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Abstract

Latent subgroups arise when patients are randomized to an intended treatment, that
can only be given for certain, treatable, patients. For biological efficacy, the relevant
estimand is then the treatment effect in the subgroup of treatable patients, with the
obvious issue that this subgroup is latent, identified only in the intervention arm.
We present a modular framework for effect estimation in such latent subgroups. The
framework consists of a core and three plug-in models, for subgroup membership
and outcomes among treatable and non-treatable patients. The core computes maxi-
mum likelihood estimates using the EM algorithm, together with standard errors. It
does so without any knowledge about the details of the plug-in models, giving the
user great flexibility. The methods are implemented in an R package. The frame-
work is validated in a simulation, where we also explore the use of predictors. Par-
ticularly intriguing are predictors of treatability, partly identifying the latent sub-
group from baseline data. The results suggest that this can dramatically increase the
power, while being robust against model misspecifications. Finally, the methods are
applied to a prostate cancer trial.

Keywords Randomized trial - Latent subgroup - Instrumental variables - Maximum
likelihood - EM algorithm

P4 Lars Lindhagen
lars.lindhagen @ucr.uu.se

Hans Garmo
hans.garmo@rccmellan.se

Ollie Ostlund
ollie.ostlund @ucr.uu.se

Uppsala Clinical Research Center, Uppsala University, Dag Hammarskjolds vég 38,
75185 Uppsala, Sweden

Department of Surgical Sciences, Uppsala University, Uppsala, Sweden

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s44199-025-00139-6&domain=pdf

Journal of Statistical Theory and Applications (2025) 24:1064-1090 1065

1 Introduction

In some trials, patients are randomized to an intended treatment, that can only be
given under certain conditions. A typical example is a screening trial, where indi-
viduals are randomized to a diagnostic test for, say, an infection, with subsequent
eradication if positive. A similar situation arises in a cancer trial, if patients are
randomized to surgery, which needs to be aborted if metastases are detected. Yet
another example is a placebo-controlled drug trial, where only compliers take the
drug.

All these examples have in common the existence of a latent subgroup of
patients (infected; metastatis-free; compliers), who would receive treatment
(eradication; surgery; the drug) if randomized to the intervention arm. We shall
refer to these patients as treatable. The subgroup of treatable patients extends
into both trial arms, but is identified only in the intervention arm, hence the word
latent.

When estimating treatment effects in such trials, an important distinction has
to be made between programmatic effectiveness and biological efficacy [1]. The
former deals with strategies and guidelines: what would happen if the interven-
tion was implemented on a large scale, e.g. by modifying a guideline? This can be
assessed by so-called intention-to-treat (ITT) analyses. Non-treatable patients are
then part of the population, and ITT properly accommodates the fact that they are
not affected by the intervention. Biological efficacy, on the other hand, focuses
on actual biological processes. The natural estimand is then the treatment effect
among patients that can in fact be given the treatment at hand, the treatable sub-
group. This is the topic of the present paper.

An obvious issue is the latency of this subgroup: we know who is treatable in
the intervention arm, but not in the control arm. It may therefore perhaps seem
surprising that it is even possible to say something about biological efficacy. Fig-
ure 1 gives an intuitive explanation of why this can be done. It shows a hypotheti-
cal trial with 1000 + 1000 patients. In the intervention arm, we observe 200 treat-
able and 800 non-treatable patients, with 50 and 100 deaths, respectively. In
the control arm, we observe 200 deaths. By randomization, we would expect
800 non-treatable patients also in the control arm. Provided that randomized arm
makes no difference for non-treatable patients, there should be 100 death also
among these, and hence 100 deaths among the 200 non-treatable patients. The
biological efficacy can be expressed as the relative risk among treatable patients:
RRgp = 50/100 = 0.50. This contrasts with the programmatic effectiveness, esti-
mated using ITT: RRpg = 150/200 = 0.75. The latter is weaker because the effect
is diluted by patients not benefiting from the intervention. We stress that both
these values are correct, but they answer different scientific questions.

The above computation is not the optimal way to compute biological efficacy,
for one thing the estimate lacks a finite mean [2]. The maximum likelihood (ML)
methods that we shall rely on are preferable. But the example does show that such
things are possible, and also highlights the key underlying assumptions: randomi-
zation ensures symmetry between the trial arms; control patients never receive
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100 deaths 50 deaths RRg; = 50/100 = 0.50

200 + 200
treatable

— RRye=150/120 =0.75

100 deaths 100 deaths

800 + 800 non-treatable

Control, n =1000 Intervention, n =1000
200 deaths 150 deaths

Fig.1 A hypothetical trial with 1000 patients in each arm. Treatability is observed in the intervention
arm, but not in the control arm. Unobserved (inferred) quantities are displayed using boldface text and
thick lines. The latent subgroup of 200 4 200 treatable patients is shaded. RR relative risk, BE biological
efficacy, PE programmatic effectiveness

treatment, simplifying the relation between randomization and treatment; and,
importantly, for non-treatable patients, it makes no difference which arm they are
randomized to. These constitute the major part of the requirements on an instru-
mental variable, and are commonly referred to as exchangeability, monotonicity,
and exclusion restriction. In many cases, they follow more or less directly from
the study design, although exclusion restriction may need to be considered care-
fully, see Sect. 4 below for an example.

Instrumental variable methods were historically developed largely by econometri-
cians, with a focus on numerical outcomes [3], and have later been extended to e.g.
time to event data [4, 5]. Our work is a generalization of a paper by Altstein et al.
[6], to which we refer for extensive historical references. They develop an acceler-
ated failure time (AFT) model for time to event outcomes in the latent subgroup.
The parameter vector then naturally splits into three parts: two for the AFT models
of treatable and non-treatable patients, and an additional single parameter for the
prevalence of treatability. ML estimates of these parameters are computed using the
expectation-maximization (EM) algorithm [7].

The present paper extends [6] in several ways. First, we develop a modular frame-
work, separating the computations into a core and three plug-in models, cf. Fig. 2
below. The core computes ML estimates without any knowledge about the internal
structure of the plug-in models. Second, this framework allows for arbitrary out-
come types, e.g. dichotomous or ordinal, as long as the plug-in models are fully
parametric. Third, the flexible framework structure makes it easy to employ pre-
dictors of both outcome and treatability. The latter is particularly important, since
even limited baseline information can mitigate the latency issue. Fourth, we derive
closed-form expressions for asymptotic standard errors. And fifth, we provide the R
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Fig.2 The framework consists of a core that performs the computations using the EM algorithm, and
three plug-in models for membership of the latent subgroup of treatable patients, and for outcomes of
treatable and non-treatable patients. All information about data types and distributions are contained in
the plug-in models

package latent, which implements the methods described in this paper, including a
set of plug-in models for the most common outcomes. It can be downloaded from
GitHub [8].

The paper is organized as follows: Sect. 2 presents the framework and the core
algorithms, with technical details in an appendix. Section 3 validates the methods in
a simulation process, after which we apply the framework to a data set from a pros-
tate cancer trial in Sect. 4. Concluding remarks and a discussion of possible exten-
sions can be found in Sect. 5.

2 The Framework

We propose a framework consisting of a core and three plug-in models. The core
performs ML estimation of the treatment effect in the latent subgroup of treatable
patients using the EM algorithm, and also computes standard errors. This is done
without any knowledge of the assumed distributions of the outcome, or even its data
type. All such issues are relayed to three statistical models supplied by the user:
one for subgroup membership, and two for the outcome of treatable and non-treat-
able patients, respectively. We shall refer to these as plug-in models, since they are
”plugged into” the core, as illustrated in Fig. 2.

2.1 Preliminaries
2.1.1 Vectors and Derivatives

For two vectors u and v in RY, the scalar product is u - v = ¥, u;v;, and the tensor

A Ad

product # ® v is the matrix A; = u;v;. We also let u®? = u ® u denote the tensor
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square. For a smooth function f : RY — R, the Jacobian Vf is the vector of deriva-
tives df /dx;, and the Hessian V Vf is the matrix of second derivatives 0°f/ 0x;0x;.

It will sometimes be more convenient to differentiate the likelihood itself, some-
times the log-likelihood. Logarithmic differentiation allows us to move back and
forth between these. If F : RY - R + 18 a smooth function and f = log F, then

VF = FVf
VVF = F(VVf + (V)®?) M
and
_Vvr
Ve @
VVF (VF\®?
vwi= - (%)

2.1.2 Notation

We shall use i as an index over patients. In order to ease the notational burden, this
index will often be suppressed when there is no risk of confusion. Random variables
are written with capital letters, and observations thereof in lower-case.

We let R denote randomization: R = 1 for intervention and R = O for control.
Moreover, x is a vector of patient characteristics known at baseline, including R,
whereas G is the latent subgroup indicator: G = 1 for treatable patients, and G =0
for non-treatable ones. After randomization and treatment, an outcome y is recorded.
All these variables are observed, except G in the control arm.

2.1.3 Likelihoods

We shall use p for discrete probabilities or probability densities, depending on the
type of distribution. In our framework, likelihoods exist on two levels. The first level
(the core) handles the total likelihood of a patient, L;. The full likelihood of the data
is Leyq, = [, L;- On the second level, there are likelihoods of the plug-in models. To
avoid confusion, the latter will be denoted M, not L.

A comment on notation: likelihoods are really functions of model param-
eters given data, say M(9$) = p(y|¥). However, we will often use the same
notation to express probabilities of data given parameters, writing things like
M(@y) = M®©|9) := p(y|¥). This should cause no confusion.

2.2 Plug-In Models

Our framework rests on three statistical models. We shall use 9 to denote model-
specific parameters, reserving 6 for the totality of parameters.

@ Springer



Journal of Statistical Theory and Applications (2025) 24:1064-1090 1069

Subgroup model: Membership of the latent subgroup of treatable patients is mod-
eled using a set of parameters J:

Mg(glx, 85) =p(glx.95).  g=0.1.

Outcome model for non-treatable patients: Outcomes in the subgroup of non-
treatable patients (G = 0) are modeled using parameters J,,:

My (ylx, 9y) = p(ylx.G = 0,9,).
Outcome model for treatable patients: Similarly, for the treatable subgroup,
M (ylx. 9) =p(ylx,.G=1,9,).

The outcome models will be indexed by m = 0, 1. Thus, the latter two items can
be summarized as M,,(y|x, 3,,) = p(y|x,G =m, $,,). Finally, 0 = (9, 9, 9,) is the
total parameter vector.

The response g of the subgroup model is always dichotomous, whereas the out-
come models use whatever outcome was recorded in the trial. Note that the two
outcome models are completely independent of each other. Not only do they have
disjoint parameter vectors 9, and J;, but they may also in principle have differ-
ent underlying distributions, and use different parts of the covariate vector x. For
example, the outcome model for treatable patients depends on the randomization R,
whereas the other model does not (exclusion restriction).

In addition to this, all three models can benefit from variables that are predictive
of their respective response. This is particularly interesting for the subgroup model,
since it means a step towards identification of the latent subgroup from baseline
data. We shall explore this idea further in Sect. 3.2.

2.3 Treatability

As discussed, subgroup membership (treatability) is known for R = 1, but not for
R = 0. In the latter case, we instead specify probabilities. We shall use both prior
and posterior probabilities, i.e. with and without conditioning on the outcome. To
this end, let DS;IS“) comprise all observed baseline data, i.e. x together with g, when
observed, but not the outcome (recall that R is contained in x). Let 7z denote the
prior probability of treatability:

(BL) _ MS(1|x,19S), R=0,
b "95> - { R=1

7 =P(G=1|p{:
g :

The (R = 1) case expresses the fact that subgroup membership is known in the inter-
vention arm: 7 = g € {0, 1}.

After observing the outcome y, we update this to a posterior probability, which
we, for reasons to become clear shortly, denote w. Thus, w = P(G = 1|D, 0),
where D, = fo)i‘) U {y} is all observed data. By Bayes’ rule, we have, form =0, 1,

obs?
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P(G = mIDyy,6)  P(G = m

DB 0) X p(ylx,G = m, 0).

obs

In other words,

obs?

P(G = 0|Dgy, 0) o (1 — 1) x My (ylx, 9y) =: W,,
P(G =1|Dyy, 0) o 7 X M, (ylx, 9,) =1 ;.
The posterior probability of treatability is computed from this by normalization:
Wy

W= = —.
W0+Wl

3)

Just like for the prior probabilities, w = g € {0, 1}if G is observed to have the value
g.

2.4 Point Estimation with the EM Algorithm

The EM algorithm [7] is an iterative method to perform ML estimation in the pres-
ence of missing data. In our case, the missing data are D,;; = {G|R = 0}, i.e. treat-
ability in the control arm. In each EM iteration, old parameters 6 are updated to
new ones 8%V, as described below.

2.4.1 Estep

The EM algorithm begins with the likelihood of complete data D, := D U D
Since G is then fully known, the likelihood is

P(Deom!6) =[1;p(vilg»x:, 0)p(gilx;. 0)
11, { Molvilx 90) M (Olx;. 8). ;=0 }
M, (yi|xi,81)MS(1|x,-,19S), g =1

Taking logarithms, this can be written as

logp(Dcomle) = z {(1 - g[) X [logM()(yilxi’ 19()) + IOgMS(lei’ss)]

mis*

4
+g; X [log M, (y;lx;, ;) +log Mg(1|x;, 95)] }.

The second part of the E step is to take the expectation of this over D, i.e. unob-

mis?
served g’s, conditioning on observed data and old model parameters 8. The result-
ing expression is usually denoted Q. Since everything is linear in g;, this simply
amounts to replacing g; by its posterior probability of being unity, w;, as computed
in (3) with @ = 6“. Moreover, w; = g; whenever g; is observed, so it doesn’t hurt to
do this for the observed g’s as well. Thus, Q arises by simply substituting w; for g; in

G2
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2.4.2 MStep

The M step proceeds by maximizing Q from the E step over 0 = (3, 9y, 9)).
Recall that the expression to be maximized is (4) with g; replaced by w;. Since the
latter depend only on 8, they can be treated as constants. The maximization then
separates into three problems:

Maximizing over 9¢: There are two terms in (4) that contain 9. We therefore
need to maximize

Z {1 = w)log Mg (0lx;, 95) + w;log Mg(1]x;, ) }.

This is equivalent to solving a weighted ML problem for the subgroup model
based on an augmented data set, where each patient i contributes two rows:
one row with response g; = 0 and weight (1 — w;), and one row with g; = 1 and
weight w;. Since w; € {0, 1} in the intervention arm, only the “correct” row will
contribute there. This weighted problem was the rationale for denoting the poste-
rior probabilities w;.

Maximizing over 9,,: Since there is only one term in (4) that contains 9, this
reduces to maximizing

Z (1 - Wi) log M, (}’i|xi»‘90)s

i

a weighted ML problem with weights (1 — w,).
Maximizing over §,: Similar to the above, we now maximize

Z w;log M, (yilxi’ ‘91)’

again a weighted ML problem, but with weights w;.
These problems can usually be solved using standard statistical software. The
solution gives us updated model parameters 8“*), completing the iteration.

2.4.3 Initial Values and Stopping Criterion

As any iterative procedure, the EM algorithm depends on a sensible start guess.
We suggest first fitting the subgroup model in the intervention arm, where the
subgroup is identified. Based on this fit, the probability of treatability is com-
puted for the controls. Finally, the two outcome models are fitted on the entire
dataset using weights based on these probabilities.

To end the iteration, we suggest a likelihood-based stopping rule: the iteration
is terminated if the log-likelihood increase between two consecutive iterations is
less than, say, 107
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2.5 Closed-Form Standard Errors

Having arrived at a point estimate 0 from the EM algorithm, we now turn to
standard errors. By general likelihood theory, the covariance matrix of O is

asymptotically given by the inverse observed Fisher information matrix,

o]
(—VVlogqull(0)> , where the derivatives are taken with respect to the full

parameter vector 0. Since log L,;(0) = Y ;log L,(6), we can compute the Hessian
for one patient at a time, and then sum the results. Doing so, we shall suppress the
index i, writing L(0) rather than L,(0).

2.5.1 The Likelihood of a Single Patient

The likelihood of one patient is the probability of observing y and, if observed, g,
conditional on x and 6. By the law of total probability, this is

L(0) =p(y, {g if observed}|x, O)

={ p(YIG = 0,x,8,)p(G = Olx, 9) + p(yIG = 1,x,9,)p(G = 1|x, 85), R=0,
POIG= 5. = sl ). py
:{ Zm Mm(y|x’ S;n)Ms(mlx, 195), R = 0’
M, (ylx, 9,) M (glx, 9s). R=1,
(5)

where the sums run over m € {0, 1}.
To ease the notation, we suppress the parameters, writing e.g. M, for
M, (y|x,8,). With this reduced notation, (5) can be shortened to

3 M, Mgm), R =0,
L(6) = { MM g)’s Re1 (6)

Finally, we define 0/1 variables 6,, as 6,, = 1 if G = m is possible (g unobserved, or

observed to be m) and 6,, = 0 otherwise. Equation (6) can then be further simplified
to

L®) = ; 8.uM,,Mg(m). @

2.5.2 Derivatives of the Likelihood

Differentiating (7) twice yields

VL®) = Y 6, {Ms(m)VM,, + M,V Mg(m)} ®)

and
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VVLO) =Y, 5, {MsmVVM, + VM, ® VM(m)
+VMy(m) ® VM,, + M,,VVMs(m)}, 2

where all derivatives are taken with respect to 6. Since 8 = (9, 9, 9,), it is natu-
ral to write this in block matrix form. Several derivatives then vanish, for example
Vy,Ms(m) = 0 since Mg depends only on d. By straightforward calculations, (8)
and (9) can be written as

¥, 6,M, Y M(m)
VLO)=| 6,Ms(0)VM,
5, My(H)VM,
and
Em 5mMmVVMS(m) (*) (*)
VVL®) = | 6,YM, ® VM(0) [6,Mz(0)VVM, () ,
5, VM, ® VM,(1) 0 5, Mg(HVVM,

where (x) is whatever it takes to form a symmetric matrix. These derivatives are to
be evaluated at the point estimate 6, and are understood to involve only the param-
eters relevant to the model at hand, e.g. VM, := V4 M,

To round things up, the Hessian of the log-likelihood of a single patient,
VVlogL, can be found from these expressions together with logarithmic differ-
entiation (2). Summing over patients yields the full Hessian VVlog Ly, from
which standard errors for individual model parameter are found as the square

root of the diagonal elements of (—VVlog quu)_l. From this, Wald confidence

intervals and p-values can be computed in the usual way. For example, a 95%
confidence interval for the k:th model parameter is given by 0, + 1.96 x SE,.

2.6 Developing Plug-In Models

Sections 2.4 and 2.5 describe the computations of the core. As can be seen, no
knowledge about the internal structure of the plug-in models is needed for this,
not even about the type of the outcome. In fact, only two things are required of
the models: (1) fitting weighted regression models using ML, and (2) computing
likelihoods and their first two derivatives. This decoupling of the core and the
plug-in models a major strength of our framework. It makes it easy for the user
to tailor the analysis by modifying the plug-in models, without having to modify
the core.

In Appendix 1, we work out the details for popular models for numerical,
dichotomous, count, ordinal, and time to event data. We stress that the frame-
work is in no way restricted to these models. On the contrary, any parametric
model for any type of outcome can be used, as long as the likelihood and its
derivatives can be derived.
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2.7 The latent Package

All methods described in this section, including the plug-in models of Appendix 1,
have been implemented in the R package latent, which is available at GitHub [8].
The package vignette gives several illustrations of how to use it, a simple example is
also provided in Appendix 2.

3 Simulation

This section validates the methods and the R package in a simulation. Since esti-
mates computed via the EM algorithm are maximum likelihood estimates, albeit in
a non-trivial setting, the general likelihood theory guarantees asymptotic unbiased-
ness and correct confidence interval (CI) coverage.

A note on sample size: our target parameter is a treatment effect in a (latent) sub-
group. Hence the effective sample size is the size of this subgroup, nz, where n is
the number of patients, and z is the prevalence of treatability. For fixed subgroup
size, one could expect larger = and smaller n to be preferable, since this reduces the
uncertainty as to who is treatable. Compare, for example, (n = 2000, 7 = 50%) with
(n = 1000, # = 100%). In both cases, the effective sample size is nz = 1000, but in
the latter case, the subgroup is completely identified.

For each of the scenarios described below, 25,000 simulations were run. Power
was defined as the proportion of simulations with a p-value below 0.05 for the null
hypothesis of no treatment effect. In the scenarios where that is true (y = 0), this is
the type I error rate. The Monte Carlo errors of power and CI coverage are typically
a few tenths of a percentage point.

3.1 Proof of Concept

To begin with, we ran a series of basic simulations, varying the sample size, sub-
group prevalence, and treatment effect as follows. Sample size: n = 500 and 3000.
Prevalence: 7= = 10%, 25%, and 60%. Treatment effect: w =0, — 0.2, and — 0.4.
Negative treatments effects reflect the idea that small outcome values are beneficial,
v = 0 corresponds to no treatment effect. The values were chosen so that (n = 500,
7z =60%) and (n = 3000, # = 10%) both give the effective sample size of 300. The
subgroup model was logistic regression without covariates. Four outcome types
were studied: numerical, dichotomous, ordinal, and time to event.
Numerical outcomes were simulated according to the model

Y=q,+e, G=0,
(10)

Y=0a +yR+e, G=1,

where € are centered normal residuals with standard deviations 6, = 2 and 6, = 2.5.
We also let a; = ay + 0.4 (the value of &, is immaterial), corresponding to a
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situation where treatable patients are worse off, but with a maximal treatment effect
(y = —0.4) they improve to the levels of non-treatable ones. The ¢’s were chosen
different to illustrate the fact that the two outcome models are fully independent.

Dichotomous outcomes were handled in a similar way. The event rate without treat-
ment was set to 20% in the non-treatable group and 27.2% in the treatable group, again
corresponding to a; = a + 0.4 with the logit link.

For ordinal outcomes, we used four levels with probabilities 20%, 40%, 30%, and
10% for non-treatable patients. For treatable patients, these probabilities were modified
by increasing the three intercepts by 0.4 in a proportional odds model.

Finally, time to event outcomes were generated according to the Royston-Parmar
model (14) with three knots, including the boundary knots. The spline coefficients y;
were chosen to approximate a Gompertz distribution with shape 1.5 and rate 1. Again,
the treatable subgroup had its intercept y, increased by 0.4. Censoring times were gen-
erated according to the same distribution, resulting in 50% censorings.

The simulation results are shown in Table 1. Overall, they are satisfactory, with
limited bias and close to nominal (95%) CI coverage. Comparing the two scenarios
with the same effective sample size, we see that, as anticipated, the larger prevalence
(n =500, 7 = 60% vs. n =3000, 7 = 10%) gives better results in terms of smaller
bias, CI coverage closer to nominal, and larger power.

For very small trials, especially (n = 500, # = 10%), with an effective sample size
of 50 and about 10 events on average, things tend to deteriorate, with substantial bias
and incorrect CI coverage. This is particularly true for dichotomous outcomes, with a
bias away from zero, and a CI coverage of almost 100%. This small-sample bias is a
well-known shortcoming of the logistic regression model [9], and remedies via penali-
zation have been proposed [10]. Although we shall not pursue this, we note that thanks
to the modularity of the framework, it is straightforward to implement such things, it is
just another plug-in model. Similar small-sample problems, although to a lesser degree,
can also be seen for numerical and time to event outcomes. Interestingly, the bias is
then towards the null, with a subnominal CI coverage.

3.2 Predictors of Treatability and Outcome

A natural idea is that baseline information that is predictive of treatability should be
helpful, making the latent subgroup of treatable patients less latent, so to speak. Our
framework makes it easy to exploit such information, one just needs to add covariates
to the subgroup model. The same idea can be applied to the outcome, where it is well-
known that predictors can increase the power of randomized trials [11].

To examine this, another set of simulations were run, where predictors of treatability
and/or the outcome were added. As an example, the model for numerical outcomes
with both kinds of predictors is

logit & = ag + fexg,
Y = ay + fox, + e, G =0,
Y=0a +px,+yR+e, G=1,
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where logit(p) = log(p/(1 — p)) and = = P(G = 1). Here, xg and x, are predictors
of subgroup membership and outcome. Some care must be taken not to alter the
treatability prevalence due to non-collapsibility [12]. We used the methods of Lind-
hagen et al. [13] to modify ag accordingly. Similarly, the standard deviations of €
were decreased to maintain the marginal outcome standard deviations.

We ran models without treatability predictors, along with models with a weak
(Bg = 0.5) and strong (fg = 1) predictor. In an additional scenario, the subgroup was
fully identified (perfect prediction). Although not realistic in itself, this serves as a
benchmark, indicating the maximum possible gain from prediction. The x’s were
standard normal, f, = f; = 0.5, and the simulations were confined to n = 3000,
7 =25%,y € {0,—0.4}, and to numerical and dichotomous outcomes.

Non-collapsibility issues also arise when adjusting for x, for dichotomous out-
comes. In order to maintain the marginal event rates, the regression coefficient was
changed from its nominal value y = —0.40 to a "true” value y = —0.42. An unbi-
ased estimate should converge to this.

The results are presented in Table 2. It can be seen that there is a substantial
potential for increased power if the latent subgroup could be identified (perfect pre-
diction), roughly from 30% to 60% in this example. Our predictors of course did
not attain this, but still the power increased to about 40% when using the strong
predictor. There is also a moderate increase in power due to outcome prediction.

Table 2 Simulation results, predictors of treatability and outcome

Nominal  Outcome Treatabil- Numerical Dichotomous
4 predic- ity predic-
tion tion medy CI cover- Power Truey medy CI cover- Power
age age
0 No None 0.00 94.8% 52% 0 0.00 96.3% 3.7%
Weak 0.00 94.9% 51% 0 0.00 95.8% 4.2%
Strong 0.00  95.0% 50% 0 0.00 95.6% 4.4%
Perfect 0.00 95.1% 49% O 0.00 94.9% 5.1%
Yes None 0.00 94.7% 53% 0 0.00 96.2% 3.8%
Weak 0.00 95.0% 50% O 0.00 95.6% 4.4%
Strong 0.00 94.9% 51% 0 0.00 954% 4.6%
Perfect 0.00 94.9% 51% 0 0.00 95.1% 4.9%
-0.4 No None -0.40  94.7% 30.1% -0.40 -040 96.3% 27.6%
Weak -0.39  94.7% 32.1% -040 -040 95.9% 31.0%
Strong -0.40 94.8% 384% -040 -040 95.3% 38.3%
Perfect -0.40  94.9% 59.3% -040 -040 94.9% 63.7%
Yes None -0.40 94.7% 314% -042 -042 96.2% 28.4%
Weak -0.40  94.9% 34.1% -042 -042 955% 32.3%
Strong -0.40 94.8% 40.2% -042 -042 954% 38.5%
Perfect -0.40 94.8% 61.0% -042 -042 95.0% 65.2%

The table shows the median estimate ¥, 95% confidence interval coverage rate, and power, with and
without predictors. The sample size was n = 3000 and the treatability prevalence = = 25%. When using
predictors of dichotomous outcomes, the treatment effect y was modified due to non-collapsibility.
Under no treatment effect (y = 0), the power is the type I error rate
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Throughout, the type I error rate was close no nominal, again with somewhat poorer
results for dichotomous outcomes.

In conclusion, the simulation suggests a considerable benefit from treatability
prediction. An important question is then whether this is associated with a risk.
Could, for example, the type I error rate increase if the subgroup model is misspeci-
fied? This is the topic of the next subsection.

3.3 Misspecified Subgroup Models

To study the consequences of misspecified subgroup models, a third set of simula-
tions was run, with three kinds of misspecifications. The first was a missed non-
linearity, generating subgroup data according to

logit 7 = a + e/~

The second was an incorrect link function, where data were simulated using the
complementary log-log link:

log(—log(1 — 7)) = a + px.
Finally, a missed interaction was studied, generating data by
IOgit T=a+ ﬂ]xl + ﬂzxz + ﬂ]z.xl.X2.

Data were subsequently analyzed using the (incorrect) model logit 7 = @ + fx or,
for interactions, logit 7 = a + f,x; + fx,.

The x variables were standard normal, all §’s were set to 0.5, and the a’s were
determined numerically to get the desired prevalence # = 25%. Moreover, n = 3000,
v € {0,—-0.4}, and the outcomes were numerical or dichotomous.

The results are shown in Table 3. No notable problems are evident: the power still
increases when predictors are included, maintaining close to nominal CI coverage
and type I error rate. If anything, the latter improves when adding the predictors,
despite the model misspecification. In summary, the framework seems relatively
robust to subgroup model misspecifications.

4 Application to a Prostate Cancer Trial

We illustrate the use of our framework on data from a prostate cancer trial. In Scan-
dinavian Prostate Cancer Group Study Number 4 (SPCG-4), men with clinically
localized prostate cancer (PCa) were randomized to surgery (radical prostatectomy;
RP) or conservative treatment (watchful waiting; WW). The trial included 695 men
diagnosed between 1989 and 1999. A 29-year follow-up analysis was published in
2018 [14].

In the RP arm, the surgery procedure began by removal and histological exami-
nation of lymph nodes. If lymph node metastases were detected (node-positive
PCa), the patient was deemed non-treatable, surgery was aborted, and androgen
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Table 3 Simulation results, misspecified subgroup models

Misspecification True y Treatabil- Numerical Dichotomous
ity predic-
tion medy CI coverage Power medy CIcoverage Power
Unhandled non- 0 No 0.00 95.0% 50% 0.00 96.3% 3.7%
linearity Yes 0.00  95.0% 50% -0.01 955% 4.5%
-0.4 No -0.40 94.7% 30.2% -040 96.3% 27.2%
Yes -040  95.0% 36.5% -041 95.1% 37.2%
Incorrect link 0 No 0.00 94.9% 5.1% 0.00 96.5% 3.5%
Yes 0.00 94.8% 52% 0.00 959% 4.1%
-0.4 No -040  94.8% 29.8% -040 96.2% 27.1%
Yes -040  95.0% 338% -040 95.8% 31.6%
Missed interaction 0 No 0.00 952% 4.8% 0.00 96.2% 3.8%
Yes 0.00  94.9% 51% 0.00  95.4% 4.6%
-04 No -041  94.9% 30.5% -040 96.3% 27.7%
Yes -0.40  94.9% 36.4% -041 95.4% 36.7%

The table shows the median estimate yr, 95% confidence interval coverage rate, and power for three kinds
of subgroup model misspecifications. The sample size was n = 3000 and the treatability prevalence
7 =25%. No outcome predictors were used. Under no treatment effect (y = 0), the power is the type I
error rate

deprivation therapy (ADT) was initiated. This happened for 23 of the 347 men in
the RP arm (6.6%). As a consequence, SPCG-4 has the latent subgroup structure
that our framework is designed to deal with. Namely, there is a subgroup of patients
(node-negative ones), who can receive the intended treatment (surgery). This sub-
group if identified only in the RP arm, and is hence latent. While the ITT analy-
sis estimates the effect of a surgery strategy on the total population (programmatic
effectiveness), it is natural to also ask for the effect of actual surgery among treatable
patients (biological efficacy). To assess this, we shall re-analyze the trial data, apply-
ing our framework to the endpoint death from PCa, with 181 events.

We first need to consider the instrumental variable assumptions, in particular
exclusion restriction, i.e. the statement that non-treatable patients are unaffected by
attempted surgery. This can be called into question in SPCG-4, since node-positive
patients in the RP arm received ADT already upon detection of the metastases.
However, WW patients actually received ADT almost as fast as RP patients; the
proportions were similar already after one year. In addition, the effect of ADT is
probably not dramatic. A trial from 2004 [15] reported a hazard ratio of 1.23 for
mortality in delayed vs. immediate ADT in node-positive PCa patients. In conclu-
sion, there will likely be a bias due to violation of exclusion restriction, but it can be
expected to be minor.

Cumulative incidence curves for the two trial arms are presented in Panel a of
Fig. 3 (solid lines), suggesting a clear benefit from surgery. Our first goal is to pro-
duce similar curves for treatable patients. For the RP arm, this is straightforward;
simple stratification gives curves for treatable (dashed line) and non-treatable (gray
line) patients. Unsurprisingly, the prognosis of non-treatable patients is very poor.
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a Based on observed data b Using framework

———  WW, entire arm ———— WW, entire arm

RP, entire arm ———— RP entire arm
- - -~ RP treatable - === WW, treatable

RP, non-treatable - = -~ RP treatable
Non-treatable (WW + RP)

Probability
Probability

10 10
Years Years

Fig.3 Cumulative incidence curves for death from prostate cancer in the SPCG-4 trial. The curves in
Panel a come directly from observed data, whereas those of Panel b were estimated using the framework
of this paper. The four curves in Panel a are unchanged in Panel b

Moreover, the treatable subgroup is fairly similar to the entire RP arm, since most
patients are treatable. We next applied our framework to execute a similar split of
the WW curve, using a trick that works as long as we have complete follow-up,
19 years in this case. The idea is to perform a separate analysis at each time point.
In the absence of censorings, we know who has died from PCa and who has not
(patients who have died from other causes are treated like survivors [16]). At a fixed
time point, we therefore have dichotomous outcome data, and can use the frame-
work with three logistic regression models. The subgroup model and the outcome
model for non-treatable patients contained only an intercept, whereas the outcome
of treatable patients depended on trial arm. These models estimate the prevalence
of treatability, the risk of PCa death for non-treatable patients (common value for
both arms; exclusion restriction), and the same risk for treatable patients, per trial
arm. The results are shown as dashed and gray lines in Panel b of Fig. 3. From these,
solid curves for the full trial arms were computed as weighted means. Although all
five curves in Panel b have been computed from models, the four observable ones
are identical to those in Panel a. So what Panel b really contributes is the curve for
treatable patients in the WW arm. Slightly disturbingly, this curve is not monotonic.
Rather, it decreases at each non-treatable RP event, since a larger mortality among
non-treatable patients makes the model more inclined to attribute WW deaths to the
non-treatable subgroup. This anomaly could be removed by ad hoc methods, such as
replacing decreased values by the value before the event.

We turn to the statistical analysis. The 29-year paper applied a Cox model, giving
a hazard ratio (HR) of 0.55. To get comparable results, we loaded our framework
with a parametric analogue of the Cox model, the flexible spline model of Royston
and Parmar (Appendix 1.3). We used 4 knots for treatable patients and 2 knots for
non-treatable ones; the results were very insensitive to the number and placing
of knots. With logistic regression for the subgroup model, we found HR = 0.50
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(Table 4, top row). The interpretation is that the effect of surgery, when it can actu-
ally be performed, is HR = 0.50 (biological efficacy). This is what would be seen in
an “ideal” trial, with only treatable patients. In SPCG-4, this effect has been diluted
by the inclusion of node-positive patients, who cannot receive surgery, resulting in
HR = 0.55, The latter is a measure of the effect of a surgery strategy (programmatic
effectiveness). The difference between the two is modest, since lymph node metas-
tases are rare.

We conclude with a discussion of covariate adjustment. The Cox model and
the outcome model for treatable patients were both adjusted for age and prostate-
specific antigen (PSA) using quadratic terms, and for tumor stage (T1b, Tlc, and
T2). Due to the small number of such patients, the outcome model for non-treatable
patients was adjusted only for PSA (linear term). The results are shown in the sec-
ond row of Table 4. As expected from non-collapsibility, the adjusted hazard ratios
are further from unity. Since the standard errors have only increased slightly, this
indicates a substantial power gain, in agreement with the simulations in Sect. 3.2.
Finally, we consider predictors of treatability. Due to the limited number of non-
treatable patients, we again adjusted only for PSA (linear term), leading to the third
row in Table 4. Unlike the simulation in in Sect. 3.2, this did not reduce the standard
errors noticeably, despite PSA being a strong predictor of metastases. It is not hard
to understand why: since the vast majority (93%) of the patients are treatable, this
latent subgroup is close to identified already, and predictors cannot be expected to
make a major difference.

5 Discussion

We have presented a modular framework for effect estimation in a latent subgroup of
treatable patients, identified only in one of the arms of a randomized trial. This situation
can arise in several ways. A typical example is a screening trial, where patients are ran-
domized to a screening test for a medical condition, with subsequent treatment if posi-
tive. The framework consists of a core and three plug-in models, for subgroup mem-
bership, and for outcomes of treatable and non-treatable patients. The core performs

Table 4 Analysis of death from prostate cancer in the SPCG-4 trial

Adjustment All patients (Cox model) Treatable patients
(using framework)
HR (95% CI) HR (95% CI)
None 0.55(0.41, 0.75) 0.50 (0.36, 0.70)
Outcome 0.52 (0.38, 0.70) 0.46 (0.32, 0.65)
Outcome + treatability - 0.45 (0.32, 0.64)

The results for all patients come from ordinary Cox models. For the latent subgroup of treatable patients,
the framework of this paper has been applied, with flexible spline models for the outcome. Covariate
adjustment of the outcome model for treatable patients was done using age and PSA (quadratic terms),
and tumor stage. The outcome model for non-treatable patients and the subgroup model were adjusted
only for PSA (linear term)
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maximum likelihood estimation using the EM algorithm, and computes standard errors
using asymptotic closed-form expressions, while being fully ignorant about the details
of the plug-in models. The latter can be of any form, and handle any type of outcome,
as long as they are parametric. This structure gives the user a large flexibility, for exam-
ple, predictors can easily be added. The methods have also been implemented in an R
package, available at GitHub.

The framework have been validated in an extensive simulation, demonstrat-
ing asymptotic unbiasedness and correct confidence interval coverage. Including pre-
dictors of the outcome increased the power, just like for traditional randomized trials.
The latent subgroup setting also allows for predictors of membership of the latent sub-
group itself. If, say, men are more often treatable than women, information about sex
should mean a step towards identifying the subgroup already from baseline data. Our
simulations indicate that the potential power gain from such predictors can be substan-
tial, and also that the framework is robust to misspecification of the subgroup model.
The latter is in line with conventional trials, where the analysis model has been seen
to be robust against misspecification [17]. For these reasons, we recommend making
liberal use of both subgroup and outcome predictors.

We have also applied the framework to a prostate cancer trial, where surgery was
discontinued for lymph node positive (non-treatable) patients. As expected, the treat-
ment effect among treatable patients (biological efficacy) was seen to be stronger than
the effect of intended surgery in the entire trial population (programmatic effective-
ness), due to a dilution of the latter by non-treatable patients.

The EM algorithm is a convenient method to perform maximum likelihood compu-
tations in the presence of missing data, in our case treatability in the control arm. How-
ever, in the present situation it is possible to write the likelihood in a computationally
tractable form, cf. Eq. (5). One could therefore consider maximizing it directly, using
e.g. a quasi-Newton method [18]. Simulations suggest that this works, but that the com-
putations are slower and more sensitive to the initial values, in line with other findings
[19]. For these reasons, EM seems preferable.

In standard instrumental variable language [20], we only have two principal strata,
never-takers and compliers. It can be noted that monotonicity also holds in the pres-
ence of a third stratum of always-takers, patients who receive treatment regardless of
randomization. It is possible to extend the framework to such a situation, although it
would complicate matters a bit. Subgroup membership is then identified for patients in
both arms: always-takers in the control arm and never-takers in the intervention arm.
The extension would require a third outcome model for always-takers, for a total of four
plug-in models. In addition, the subgroup model needs to handle a three-level response,
perhaps as a multinomial logistic regression model. The calculations of Sects. 2.4-2.5
only need minor modifications. For example, the weights w; and (1 — w;) are to be
replaced by three numbers, representing the posterior probabilities of the three princi-
pal strata.
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Appendix 1. Examples of Plug-In Models

This appendix presents examples of plug-in models for the most important data
types. For these cases, weighted regression is easily performed via standard soft-
ware, so by Sect. 2.6 we need only derive expressions for the likelihood and its
first two derivatives. In practice, it is often more convenient to do this for the log-
likelihood rather than the likelihood itself, and apply logarithmic differentiation
().

Following the notation of Sect. 2.2, we let 9 denote the model parameters. Thus,
J may in this appendix refer either to 9, 9, or 9,. We shall also consistently sup-
press the patient index i, understanding that the results are to be summed over
patients. Moreover, p will denote the dimensionality of the covariate vector x € R”.
As usual, x may encompass an intercept, as well as interactions, non-linearities etc.
Asterisks (*) in Hessians mean that the matrix is to be made symmetric.

1.1. Generalized Linear Models

In a generalized linear model, the outcome Y follows a distribution from the expo-
nential family. Its expected value u is related to the covariates x via a link function g:

guw)=p-x=:n, BER’.

In addition to the regression coefficients f, there may be additional “nuisance”
parameters. Since our framework requires fully parametric models, such parameters
must be included in the parameter vector ¢, and need to be handled on a case to case
basis. To begin with, we restrict ourselves to the situation of no nuisance param-
eters (3 = f), which includes models for dichotomous and count data. An example
of how to handle nuisance parameters is given in Sect. 1.1.1.

While the likelihood M(B) depends on the exact nature of the outcome distri-
bution, there is, for the exponential family, a general expression for the Jacobian
of the log-likelihood [21]:

ViogM = YK d—ﬂx.
Var(Y) dn

Moreover, the variance can be expressed in terms of the expectation: Var(y) = v(u)
for some function v. Now, Vi = x, whence

d_,dnd

v=xd .
Yan = Yan du

Straightforward calculations then show that

L (dp\ e, Y= |du V’(M)(dﬂ>2 @2
VViegM = ——( =£ A R .
o8 V(ﬂ)<d'1>x TS @ T v \an) |F 0 A
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Table 5 Outcome distributions for the generalized linear model

Distribution Likelihood M Variance Common links
Dichotomous (0/1) 1—u, y=0, v(p) = pu(l — p), Logit, probit, cauchit,

u, y=1 Vi) =1-2u cloglog, log, identity
Poisson we /[yl v(p) = u,vV'(u) =1 Log, identity, square root

For an outcome Y, u is the expectation, and v(x) the variance

To make use of this, expressions for v(u) etc. are needed. Table 5 summarizes the
likelihood and variance for dichotomous outcomes and Poisson models. In the for-
mer case, y € {0, 1}, and g is just the event probability. For the most popular links,
the derivatives du/dn and d? i /dn? are presented in Table 6.

1.1.1. Nuisance Parameters—The Linear Model

As an example of how to incorporate nuisance parameters, we consider the linear
model Y = B - x + ¢, where the residuals € are centered normal with variance 62, the
nuisance parameter. The full parameter vector is then & = (8,0%) € R’*, and the
derivatives will be written as block matrices accordingly.

The likelihood of a data point y is

M= M)

1
\V2ro? b < 20”

Taking logs and differentiating, we find

2
1 —p-x)
logM = const — = log 6> — %,
2 202
Table 6' Corr'lmon links for the Link ) du &>
generalized linear model dn dn?
Logit log - 1 _ _tanh(r/2)
el og l—p 4cosh®(n/2) 4cosh®(n/2)
Probit @ '(n) Q) —ne(n)
H 1 —2n
Cauchit tan ( TH— r_zr ) v v
cloglog log(—log(l — u)) exp(—e")e’ exp(—e)e(l —e")
Log log u e e
Identity " 1
Square root /u 2n 2

The link function g connects the expected outcome u and the regres-
sion coefficients p via g(u) = p - x = 5. For the probit link, ¢ and ®
denote the standard normal density and cumulative distribution func-
tions
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whence
VslogM (y —px )x
ViogM = [gIE%T] ===
do? _ﬁ 204
and

VViogM = (y—ﬂ-x )x 1 0’
o4 204 o0
1.2. Proportional Odds Model for Ordinal Data
Next, consider an ordinal response with K > 3 levels 1,2, ..., K. The proportional

odds model arises by assuming the effect of a covariates, as measured by odds
ratios, to be the same for all K — 1 possible dichotomizations along the ordinal scale.
In other words,

POY <k)= (1447 1<k<K-1, (12)

where a; > a, > -+ > ag_, is a set of intercepts, and B are the usual regression coef-
ficients. The full set of model parameters is 9 = (a, B) € RE-1H7,

To write this as a tractable likelihood, we introduce some additional notation.
First, let a = —oo, making (12) valid also for k = K. Defining v, = (a; + f - x)/2,
the outcome probabilities can be written as

{P(Y: = (1+e)7,

PY=K=(1+e)" —(1+)7,  2<5k<

(13)

This works also for k = K, since the first term is then unity (ax = —o0).

Now, let y € {1,2,...,K} be an observed outcome. We can simplify (13) further
by defining the numbers ¢, as ¢, = 1if k =y, ¢, = —1if e, =y — 1, and ¢, = O other-
wise. Using this notation, the likelihood can be written as

K

M=Mp)=Y —*

2v,
= l+en

The derivatives can also be written compactly by also letting

1 tanh v,
Ap=——7—, By = ———, 1<k<K-1
4 cosh” v, 4 cosh” vy,

Straightforward computations then show that the Jacobian and Hessian are given by
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€14,

o e

VﬁM €x_1Ax_1

(X EkAk)x

and

I ElBl O 1

: (%)
VVM = O ex_1Br_1
| |

61B1:13 eK_lBK_lac (Zk EkBk-):B@Q

where the summations run fromk = 1tok =K — 1.

1.3 Flexible Spline Model for Time to Event Data

We finally consider the case of right-censored time to event data. The Cox model is
not an option for our framework, since the models need to be fully parametric. There
is, however, a rich flora of parametric survival models. We shall confine ourselves to
what comes perhaps closest to the Cox model, the spline-based proportional hazards
model of Royston and Parmar [22].

A starting point for the this model is the observation that in a Weibull model, the
log cumulative hazard is a linear function of log time. A natural generalization is to
replace this linear function by a spline. Thus, if H(f) is the cumulative hazard, the
model assumes that

log H(1) = s(log;y) + B - x, (14)

where s is a natural spline with knots at and coefficients

min < Kk < <k, <Kk
y € R™2. We shall write the spline as

max

m+1
ssy) = ) ybw) =: y - b, (15)
=0
where b(u) = (by(u), ..., b,,.,(u)) is the vector of spline basis functions. The latter

are given by by(u) = 1, b;(u) = u, and

by () = (= k) = A — ki) — (1 = A)(u — k

3 .
max)_p 1 <J <m,

where u, = max(u,0) and 4; = (kyuy — k;)/(kipax — Kinin)- SO the parameters of the
Royston—Parmar model are 9 = (y, B) € R™*_ Since (15) already contains an

intercept ¥, there is no intercept in B, similar to the Cox model.
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We also need the hazard, which we get by differentiating the spline. Letting b’ (u)
be the vector of derivatives of b(u) (the derivative of (u — a)? is just 3(u — a)?), the
hazard is

h(t) = H' (1) = H(t)w.

A time to event data point is represented by a follow-up time ¢, an event indicator
6, and a covariate vector x. The likelihood M of such a data point is S(¢) if the data
point is censored (5 = 0), and S(¥)A(f) otherwise (6 = 1), where S(f) = e #® is the
survival function. In other words, M = e #®n(£)? and

logM = —H(t) + 6 log h(t) = —H(t) + 6 log H(¢) + & log(y - b’ (log 1)) — 6 log .

Now, it follows from (14) and (15) that VYH(t) = H(t)b(logt) and V ﬂH(t) = H(t)x.
As a consequence, the Jacobian and Hessian of the log-likelihood are given by

5 11
ViegM = [M] _ [( H+5)b+y'b,b ]

VglogM (—=H + &)x
and
_ ®2 _ ) N\N®2
VViogM = Hb (r-b")? @) ‘ () ,
—Hh®@x | —Hx®?

where H = H(t), b = b(log 1) etc.

Appendix 2. Example R Code

This appendix gives a simple example how to use the latent package, many more
can be found in the package vignette. We shall follow the example surrounding
Eq. (10). First, we generate data:

df <- data.frame(

g = rbinom(n = 3000, size = 1, prob = 0.25), # n = 3000, pi = 25%.

rand = rbinom(n = 3000, size = 1, prob = 0.5))
df$y <- ifelse(df$g == O,

rnorm(n = 3000, mean = 100, sd = 2),

rnorm(n = 3000, mean = 100.4 - 0.4 * df$rand, sd
df$gldf$rand == 0] <- NA

2.5)) # psi = -0.4.

The last statement makes the subgroup unobserved in the control arm. Next,
we set up the three plug-in models:
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modS <- latent_glm(
formula = (g ~ 1),
family_name = "binomial",
link = "logit")

mod0 <- latent_linear(
formula = (y ~ 1))

modl <- latent_linear(
formula = (y ~ rand))

The subgroup model modsS is a logistic regression model with treatability
as response, whereas the outcome models are linear models. Since there are no
covariates, all model formulas are trivial, except for the outcome model of treat-
able patients, which depends on randomization. The analysis is then run by sim-
ply calling the main function of the package, passing data and plug-in models as
parameters:

res <- latent_main(
data = df,
modelS modS,
modelO = modO,
modell = modl)
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