventing unphysical negative values. The Lorentz ker-
nel provides Lorentzian broadening to spectral features, a common feature in
Green’s functions, but does not strictly enforce positivity. For example, TBTK
uses the Lorentz kernel

__sinh [n(1 —n/N¢)]
" sinh(n) ’

(6.10)

where 7 sets the broadening.

In summary, calculating a Green’s function using the Chebyshev expansion
comprises three steps. First the Hamiltonian needs to be rescaled following
Eq. (6.4). The desired number of Chebyshev modified coefficients ,u;f‘ﬁ are
then calculated from Eq. (6.7) and the recursive relationship in Eq. (6.9), and
multiplied with an appropriate kernel such as in Eq. (6.10). Finally, the Green’s
function can be generated using a truncated series, for example, as shown for
the retarded Green’s function in Eq. (6.6).

Even when a moderately large number of coefficients is required, the Cheby-
shev expansion of Green’s functions can significantly reduce computational
cost compared to exact diagonalisation. Each Chebyshev coefficient is ob-
tained by a single matrix-vector product, which can use sparse matrices. There-
fore, the execution time scales linear with the number of coefficients and lin-
early with the number of non-zero elements in the Hamiltonian, i.e. O(N¢N).
Furthermore, the memory requirements are also much lower, as only the sparse
Hamiltonian and two vectors \qg), as well as the coefficients, must be stored
leading to a scaling of O(NN). The calculation time of the Green’s function in
Eq. (6.6) is also small and usually negligible compared to the calculation time
of the coefficients.

There are also some downsides to using the Chebyshev expansion, or other
kernel polynomial methods, that need to be considered. First, the obvious one
is that it does not give direct access to the eigenenergies and eigenstates of
the system. Furthermore, when Green’s functions for several indices 8 need
to be calculated, the coefficients ,uf{ﬁ must be computed for each index. Al-
though symmetries can help avoid the calculation of some of the coefficients,
calculating the Chebyshev coefficients for many indices 8 can quickly increase
the calculation time. Additionally, if the quasiparticle excitation peaks in the
Green'’s function need to be resolved in energy and the minimum energy differ-
ence between them is dw, the recommended number of Chebyshev coefficients
is No > 55 [155]. Hence, if a high energy resolution is required, i.e. dcw is
small, the number of required coefficients can increase the computation time
significantly.
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6.5 Self-consistent superconducting order parameter
calculations

In Sec. 2.3, I describe how the superconducting order parameter can be cal-
culated for inhomogeneous systems using the gap equation (2.17). In this
section, I discuss how to compute it, using either exact diagonalisation or
the Chebyshev expansion, and the respective advantages and disadvantages
of each method.

The gap equation can be solved via exact diagonalisation, since the required
coherence factors follow directly from the eigenvectors and eigenvalues of the
system. Both are obtained directly by exact diagonalisation. However, as out-
lined in Sec. 6.2, exact diagonalisation is memory intensive and computation-
ally costly, which makes it prohibitive for large systems, especially since the
self-consistent scheme requires repeatedly solving the eigenproblem.

In contrast, the Lanczos algorithm is generally unsuitable for solving the
gap equation (2.17), because it requires at least half of the energy spectrum and
eigenstates at zero temperature, and an even larger fraction at finite tempera-
tures. Since this method becomes unstable when calculating a large number of
eigenvalues and eigenstates (see Sec. 6.3), exact diagonalisation is in practice
more efficient.

The Chebyshev expansion makes it possible to solve the gap equation from
the evaluation of anomalous expectation values of the form (ciscjo) from the
anomalous part of the retarded Green’s function (see Eq. (2.21)). Compared to
the exact diagonalisation method, the Chebyshev expansion allows for larger
system sizes due to lower memory requirements and faster runtimes. How-
ever, because the local superconducting order parameter generally needs to be
evaluated at each site, the Chebyshev expansion must be repeated accordingly,
which can significantly increase the total computation time. Symmetries can
help to avoid this to a degree, for example in Paper II, the superconducting or-
der parameter is calculated for a two-dimensional square lattice with a single
impurity in the middle. This system thus has a four-fold rotation symmetry and
mirror symmetries along the axes and diagonals. Exploiting these symmetries,
it suffices to evaluate the order parameter on a wedge bounded by one axis and
one diagonal, reducing the number of required sites to %.

Another limitation of the Chebyshev expansion is the additional broadening
of spectral features introduced by the kernel®. For example, in Paper III, the
Y SR states lie close to the Fermi level near the QPT. As discussed in Sec. 3.2.2,
one YSR state contributes coherently to the superconducting order parameter
while the other contributes incoherently. At zero temperature, the cut-off for
these contributions is the Fermi level due to the Fermi function. When both
YSR states lie close to the Fermi level, the kernel broadening can smear their
spectral weight across this cut-off energy. In the calculation of the supercon-

Using a kernel is generally essential to suppress Gibbs oscillations and improve convergence.

65



ducting order parameter, this has a similar effect compared to a finite temper-
ature smearing, where the Fermi function is not a sharp step. Therefore, in
Papers III and IV we deliberately avoided using the Chebyshev polynomial
method. Since these papers study the effects of temperature on the YSR states
close to the QPT, it was essential to eliminate any artificial temperature con-
tributions that might result from the Chebyshev expansion itself. However,
for fully gapped systems, such as a homogeneous s-wave superconductor, this
is generally unproblematic, since relevant states are well separated from the
Fermi level.

6.6 GPU acceleration in scientific computing

GPUs are accelerator cards that are usually added to computer systems to speed
up 3D graphics rendering. These rendering tasks mainly consist of geomet-
ric transformations that are calculated through a large number of matrix and
vector operations. As a result, GPUs are highly optimised for linear algebra
workloads using highly parallelised compute units. For these workloads, they
significantly outperform central processing units (CPUs), which are designed
for a wide range of general-purpose tasks. This specialisation makes them
well suited for other compute-intensive tasks, such as machine learning and
scientific calculations, that rely on linear algebra [159].

However, using GPUs also has downsides. They are a dedicated piece of
hardware that is not necessarily available in all computers and clusters for sci-
entific computation, which limits their availability. Furthermore, they need
specialised software support that is not always intercompatible between dif-
ferent GPU models. In addition, the memory capacity of GPUs is more lim-
ited compared to the system memory available to the CPU, because they need
specialised and fast memory that is tightly integrated into each card. One
way to mitigate this limitation is to use multiple GPUs, thereby increasing the
GPU memory available to the system and computational throughput. How-
ever, this introduces communication overhead and adds additional complexity
to the codebase. One of my contributions to TBTK during my PhD studies was
to extend GPU support in the built-in exact diagonalisation and Chebyshev ex-
pansion solvers.

SStrictly speaking, the computational capabilities that make GPUs effective for graphics do
not directly transfer to scientific computing, since graphics rendering generally uses of 32-bit
floating-point operations, while scientific computations typically require 64-bit precision. Mod-
ern GPU architectures include dedicated 64-bit precision units, however, their count is typically
lower than the 32-bit units. In general, high-performance computing models tend to provide
a significantly larger fraction of hardware resources to 64-bit computing units that are used in
scientific calculations and therefore perform better on these workloads.
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7. Summary of Papers

This chapter contains a summary of Papers I-IV included in this thesis.
The overarching theme of my contributions to those papers is the inves-
tigation of how magnetic impurities modify the local superconducting
order parameter and how these changes influence observables in the
system. Paper I examines a chain of magnetic impurities coupled to
an s-wave superconductor with strong spin-orbit coupling (SOC). De-
pending on the impurity-substrate coupling, the system hosts Majorana
bound states (MBSs), and we show that the MBS energy spectrum is af-
fected by the suppression of the local order parameter and interactions
with the Yu—Shiba—Rusinov (YSR) states induced by the impurities.
The remaining papers study single magnetic impurities. Paper Il con-
tains results of a scanning tunnelling microscopy (STM) experiment
that investigates the w-shift in the Josephson current at the quantum
phase transition (QPT) caused by YSR states. The paper further pro-
vides theoretical modelling to explain the experimental findings, in-
cluding modelling the effects of the superconducting order parameter
suppression. Paper Il demonstrates that the local changes in the super-
conducting order parameter modify the YSR state energy spectrum at
the QPT in a non-trivial and temperature-dependent manner. Finally,
Paper IV investigates how the suppression of the local superconducting
order parameter affects the Josephson current through the impurity at
the QPT and shows that the observed m-shift in the current cannot be
directly attributed to the w-shift in the order parameter.

7.1 Paper |

The focus of this paper is on the MBSs that are localised at the ends of an atomic
chain of magnetic impurities on a superconductor. The MBSs appear in the
system when the magnetic interaction between the impurities and the super-
conducting substrate is increased past the topological phase transition (TPT).
The Hamiltonian that describes the system studied in this paper can be sep-
arated into three parts H = Ho + Hse + Him. The normal state Hamiltonian
Ho describes a 2D square lattice, including nearest-neighbour hopping char-
acterised by ¢, with a chemical potential ; and Rashba-like spin-orbit coupling
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Figure7.1. (a) Energy spectrum of H as a function of V, (see Eq. (1) in Paper I for more
details). The blue lines show the solution when the changes in the superconducting
order parameter due to the presence of magnetic impurities are considered, and the
orange lines are calculated for a constant order parameter. (b) Decomposition of the
MBS into sub-gap states for increasing V, > V.. The coefficient I'y quantifies the
weight of the original topological state within the MBS, whereas the coefficients I';~¢
represent the fraction associated with YSR states. Adapted with modifications from
Paper III with permission from the publisher.

a. The superconducting interaction is modelled by H. with a self-consistently
calculated s-wave order parameter A;, and the interactions of the magnetic im-
purities are modelled by an effective Zeeman field V,, which acts on the lat-
tice sites under the chain in H;,. By increasing the magnetic interaction V,
the system can be driven into the topological phase, with the topological phase
transition (TPT) occurring at the critical interaction V., = V,, where MBSs
appear at the end points of the chain at zero energy (see Fig. 7.1 (a)).

We find that the local order parameter is suppressed along the chain due to
the pair-breaking effect caused by the magnetic impurities. This has effects on
the energy spectrum and on the TPT, which occurs at a lower value of V... This
can be seen in Fig. 7.1 (a), which compares the energy spectrum against a solu-
tion with a constant order parameter. Notably, the MBS energy oscillations are
more pronounced when considering the change in the order parameter. Fur-
thermore, the energy gap between the MBS and other in-gap states is reduced
for higher values of V, which implies weaker protection against thermal ex-
citations of the topological state.

These energy oscillations are commonly associated with the two MBSs be-
coming more delocalised along the chain with increasing V, and starting to
hybridise with each other, resulting in a finite energy for these states [59, 160—
165]. In this paper, we present an alternative explanation for this effect. Apart
from the MBSs, there are also other states in the superconducting energy gap,
arising from YSR states created by the magnetic impurities that hybridise and
form in-gap states localised on the chain. These states can interact with the
MBSs, causing oscillations in energy that increase with V.
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We show this by projecting the wave function of the MBSs v/ onto the basis
of the sub-gap states at the TPT:

[0 (V ZF ) i) (7.1)

with 1@ = ;(V, = V..) where 1); is the wave function of the i sub-gap state.
We choose states at the TPT, i.e. V, = V,, as the basis of sub-gap states,
where the energy of the MBSs is zero and are therefore pure topological states.
The coefficients I';(V,) = (po(V)|1);) measure the purely topological MBS
(¢ = 0)and YSR (¢ > 0) components of 1o(V>). These coefficients are shown
in Fig. 7.1 (b), which shows that the MBS is increasingly composed of YSR
sub-gap state contributions with increasing V. Therefore, the MBSs lose their
topological character as they mix with the sub-gap states and sit at finite energy
as V,, increases. This shows that the delocalisation and the energy oscillations
of the MBSs can be explained by the interaction with the hybridised sub-gap
YSR states.

In addition, we show that when subtracting the YSR state components from
the MBS, we recover the wave function of a pure topological edge state, which
becomes more localised towards the end points of the wire. This is in line with
the expectation for the wave function of the topological state as described by
Eq. (5.6), where the state becomes more localised towards the system bound-
aries as the magnetic interaction and, therefore, the mass gap increases.

In conclusion, this work shows how the interactions between the MBSs and
the hybridised YSR states lead to the energy oscillations of the MBSs with
increasing magnetic coupling and explains why the observed wave function of
the MBSs delocalises along the wire, in contrast to the expected behaviour of a
topological edge state. In principle, these insights could enable the engineering
of systems that avoid such hybridisation.

7.2 Paper II

This paper focuses on the observation of a current reversal (w-shift) of the
Josephson tunnelling current through a magnetic impurity at the QPT in a
JSTM experiment. This is achieved by functionalising a superconducting vana-
dium STM tip with a spin-% impurity and measuring the Josephson current to
a superconducting sample at a very low temperature of 10 mK. By chang-
ing the distance between the tip and the superconducting substrate, atomic
forces are able to pull the impurity away from the tip, effectively reducing
the impurity-superconductor coupling and allowing it to be tuned continuously
across the QPT. The magnetic nature of the impurity is confirmed by measur-
ing the Kondo effect in the normal state and from the characteristic YSR energy
spectrum extracted through differential conductance measurements as the tip-
sample distance is varied. The latter results are shown in Fig. 7.2, where the

69



Switching current, [ (pA)
‘7/3

: ' : ' — 0
0.005 0.010 0.015 0.020 0.030
Conductance G\/G,

Figure 7.2. Switching current (blue) and the positive YSR state energy spectrum (or-
ange) as functions of the normal state conductance. The QPT is indicated by a dashed
vertical line, and the effective width of the transition, due to finite temperature, is
marked by the horizontal bracket. The trend for the switching current predicted by the
Ambegaokar—Baratoff relationship is indicated by the diagonal dashed lines. Repro-
duced from Paper II CC BY 4.0.

positive branch of the YSR energy spectrum is plotted in orange as a function
of conductance, which is related to the tip-sample distance.

The STM operates in the dynamical Coulomb blockade (DCB) regime. There-
fore, the Josephson effect is observed as a switching current I, which is pro-
portional to the critical Josephson current Ig I% [112, 114-116, 118]. Ina
region around the QPT, the switching current (blue line in Fig. 7.2) does not
follow the trend predicted by the Ambegaokar—Baratoff formula (Eq. (4.5)) for
a superconducting tunnel junction Ig oc G%;, where G denotes the normal
state conductance. This is caused by the presence of two independent transport
channels in the junction, namely one through the YSR state and another that
is unaffected by the magnetic impurity, which behaves like a BCS-like tunnel
junction. At the QPT, the YSR channel exhibits a m-shift in the Josephson
current, whereas the BCS channel does not. This leads to the two channels
contributing constructively or destructively to the total observed Josephson
current, depending on which side of the QPT the system resides on. This ef-
fect leads to the shift in the current trend seen in Fig. 7.2. The finite width of
the transition is due to the finite temperature of the experiment. The behaviour
observed at the QPT is confirmed by modelling these two transport channels
using a simplistic mean-field AIM.

In addition, the influence of the local superconducting order parameter sup-
pression by the magnetic impurity is calculated numerically. Although the
order parameter is strongly suppressed at the impurity site and shows a 7-shift
in the strong coupling regime, it does not change the current-phase relationship
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at the QPT compared to a constant order parameter calculation. Therefore, the
local suppression of the order parameter does not change the qualitative results.
This numerical calculation is my contribution to this paper.

In summary, we use a superconducting STM tip functionalised with a YSR
state to track the Josephson tunnelling current through the quantum phase tran-
sition at high resolution, revealing a sign reversal in the current-phase relation-
ship that appears as a step in the switching current. This behaviour is accounted
for by coherent interference between the YSR- and BCS-like transport chan-
nels.

7.3 Paper 111

This work is motivated by the experimental observation in Paper II where the
YSR state energy remains at a finite energy at the QPT in Fig. 7.2, indicat-
ing a deviation from the original results of the YSR theory, which predicts a
zero-energy crossing. Such a finite gap generally suggests an avoided crossing
as the coupling between the magnetic impurity and the superconducting sub-
strate is varied. However, YSR theory cannot describe such a behaviour as the
two states belong to decoupled spin blocks in the Hamiltonian, as discussed in
Sec. 3.2.1. In Paper 11, we identify two possible mechanisms that, in principle,
can create this experimentally observed gap.

First, additional interaction terms in the model could conceptually directly
couple the two YSR states near the QPT, enabling mixing between the states,
resulting in a conventional avoided crossing. We investigate this possibility by
studying an extended mean-field description of the Anderson impurity model
(AIM) and systematically include all additional physically possible terms, at
the impurity site and in the coupling between the impurity and the substrate.
Our results show that none of these additional terms can open up such an energy
gap at the QPT, provided the substrate surface, excluding the impurity itself,
has inversion symmetry. Such symmetry breaking could arise from disorder or
non-centrosymmetric substrates. However, the experimental results of Paper 11
do not indicate such an effect, making this explanation unlikely.

Second, a finite YSR state energy at the QPT can emerge from a discon-
tinuous change of a parameter in the Hamiltonian at the QPT. This parameter
change can lead to a corresponding shift in the spectral features of the YSR
states, leading to a gap in the energy spectrum. Concretely, the QPT induces a
discontinuous suppression of the local superconducting order parameter at the
impurity site, which even changes the sign of the superconducting order param-
eter, the so-called 7-shift, as the occupied YSR state changes spin polarisation
(see Sec. 3.2.2). We model this effect using self-consistent BAdG calculations
and confirm that this mechanism can produce a gap in the YSR state energy at
the QPT, consistent with earlier results in the literature [68, 70]. In addition
to these earlier results, we find that the details of this gap opening are depen-
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dent on temperature and other parameters of the system, such as the chemical
potential, local non-magnetic scattering, and the superconducting bulk order
parameter. At zero temperature, instead of a true gap, we find a jump in the
energy of the YSR state from zero to a finite value at the QPT. In the case of
high particle-hole asymmetry, we find a finite gap in combination with a jump.
For low but finite temperatures, a gap opens reliably at the QPT. The size of
the gap varies with model parameters, such as the chemical potential. Fur-
thermore, at these temperatures, the critical magnetic interaction between the
impurity and the substrate at which the QPT occurs is shifted to lower values as
the temperature increases. At a higher temperature 7, which is still well be-
low the critical temperature T of the superconductor, the gap disappears and
the YSR state energies cross smoothly through zero at the QPT. We attribute
this effect to thermal fluctuations. This behaviour of the spectral features of
the YSR states is mirrored by the ground state magnetisation of the system. A
gap or jump in the YSR state energy at the QPT causes a discontinuity in the
magnetisation, which vanishes accordingly for temperatures above 7.

In summary, direct interactions that couple the YSR states do not generate
an energy gap at the QPT when the substrate has inversion symmetry. We
instead find that changes in the local superconducting order parameter cause
such a gap at low temperatures and that the effect depends on the properties
of the substrate. This could explain why this effect was not found in related
experiments [45—48].

7.4 Paper IV

This work addresses two effects generated by YSR states at the QPT. One is a
m-shift in the local superconducting order parameter, and the other is a 7w-shift
observed in the current-phase relationship of the Josephson current through
the magnetic impurity. The latter can be measured in JSTM experiments, such
as in Paper II. Earlier results hint at a relationship between these two m-shifts
[74]. In this paper, we show that there is no direct casual relationship between
the two shifts. Both stem from the YSR states, but do not induce each other.

Our modelling is based on a mean-field description of the AIM, where the
impurity is strongly coupled to an s-wave superconducting substrate represent-
ing the sample and weakly coupled to another s-wave superconductor repre-
senting the STM tip. However, the roles of tip and sample are interchangeable
in this model and can be changed depending on the exact experimental setup.
We calculate the superconducting current using a self-consistently determined
superconducting order parameter that captures the local changes caused by the
impurity, including the 7-shift. We then compare these results with those ob-
tained from a constant order-parameter approximation in the substrate while
considering different system temperatures.

72



Our results show that the 7-shift in the order parameter does not significantly
influence the Josephson current itself. In both the constant-A and the self-
consistent treatments, the Josephson current exhibits the same 7-shift. This can
be explained by the occupied Y SR state changing spin polarisation at the QPT,
which is both responsible for the change in the local superconducting order
parameter and the 7-shift in the Josephson current through the impurity (see
Sections 3.2.2 and 4.4, respectively). Therefore, the YSR state crossing zero
energy at the QPT causes both 7-shifts in the system. However, as discussed
in Paper III, the 7-shift in the order parameter affects the energy spectrum of
the YSR states. The effects on the Josephson current of the 7-shift in the local
order parameter can be attributed to these changes in the energy spectrum.
We confirm these findings both for the Josephson current directly through the
impurity and through sites in the substrate in the vicinity of the impurity, where
the latter could be measured by moving the JSTM tip across the sample surface.

In addition, we further investigate possible ways of modelling additional
transport channels, which are necessary to explain the results of Paper II by
considering additional tunnelling pathways from the tip to the substrate sites.
We find that, depending on the particular pathway, either a 7-shift or a discon-
tinuity at the QPT can occur in the Josephson current for these channels, which
gives further insight into the possible behaviour of these channels.

Overall, our findings show that the 7-shift in the Josephson current at the
QPT is not a reliable probe of a w-shift and other changes in the local super-
conducting order parameter caused by the magnetic impurity. The former is
mainly dominated by the YSR states in the energy gap, while the latter could,
in principle, be further modified by other effects, such as local lattice imper-
fections or other impurities.
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8. Conclusions and outlook

Impurities are a key subject in condensed-matter physics because they provide
valuable insights into the surrounding substrate and interactions between the
impurities and the host material. Magnetic impurities in conventional super-
conductors are one such example. They give rise to in-gap Yu—Shiba—Rusinov
(YSR) states, which have interesting physical properties, such as inducing a
quantum phase transition (QPT), and have recently gained interest as compo-
nents for creating topological systems capable of hosting Majorana bound state
(MBS).

The common theme of this thesis is the effect of YSR states on the local
order parameter. Including these effects in the modelling of each system is
achieved through self-consistent calculations of the order parameter, which
are computationally intensive, even within single-particle approximations. It
is therefore useful to identify where modelling the superconducting order pa-
rameter is essential and where it can be safely neglected. When studying the
YSR energy spectrum close to the QPT and at low temperatures, the suppres-
sion of the order parameter has a strong impact and leads to the appearance
of an energy gap (see Paper III). However, for temperatures above a certain
transition temperature, which is still well below T, the temperature effects
start to dominate over the effects of the superconducting order parameter sup-
pression, and the energy gap vanishes. In this regime, the self-consistent order
parameter results are qualitatively similar to a constant order parameter ap-
proximation. This also extends to other observables, such as the magnetisation
of the ground state. In the topological system of a magnetic impurity chain on
an s-wave superconductor with spin-orbit coupling (SOC), the order param-
eter suppression can shift the TPT to lower values of the magnetic coupling
and enhance the MBS energy oscillations (see Paper I). By contrast, for the
Josephson tunnelling current through a YSR state, the order parameter changes
mainly modify quantitative details and do not alter qualitative behaviour (see
Papers II and 1V).

As is the case for most scientific publications, the papers included in this
thesis leave open questions and possible future applications. In Paper I, we
show that the MBS and other in-gap YSR states hybridise, leading to energy
oscillations in the MBS with increasing magnetic coupling. This suggests that
reducing the interaction between these two types of states could mitigate the
oscillations. A simple approach is to increase the chain length, although this
is often impractical experimentally. Another approach is to modify the design
of the impurity chain. A possibility would be to change the geometry of the
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chain to a suitable shape with two chain-like endpoints. The idea is to localise
the YSR states towards the centre of this shape, so that they have less spatial
overlap with the MBS, thus decreasing the MBS hybridisation.

In Paper III, we find that finite temperatures can open a gap in the YSR
energy spectrum, which vanishes above a transition temperature. This tran-
sition temperature strongly depends on band-structure related parameters. To
estimate this temperature for a specific experiment and to predict when the
gap would appear, a more detailed description of the material specific band
structure coupled with the self-consistent modelling would be required.

In Papers Il and IV, we describe the Josephson current through the system as
originating from YSR and BCS-like transmission channels, where one channel
shows a m-shift at the QPT while the other does not. These channels are inter-
preted as independent pathways for the electrons. The preliminary results in
Sec. 4.4 indicate that both effective channels can arise from a single pathway
through the magnetic impurity. However, the contribution of the BCS trans-
mission channel is much lower compared to the values reported in Paper II.
Therefore, further work is needed to determine whether different system pa-
rameters, such as a band structure closer to the experimental scenario, could
explain this discrepancy between theory and experiment.

75



9. Summaries

9.1 Popular science summary

Superconductivity is a remarkable phenomenon in which a material can carry
an electric current without losing energy. This phenomenon occurs typically at
very low temperatures, often close to absolute zero (—273.15°C). Despite this
limitation, superconductors are already used in technologies such as medical
imaging, magnetic levitation trains, and highly sensitive detectors. However,
many aspects of superconductivity are still being explored, and a deeper under-
standing is important for new applications, including potential uses in quantum
computing. This thesis investigates how magnetic impurities influence super-
conductivity and how this can be observed in measurable properties.

In normal conducting materials such as metals, electrons bounce off atoms,
creating electrical resistance and leading to energy loss. In a superconduc-
tor, this scattering is avoided because electrons join together to form what are
known as Cooper pairs. These pairs behave as a single unit, allowing them to
move through the material without being deflected. This means that an elec-
trical current can flow without resistance. In conventional superconductors,
the two electrons that form a Cooper pair have their spins pointing in oppo-
site directions. Spin is a property of electrons that makes them act like tiny
magnets that can point in different directions. This spin alignment, along with
the overall strength of the pairing, is described by the superconducting order
parameter. Even though the order parameter cannot be observed directly, it
affects many measurable properties. For example, many material properties
depend on how electrons behave and move. Each electron occupies one of
many quantum states that represent the different ways in which an electron
can move or exist inside a material. Each of these states has a certain energy
that can be measured. In a superconductor, the Cooper pairs are in a special
state with zero energy, while single electrons occupy states with energies out-
side a region around zero energy. This region is known as the superconducting
energy gap and is determined by the order parameter.

An impurity is an atom that is different from the atoms that make up the
material. A magnetic impurity is a special impurity that has its own spin and
can interact with nearby electrons. In a conventional superconductor, this in-
teraction disrupts the opposite spin arrangement required for Cooper pairs and
weakens the pairs locally. If this interaction becomes strong enough, one elec-
tron from a Cooper pair can bind to the spin of the impurity, effectively break-
ing the pair. The change between slightly disturbed Cooper pairs and the fully
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broken pair is an example of a quantum phase transition because the system
changes its state in a fundamental way at this point. The impurity also reduces
the superconducting order parameter in its vicinity. At the quantum phase
transition, the local order parameter changes significantly and even changes
its sign, an effect called a 7-shift.

A magnetic impurity also creates new quantum states inside the supercon-
ducting energy gap. These are called Yu—Shiba—Rusinov (YSR) states. Their
energies and properties provide valuable information about how the impurity
influences the surrounding superconductor. Modern experimental techniques
can measure these states with high precision. One such technique is Joseph-
son scanning tunnelling microscopy, where a very sharp superconducting tip
is brought extremely close to a superconducting sample in vacuum. If the tip
is close enough, Cooper pairs can tunnel across the small gap to generate a
small superconducting current, known as the Josephson current. Measuring
this current provides insight into the properties of the superconductor at the
tip location. When a magnetic impurity lies between the tip and the supercon-
ductor, the YSR states affect this current. As the system passes through the
quantum phase transition, the Josephson current reverses direction, another
example of a 7-shift.

Another important setup places magnetic impurities in a line on the surface
of a superconductor. Each impurity forms its own YSR state, and these states
can overlap to create new states that extend throughout the chain. Depend-
ing on the properties of the underlying superconductor, the system can enter
what is known as a topological phase. In such a phase, special states known as
Majorana bound states can form at the ends of the chain. These states are in-
teresting because they have inherent robustness to disturbances, which makes
them a potential platform for quantum computation. However, forming clean
and well-isolated Majorana bound states is challenging. In experiments, Ma-
jorana bound states can mix with the other YSR states along the chain, which
weakens their desirable properties.

This thesis examines how magnetic impurities locally weaken supercon-
ductivity and how this affects properties that can be measured in experiments.
These effects can be seen in the energies of the YSR states, especially near the
quantum phase transition, where temperature and other factors play an impor-
tant role. The thesis also includes Josephson scanning tunnelling microscopy
measurements that show a 7-shift in the Josephson current flowing through a
YSR state. The Josephson current is mostly unaffected by the locally weak-
ened superconductivity, even though there is a m-shift in the local order pa-
rameter. This means that despite what their similar names might suggest, the
m-shifts of the order parameter and the Josephson current occur independently
of each other. The thesis further shows that a reduced order parameter along
an impurity chain strengthens the interaction between Majorana bound states
and other YSR states, which has undesirable effects on the Majorana bound
states. Understanding this interaction is important because it may inspire new
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experimental designs that reduce how strongly Majorana bound states mix with
YSR states. Together, the results of this thesis provide a clearer picture of
how magnetic impurities behave in superconductors. Since calculating the lo-
cal changes in the order parameter is computationally demanding, the findings
also help to determine when such detailed calculations are necessary and when
simpler models are sufficient.

9.2 Populidrvetenskaplig sammanfattning

Supraledning &r ett anmérkningsvart fenomen dér ett material kan bira en elek-
trisk strom utan att forlora energi. Detta fenomen upptriader vanligtvis vid
mycket 1dga temperaturer, ofta nira den absoluta nollpunkten (—273.15°C).
Trots denna begriansning anvinds supraledare redan i exempelvis magnetront-
gen, maglevtdg, samt i extremt kdnslig méatutrustning. Manga aspekter av
supraledning utforskas dock fortfarande och en djupare forstéelse ér viktig for
nya tillimpningar, inklusive méjliga anvandningar inom kvantdatorer. Denna
avhandling undersoker hur magnetiska orenheter paverkar supraledning och
hur detta kan observeras i métbara egenskaper.

I vanliga elektriska ledare som till exempel metaller kolliderar elektroner
mot atomer, vilket skapar elektriskt motstand och leder till energiforluster. I
en supraledare undviks denna spridning eftersom elektroner bildar sa kallade
Cooperpar. Dessa par uppfor sig som en enda enhet och ror sig genom mate-
rialet utan att bli storda, vilket gor att elektrisk strom kan floda utan motstand.
I konventionella supraledare har de tva elektronerna som bildar ett Cooperpar
spinn som pekar i motsatta riktningar. Spinn r en egenskap hos elektroner
som far dem att bete sig som sma magneter som kan peka i olika riktningar.
Denna spinnriktning av elektronerna till ett Cooperpar, tillsammans med den
overgripande styrkan hos hopkopplingen, beskrivs av den supraledande ord-
ningsparametern.

Aven om ordningsparametern inte kan observeras direkt i experiment si
paverkar den ménga mitbara egenskaper. Till exempel beror minga materi-
alegenskaper pa hur elektroner beter sig och ror sig. Varje elektron befinner
sig 1 ett av minga kvanttillstind som representerar de olika sétt pd vilka en
elektron kan rora sig eller existera i ett material. Varje sadant tillstdnd har en
viss energi som kan méitas. I en supraledare befinner sig Cooperparen i ett
sarskilt tillstind med noll energi, medan enskilda elektroner befinner sig i till-
stand med energier utanfor omradet kring noll energi. Detta omrade kallas det
supraledande energigapet och bestdms av ordningsparametern.

En orenhet r en atom som skiljer sig frdn atomerna som utgor supraledaren.
En magnetisk orenhet &r en sérskild typ av orenhet som har ett eget spinn och
kan interagera med nérliggande elektroner. I en konventionell supraledare stor
denna interaktion det motsatta spinnarrangemang som kréavs for Cooperparet
och forsvagar paret lokalt. Om interaktionen blir tillrickligt stark kan en elek-
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tron fran ett Cooperpar binda till orenhetens spinn och ddrmed effektivt bryta
paret. Fordndringen mellan 14tt storda Cooperpar och det helt brutna paret ar ett
exempel pa en kvantfasoverging eftersom systemet dndrar sitt tillstdnd pa ett
fundamentalt sétt vid denna punkt. Orenheten minskar ocksa den supraledande
ordningsparametern i sin omgivning. Vid kvantfasdvergéngen fordndras den
lokala ordningsparametern avsevirt och byter till och med tecken, en effekt
som kallas ett 7-skift.

En magnetisk orenhet skapar ocksa nya kvanttillstdnd inne i det supraledan-
de energigapet. Dessa kallas Yu—Shiba—Rusinov (YSR)-tillstand. Deras en-
ergier och egenskaper ger vardefull information om hur orenheten paverkar den
omgivande supraledaren. Moderna experimentella tekniker kan mita dessa
tillstdnd med hog precision. En séddan teknik dr Josephson-sveptunnelmikros-
kop, dir en mycket vass supraledande spets fors extremt néra ett supraledande
prov i vakuum. Om spetsen kommer tillrdckligt ndra kan Cooperpar tunnla
over det lilla gapet och skapa en liten supraledande strom, som kallas Joseph-
sonstrdom. Métning av denna strom ger insikt i supraledarens egenskaper vid
spetsens position. Nér en magnetisk orenhet befinner sig mellan spetsen och
supraledaren paverkar YSR-tillstdnden denna strom. Nér systemet passerar
genom kvantfasdvergangen édndrar Josephsonstrommen riktning, ytterligare ett
exempel pé ett 7-skift.

Ett annat viktigt system placerar magnetiska orenheter i en linje pa ytan
av en supraledare. Varje orenhet bildar sitt eget YSR-tillstdnd, och dessa till-
stand kan overlappa och skapa nya tillstdnd som stricker sig langs hela kedjan.
Beroende pa den underliggande supraledarens egenskaper kan systemet hamna
i en sé kallad topologisk fas. I en sddan fas kan speciella tillstdnd, kinda som
Majoranafermioner, bildas vid kedjans dndpunkter. Dessa tillstdnd &r intres-
santa eftersom de har en intrinsisk robusthet mot storningar, vilket gér dem
till en mojlig plattform for kvantberdkningar. Att skapa rena och vélisolerade
Majoranafermioner dr dock utmanande. I experiment kan Majoranafermioner
blanda sig med de andra YSR-tillstdnden langs kedjan, vilket forsvagar deras
onskvirda egenskaper.

Denna avhandling undersoker hur magnetiska orenheter lokalt forsvagar
supraledning och hur detta paverkar egenskaper som kan métas i experiment.
Dessa effekter kan ses i energierna hos YSR-tillstainden, sérskilt nira kvant-
fasovergéngen, dar temperatur och andra faktorer spelar en viktig roll. Avhan-
dlingen innehaller ockséd Josephson-sveptunnelmikroskopmétningar som visar
ett w-skift i Josephsonstrommen som flodar genom ett YSR-tillstand. Joseph-
sonstrommen péverkas i stort sett inte av den lokalt forsvagade supralednin-
gen, dven om det finns ett 7w-skift i den lokala ordningsparametern. Trots
det identiska uttrycken sa uppstér w-skiften i ordningsparametern och Joseph-
sonstrommen oberoende av varandra. Avhandlingen visar vidare att en re-
ducerad ordningsparameter lings en orenhetskedja stiarker interaktionen mel-
lan Majoranafermioner och andra YSR-tillstdnd, vilket har odnskade effek-
ter pd Majoranafermionerna. Att forstd denna interaktion &r viktigt eftersom
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det kan inspirera nya experimentella designer som minskar hur starkt Ma-
joranafermioner blandas med YSR-tillstdnd. Tillsammans ger resultaten av
avhandlingen en tydligare bild av hur magnetiska orenheter beter sig i supraledare.
Eftersom det dr berdkningsmaissigt krdvande att berdkna de lokala fordndringarna
1 ordningsparametern hjalper resultaten ocksa till att avgdra nir sddana detal-
jerade berdkningar dr nddvandiga och nir enklare modeller &r tillrackliga.
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