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Abstract

This paper makes a small twist to a seemingly simple assumption in the Solow model: instead
of agents saving a fraction of their entire income, as in the classic Solow model, they here save a
fraction of their capital income. This twist makes the Solow model fit the main properties of the
Ramsey—Cass—Koopmans model, not only for closed economies but also for open economies.
Its tractability enables closed-form characterization of the convergence properties of an arbitrary
number of countries, with arbitrary population sizes and with initially different levels of capital.
It makes explicit that initial differences in capital intensity between countries implies long-run
differences in wealth, and thus also in income because the initially rich countries will own part
of the capital placed in poorer countries. In line with empirical observations, it predicts that:
income growth will be U-shaped in initial income; rich countries will save more of their income;
and poor countries will see growth mainly in their labor income.
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JEL classification: E10; E21; F21; F43; O11

1. Introduction

“Everything should be made as simple as possible, but not
simpler.” (Quote attributed to Albert Einstein.)

This paper presents a reduced-form model that matches the main qualitative
outcomes of the Ramsey—Cass—Koopmans (RCK) model (Ramsey, 1928;
Cass, 1965; Koopmans, 1963), for both closed and open economies.

As is well known, the Solow (1956) model is largely consistent with the
convergence properties of the RCK model of a closed economy, despite the
absence of optimizing agents in the Solow model. However, the Solow model
differs substantially from the RCK model in one central aspect — that is,
regarding income convergence between open economies.

In the open-economy RCK model, capital mobility ensures that output
and wages converge between countries; however, consumption and income
do not converge, as a higher initial capital level translates into a higher
net-foreign-asset position in the long run (Chatterjee, 1994; Caselli and
Ventura, 2000). In contrast, an open-economy Solow model predicts that
income and consumption will converge over time unless exogenous parameters

(© 2025 The Author(s). The Scandinavian Journal of Economics published by John Wiley & Sons Ltd on behalf of Féreningen
for utgivande av the SJE.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution
and reproduction in any medium, provided the original work is properly cited.


http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1111%2Fsjoe.12598&domain=pdf&date_stamp=2025-06-26

202 A simple growth model of open economies

differ between countries (Milbourne, 1997; Benge and Wells, 2002)." Thus,
for open economies, the Solow model is not a functioning reduced-form
representation of the RCK model.

This paper shows that the consistency between the RCK and Solow
models can be reestablished if saving in the Solow model is not a share
of an agent’s total income but of capital income only. This revised Solow
model (henceforth rSolow model) is inspired by the properties of the RCK
model. In an open-economy RCK model, all countries, endogenously in the
steady state, save an identical share of their own capital income (Caselli
and Ventura, 2000). In the reduced-form RCK model presented here, this
property is assumed to hold already initially. The rSolow model is shown to
qualitatively match the RCK model with respect to the main dynamics and
steady-state properties of both closed and open-economies (see Proposition 1
and the summary in Table 1). This is the main contribution and result of
the paper. But beyond this, the simplicity of the rSolow model buys a lot in
terms of tractability and transparency, and thus makes explicit the functioning
of open economies (Propositions 2—5). The paper connects these to several
empirical observations and classic themes regarding growth and inequality.

First, the revised saving assumption in the rSolow model aligns with
empirical observations and theoretical concepts. It is well established
empirically that, within countries, capital owners save a larger share of their
income than others (Bernheim and Scholz, 1993; Browning and Lusardi, 1996;
Beverly, 1997; Gentry and Hubbard, 2004; Quadrini, 2000; Gandelman, 2017;
Fagereng et al., 2019). This is consistent with an interpretation of the revised
saving assumption, in which each country consists of two agents — a capitalist
and a worker — where the former is the main one accumulating capital, in line
with the ideas of Karl Marx and as modeled by, for example, Judd (1985),
Doepke and Zilibotti (2008), Galor and Moav (2006), and Chakrabarty
et al. (2008).2

Second, the rSolow model allows for an arbitrary number of countries, with
arbitrary population sizes and initial levels of capital. Yet all key properties
can be attained in closed form, and one can illustrate the short-run gain and
long-run loss of opening up for foreign capital early in the development

ISee, for example, equation (11) in Benge and Wells (2002) where steady-state capital ownership
of a country is independent of the country’s initial capital. Steady-state capital ownership is
instead determined by exogenous parameters, the world interest rate, and capital placed in the
country. Hence, if all countries have identical parameters, they will also have identical wealth,
and thus income in the steady state.

2In the Appendix, it is shown that such a model, under some conditions and functional forms,
indeed provides a constant saving out of capital income.
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process.> For a poor economy, the free flow of capital in the model provides
a quick boost to labor income while such a country’s own accumulation
of capital is more gradual (see Figure 1 in Section 3). It thus predicts that
initially poor economies will see a higher growth in their labor income than
their capital income (Proposition 3) as found empirically by Caselli and
Feyrer (2007). But countries that are initially richer will be richer in the
long run because they will own parts of the capital placed in the poorer
countries. These results align with the RCK model. The model also illustrates
the importance of distinguishing between gross domestic product (GDP;
i.e., within-country production), which theoretically does converge between
countries, and gross national income (GNI; i.e., the total income of the
population of a country), which does not (for differences found empirically,
see Klein and Ventura, 2021).* Furthermore, the result that initially rich
countries will have a higher ownership of capital, along with the assumption
that saving is taken out of capital income, implies that richer countries will
save a higher share of their income than poorer countries (Proposition 4,
point 1). This aligns with a classic empirical result: in the cross-section, rich
countries save a higher share of income (Barro, 1991; Loayza et al., 1998;
Grigoli et al., 2018).> Also this result aligns with the RCK model (Caselli and
Ventura, 2000). If, beyond this endogenous saving difference, countries also
have different exogenous saving propensities, then the rSolow model shows
that capital ownership will diverge even more (Proposition 4, point 2). In the
long run, those with the lowest saving rate will own no capital. This is yet
another result aligning with the RCK model (Becker, 1980).

31t is possible to characterize many of the properties of the open-economy RCK model — for
instance, much of the aggregate dynamics of all countries jointly (Caselli and Ventura, 2000).
However, to my knowledge, it is not possible to derive the dynamics of each single country in
closed form. This is because, when the RCK model contains multiple countries with different
levels of initial capital, the transition path for any single country is well defined short of the
initial choice of consumption and the steady-state level of consumption. As the steady-state
level of consumption in a single country depends on the full distribution between countries, it is
not trivial to solve for the level of consumption and income initially and in the steady state in
closed form.

“In official data, GDP and GNI do not differ markedly for most countries, with some exceptions,
such as Ireland, where GDP has been 10-20 percent higher than GNI (Klein and Ventura, 2021).
The lack of difference in most of the data is a puzzle that can possibly be explained by dividend
flows being muddled by foreign direct investment (FDI; which flows the other way) and, perhaps
more importantly, by hidden flows through tax havens. For instance, Zucman (2013) finds that
around 68 percent of capital flows are hidden, which explains why many rich countries appear
to be lending more than many poor countries. See also Garcia-Bernardo and Jansky (2024) and
Torslov et al. (2023).

SThis regularity is found also at the household level (Bernheim and Scholz, 1993; Browning
and Lusardi, 1996; Dynan et al., 2004; Dupas and Robinson, 2013; Alan et al., 2015;
Gandelman, 2017).
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Third, a number of non-trivial results on income and inequality can be
easily derived using the rSolow model. One such result is how countries’
population size affects income. When the initially poor countries are large,
their long-run per capita income is larger, but small and initially rich countries
can grow to be super rich (Proposition 2). Another result is the creation
of differentiated convergence: over time, the income of poor countries will
converge towards the income of middle-income countries, but the income
of rich countries will diverge (Proposition 3). Empirically, this aligns with
the findings of “club convergence” (Canova, 2004; Beylunioglu et al., 2020).
To my knowledge, these properties have not been examined in the RCK
model.

Fourth, the rSolow model is similar to the Solow model with respect
to optimal (“golden rule”) saving and global consumption — the highest
global long-run consumption is attained if all of capital income is saved
(Phelps, 1961). But, the rSolow model further shows that poor countries always
gain if global saving goes up while rich countries may lose (Proposition 5).

Finally, by exchanging the term “country” for “individual”, the rSolow
model can be readily reinterpreted as a single economy consisting of
individuals with different initial wealth levels. The results of unequal long-run
income thus tap into Krusell and Smith’s discussion (Krusell and Smith, 2015)
of Piketty’s second fundamental law of capitalism (Piketty, 2014) — whether
capital’s share of income can be expected to increase, thus driving inequality.°
As in this paper, the authors utilize the Solow model to illustrate their points.
This paper shows that even if capital’s share of income is constant, there
can be substantial income inequality driven by heterogeneity in initial capital
ownership.” In fact, the rSolow model shows that inequality can be exacerbated
over time as capital-rich agents attain an increasing income from capital; and
this is true even without any imbalances due to an increasing capital’s share
of income, as suggested by the famous relation » > g of Piketty (2014). More
precisely, the rSolow model predicts that the income of the poorest agents and
the richest agents will grow the fastest, while the income of middle-income
agents will grow slower (Proposition 3). This result partly rationalizes the
“elephant curve” of income growth found by Lakner and Milanovic (2016)
and Alvaredo et al. (2018).%

The implicit assumption in their discussion is that capital owners and workers are two different
groups. Thus, capital’s share of income becomes informative of inequality.

7Piketty (2014) and Krusell and Smith (2015) highlight that whether saving is based on income
net of capital depreciation makes an important difference. This paper shows that it is important
whether saving is based on total income (Solow model) or capital income (RCK model in steady
state, and rSolow model throughout time).

$However, Hammar and Waldenstrém (2020) obtain partially different empirical results.
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2. Closed-economy model

Consider the basic Solow (1956) model, but with the following change: the
population saves a share s €]0, 1[ of its capital income

S; = sK;ry,

where ¢ denotes the time period, K; is capital, and r; is the return to capital.’
This assumption is inspired by the endogenous long-run properties of the
open-economy RCK model where agents (or countries) save a constant share
of their capital income in the steady state (Caselli and Ventura, 2000).!0 As
mentioned in the introduction, the saving assumption here can be motivated
both conceptually and empirically.!' Output ¥; is produced using capital K
and labor N in a production function f:

Y, = f(Kz,Nr)-

Here, f is assumed to have constant returns to scale, decreasing returns to any
single input, and an Inada condition such that limg_, fx = c0 when N > 0.
Labor is supplied inelastically. The return to capital r and the wage w are then

df
ry =
"7 dK,
df
= —. 1
Wt dN, ( )

To highlight the convergence properties, f contains no technological change,
and the population is assumed constant N; = 1 V¢ . Investment at time ¢ is

I, =S; = sK;r;.
In the closed economy, capital accumulates according to
K=K (1-6)+1, —
K1 = K, (1 =6) + sK;ry,

°In the standard Solow (1956) model, the population saves a share of its total income Y so that
S = sY. The remaining assumptions are the same in the rSolow and Solow models.

19In the RCK model, saving is endogenous and results from maximizing 3}5,8°U(C;) subject
to Ky = Ky — C; — 6K,, where U is utility of consumption C, S is the discount factor, and
¢ is depreciation. The intuition for the result of the constant saving share of capital is that, in
the steady state, all countries have to replace the depreciated part of the capital they own, which
is proportional to the size of their owned capital stock. As all countries face the same global
interest, their capital income is also proportional to their owned stock. Hence, saving must be
proportional to the owned stock. See Caselli and Ventura (2000) for formal results.

1See the Appendix for an example of a capitalist-worker model that generates a constant saving
share out of capital income.
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206 A simple growth model of open economies

where 6 €]0, 1] is the depreciation rate. Throughout, I refer to this revised
Solow model as the rSolow model. Just like the standard Solow model, the
rSolow model yields convergence to a steady state (subscript ss). Here it is
given by equating K;.1 = K; = K in the previous expression, giving

)

r(Kss) = ;’

2

which implicitly defines a unique K (due to the Inada condition and because
f has decreasing returns to capital). This implies that

Yo = f(Kss, N),
I;s = sKosr(Kgs), and
Css = Ig5 — Iss-

Thus, just as in closed-economy versions of the RCK and Solow models,
a closed-economy rSolow model also has capital, income, and consumption
converging to a steady state that is independent of the initial capital level.
In other words, closed countries with identical preferences and fundamentals
converge to an identical steady state. For closed economies, the precise saving
assumption is thus not very important.

To illustrate the analytical difference between the Solow and rSolow
models, it is useful to use a Cobb—Douglas production function

f(K,N)=AK*N1~9), A3)

where @ €]0,1[ and A > 0. Using this to derive r in equation (1), then
plugging this into equation (2) and solving for K yields

sAa
Koo =|—

1/(1-a)
)

This is the steady-state capital in a closed-economy rSolow model. For
reference, the equivalent for the standard Solow model is

As 1/(1-a)
Kssz ? s

that is, the same expression without « inside the parentheses.

3. Open economies

Now suppose the economy is open. More precisely, a country indexed i is one
out of J open economies. The countries are identical in all respects except for

(© 2025 The Author(s). The Scandinavian Journal of Economics published by John Wiley & Sons Ltd on behalf of Féreningen
for utgivande av the SJE.

1PUOD PUe SWB L 3L 89S *[9202/60/T€] Uo Ariqiaulluo A|im ‘A1l AiseAauN eesddn Aq 8662T @0K/TTTT 0T/10p/W00 A8 1mARq 1 pUI|UO//SAIY W01} PAPROjUMOQ ‘T ‘9202 ‘Ziv6L9rT

fonm:

95UB011 SUOWWOD) SARERID 3(gedl|dde auy Aq peu.enob a2 S YO ‘88N JO Sa|nJ 104 ARIqIT 8UIUQ AB]IM UO (SUOT
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their population size and initial level of total capital. Each country i consists
of a representative agent of size n; < N consuming, working, and owning
capital. N = 1 is the total world population. Because the economies are open,
one has to keep track of which country owns capital where. Let K; ; ; denote
capital owned by country i placed in country j (in period t). As before, country
i saves and thus invests a share of its total capital income

Lii=s Z K;ijre,js @)

j=1J

where i’s capital income depends on the returns it gets in the countries j it has
placed its capital in. Country i produces

Yii=f Z K jini|. 5)

j=1J

Note that the subscripts i and j swap places in the summation in equation (5)
compared with the summation in equation (4). This is because country i’s
production depends on the amount of capital that all countries have placed
ini.

With open economies, capital can flow between the countries. Naturally
investors will seek the highest returns. Because there are decreasing returns
to capital within a country, this means that capital will flow from richer to
poorer countries until all capital intensities equalize. As is standard in the
literature on open economies, this equalization process is assumed to happen
instantaneously.'> However, while capital intensity equalizes across countries,
capital ownership does not. This will be examined next. Throughout the paper,
I use owned capital and wealth interchangeably.

Because capital intensity equalizes immediately across countries, the
returns to capital are also the same across countries: r; ; = r; for all j. Hence,
wealth held by country i, K; ; = 3, j=1:7Kz.i,j, accumulates according to

K1, = K i (1 = 6) +sK; i1,

From this, it follows that

=(1=90)+sr;. (6)

The right-hand side of this expression is void of the index i. Hence, it follows
that the growth rate of capital owned by each country is identical — wealth

12See, for example, Pellegrino et al. (2021) for a recent paper where this is not the case.
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208 A simple growth model of open economies

accumulates proportionally — also implying that an initially rich country will
own more capital at any point in time.

The world interest rate, 7;, is given by the returns to capital in the global
economy. Let K; = Y;c;K; ;and Y, = 3., Y; ;. Then

_ df(K.,N)
~ dK,

_df(K;,N)
“TaN

As the growth rate of wealth is the same in all countries — see equation (6) —and
r is decreasing in K, it follows that the global economy will converge to a
steady-state level of capital where K,,; = K, = K. At that point, the total
capital will be given by

t

5

t

_ Ky _ Ki1,i

1 —
K; K;.i

= (1 - 6) + srss(fss)'
This can be rearranged to yield
— o
r(Kss) =
s

which implicitly defines a unique K.'3 This expression tells us what the
world’s capital stock will be in the steady state.'* But what is the division
of wealth in the steady state between the countries? Let y;; = K; ;/K;
denote country i’s share of total wealth in a period. As wealth accumulates
proportionally in all countries (see equation (6))

Veoi = Ve = yor = 0
$S8,i 1,1 i EO s
further implying .
K:i =v0,K: Vt; (7

that is, i’s share of total wealth in any period is the same as in the period
before (i.e., wealth differences persist). In per capita terms, this implies

kii=—==v0,;— Vi 3
n; n

131t is unique because 7 is a decreasing function of K and due to the Inada condition.

141t can be noted that this aggregate level of capital in the open-economy model is the same as
that in the closed economy; see equation (2). Hence, in aggregate, the rSolow model has the same
properties independently of whether the countries are open or closed for capital investments.
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Denote national income in i by G, ;. It consists of i’s labor income (which
depends on the population size) and i’s capital income:

G =nwy +1: Ky,
with the per capita equivalent being

t,i

8r,i = =w; +rikq ;. ©)

L
Note that r; and w; are the same for all countries and they are decreasing
and increasing, respectively, in K,. Hence, for an initially poor country, w;
is above the wage it would have if closed and r; is below the interest rate
it would have if closed (and vice versa for an initially rich country). Using
equation (8) in equation (9) gives

8t,i =Wt +rt&Kt- (10)
ni

These results imply the following dynamics (illustrated in Figure 1 for
a two-country case). When starting from closed economies with countries
opening up with different levels of initial capital (in period 10 in the figure),
capital intensity drops in high-income countries and increases in low-income
countries. This will lower the wage in high-income countries and increase
the wage in low-income countries (upper panel in the figure). Capital income
increases in high-income countries (as they now have higher returns to their
investments) but drops in low-income countries (middle panel in the figure).
Total income is initially higher in both rich and poor countries due to a
better utilization of resources (lower panel in the figure). The countries
then emerge on a joint growth path: capital income is now growing more
quickly in high-income countries than if economies were closed, and vice
versa for low-income countries. Eventually they will converge to a steady
state.

In the steady state, production is the same in all countries because capital
intensity is equalized, but the income of the representative citizen is higher
in initially capital-rich countries than in initially capital-poor countries (lower
panel of Figure 1). In the steady state

Gss,i =niWwss + rssKss,i = {equation (7)}

=niwgs + rss?’O,iKss

In per capita terms, using equation (10), income is

Yo,i —
8ss,i = Wss + n_vlrssKss (11)

4
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210 A simple growth model of open economies

Figure 1. Dynamics of the rSolow model
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Notes: The black lines represent economies that open at period 10. The gray lines represent the outcome in case
the economies instead stayed closed. Dashed lines are for the rich country and dotted lines for the poor country.
The illustration uses a Cobb—Douglas production function (equation 3) with @ = 0.4, A = 1, nyicp = npoor = 0.5,
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and consumption per capita is

Css,i = 8ss,i — srsskss,i = {equations (8) and (11)}
Wss + ’}ﬂrssfss(l - S), (12)
n:

4

both of which are increasing in g ;. This means that initially rich countries
have a higher long-run income because they end up owning a larger share of
the global capital stock.
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D. Spiro 211

On the global level (subscript W) total income and production (and per
capitaas N = 1) are

Yss,W = Gss,W = Nwgs + rssKss,

which is the same as in the closed economy. This analysis leads to the main
result of the paper.

Proposition 1 (Open economies). [n the standard Solow model with open
economies, there is convergence to a steady state where per capita levels of
wealth, income, and consumption are the same in all countries. In the RCK
and rSolow models with open economies, there is convergence to a steady
state where per capita levels of wealth, income, and consumption are higher,
the richer a country was initially.

Proof: The statement on the Solow model can be easily derived
noticing that when saving is proportional to income, then, in the
steady state, wealth obeys 1=k ;/kii=1-6+sg1i/kii=1-5+
SWys.i/kss,i + STss,ikss.i/kss,i. Because wgs; and rgs; are the same in all
countries, kys; must also be the same in all countries. Furthermore, when
wys.i and capital ownership kg ; are the same in all countries, so are gy, ;
and ¢, ;. For the statement on the RCK model, see, for example, Caselli and
Ventura (2000). For the statement on the rSolow model, see the derivations
above and, in particular, equation (8) for wealth, equation (11) for income,
and equation (12) for consumption in the steady state. These expressions are
all increasing in yq ;/n; (i.e., in initial income per capita). O

The main similarities and differences between the rSolow, Solow, and
RCK models are summarized in Table 1.

The results underlying Proposition 1, specifically equations (8), (11), and
(12) can be used for comparative statics, which will be done in the following
sections. To do so, I use a Cobb—Douglas production function

Yii= f(Kpini) = ARl ), (13)

i

where @ €]0, 1[ and A > 0.

4. Income in the rSolow model

Here, I look at long-run income. Consider a given initial wealth per capita in
country i, ko; = Ko ;/ni, and in the rest of the world, k9. row = Ko, row /(1 —
n;), implying a world average of Ko = ko = ko.ini + ko, row (1 — n;) at the
onset (recall N = 1). Using

_ Ko, ko,in;

Ko koini+korow (1 —ny)

(© 2025 The Author(s). The Scandinavian Journal of Economics published by John Wiley & Sons Ltd on behalf of Féreningen
for utgivande av the SJE.

Yo0,i

1PUOD PUe SWB L 3L 89S *[9202/60/T€] Uo Ariqiaulluo A|im ‘A1l AiseAauN eesddn Aq 8662T @0K/TTTT 0T/10p/W00 A8 1mARq 1 pUI|UO//SAIY W01} PAPROjUMOQ ‘T ‘9202 ‘Ziv6L9rT

fonm:

95UB011 SUOWWOD) SARERID 3(gedl|dde auy Aq peu.enob a2 S YO ‘88N JO Sa|nJ 104 ARIqIT 8UIUQ AB]IM UO (SUOT



212 A simple growth model of open economies

Table 1. Differences between the RCK, Solow, and rSolow models

RCK Solow rSolow
(Caselli and (Solow, 1956)
Ventura, 2000)
Saving Dynamic optimization: Agents save a constant Agents save a constant
assumption maxe, Zf":()ﬁ’ Ulcy) share of income. share of capital income.
s.t. kpyp =

(1+r; — 8kt — ;.

Closed-economy  Full Full Full
convergence
Open-economy Partial: output and wages Full: output, wages, Partial: output and wages
convergence converge, wealth and wealth, and total converge, wealth and
total income do not income fully converge.  total income do not
converge. converge.
Inequality in open Increasing in initial No inequality. Increasing in initial
economies wealth differences. wealth differences.
Saving behavior  Each agent saves a Each agent saves a Each agent saves a
in steady state constant share of its constant share of its constant share of its
own capital income. income. All countries own capital income.
Rich countries save a save the same share of Rich countries save a
greater share of income. greater share of
income. income.

in equation (11) with equation (13) then gives

saA /(- ko.i
L= alfe4 l—a+ : . (14
fas. ( 6 ) ( ¢ kO,ini"'kO,ROW(l_ni)a (14

In the following propositions, a country is called initially poor if kg ; <
ko.row, and initially rich otherwise.

Proposition 2 (Long-run income in the rSolow model).

1. Every country’s long-run income per capita is increasing in the saving
rate (s).

2. Every country’s long-run income per capita is increasing in its own
initial capital intensity (ko ;).

3. Holding ko ; and ko row fixed, the long-run income per capita of i is
increasing in its size (n;) if i was initially poor, and decreasing in its
size (n;) if i was initially rich.

(© 2025 The Author(s). The Scandinavian Journal of Economics published by John Wiley & Sons Ltd on behalf of Féreningen
for utgivande av the SJE.

11pUOD pue swi | 8y} 89S *[9202/€0/TE] Uo Ariqiauiiuo Aoim ‘Ariqi Aisieaun epesddn Aq 86521906/ TTTT 0T/10p/wW00 A1 AReiq i put|uo//sdiy Woj pepeojumod ‘T ‘9202 ‘Zvv6.9rT

foum:

3SUB01T SUOLUIWOD dAERID) 3|gedtjdde ayy Ag pauseAch afe SBpIe YO ‘8SN JO SajnJ 10y Aeiq1 duljuO A3]1M Uo (Suor



D. Spiro 213

Proof: Points 1 and 2 follow from differentiating equation (14) with respect
to s and ko, respectively, while holding all else fixed. For the third point,
holding all else fixed and using equation (14), dgss.i/dn; > 0 iff ko; <
ko,row - |

As in the standard Solow model, the rSolow model highlights
(Proposition 2, point 1) the importance of saving for long-run income in
all countries, rich and poor alike. Proposition 2, point 2, highlights that being
ahead at one point in time is positive for a country’s long-run income. Perhaps
most interestingly, Proposition 2, point 3, says population size has different
effects on initially rich and on initially poor countries. It suggests that being
the only rich country in a “vast sea of poverty” enables large riches in the
long run. As an illustration, if capital in the rest of the world is very scarce
(ko.row — 0), then long-run income in an initially rich country converges to

A a/(1-a)
gss,i:A(&) (l_a""g),
0 n;

which can become arbitrarily large when the own country’s share of the
world population is very small. This can explain why some small countries
(e.g., the Emirates, Luxembourg, and Norway) that accumulate a large capital
ownership (i.e., can be said to be initially rich), which is then invested
internationally, may display an income several times larger than the rest of
the world. The reason for this is that a small capital-rich country will have
a small effect on total capital accumulation in any one period (it will have
small general-equilibrium effects), and hence can count on high returns on its
investments for a long time, which also enables vast accumulation of capital.
Conversely, a country that is initially capital poor will have a lower income
in the long run if it has a small population. The reason for this is that when
other countries invest in that country, its within-country capital stock will
rise quickly (e.g., jump to a steady state), not allowing it time to accumulate
capital ownership itself.!

The second and third points of Proposition 2 are in stark contrast to the
standard Solow model of open economies, which predicts that all countries
will have the same income per capita in the steady state, no matter what
their initial capital level is relative to others and no matter what the relative

I5A larger poor country implies a smaller rich rest of the world. As per the proposition, the
larger the initially poor country is, the higher long-run income it will have. Likewise, the smaller
the initially rich rest of the world is, the higher its long-run income will be. Does this mean that
the global average long-run income increases? No, at the global level the average is fixed. What
happens when the poor country is larger is that it also gets a higher weight in the global average,
precisely counteracting that income per capita in each country is larger.
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214 A simple growth model of open economies

populations are. The second point is consistent with the RCK model. To my
knowledge, the third point has not been examined in the RCK model, but see
Krolage et al. (2022) for an empirical study.'®

5. Income growth in the rSolow model

Another way to approach income and inequality is to analyze how they change
over time. Suppose country i starts from being closed at time zero, but then
opens for capital flows. The initial income of i then only depends on its own

capital level
a

_ l—a_ 0,0 _ a
g0, =An;”"—— = AkO,i'

L
Slightly rewriting equation (14) for income in the open steady state, an
expression for income growth is attained:
8ssi _ (saA/8)™ D1 — a + (ko,i/ko)e]

D .
& 80.i kg,i

Differentiating this function with respect to k¢ ; (and assuming henceforth that
i is sufficiently small so that the effect of n; k¢ ; on ko is second order) shows
that D, is decreasing in kg ; iff ko ; < ko. This means that income growth is a
U-shaped function of the initial capital level.

One can also analyze labor-income growth (here denoted Dj;) and
capital-income growth (D) separately. In the steady state, per capita labor

income is /(1-a)
saA\TV e
1_ P s

( a>( : )

while per capita capital income is

koi (saA\¥(-®
_—’l(l(—)
ko 0

’

which can be compared to their initial values of (1 — a/)k(‘)”l. and ak&i,
respectively. Then
(saA/§)/(1-a)
B k&
0,1

(15)

L

19The first point is not meaningfully comparable to the RCK model as in this model saving is
endogenous.

(© 2025 The Author(s). The Scandinavian Journal of Economics published by John Wiley & Sons Ltd on behalf of Féreningen
for utgivande av the SJE.

1PUOD PUe SWB L 3L 89S *[9202/60/T€] Uo Ariqiaulluo A|im ‘A1l AiseAauN eesddn Aq 8662T @0K/TTTT 0T/10p/W00 A8 1mARq 1 pUI|UO//SAIY W01} PAPROjUMOQ ‘T ‘9202 ‘Ziv6L9rT

fonm:

95UB011 SUOWWOD) SARERID 3(gedl|dde auy Aq peu.enob a2 S YO ‘88N JO Sa|nJ 104 ARIqIT 8UIUQ AB]IM UO (SUOT
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and % /(1-a)
ko,i/k Afo)r e
py = KoalFo)(sar/s)/0= 6
0,1

where it is notable that D is decreasing in the initial capital level (ko ;) while
Dy is increasing in the initial capital level. Furthermore, the relative growth
rates are

Dy _ | (saA/s)™/(1ma) / (ko,i/ko) (saA/8) /(=)
Dy kg,l. k&i ’

which is greater than 1 iff k¢ ; < ko.
Hence, a proposition follows.

Proposition 3 (Income growth in the rSolow model). Consider small
countries that open up for capital movements.

1. Income growth is highest in initially capital poor and initially capital
rich countries, and lowest in initially middle-income countries.

2. Growth of labor income per capita (D) is decreasing in the initial level
of capital (ko ;).

3. Growth of capital income per capita (Dr) is increasing in the initial
level of capital (ko ;).

4. Initially poor countries (ko; < ko) see higher growth in labor income
than in capital income.

5. Initially rich countries (ko; > ko) see higher growth in capital income
than in labor income.

The proposition predicts a form of differentiated convergence, both in total
income (point 1) and in the sources of income growth (points 2—5). This is
illustrated in the upper panels of Figure 2; the left panels show a case where
the countries have equal populations, while the right panels show a case where
the richer the country is, the smaller is its population. Focusing on the left
panels, the upper panel illustrates the proposition’s result that growth will be
U-shaped as a function of initial income. Low-income countries will converge
towards the middle-income countries but top-income countries will diverge —a
form of club convergence.!” This result is surprising given that labor-income

7See, for example, Chatterji (1992), Basu and Weil (1998), and Howitt and
Mayer-Foulkes (2005) for other theories of club convergence. Also see Canova (2004) and
Beylunioglu et al. (2020), for example, for empirical evidence.
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216 A simple growth model of open economies

Figure 2. Income-growth differences in the rSolow model

Uniform distribution of countries' initial income Uniform distribution of countries' initial income
per capita, equal population in each country per capita, smaller population in rich countries
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Notes: In all panels @ = 0.4, 6 = 0.05, s = 0.1, and there are 100 countries. The upper panels show the growth in
total income when moving from a closed economy to the steady state of an open economy (Dg — 1). The middle
panels show the income difference between time zero (when the economy opens; black shading) to the open-economy
steady state. The lower panels show labor-income growth (D, — 1) and capital-income growth (D — 1). In the left
panels, there is a uniform distribution of the countries’ initial income and all countries have the same population
size: ko,; ~ U(0.1kss,w, kss,w), implying yo ; ~ U(0.4yss,w, Yss,w ). In the right panels, there is a uniform
distribution of the countries initial income: ko ; ~ U (0.1kss w, kss,w ), implying yo ; ~ U(0.4y55 W, Yss,W)-
However, the richer countries have a smaller population; that is, n; = 1/N in the poorest country, which increases
linearly to n; = 0.1/ N in the richest country.
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growth is lower if the country is initially rich (second point of the proposition
and lower panel in the figure), while the growth rate of capital ownership is
constant across all countries. However, the free flow of capital is what enables
this U-shaped pattern of income growth, as top-income countries are able to
disproportionately increase their income from capital when they get access
to high-return investments in poorer countries (third point of the proposition
and dotted line in the figure’s lower panel). Among top-income countries,
potential growth in labor income is dwarfed by capital-income growth (fifth
point), while in initially poor countries, labor income is the main driver of
income growth (fourth point). This is in line with findings by Caselli and
Feyrer (2007). Furthermore, an initially poor country may actually experience
negative growth in capital income Dy < 1, as illustrated in the lower panel.
This is despite them accumulating wealth at the same rate as richer countries
(equation (6)). This is because a poor country, when its market is flooded by
global capital, will see a decrease in its returns to capital. Using equation (16),
negative capital-income growth happens if i is sufficiently poorer than the
world average at the onset:

— 1/(1-a)
%o ) “
kO,i <

(saA/o)e/(1-a)

The figure also illustrates divergence in absolute income (middle panel),
but this result is not general and depends on parameter configurations. Finally,
the figure illustrates the effects of population size on inequality. In the right
panels, the population is skewed so that poorer countries have a larger
population. In line with the third point of Proposition 2, poor countries attain a
higher long-run income if they are initially large (as in the middle-right panel).
Likewise, richer countries attain a higher long-run income if they are initially
small (again, visible in the middle-right panel where the poorest countries
have a long-run income of 1 while in the left panel they have a long-run
income smaller than 1). It is mainly the richer countries that gain from this
skewness in population, and grow faster than the poor countries.

Interpreting i as an individual instead of as a country, Proposition 3 has
a bearing on the observed divergence between the top income class and the
average. It largely aligns with the finding of U-shaped growth across income
percentiles found in figure 1 in Lakner and Milanovic (2016) and in figure 2
in Alvaredo et al. (2018).!® What the rSolow model cannot explain is why
the very poorest individuals (leftmost in the figures in these papers) have had

8For example, Alvaredo et al. (2018) find that, between 1980 and 2016, the 50 percent poorest
of the world population experienced growth of 94 percent, the middle 40 percent had growth of
43 percent, and the top 10 percent had growth of 70 percent.
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218 A simple growth model of open economies

very low growth. This left part may possibly be explained by lack of market
access (or international trade) among this part of the world population.

The result in this paper also has a bearing on the debate on inequality
growth and Piketty’s famous claim on » > g driving inequality (Piketty, 2014),
questioned by, for example, Krusell and Smith (2015). The model here shows
that even without any change in capital’s share of income, top-income
countries and individuals can diverge from the rest due to capital ownership.

The results of Proposition 3 have not been analyzed in the RCK model to
my knowledge.

6. Saving heterogeneity in the rSolow model

A classic empirical observation is that rich countries save a higher share of
their income than poor countries (Barro, 1991; Loayza et al., 1998; Grigoli
et al., 2018). In the rSolow model, this comes out as a result. Country i’s
saving as share of its income is

Sl,i _ SKt,irt
Gy G

Expressing the denominator and numerator in per capita terms, then using
equation (10) for g, ; and equation (8) for &, ; yields

Sei _ Skeir sri(y0.i/ni)K,

Gui 8t,i W + (VO,i/ni)rtEt’

which can be rewritten using the definition yg; = Ko ; /EO = ko in; /Eo (recall

N=1) _ _
Sei _ sriKi(ko,i/ko)

Gz,i - 0 +szt(k0,i/z0)'

a7

Let Ak; = ko, /ko denote i’s relative capital intensity initially. Differentiating
equation (17) yields
d(S[’i/G[’[) _ SrtEt(W, + rIEtAki) - Sr[EIAkirtE[
dAkl (WI + r,f;Ak,)z

sr,ftwt
(wy +r,K,Ak,-)2

This implies that saving as a share of income is increasing in a country’s
initial income. Thus, because initially rich countries also have a higher income
per capita later (Proposition 1), saving as a share of income S; ;/G; ; will be
increasing in income per capita in all periods. This result is a consequence
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D. Spiro 219

of three properties of the rSolow model: the assumption that agents save a
constant share of their capital income, in combination with the endogenous
results that initial wealth differences persist and that labor income equalizes.
It aligns with an open-economy RCK model in the steady state but, by
construction, it does not arise in a classic Solow model.!’

But presumably there can be other reasons — for example, cultural
reasons — for differentiated saving rates (see, e.g., Bosworth, 1993; Carroll
et al., 1999; Fuchs-Schiindeln et al., 2020). What happens to the distribution
of wealth if the exogenous saving rate s differs between countries? This will
be illustrated next. Consider an initially poor country i with a saving rate s;
and an initially richer rest of the world with a higher saving rate srow > s;.
From equation (6) it follows that

K .
S = (1-6) +sir
K,
and likewise %
D+ LROW (1=6) +srowrr.
K: row

Using these, the wealth ratio at time 7 + 1 can be expressed as
Kivii Kii (1-0)+sirs

Kivi.row  Kirow (1 =0) +Srowr:

(18)

Because sgow > s;, the last fraction is smaller than 1. This implies
Kt+1,i Kt,i
< >
Kiv1.row  KirOw

that is, wealth differences diverge. In fact, because in the steady state
Kiv1,i = K;; and K;y1.row = Ki row, the only value of K, consistent
with equation (18) is zero. That is, not only do unequal saving propensities
exacerbate wealth differences, it necessarily implies that the one saving the
least will hold no wealth in the long run: K; ; is bound to converge to zero.
This result aligns with the RCK model (Becker, 1980). The fact that K, ; goes
to zero does not, however, mean that the poor country (here i) just decumulates
capital. If the world as a whole starts with a low level of aggregate capital (Ky),
thenrg = ffo (Ko) will be high, implying that K, ;/K; ; = (1 = 6) + s;r > 0.
The poor, low-saving country i may thus increase its capital stock initially, but

19See Caselli and Ventura (2000). In the steady state of an open-economy RCK model, agents
save an identical share of their capital income and this capital income is higher, the wealthier
the agent was initially. Hence, because all have the same labor income, saving as a share of total
income is increasing in initial wealth.
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220 A simple growth model of open economies

Figure 3. Saving differences in the rSolow model
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Notes: Upper panel: capital owned by country ¢ and the rest of the world. Lower panel: capital-ownership ratio.
The simulation uses a Cobb—Douglas production function with @ = 0.4, A =1, § = 0.05, s5; = 0.08, srow = 0.1,
n; = 0.5, nNROW = 0.5, kO,i = 0.009, and kO,ROW =0.01.

eventually its capital must start falling. This is illustrated in Figure 3: country
i first accumulates, then decumulates capital (dashed line in the upper panel);
the rest of the world accumulates capital throughout converging to a steady
state (solid line in the upper panel); and the wealth ratio falls throughout
(lower panel).

These results are summarized in the following proposition.

Proposition 4 (Saving differences in the rSolow model). Consider a
country i that opens up for capital movements.

1. If all countries have the same saving-rate parameter (s; = Srow), then
the richer country i is initially, the richer it will be in the long run and
the more it will save out of its total income.

2. If the countries have different saving-rate parameters, then the country
with the highest saving rate will hold all wealth in the long run.
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7. The golden rule in the rSolow model

Next, I analyze how consumption in the steady state depends on the global
saving rate. Using equation (13) in equation (12) and differentiating yields

dcss,i - 1 (a'A)l/(l_a)é(—(x)/(l—a')

ds l-«a s

X [(1—a)s® (=) 4 Yoi (a/s“/(l_") - sl/(]_“))} . (19)
n;

A number of results can be derived using this expression.
First, note that if yo ; /n; — 0, then
degsi 1 (aA)VU1-@)

= 5(—0)/(1—0)(1 _ a)sa/(l—a) > 0.
s -« s

By continuity of dcs,;/ds in g ; /n;, it thus holds that for initially sufficiently
poor countries no golden rule exists; that is, they gain from a high global
saving rate. The reason for this is that initially poor countries have only a
small effect on global capital. The brunt of their income, which comes from
labor, is dependent on capital accumulated by other countries. Thus, they
unequivocally gain when saving increases.

Next, on the global level, by construction yo,.w = 1 and ny = N = 1. Then

dCss,W _ 1 (a'A)l/(l_a)

= - 6(—0)/(1—0)s(1/(1—(1)[1 —s],

which is strictly positive for s €]0, 1[. Thus, at the global level, more saving
implies higher long-run consumption. As is well known, in the standard Solow
model, more saving can hurt consumption. The reason for the rSolow model
not having this feature is that saving is capped to at most constitute the whole
capital income, and thus labour income is always left for consumption. This
result aligns with Phelps (1961), who shows that, in the Solow model, the
golden rule is for saving to precisely equal capital’s share of income. Thus, for
closed economies, the rSolow and Solow models are aligned on this point.>°

Finally, define h(s) = as®/(1-®) —s1/(1=0) (e the term in the last
parentheses in equation (19)). The term (yo ;/n;)h(s) captures how net
income from capital is affected by saving. Note that limg_gh(s) =0,
limg_,1h(s) < 0, and

W= gslatt-al-i_ 1 aja-a)

:l—aas l—ozs

20This result is not meaningfully comparable to the RCK model as in this model saving is
endogenous, although it may be noted that steady-state consumption is increasing in the discount
factor in the RCK model.
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which is strictly positive for sufficiently small but positive s.>! This means
that i(s) goes from positive to negative in the range s €]0, 1[. Combining this
with the other, strictly positive, part of equation (19) implies that if y¢ ; /n; is
sufficiently large there does exist a golden rule of saving also in the rSolow
model — sufficiently rich countries can oversave. The intuition for this is
that very rich countries obtain a disproportional part of their income from
returns to the capital they own. If they save much of that, then consumption
is reduced. The following proposition summarizes these results.

Proposition 5 (Golden rule in the rSolow model). Let sgr,; denote
the global saving rate that maximizes country i’s steady-state consumption
(SGR,i = argmax,cys,; in equation (12)).

1. In a closed economy (or globally in an open economy), saving is strictly
below the golden rule (sgr.w — 1).

2. For a sufficiently rich open economy i, sgr.; €]0, 1[.

3. For a sufficiently poor open economy i, saving is strictly below the golden
rule (sgr.i = 1).

Proof: Follows from equation (12) and the derivations above. |

8. Concluding remarks

This paper presents a small revision to the canonical Solow model, making it a
better reduced-form representation of the RCK model of open economies. The
revision pertains to the assumption of saving decisions: instead of saving being
a constant share of total income (as in the Solow model) the revised version
(rSolow model) assumes that saving is a constant share of capital income. It
can be motivated by the empirical regularity that capital owners save more
than workers. The rSolow model is as simple and tractable as the standard
Solow model, and allows for capturing important phenomena such as long-run
income differences analytically.?? It also makes accessible a number of insights

2179 see this, note that

1 la/(1-a)]-1
lim = (a/ @)as =a°s” — oo.

s=0  (1/1 - a)se/(-@)

Thus, the second term approaches zero faster than the first term.
221t can be noted that the results presented would be the same, though less simple to show, if
saving out of labor income was non-zero but smaller than saving out of capital income.
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(Propositions 2—5). The purpose of this reduced-form model is not to replace
the RCK model. Rather, it might provide a simple testing laboratory for ideas
and extensions to the open-economy RCK model and other models, as well as
atool for presenting intuition and results in a very simple framework. Standard
textbook treatments of convergence do not discuss the difference in predictions
between open and closed economies, possibly because of the inconsistency
between the open-economy Solow model and more micro-oriented models
such as the RCK model (see, e.g., Perkins et al., 2013; Romer, 2018; Doepke
et al.,, 1999; Barro and Sala-i-Martin, 2004). The rSolow model allows
for simple presentation of what a micro-oriented model predicts regarding
convergence between open economies.

Appendix. Capitalist and worker economy

Here, I show that an economy consisting of workers and capitalists can lead to
an outcome of a constant saving rate out of capital income.?® Suppose workers
only have a labor income, which they consume (i.e., they do not save), so
that ¢; = wy. In other words, workers are not active dynamic decision-makers
in this economy; the only optimization they do is implicit — they consume
their earnings. Suppose further that the capitalists do not work; they only
have income from capital from which they consume, save, and thus invest. A
representative capitalist then has income (1 + r; — d)k,, where ¢ indicates the
time period, k is its capital holdings, » is the endogenous interest rate, and &
is the depreciation rate. The objective then is

max E B logc;,
Ct
=0
s.t. a budget constraint

kiyi = (1 +7r; —0)ks — ¢4,

no borrowing
k; >0 Vi,

and initial capital exogenously given by k. Here, ¢ is consumption and S is
the discount factor.
The first-order condition yields the Euler equation

Ct+l Zﬁ(l +r[+] - 6)6‘[.

23] thank an anonymous reviewer for pointing out this result.
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I will guess and verify that consumption is a constant share x € [0, 1] of
income. Suppose so, then

Ct :x(l +r, —5)]([

Inserting this into the budget constraint and first-order condition, respectively,
yields
k1+] =(1+rt—5)k,—x(1+r,—(5)k, (Al)

and

X(1+r =0k =Bl + 11 = O)x(1+7; — )k &
kivi = B(L+71; —06)k;. (A2)

Equations (A1) and (A2) are jointly consistent with x = 1 — 3, which verifies
that the guess of a constant saving rate of capital income holds in equilibrium.

Note, however, a slight difference between the finding here and the
assumption in the rSolow model. Here, the agent saves a constant share of its
capital income net of depreciation while in the rSolow model saving is out of
capital income without deducting depreciation. The formulation in the rSolow
model is chosen to align more closely with the Solow (1956) model, in which
saving is from income without taking into account depreciation and because
the expressions become somewhat more tractable. However, the main results
hold also if saving is net of depreciation.
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