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for every g € G.
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1. Introduction

Let A be a finite-dimensional algebra over an algebraically closed field k. The
Wedderbun-Malcev theorem [37,23] states that there is a maximal semisimple subalgebra
L of A, which is unique up to conjugation. Similarly, if G is a connected linear algebraic
group over k then G has a Borel subgroup B, and by the Borel-Mozorov theorem [6,28]
this subgroup is unique up to conjugation. Correspondingly, if k has characteristic zero,
any finite-dimensional semi-simple Lie algebra over k has a Borel subalgebra, which is
again unique up to inner automorphism [34, Ch. VI, Theorem 5].

An important representation-theoretic object associated to such a Lie algebra g is
category O, the highest weight category consisting of finitely generated g-modules which
admit additional finiteness conditions on the action of its Borel and Cartan subalge-
bras. Category O decomposes into blocks, and each of its blocks is equivalent to the
category of finite-dimensional modules over a quasi-hereditary algebra. Both the notion
of a highest weight category and the notion of a quasi-hereditary algebra are due to
Cline, Parshall and Scott [8]. In [17], K6nig introduced an analogon of Borel subalgebras
of finite-dimensional Lie algebras for quasi-hereditary algebras, so called exact Borel
subalgebras.

However, in contrast to the setting of finite-dimensional Lie algebras, both existence
and uniqueness fail in general [17, Example 2.3], even without the additional assump-
tion of regularity. Despite this, Kiillshammer, Konig and Ovsienko were able to show in
[18] that for any quasi-hereditary algebra (A, <4) there is a Morita equivalent quasi-
hereditary algebra (R, <g) with a regular exact Borel subalgebra (B, <pg). They were
even able to give a procedure to construct (R, <pg) and (B,<p) as well as the embed-
ding B — R, and to show that under this construction B is basic, i.e. every simple
B-module is one-dimensional. The definition of a Borel subalgebra as well as the exis-
tence result were subsequently generalized by Goto [14] to standardly stratified algebras
and by Bautista—Perez—Salmerén [2] to finite-dimensional algebras with strict homologi-
cal systems. However, in the former case, the corresponding theorem yields not a regular
exact Borel subalgebra, but a homological one.

Later, Kiilshammer and Miemietz established in [20] that the pair (B, R) is unique up
to isomorphism, that is, if (R’,<pg/) is another quasi-hereditary algebra Morita equiv-
alent to (A, <4) with basic regular exact Borel subalgebra B’ C R’, then there is an
isomorphism ¢ : R — R’ such that ¢(B) = B’. Independently, a result obtained by
Conde [9] implies the uniqueness up to isomorphism of R without requiring as much ad-
ditional theory. Nevertheless, it remained an open question whether, if R = R/, ¢ could
be chosen as an inner automorphism, that is, if B C R was unique up to conjugation.
The main aim of this article is to assert this by proving the following theorem:

Theorem (Theorem 7.2). Let A be a finite-dimensional algebra and let B, B’ be two
basic regular evact subalgebras of A with simple modules {LE,... L2} = Sim(B) and
{LB' ... LB} = Sim(B’) such that for every 1 < i < n we have
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Al = A@pLP 2 Awp LF.

Then there is an invertible element a € A such that aBa~' = B’.

Here, a regular exact subalgebra of an arbitrary finite-dimensional algebra is a natural
generalization of a regular exact Borel subalgebra of a quasi-hereditary algebra, proposed
by Kiilshammer in [19] under the name “bound quiver”. This term encompasses in par-
ticular regular exact Borel subalgebras of left /right standardly stratified algebras as well
as regular exact Borel subalgebras of finite-dimensional algebras with homological sys-
tems. It should be remarked, however, that the existence result by Goto [14] only yields
homological exact Borel subalgebras, for which we do not obtain a uniqueness result.
Additionally, note that in the case where the modules A; are the projective modules of
A, this theorem recovers the uniqueness statement of the Wedderburn—Malcev theorem.

The proof given here is inspired by the proof of the existence result in [18]. It makes
extensive use of A-infinity algebras as defined by Stasheff [35] and of the category of so-
called twisted modules over an A-infinity algebra. Twisted modules (or, more generally
complexes) over a dg-algebra/category go back to a definition by Bondal and Kapranov
[4], and were generalized by Lefévre-Hasegawa to twisted modules/complexes over an A-
infinity algebra/category [22]. As explained in [4] and [22], the homology H°(tw(A)) in
degree zero of the A-infinity category of twisted complexes over an A-infinity algebra A
can be interpreted as the full subcategory of the derived category generated by the regular
module under sums, summands, shifts and triangles, and the homology H°(twmod(A)) of
the category of twisted modules as the full subcategory of the derived category generated
by the regular module under sums, summands and extensions.

In the reconstruction theorem of Keller [16, 7.7], the A-infinity category of twisted
modules is used in order to reconstruct a basic finite-dimensional algebra B from the
A-infinity algebra Extp(L?, L?), where L? is the semisimple part of B. This is some-
what analogous to the reconstruction of a Koszul algebra B from its Yoneda algebra
Extj(LE, LP) in classical Koszul duality, see [3], whence it is sometimes referred to as
A-infinity Koszul duality.

Similarly to this, in [18], the A-infinity subalgebra

L @ Ext;%(A4, A%)
of the A-infinity algebra Ext* (A4, A4) is used to construct a regular exact Borel sub-
algebra B of A.
Thus, given two basic regular exact subalgebras B, B’ with simples Sim(B) =
{LP,...,LBY} and Sim(B’) = {LF',..., LB} such that
A? = AQ®p LZB = AQp LZ-B/,

the strategy of our proof is to construct an A-infinity isomorphism
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’ ’
h:Exth(LP, LP) — Exty (L7, L)
which makes the diagram

Ext (L5, LB)

Extly, (LB, LB

commute, where f and f’ are the A-infinity homomorphisms induced by the induction
functors; and then to use a version of Keller’s reconstruction theorem to see that this
induces an equivalence H : mod B — mod B’ and a diagram

mod B
W
F mod A (2)
A®B/ —
mod B’

which commutes up to natural isomorphism. By considering the endomorphism algebras
of the projective generators B, B’ and AQp B =2 A= A®p/ B’, this natural isomorphism
then gives rise to an a € A* such that aBa~' = B’. In the course of this proof, we
establish commutativity up to natural isomorphism of the diagram

mod B A9p— F(A)

w r

0 * HO(twmod(f)) 0 «
H°(twmod(Extz(Lp, Lp)) ———— H°(twmod(Ext (A4, A4))

In the final two sections, we give two additional applications of this commutative diagram,
both to quasi-hereditary algebras.

In the first application, we deduce a stronger version of our main theorem in the
quasi-hereditary case under the additional assumption that A is basic. More precisely,
we show that in this setting it suffices for one of the algebras B, B’ to be regular:

Theorem (Theorem 8.4). Let (A,<4) be a basic finite-dimensional quasi-hereditary al-
gebra, B be a reqular exact Borel subalgebra of A and B’ be an exact Borel subalgebra of
A. Then there is an a € A* such that aBa~! = B'.
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In particular, B’ is regular exact, which is a result that was proven independently
in a different way by Conde and Koénig, in a preprint that is yet to appear. Note also
that by [9, Theorem 5.2] a basic quasi-hereditary algebra (A, <,4) admits a regular exact
Borel subalgebra if and only if the radicals of the standard modules admit costandard
filtrations.

The second is an application to skew group algebras of quasi-hereditary algebras. If
A is a finite-dimensional algebra and G is a group acting on A via automorphisms, then
one can define the skew group algebra

AxG:=AkG

as a k-vector space together with the multiplication

(a®g)-(d®@g):=agld)® gy

Skew group algebras are a natural construction in representation theory, and have been
studied extensively e.g. in [31], [10], [27]. In previous work [30], we have considered the
setting where (A, <4) is a quasi-hereditary algebra and G is a finite group such that
char(k) does not divide |G|, acting on A via automorphisms. Under a natural compati-
bility condition of <4 with this action, see [30, Definition 3.1], we have established that
there is an induced partial order <4, on the simple modules of the skew group algebra
Ax G such that (A*G, < a.q) is quasi-hereditary. Moreover, if B is a regular exact Borel
subalgebra of (A, <4) such g(B) = B for all g € G, then B * G is a regular exact Borel
subalgebra of (A x G, <a.q).

Since [18] provides an existence result for regular exact Borel subalgebras, this nat-
urally raises the question whether, in the above setting, this can be extended to an
existence result of regular exact Borel subalgebras invariant as a set under the group
action. We answer this question in the affirmative by proving the following theorem:

Theorem (Theorem 9.20). Let (A,<4) be a quasi-hereditary algebra and G be a fi-
nite group such that char(k) does not divide |G|, acting on A via automorphisms such
that <4 1is compatible with this action as in [30]. Then there is a Morita equivalent
quasi-hereditary algebra (R, <pR) with a G-action such that R has a regular exact Borel
subalgebra B with g(B) = B for all g € B and such that the Morita equivalence

F:modA — modR
is G-equivariant.

The structure of the article is as follows: In Section 2, we introduce our notation, and
in Section 3 we give an introduction to quasi-hereditary algebras and their exact Borel
subalgebras. In Section 4 we recall twisted modules for dg-algebras, as well as the functor
twmod assigning to a dg algebra the dg-category of twisted modules. We also recall
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an equivalence due to Bondal and Kapranov [5] between H°(twmody End (P (L?)))
and mod B, where P'(L?) is a projective resolution of B, and establish a commutative
diagram

HO(twmod (End 5 (P (LB)) -9 10 ((mod (End 4 (A @ P (LP))

J 1 "

mod B A F(AA)

where g : Endg(P (L?)) — Enda(A ® P (LB)), ¢ — ida ®¢.

In Section 5, we recall (strictly unital) A-infinity algebras and categories. Following
[22], we give the definition twisted modules over an A-infinity algebra and the exten-
sion of the functor twmod to the A-infinity setting, both due to Leféevre-Hasegawa [22].
Moreover, we recall from [33, Lemma 3.25] that if f is a quasi-isomorphism of A-infinity
algebras, then H°(twmod(f)) is an equivalence. Thus we obtain a commutative diagram
as in Diagram (3), where the vertical arrows are equivalences.

In Section 6, we discuss truncation for augmented A-infinity algebras and use this
to construct the A-infinity isomorphism in Diagram (1). In Section 7, we synthesize the
previous sections to prove the main result, Theorem 7.2.

In Section 8, we give an alternative proof of a slightly stronger version, Theorem 8.4, of
our result in the case that A is basic. This theorem also follows from a result announced
by Conde and Koénig in conjunction with our main theorem. Additionally, a stronger
version of this theorem was claimed in [38]; however, in the proof given therein, some
statements are problematic, see 8.3.

In Section 9, we prove our application, Theorem 9.20, concerning the existence of
G-invariant regular exact Borel subalgebras for quasi-hereditary algebras with a group
action.

2. Notation

Throughout, let k be an algebraically closed field, and let L = k™. All algebras are
supposed to be finite-dimensional algebras over k and all modules are supposed to be
finite-dimensional left modules. If A is an algebra, we denote by Sim(A) a set of repre-
sentatives of the isomorphism classes of the simple A-modules.

For any A-module M we denote by P(M) a projective cover of M. For any collection
M = (M;);c1 of indecomposable A-modules we denote by F(M) the full subcategory of
mod A consisting of modules which admit a filtration by M;, ¢ € I; that is, N € F(M)
if and only if there is a chain

of A-submodules of N such that for all 1 < j < m there is ¢ = 4; € I such that
N]/N]—l = i
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For X € modL ® L°? we denote by DX the L-L-bimodule given by the k-dual
D X := Homy (X, k).

We denote by mod? L the category of degree-wise finite-dimensional Z-graded L-
modules and by mod? L @ L°P the category of degree-wise finite-dimensional Z-graded
L-L-bimodules. For X = @, .z X, € mod” L or X = @, .7 X € mod” L ® L° and
x € X, we denote by |z| := n the degree of x. Moreover, we denote by sX the (positive
degree) shift of X, i.e. X = sX as a non-graded L-module resp. L-L-bimodule and for
z € X homogeneous, we have

|sz| = |z| + 1.

Finally, for X = @, .5 X € mod? L L°P we equip the L-L bimodule D X with a
Z-grading via

(DX),=DX_,.
3. Preliminaries

In this section, we give an overview of our main motivation, the study of quasi-
hereditary algebras and their exact Borel subalgebras, as well as of the generalized setting
in which Theorem 7.2 is given. For an introduction to quasi-hereditary algebras see for
example [11].

The data of a quasi-hereditary algebra consists of a finite-dimensional algebra A to-
gether with a partial order <4 on Sim(A). Given such a partial order, one can define
the so-called standard modules A(L):

Definition 3.1. Let A be a finite-dimensional algebra and <4 be a partial order on
Sim(A). Then for every L € Sim(A) we define

A(L) := P(L)/ > im(f).

L'£AL,fcHoma(Py/,PL)

A(L) is called the standard module associated to L with respect to the partial order <4.
We denote by A := (A(L))Lesim(a) the collection of standard modules.

In general, different partial orders may give rise to the same set of standard modules.
In this case, they are called equivalent. Moreover, a Morita equivalence of pairs (A, <4),
(R, <g) is defined as an equivalence

F :mod A — modR

such that for every L € Sim(A)
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A pair (A, <) is called quasi-hereditary if the following hold:

(1) Enda(A(L)) 2k for all L € Sim(A).
(2) A€ F(A).

Prominent examples include Schur algebras, algebras underlying blocks of Bernstein-
Gelfand-Gelfand category O and algebras of global dimension less than or equal to two.
A particularly easy example is the case where A = k@Q/I for some quiver @) without
oriented cycles, and the partial order of A is given by

L <4 L & thereisapathp:er — ep in Q.

In this case Ay & L for every L € Sim(A), so that F(A) = mod A and End4(A(L)) = k
by Schur’s lemma. In general, any quasi-hereditary algebra (A, <4) with simple standard
modules is Morita equivalent to a pair (kQ/I,<) as described above. Such quasi-
hereditary algebras are called directed.

If (A, <,) is a quasi-hereditary algebra, then the Dlab-Ringel Reconstruction Theorem
shows that (A4, <4) is up to Morita equivalence already determined by the category F(A):

Theorem 3.2 ([11, Theorem 2]). Let (A,<4) and (R,<gr) be quasi-hereditary algebras.
Suppose there is an equivalence

F:F(A?Y) = F(AR).
Then F' extends to an equivalence
F :mod A — mod R.

Hence the subcategory F(A) is of particular interest in studying (A,<4). In [17],
Konig defined the concept of an exact Borel subalgebra of a quasi-hereditary algebra:

Definition 3.3. Let (A4, <4) be a finite-dimensional algebra. A subalgebra B is called an
exact Borel subalgebra if

(1) The induction functor
A®p—:modB — modA

is exact.
(2) There is a bijection ¢ : Sim(B) — Sim(A) such that for all L € Sim(B) we have

A®p L= A(¢(L)).
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(3) (B, <p) is directed with respect to the partial order
L<pL = ¢(L) <a (L)

One often considers exact Borel subalgebras with additional properties, see [7, Defi-
nition 3.4] and [17, p. 405]:

Definition 3.4.

(1) An exact Borel subalgebra B of a quasi-hereditary algebra (A, <,4) is called normal
if the embedding ¢ : B — A has a splitting as a right B-module homomorphism
whose kernel is a right ideal in A.

(2) An exact Borel subalgebra B of a quasi-hereditary algebra (A, <,) is called regular
if it is normal and for every n > 1 the maps

Exty(LP, LP) = Ext} (A%, A%), [f] — [ida @5 f]

~

are isomorphisms, where LB = @LBGSim(B) Lf and A4 = A®p LP =
EBL;‘GSim(A) A(LY).

(3) An exact Borel subalgebra B of a quasi-hereditary algebra (A, <4) is called strong
if it contains a maximal semisimple subalgebra of A.

In particular, regular is a useful condition in order to transfer homological data from
mod B to F(A) and the other way around. Additionally, regular exact Borel subalgebras
are of particular interest since the exact Borel subalgebras constructed in [18] are regular.

While quasi-hereditary algebras and their regular exact Borel subalgebras are the
main motivation for this article, it was observed in [19] that there is a natural gener-
alization of this to arbitrary finite-dimensional algebras, and our results are formulated
in this setting. Note that this definition also encompasses regular exact Borel subalge-
bras of standardly stratified algebras and of finite-dimensional algebras with homological
systems as defined by Goto [14] and Bautista—Perez—Salmero6n [2], respectively.

Definition 3.5. Let A be a finite-dimensional algebra and (M;);cr a collection of A-
modules. Then a bound quiver for F(M) is a subalgebra B of A such that

(1) The induction functor
A®p —:modB — mod A

is exact.

(2) There is a bijection ¢ : Sim(B) — I such that for all L € Sim(B) we have

A®B L= M(;S(L)
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(3) The ring extension A : B is regular in the sense of Definition 3.4, replacing A# by
Moiy-

We call a bound quiver B C A for some F(M) a regular exact subalgebra.

Thus, if (4,<4) is a quasi-hereditary algebra with regular exact Borel subalgebra
B, then B is a bound quiver for F(A4). Note that in Definition 3.5 there is no cri-
terion corresponding to the directedness of B. However, its was shown in [19, p. 18]
that any basic regular exact subalgebra B of a quasi-hereditary algebra A such that
A®p B/rad(B) = Drcgim(a) A(L)# is a regular exact Borel subalgebra. As was al-
ready observed by Koénig in [17, Example 2.2], this does not hold if one doesn’t require
regularity. However, in the definition of a strong exact Borel subalgebra [17, p. 405],
Konig also notes that, if A is basic, then again the directedness follows from the other
two criteria. This relates to our result 8.4. We expect the following lemma to be well-
known, but could not find a reference, so that we provide a proof:

Lemma 3.6. Let (A, <) be a finite-dimensional quasi-hereditary algebra and B be a
strong regular exact Borel subalgebra of A. Then Arad(B) C rad(A).

Proof. Let e1,...,e, be a set of principle indecomposable orthogonal idempotents in
B. Then since B is strong, they are also a set of principle indecomposable orthogonal
idempotents in A. Let « € ejrad(B)e; for some 1 < 4,5 < n. Then since B is directed,
i < j. In particular i # j, so that ejAe; C rad(A). Hence z € e;rad(B)e; C e;Ae; C
rad(4). O

Using this, we can conclude the following result:

Lemma 3.7. Let (A, <4) be a basic directed quasi-hereditary algebra, and B C A be an
exact Borel subalgebra. Then B = A.

Proof. Note that since A is basic, B is a strong exact Borel subalgebra, so that rad(B) C
rad(A). Moreover, by assumption

A/rad(A)= P L= @ AN
LeSim(A) LeSim(A)
~ P AwpL=Aep(B/rad(B))= A/Arad(B).

LeSim(B)

Thus rad(A) = Arad(B). Let Lg be a maximal semisimple subalgebra of B. Then by
assumption it is a maximal semisimple subalgebra of A, so that A = L @ rad(A) and
thus

rad(A4) = Arad(B) = (Lp @ rad(A))rad(B) = Lgrad(B) + rad(A) rad(B)
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= rad(B) + rad(A) rad(B),

so that by Nakayama’s lemma, applied to the right B-module rad(A), we obtain rad(B) =
rad(A). Hence

A=Lgdrad(A)=Lg®rad(B)=B. O
4. Twisted modules over dg-algebras

In this section, we recall the definition of twisted modules over a dg-algebra due to
Bondal and Kapranov [5] and establish the commutativity of the diagram

mod B A9p - F(AA)

w w

HO(twmod, (End’ (P (LB)) ™M) 1o (twimod  (End’ (P (L))

For more on dg-algebras, categories and twisted modules, see also [12]. Let us first recall
the definition of a dg-algebra:

Definition 4.1. A dg-algebra A = (A, d) is a graded associative, not necessarily unital,
algebra A = @, .7 An together with a k-linear map d : A — A which is homogeneous
of degree 1 such that for alla € A,,,b€ A

d(ab) = d(a)b+ (—=1)"d(b).
A dg-algebra homomorphism
fiA=(A,d) - A =(A",d)

is an algebra homomorphism f : A — A’ homogeneous of degree zero such that do f =
f od. Composition is the composition of maps.

We call a dg-algebra A unital over L if there is a dg-algebra homomorphism iy, : L —
A, where the differential on L is trivial. We call a homomorphism

f : (AaiL) — (A,aZ/L)

of dg-algebras, which are unital over L, unital over L, if foi; =1.

Let A = (A,d, 1) be a dg-algebra unital over L. Then a dg-module over A is a pair
(M, dpy) consisting of a graded A-module such that ¢, (1) -m = m for all m € M and a
homorphism dy; : M — M of L-modules, which is homogeneous of degree 1, such that
for all m € M and all homogeneous elements a € A,, of degree n we have

dy(am) = d(a)m + (—1)"adp (m).
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Remark 4.2.

(1)

(3)
(4)

Let R be a unital associative algebra. We can view R as a dg-algebra unital over
k which is concentrated in degree zero. Let X = ((X,)n,d) be dg-module over
R. Then Endx(X) = @, .z End(X) obtains the structure of a dg-algebra with
multiplication given by composition and differential given by

dEndg(X)(f) i=dof—(-1)"fod

for every f € EndRi(X). Moreover, if T : mod R — mod R is a functor, then T
induces a dg- algebra homomorphism

where T(X) = (T(Xn))n, T'(d)).

Suppose My, ..., M, are modules in mod R for some finite-dimensional algebra R.
For 1 <i < nlet P'(M;) be a projective resolution of M;, let M := &,_,. M; and
let P(M) =, P (M;). Denote by €; the i-th unit vector in L =k". Then

ir : L — EndR (P (M)),e; = idp-(ar,)

makes Endy (P (M)) unital over L. Moreover, if T : mod R — mod R’ is a functor,
then

Tgnas, (P (m)) © iz + L — Endp (T'(P(M)))

makes Endp, (T(P'(M))) unital over L in such a way that Tgnax(p-(a)) i unital
over L.

If A is unital over L then it canonically obtains the structure of an L-L-bimodule
via restriction.

If X is a left R-module and Y a left R’-module, then Homy (X, Y") has the canonical
structure of an R’-R-bimodule. In particular, if R = R’ = L, then Homy(X,Y") has
in this way the structure of an L-L-bimodule. Since L is commutative, there are
other ways to associate a bimodule structure, but we always consider this one.

Lemma 4.3. Let A be a dg-algebra. Then its homology H*(A) (with respect to its differ-
ential d) obtains the structure of an associative (not necessarily unital) algebra via

(a+im(d)) - (b+ im(d)) = ab+ im(d).

Moreover, H* defines a functor from dg-algebras to (not necessarily unital) associative

graded algebras. Similarly, H° defines a functor from dg-algebras to (not necessarily

unital) associative algebras.
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Definition 4.4. A dg-algebra homomorphism f : A — A’ is called a quasi-isomorphism if
H*(f): H*(A) — H*(A) is an isomorphism of associative algebras.

In order to define the category of twisted modules, we need to define the additive
enlargement of a dg-algebra A. This essentially turns our dg-algebra into a dg-category,
in the same way that the projective modules add A form a category for an associative
algebra A, where L takes the place of a maximal semisimple subalgebra of A. First, we
recall the definition of a dg-category:

Definition 4.5. A dg-category A over k is a collection of objects and for all objects
X,Y € A, agraded k-vector space A(X,Y) = (A(X,Y ), )nez together with a differential

dA(X7y) : A(X, Y) — .A(X, Y)
of degree one, as well as for all objects X, Y, Z a composition map
o AY, Z) o A(X)Y) —» A(X, Z)
of degree zero, such that o is associative and for all f € A(Y, Z),, g € A(X,Y)
dax,z)(fog) =daw,z)(f)og+ (=1)"fodaxy(9)
A dg-category is called unital if for every object X there is idx € A(X, X)o such that
da(x,x)(dx) = 0 and for all objects Y and all f € A(Y,X), g € A(X,Y) we have
idxyof = f and goidx = g. A dg-functor F' : A — B between two dg-categories is an
assignment F' from the objects of A to the objects of B and for any two objects X, Y in
A a linear map

Fxy 1 AX,)Y)— B(F(X),F(Y))

homogeneous of degree zero fulfilling Fx)y o d a(x,v) = dp(r(x),r(v)) © Fx,v, such that
forany f € A(X,Y)and g€ Y, Z

Fx z(go f) = Fy,z(g) o Fxy(f)

If A and B are unital dg-categories, then F' is called unital if F(idx) = idpx) for all
objects X in A.

Definition 4.6. Let A be a unital dg-category. Then its homology H*(.A) is the (Z-graded)
category with objects being the objects of A, morphism spaces

HY(A)(X,Y) = H*(A(X,Y))
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and composition induced by the composition in A. A unital dg-functor F': A — A’ gives
rise to a functor

H*(F): H*(A) — H*(A'),
X s F(X), f +im(d) — F(f) + im(d).

In this way, H* becomes a functor from unital dg-categories to (Z-graded) categories.
Similarly, H° becomes a functor from unital dg-categories to categories.

Definition 4.7. A unital dg-functor F' is called a quasi-equivalence if H*(F') is an equiv-
alence of categories.

Definition 4.8. Let A = (A, d*,i1) be a dg-algebra unital over L. Then add(A) is the
unital dg-category whose objects are L-modules, whose homomorphisms are given by

add(A)(X,Y) = AQLgre Homy(X,Y),
with grading induced by the grading of A, whose composition is given by
(a1 ® g1) o (a2 ® g2) = a1a2 ® (g1 © g2)
and whose differential is given by
d* " (a® g) = d*(a) ® g.
Its units are given by
idy =1, ®idx € A®prgrer Endy(X).

Definition 4.9. If f : A — A’ is a dg-algebra homomorphism unital over L, then there is
an induced unital dg-functor

add(f) : add(A) — add(A"), X — X,a®@ g+ f(a) ®g.
This gives rise to a functor add from dg-algebras unital over L to unital dg-categories.
Definition 4.10. Let @ be an L-L-bimodule and X be a left L-module. Then an element

w € Q @rgrer Endy(X) is called triangular, if there is a presentation w = >"1", ¢; ® f;
and an N € N such that for all i1,...,iy € {1,...m} we have

fiNo"'ofilzo'
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Lemma 4.11. Let R be an algebra, (M;)}_, be a set of R-modules. Let M := @;_, M;
and A :=Endg(P (M)). Moreover, let X be an L-module and wx € (A @ Endk(X));.
Then wx s triangular if and only if there is a sequence of submodules

0)=XoCX;C---CXy=X
such that wx (P (M) ®p X;) C P (M)®p X;—1 for L <i<N.

Proof. Suppose wy is triangular. Let w = > | ¢;® f; be a presentation of w and N € N
such that for all ¢1,...,ixy € {1,...m} we have

fiNo...ofh:O.

For 0 <3 < N let

N
Xio= Y > im(fio--0fy) CX
I=N—i1<iy,...,iir<m
Then by definition X; C X,11. Moreover, Xg = (0), Xy = X and for 1 < i < N,
1 <j <m we have f;(X;) C X;_1. Hence wx (P (M) ®r X;) C P (M) ®r Xit1.
On the other hand, suppose there is a sequence of submodules

such that wx (P (M) ®r X;) € P"(M) ®r X;—1 for 1 <i < N. Since L is semisimple,
we can find a complement Y; for X;_; in X; for every 1 < ¢ < N. Then we have
X; = @;:1 Y; for all 1 < i < N. In particular, X = @;Vzl Y;. Denote by 7y, : X = Y;
the canonical projection and by ¢y, : Y; — X the canonical embedding. For 1 <7 < j let
wij := (idp-(ar) ®L7y; ) o wx o (idp-(ar) @Lty; ). Then, since

i—1
wx (P(M)@LYi) Cwx (P (M) @ X;) € P(M)&p X1 = P (M) oL Y;,

we have w;; = 01if ¢ < j.

Thus
N N i—1
wx = E W5 = E E Wij -
i,7=1 i=1 j=1

Let us write wx =Y 1, a, @ f, for a, € Endg(P (M)) and f, € Homy (X, X). Then
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N i—1 N i—1
wx = Zzwij = ZZ(ldp(M) ®L7Tyj) oCwx © (ldp(M) ®LLY7;)
i=1 j=1 i=1 j=1
N i—-1 m
=> D> (dp o ®rmy;) o (ar ® fr) o (idp (ar) Ortv;)
i=1 j=1r=1
1—1 m
:Z Zar(@(ﬂyjofrou/i).
i=1 j=1 r=1
Moreover, for all K e N, 1 < rq,...,rg <m, 1 <i4y,...,ix,J1--.-Jk < N, the compo-
sition
(Tyjxc © fric O bys, ) o (Ty;, O frie s otys, ) 0 (Tyjy 0 fry 0ty,)
can be non-zero only if jx < ix = jr-1 < k-1 = Jr—2 < - < i3 = j1 < i1. In

particular, this is possible only if jx < 1; — K < N — K. Hence, setting K = N, we
obtain that

(WYJN ° fTNLYiN) ° (ﬂ-YjN—1 ° fTN—lL}/iNfl) 0 (7Tyj1 ° fTILYil) =0
forall 1 <rq,...,rx <m, 1 <idy,...,iNn,j1...J8 < N. O
We can now give the definition of twisted modules over a dg-algebra.

Definition 4.12. [4, Definition 1] Let A = (A, d 4,i1,) be a dg-algebra unital over L. Then
a twisted module over A is a pair consisting of an L-module X together with an element
wx € A1 ®rgrer Endg(X) = add(A)(X, X); such that wy is triangular and fulfils the
Maurer—Cartan equation

dadd(A)(wX) +wyx owx = 0.

The category twmody (A) is the unital dg-category whose objects are twisted modules
over A, whose homomorphisms are given by

twmod (A) (X, wx), (Y, wy)) = add(A)(X,Y)
with the same grading, and whose differential is given by
dtwmod(A)((X,wx),(Y’wy))(f) — dadd(A)(f) +wy o f— (fl)lflf owy.
Its units are the same as in add(A).

The following can be found in [22, Section 7.2., p. 166] for twisted complexes over
A-infinity algebras, which generalize twisted modules over dg-algebras.
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Definition 4.13. Let f : A — A’ be a dg-algebra homomorphism unital over L. Then
there is an induced unital dg-functor

twmod(f) : twmod(A) — twmod(A’),
(X, wx) = (X, add(f)(wx)), g = add(f)(9g).

This gives rise to a functor twmod from dg-algebras unital over L to unital dg-categories.

The following equivalence F(M) = H®(twmod, (End(P (M)))) for M = @;_, M, and
L = k" can be obtained from [5, Section 4, Theorem 1] specializing E; := P (M;) in £ :=
C(A), and then restricting this to the full subcategories generated by (L1,0),. .., (Ly,0)
resp. F1,..., E, via cones (but not shifts).

We give a proof, in order to illustrate that in this special case, this statement follows
directly from the horseshoe lemma. However, readers familiar with this material might
want to skip it.

Theorem 4.14. Let R be an algebra, (Mj);?zl be a set of R-modules. Then there is an
equivalence

Cyr : H(twmodf,(End(P (M)))) — F(M)
given by
(X, w) = H(P(M) ®L X,dp (v @ idx +w), [f] = H(f);

we identify End’y (P (M)) @ Lerer Homy(X,Y) with Hom’ (P (M) @ X, P (M) ®.Y)
via

(f@glexr) = f(a)®g(z).

Note that the Koszul sign rule does not give rise to a sign here, since X is ungraded and
thus g is viewed as being of degree zero.

Proof. First, let us show that C'; is well-defined.
Let (X, w) be an object in H°(twmod(End’ (P (M)))). Then X is an L-module and

w € Endy (P (M)) ®@pgrer Endp(X) = End) (P (M) @1, X).
Since w fulfils the Maurer—Cartan equation,

0 = (dgndy (P (M) @ idEnd, (x)) (W) +wow
= (dp-(my ®idx) ow — (=)wo (dp-(v) ®idx) +wow
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= (dp-(M) ®idx +w) o (dp-(M) ® idx +w).

Thus, dp (y) ® idx +w is a differential on P'(M) ®r X. Moreover, by triangularity of
w there is a sequence

0)=XoCX;C--CX, =X

of L-submodules of X such that w(P (M) ® X;) C P (M) ® X;_; for every 1 < i < n.
In particular,

(dp- () ®idx +w) (P (M) ® X;) € P (M) ® X;_1,

so that as a complex of A-modules, (P (M) ® X,dp (pr) ® idx +w) has a series of sub-
complexes

(0) = (P(M) ®X0adP'(M) ® idx, +’LU|p-(M)®X0) c... (6)
- (P(M) ®XvnydP'(M) ®ian +1U|p~(M)®Xn) = (P(M) ®X7dP'(M) ® idx —|—w)’
(7)

such that on every factor complex P'(M)®(X;/X;_1) the differential is given by dp- (1) ®
idx,/x,_,- Exactness of P'(M) thus implies that

H*(P'(M) @ (X;/X;-1),dp (ar) @idx,/x,_,) =0

for every 1 < j <n, k # 0. Moreover, (P'(M) ® X;,dp (ar) ® idx, +w|p-(m)px,)) has a
filtration by the complexes (P (M) ® (X;/X;-1),dp () ®idx,/x,_,), 1 < j < n. Since
short exact sequences of complexes give rise to long exact sequences in homology, this
implies that

Hk(P(M) ®Xi,dp-(M) ® idx, +w|p-(M)®Xi) =0

for every 1 <i <n, k # 0. Thus (P (M)®X;,dp-(m)®idx, +w|p-(m)ex,) is a projective
resolution of its degree zero homology H(P'(M) ® X;,dp-(n) ® idx, +w|p-(anex;) for
every 1 <1 < n.

In particular, applying H° to the chain of subcomplexes (6), we obtain a chain of
A-submodules

(0) = HO(P(M) ®X0,dp-(M) ® idx, +w‘pv(M)®X0) c...
C H(P' (M) ® X,,dp-(ar) ®1idx, +w)p-(anex,) = H (P (M) ® X,dp (v ® idy +w),

of HO((P'(M) ® X, dp-(my @ idx 4+w)), such that the factor modules are isomorphic to
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HO(P' (M) @ (X;/Xi-1),dp-(a) ®idx,/x,_,) = M @1 (Xi/X1),
i.e. to a direct sum of M;. Thus
H((P' (M) ® X,dp-(ar) ® idx +w)) € F(M).

This implies that Cys is well-defined. Since twmod(End’ (P (M))))((X,w), (X', w")) is
the complex

twmod(Bndt (P(M)))((X, ), (X', ) = By (P (M) @500 Homy (X, X)
= Homy (P"(M) @1 X, P (M) ®r X')

with differential

F = dgnas (P (wy) © Wiomy (x,x1) (f) + fow = (=1)Vlw' o f

its homology H°(twmod(End’ (P (M))))((X,w), (X', w"))) is exactly
Hom 4 (H*(P' (M) @1 X, dp-(ay @ idx +w), H'(P' (M) @1 X', dp-(y) ® idxs +w')),

so that C}y is fully faithful.

It remains to be shown that it is dense. Clearly, M; is in the essential image of
Cp as it is isomorphic to Ca((L;,0)). Hence it suffices to show that the essential
image is closed under extensions. So suppose (X',w’) and (X" ,w"”) are objects in
H°(twmod(End’ (P (M)))) and we have an exact sequence

(0) = H°(P'(M) ®1 X', dp-(ar) ® idxs +w'))
=Y = H(P(M)®r X", dp-(ar) ® idxr +w”) — (0).
Since (P (M) ®r, X’,dp-(M) ® idxs +w') and (P'(M) ®L X”,dp-(M) ® idx» +w’)
are projective resolutions of H((P (M) ®p, X', dp-(my ® idx: +w')) and, respectively,

HO(P(M) @ X", dp-(m) @ idx» +w), the horseshoe lemma implies that there is a
projective resolution of Y given by P'(M) ®1 X' & P (M) ®r, X" with differential

. dp«(M)(X)idX/ 0

/ 1
+ (u(; 15//) s

where w"”’ € Homp(P (M)®, X", P'(M)®.X") = Endk (P (M)) @ g e Homy (X", X).
As a complex of R-modules, this is isomorphic to P'(M) ®p, (X' ® X") with differential

dp-(M) ®idx +w’ w'’
0 dp(M) ®idxr» +w"

/ "
dp (v ® idxrgx +w where w = (u(; 15},,).
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Since dp (v ® idxrgxs +w is a differential, w € Endp(P (M) @ (X' & X)) =
Endk (P (M)) @pgrer Endy (X’ @ X") fulfils the Maurer-Cartan equation. Finally, if

(0)=X)C e C X=X
and
(0)= Xy € C XJ = X0,
are filtrations of X’ and X" as L-modules such that
W/ (P(M) 05, X)) € P'(M) @y XL,
and
w"(P (M) @ X') € P/(M)®r X",
then

0)=Xo=X,C- CXp=X,=X'=X & X/
an-‘rl :X,@X{/gan-i-m ::X/@X;{L:XI@XN

is a filtration of X := X’ ® X" as an L-module, and since
0w p
(5 ) ronex)-o
and
0 w///
< ) (P(M)® X") C P'(M)® X/,
we have

w0 X = (1§ ) (P00 91 XD = ! (P (0) 91, XD € P 1 XL,

for 0 <i<n and

n

Wl ()9 X = (1§ ) (P00 91 (X 6 XD)

n

cu'ran e x)+ ()

) (P (M) @ X") + (P (M) ® XV
CP(M)®, X' +P (M), X' +P(M)or X/,

=P (M)oL (X' + X)) =P (M)® Xp1i



A. Rodriguez Rasmussen / Advances in Mathematics 461 (2025) 110049 21

for 1 < i < m. Hence w(P (M) ® X;) C P (M) ®1 X;_1, so that w is triangular.
Therefore, (X, w) € H°(twmod(End’y (P (M)))) and Y = Cp(X,w). O

The following lemma shows that the equivalence above commutes with an exact func-
tor T' that preserves projectives, a statement which we could not find in the literature,
although we expect this to be generally known.

Lemma 4.15. Let R, R’ be algebras and let (Mj)?:1 be a set of R-modules. Suppose T :
mod R — mod R’ is an exact functor, preserving projectives. Then we obtain a diagram

F(M) - F(T(M))
CMT CT(M)T
HO (twmod (End’y (P (M)))) HO (twmod(End’, (T(P (M)))))

Ho(tmed(TEnd}}(P' ())))

that commutes up to natural isomorphism o : ToCyr — CppryoT given by the canonical
isomorphisms

ax : T(H'(P'(M)®X,dp (v ®idx +w)) = HY(T(P(M) ® X), T(dp- () @ idx +w)).
Proof. Let

f € H°(twmod, (End (P (M) (X, wx), (Y, wy))
= H%(End}(P (M) ®@rgrer Endi(X,Y))).

Wiite f = [X7L, h; @ f;| for by € Endj(P'(M)) and f; € Ende(X,Y). Then by

definition Cy(f) is just the image of f under the canonical isomorphism

H°(Endyx (P (M)) @1grer Endi(X,Y)) — H(Homx (P (M) @ X, P (M) ®LY)
— Homg(H(P' (M) ®1, X, P (M)®,Y)).

More concretely,

i hj@ fi| - HY(P'(M) & X) — HY (P (M)®.Y),

Sopiexi| e DD hip) @ filz) | = [ D b @ f (sz@xi)
i=1 ] i—14 ; i=1



22 A. Rodriguez Rasmussen / Advances in Mathematics 461 (2025) 110049

Hence, T(Cp(f)) =T ({Z;nzl h; ® fj]) On the other hand,

m

Ho(tmedL(TEndE(p-(M))))(f) = Ho(tmedL(TEndE(p(M))) Z hj ® fj

= | twmod (Tgaas,p-(ar))) (h; ® f;)
=1

m

= [>Ty e

j=1

Moreover, since T is additive and maps M; to T(M;), we have

m m

N T(h) @ f; = ZT 5 ®fi) = Zh ® f;

and thus

Cron (H (twmod  (Tgnas, (- (a))) (f) = | T Zhj ® f;

Therefore, we have a commutative diagram

T(H°(P(M)®L X)) —— H(T(P" (M) @, X))
J/TOCM(f) lCT(JVI)OHO(tmedL(TEndE(P'(A{))))(f) a

T(HY(P(M)®LY)) === HYT(P(M)©LY))
5. Twisted modules over a-infinity algebras

In this section, we give the generalization of the construction of twisted modules from
the previous section to A-infinity algebras, and recall that quasi-isomorphisms of A-
infinity algebras give rise to equivalences of H°(twmod). Thus we obtain a commutative
diagram where the vertical arrows are equivalences. This section is largely based on [22],
and we follow their sign conventions.

5.1. A-infinity algebras

Definition 5.1. An A-infinity algebra is a graded vector space A = @, .z An together
with k-linear maps
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my : A®" — A
of degree 2 — n for every n € N such that

S D) (17 @ m, © 194 = 0.
r+s+t=n

An A-infinity homomorphism f : A — A’ is a family (f,,), of k-linear maps
fnt APE™ 5 A
of degree 1 — n such that

Z (_1)T5+tfr+t+1(1®r ® M ® 1®t)
r4+s+t=n

= Z (_1)2521(1—1'1)2;/:1 jl/mk(fjl R ® fjk)

Jit-+ik=n

An A-infinity homomorphism f is called strict if f,, = 0 for n # 1. Suppose g = (gn)n :
A=A, f=(fa)n: A — A” are A-infinity homomorphisms. Then their composition
f o g is defined as

k o 1 -
(fog)n = Z (_1)Zl=1(1 DTN fk(gjl ®®g]k)
Jit+ik=n

This is again an A-infinity homomorphism, and composition is associative, so that we
obtain a category; the category of A-infinity algebras.

Remark 5.2. Note that a dg-algebra A with differential d and multiplication m is an
A-infinity algebra via m; = d, mo = m, m, = 0 for n > 2, and that dg-algebra
homomorphisms are strict A-infinity homomorphisms. Moreover, composition of two
strict A-infinity homomorphisms f = f;, g = g1 is the strict A-infinity homomorphism
fog= fiogi. Hence the category of dg-algebras and dg-algebra homomorphisms is a
(non-full) subcategory of the category of A-infinity algebras.

Lemma 5.3. (see for example [2/, Proposition 11]) An A-infinity homomorphism f =
(fn)n + A — A’ is invertible if and only if f1 is invertible as a k-linear map.

Definition 5.4. Let A be an A-infinity algebra. Then its homology H*(A) (with respect
to the differential m{') obtains the structure of a graded associative (not necessarily
unital) algebra via

(a +im(mq)) - (b+im(mq)) = ma(a, b) + im(mq).
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Moreover, H* defines a functor from A-infinity algebras to (not necessarily unital) asso-
ciative graded algebras.

An A-infinity homomorphism f = (f,), is called an A-infinity quasi-isomorphism if
H*(f1) is an isomorphism of graded vector spaces. Similarly, H® defines a functor from
A-infinity algebras to (not necessarily unital) associative algebras.

The following theorem is known as Kadeishvili’s theorem, or alternatively, as the
homological perturbation lemma, and is an important statement in the study of A-
infinity algebras.

Theorem 5.5 ([15, Theorem 1], see also [26, Theorem 3.4]). Let A be an A-infinity al-
gebra. Then H*(A) obtains the structure of an A-infinity algebra such that there is a
quasi-isomorphism [ = (fn)n + H*(A) — A with H*(f1) = idg«(a). Moreover, this
structure is unique up to A-infinity isomorphism.

Definition 5.6. An A-infinity algebra strictly unital over L is an A-infinity algebra A
together with a strict A-infinity homomorphism L — A such that for all z1,...2, € A
with z; € L for some j, we have

mp(r1 @ - @x,) =0
unless n = 2, and
me(z @ 1) =ma(lp@z) ==z

for x € A, where we identify L with its image in A.
An A-infinity homomorphism f : A — A’ between two A-infinity algebras which are
strictly unital over L is called strictly unital over L if the diagram

A— T

N

comimutes.

Remark 5.7. Note that if A is strictly unital over L, then for all y € L, z1,...,2, € A
it follows from the A-infinity equation that

Mp (21 Q- @Mma(T; QY) @ Tip1 ® -+ QTp)
=mp(21 Q@ @z, @MYy @ Tit1) ® - ® xy).

Thus, A-infinity algebras strictly unital over L are in one-to-one correspondence with
strictly unital A-infinity algebras in the monoidal category of L-L-bimodules. Since this is
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a semisimple monoidal category, [22, Proposition 3.2.4.1] implies that Theorem 5.5 holds
analogously in the category of A-infinity algebras strictly unital over L, and moreover, by
[22, Lemma 3.2.4.5], the given quasi-equivalence has a quasi-inverse that is strictly unital
over L. Additionally, by Lemma [22, Lemma 3.2.4.6], Lemma 5.3 also holds analogously
in the category of A-infinity algebras strictly unital over L.

All A-infinity algebras we consider are strictly unital over L; note that the embedding
L — A is part of the data. We denote by A-oor, the category of strictly unital A-infinity
algebras over L, whose morphism is the A-infinity homomorphisms which are strictly
unital over L.

Example 5.8. Let A be a dg-algebra strictly unital over L. Then by Kadeishvili’s Theo-
rem 5.5, 5.7, H*(A) obtains the structure of an A-infinity algebra strictly unital over L
and there is a quasi-isomorphism f = (f,,), : H*(A) — A which is strictly unital over L
and has a strictly unital quasi-inverse, such that H*(f1) = idg-(4)-

In particular, consider an exact functor 7' : mod R — mod R’ preserving projective
modules and an R-module M = @, M;. Let P'(M) be a projective resolution of M.
Then T'(P'(M)) is a projective resolution of T'(M) and by 4.2, T induces a dg-algebra
homomorphism

Endp(P'(M)) = Endg(T(P'(M))), ¢ = T(y)
which is strictly unital over L = k™. By the above, the L-L-bimodules Extp (M, M) =
H*(Endp (P (M))) and Exty (T(M),T(M)) = H*(Endy, (T(P(M))) thus obtain the

structure of A-infinity algebras strictly unital over L, and we have A-infinity quasi-
isomorphisms

[ Exth(M, M) — Endp (P (M))
and
[ Extyy (T(M), T(M)) — Endp, (T(P(M)))

which are strictly unital over L with strictly unital quasi-inverses.
Hence they give rise to an A-infinity homomorphism

g Extp(M, M) — Exty, (T (M), T(M))

which is strictly unital over L such that the diagram

End}, (P (M)) —22T9) . End, (T(P (M)

fT Tf

Exth(M, M) ——2—— Ext}, (T(M), T(M))
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commutes. In particular, by the composition law for A-infinity homomorphisms,

frogu(lel) = T(f(l¥]),

so that

91(le]) = H*(f1)(91([¢0])) = H*(f1 0 g1)([¢]) = [T (9)]-
5.2. A-infinity categories

Definition 5.9. An A-infinity category A (over k) is given by a class A of objects and for
any two objects X,Y € A a graded vector space A(X,Y) = @,z A(X,Y), together
with a collection of maps

(mﬁ)X07X17~»-,Xn, : A(Xn—len) & A(Xn—QvXn—l) PR A(XoaXl) — ‘A(XOa Xn)

for any objects Xy, ..., X,, which are homogeneous of degree 2 — n such that the A-
infinity equation

> =) my (197 @m @197 =0
r+s+t=n

is satisfied. Note that we usually omit the second subscript, and, if the A-infinity algebra
in question is clear, also the superscript of (m:)x,.. x

n*

An A-infinity functor F : A — A’ is a collection F' = (F,),>0 of maps

F() A — A/
(Fu)xo,..x, A(Xn—1,Xn) @ A(Xn—2,Xn-1) ® - ® A(Xo, X1)
— .A/(Fb()(o)7 FO(Xn)) for n > 17

where F), is homogeneous of degree 1 — n for n > 1 and such that for all n > 1

Z (=) Fr 1 (1% @ my @ 1Y)
r+s+t=n,s>1

= Z (_1)Z;€=1(1_jl)25/:1 jl/mk(Fjl R ® ij)

Jitetie=n,gi>1

If F, G are A-infinity functors then their composition is the A-infinity functor given by

(FOG)O :FOOGO
(FoQ), = > (—1)Z ) Zim i F(Gy, ® -+ ® Gy,) for n > 1.

Jitetie=n,gi>1
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Remark 5.10. Let A be an A-infinity category. Then for every object X € A,
(MmN x. . x)nen endows A(X, X) with the structure of an A-infinity algebra.

Definition 5.11. An A-infinity category A is called strictly unital if for every object X
there is idx € A(X, X)o such that

e my'(y®idx) =y for all y € A(X,Y),

o mst(idy ®y) =y for all y € A(Y, X),

. mﬁ(yn R QUpt1 RUdx Qyr_1 ® -~ ®y1) =0 for all n # 2, y; € A(X;—1,X;),
where Xk = Xk—l = X.

An A-infinity functor F' : A — A’ between two strictly unital A-infinity categories is
called strictly unital if

. Fl(ldx) = idFo(X) for all X € A,
o Fu(yn @ @ ypt1 @ idx @,y4-1 @ ---®@y1) = 0 for all n > 1, y; € A(X;_1, X;),
where X, = X;,_1 = X.

Definition 5.12. Let A be a strictly unital A-infinity category. Then H*(A) is the (Z-
graded) category whose objects are the objects of .4, whose morphisms are given by

H*(A)(X,Y) = H*(A(X,Y), (m{)x.y)

and where composition of morphisms is induced by ms'. A strictly unital A-infinity
functor F : A — A’ gives rise to a functor

H*(F) : H*(A) = H*(A"), X = fo(X), ¢ +im(m1) = fi(p) +im(my)

of Z-graded categories. In this way, H* becomes a functor from strictly unital A-infinity
categories to Z-graded categories. F is called a quasi-equivalence if H*(F') is an equiva-
lence of categories.

Similarly, H° defines a functor from strictly unital A-infinity categories to categories.

5.8. Twisted modules

Definition 5.13. [22, Definition 7.2.0.2, 6.1.2.2] Let A be an A-infinity algebra strictly
unital over L. The A-infinity category add? (A) is the A-infinity category whose objects
are graded L-modules and whose homomorphisms are given by

add?(A)(X,Y) = A@pgrer Endi(X,Y)

with the grading being the usual grading on the tensor product of graded spaces, and
the A-infinity multiplications being
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zZ
ma A (a1 @ 1) © -+ @ (an ® gn))
— (_1)n27:1 lgil+22, < ‘angj‘mn(al R ® an) ® (91 0---0 gn)
The category of twisted complexes twr,(A) over A is the A-infinity category whose objects
are pairs (X, wx) of a graded L-module X and an element wy € (addZ(A)(X,Y)); such

that

(1) wy is triangular
(2)

oo 7 .
> mi O <o

n=1

where the sum is finite since wx is triangular,
with A-infinity multiplications given by
my (@1 ® - @ )

o0
n 1 add Z(A j ' ®jn— in
=y, Y (DRI g o ull @ g ull T @ e @ k).
k=n jot-+jn=k-n

The category of twisted modules twmody, (A) is the full subcategory of tw(.A) given by
the objects (X, wyx) where X is concentrated in degree zero.

Remark 5.14. Note that we have a strict A-infinity isomorphism
A = addZ(A)(L,L) = A®rgrer Endi(L),a — a ®idy,
where L is viewed as being concentrated in degree zero.

Lemma 5.15. [22, Section 7.2, p.166] Let f : A — A’ be an A-infinity homomorphism
strictly unital over L. Then we obtain induced A-infinity functors

addZ(f) : add?(A) — addZ(A"),

X — X,
addZ(f)n((al oy gl) Q- (an & gn)) = (_1)(n—1) Yia |gi|+zi<j ‘angjlfn(al Q- & an)
® (g1 0+ 0gn),

as well as
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tw(f) : tw(A) = tw(A),

(X, wx) — <X,Zaddz(f)n(wx)> :

W@ @ @)= > (~D)E=add? ()P @ o @ wP .
k=n jo+---+jn=k—n

®jn,7l

®wX ®.7n)7

Q@ Tp Q@ Wy
and its restriction

twmod(f) : twmod(A) — twmod(A'), (X, wx)

> (X, > add?( f)n(wx)> ,twmod(f),, = tw(f)n.

This gives rise to functors
addZ, tw, twmod

from A-infinity algebras strictly unital over L to strictly unital A-infinity categories.

Note that the restriction of twmod as defined here to the subcategory of A-oor, given
by strictly unital dg-algebras and strictly unital dg-algebra homomorphisms is indeed the
functor twmod from the previous section.

Of most importance to us is the following result, which can be found in [33, Lemma
3.25]:

Proposition 5.16. Let f : A — A’ be an A-infinity quasi-isomorphism. Then addZ(f),
tw(f) and twmod(f) are quasi-equivalences.

In particular, we obtain the following corollary:

Corollary 5.17. Let R, R’ be algebras and let (M;)7_; be a set of R-modules. Suppose T':
mod R — mod R’ is an exact functor, preserving projectives. Let P'(M) be a projective
resolution of M := @?:1 M;. Consider the commutative diagram

End}, (P (M)) —27T@) s gnds, (T(P (M)

fT Tf

Exth(M, M) ——2—— Ext}h (T(M),T(M))

from Example 5.8. Then this gives rise to a diagram
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F(M) S F(T(M))
CMoHO(twmodL(f))T TCT(AI)OHO(tmedL(f/))

0 (twmo L *
HO (twmod, (Ext’ (M, M))) 0 10 (4mod, (Exty, (T(M), T(M))))

which commutes up to natural isomorphism. Moreover, the vertical arrows are equiva-
lences.

Proof. Consider the diagram

F(M) z F(T'(M))
e o
HO(twmod, (Endg (P (M)))) 9@ 104 omod  (End g (T(P-(M)))))
1O (twmod, (1) [0 ovmods ()
HO (twmody, (Ext (M, M))) T2 @) 10 ynnod,, (Extly, (T(M), T(M))))

where ¢(¢) := T(p). Then the upper square commutes up to natural isomorphism by
Lemma 4.15, and the lower square commutes by functoriality of twmodj,. Moreover, the
vertical arrows in the upper square are equivalences by Theorem 4.14 and the vertical
arrows in the lower square are equivalences by Proposition 5.16. O

6. Truncation of A-infinity algebras

In this section, we consider truncation and augmentation of A-infinity algebras, and
show a universal property of the augmentation. This is useful later, since for a basic
finite-dimensional algebra B with semisimple part L?, Ext’;(L?, L?) is augmented over
LB,

Definition 6.1. Denote by A-oor, ™ the full subcategory of A-oop, given by the A-infinity
algebras A such that A,, = (0) for n < 0 and Ay = L. Such A-infinity algebras are
sometimes referred to as strictly coconnected, see for example [1]. Let

Ip : A-cop, ™ — A-oor,
be the canonical embedding.
Proposition 6.2. There is a well-defined functor
truncy, : A-oop, = A-cop, T, A~ L@ A, f — fiLea>o

Proof. Suppose A is a strictly unital A-infinity algebra over L. Then for n € N,
T1,...,2, € L ® A% we have
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o Mu(z1®@ - @ay)|>n+my|=n+2—-n=2;forzy,...,z; € A,
e Mp(z1®---Qx,)=0forn=10orn>2andz; €L forsome1l<j<n

|ma(z1 ® z2)| > 1 for max{|z1],|z2|} > 1, and
o mo(x1,22) € L for 21,29 € L.

Hence L @ A>Y is a well-defined strictly unital A-infinity subalgebra of A. Suppose
f=a)n: A= B

is a strictly unital A-infinity homomorphism. Then for n € N, z1,...,2, € L & A>° we
have

. ‘fn($1®-..®xn)|2n+|fn|=n+1—’n,:1;fOI‘J,‘h,,,,xj€A>O’
o fu(z1® - ®z,)=0forn>2and z; € L for some 1 < j <n,

o fi(z1) =21 for x € L, and

|fi(x1)] = |z1] > 1 for |2q| > 1.

Thus
fireaso : Lo A - Lo B™°
is a well-defined strictly unital A-infinity homomorphism over L. 0O
Moreover, we have the following:

Proposition 6.3. truncy, is right adjoint to the canonical inclusion Iy, : A-cop, ¥ — A-oor,,
with the counit of the adjunction given by the canonical inclusion

e : Iy otruncy — ida ooy ,

ea: LAY = A (ca)1(a) = a,(ea)n =0 for n > 1,
and the unit given by the identity

N :idg.ooy + — truncy olyp,

ne=idg:B=Lo®B" = L& B".
Proof. Clearly, both € and 7 are natural transformations. Moreover, for A € A-ooy,

truncy, (E.A) © Mtruncyr, (A) = truncy, (ld.A) © idtruncL A = idtruncL (A)

and for any B=L @ B>° € A-oop, ™

€1,(B) OIL(UB) =E€1,(B) OIL(idB) =E€r,(B) = idIL(B) . O
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Reformulating this adjunction gives us the following property:

Corollary 6.4. Let A € A-ocor, be an A-infinity algebra strictly unital over L. Then
truncy,(A) has the following universal property:

For any B € A-cor,™ and any A-infinity homomorphism f : B — A there is a unique
A-infinity homomorphism h : B — truncy A such that f =e40h.

Since A-infinity homomorphisms are isomorphisms whenever they are isomorphisms
in degree zero by Lemma 5.3, we have the following:

Proposition 6.5. Suppose [ : B — A, f' : B — A are two strictly unital A-infinity
homomorphisms over L between strictly unital A-infinity algebras over L concentrated in
non-negative degree such that fy is an isomorphism in degree greater than zero and B and
B’ have only L in degree zero. Then there is a strictly unital A-infinity homomorphism
g : B' — B over L that makes the diagram

B—9 B
& y
A

commute. Moreover, if f{ is also an isomorphism in positive degree, then g is an iso-
morphism.

Proof. By the universal property of truncy(A), we have an A-infinity homomorphism
h : B — truncy (A) such that f = €4 o h. In particular, f; = (¢4)1 o hy. Since f; is by
assumption an isomorphism in degree greater than zero, and (e4); is by definition the
canonical embedding

Lo A" — A

and thus an isomorphism in degree greater than zero, h; is an isomorphism in degree
greater than zero. Moreover, since h is strictly unital, hy (L) = L. Thus

hi:B=L&B" = truncy(A) = L& A~°
is an isomorphism, so by 5.3, h is an A-infinity isomorphism.
On the other hand, by the universal property of truncr(A), there is b’ : B —
truncy, (A) such that f’ =e4 0h'. Now for g := h™! o b/ we have

fog:foh_lOhl:EAOhOh_loh/:&:th’:f’.

Moreover, if f’ is an isomorphism in degree greater than zero, then, as for f, we obtain
that A’ is an isomorphism, so that g = h~! o A’ is an isomorphism. O
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7. Proof of the main result

In this section, we prove the main result on conjugation-uniqueness of basic regular
exact Borel subalgebras, Theorem 7.2.

Theorem 7.1. Let A be a finite-dimensional k-algebra, and let B, B’ be two basic
reqular eract subalgebras of A with simple modules {LP,... LB} = Sim(B) and
{LF' ... LB} = Sim(B’) such that for every 1 < i < n we have

Al = A@pLP = Awy LF.

Then there is an equivalence G : mod B’ — mod B that makes the diagram

mod B’ i mod B
A®h AB,
mod A

commute up to natural isomorphism.

Proof. Let LB =@, LP, L' = @7 | LF and A* =@, AL = A and let L = k™.
As in Example 5.8 we have a diagram

EXJD%/(LBHLB/) EXt};(L37LB)

T~ T

Ext’, (A, A)

where f, f’ are strictly unital A-infinity homomorphisms over L which are isomorphisms
in degree greater than zero.

Since Exti(Lp, L) and Exty, (Lp/, Lp/) have only L in degree zero, Proposition 6.5
yields a strictly unital A-infinity isomorphism g : Ext’, (LB, LB") — Ext(LP, L?) over
L that makes the diagram

Ext} (Lp/, Lp) g Ext};(Lp,Lp)

commute.
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Hence we obtain a commutative diagram

H°(twmod(g))

HO (tWHlOd(EXt*B/ (LB/7 LB/))) HO (tWHlOd(EXtE(LB, LB)))

H (twmod(fN M(twmod(f))

HO(twmod(Ext* (A, A)))

By Corollary 5.17, we have diagrams

F(L®) = mod B A9n - F(A4)

| |

HO (thOdL (EXt*B (LB, LB>>) m) HO (thOdL (EXtZ(AA, AA)))

and

F(LB') = mod B’ A= F(A4)

I I

HO(twmody, (Ext}, (LB, LB")) HO(twmod, (Ext’ (A4, A4)))

TV
H" (twmod(f"))

which commute up to natural isomorphism and whose vertical arrows are equivalences.
Using these diagrams, we obtain a diagram

HO(twmod(g))

HO (twmod ( EXtB/ (Lp, Lp)) (twmod EXtB LB,LB)))

J{HO twmom (/O(twmod f) l

mod B’ HO(twmod (Ext’ (A4, A4)) mod B

A®B’7 J/ A®B*
F(A4)

which commutes up to natural isomorphism and whose vertical arrows are equivalences.
Let us denote by F'p respectively Fp/ the equivalences

Fp : H(twmod(Ext;(Lp, Lp))) — mod B,
Fp/ : HO(twmod(Ext, (Lps, L)) — mod B'.

Then setting G to be the composition F5' o H’(twmody(g)) o Fp/, we obtain the re-
sult. O
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Theorem 7.2. Let A be a finite-dimensional k-algebra, and let B,B’ be two basic
reqular exact subalgebras of A with simple modules {LP,... LB} = Sim(B) and
{LF' ... LB} = Sim(B’) such that for every 1 < i < n we have

A? =A Xp L{g >~ A KR pr LlB/.

Then there is an a € A* such that B’ = ' Ba.

Proof. By Theorem 7.1, there is an equivalence G : mod B’ — mod B that makes the

diagram
mod B’ G mod B
A@h AB_
mod A

commute up to natural isomorphism. Since G is an equivalence and B and B’ are basic
projective generators in mod B, mod B’ respectively, G(B’) = B. We pick an isomor-
phism ¢ : G(B’) — B and define G’ via structure transport to be the unique functor
that makes the family of maps (7x)x given by 7x = idy for all X # B’ and 75 =& a
natural isomorphism between G and G’. More concretely, we set

G’ : mod B’ — mod B,

G'(X) = G(X) for all objects X # B’

¢'(B') =B

G'(f) = G(f) for all f € Homp/ (X,Y) where X,Y # B’
G(f) = €0 G(f) for all f € Homp (X, B') where X £ B’
G'(f) = G(f) o & for all f € Homp (B,Y) where Y # B’
G'(f)=€0G(f)o& ! for all f € Homp/ (B',B').

Then, since G’ is by definition naturally isomorphic to G, the diagram

mod B’ ¢ mod B
A®h AB_
mod A

commutes up to natural isomorphism, so that, replacing G by G’ if necessary, we can
assume that G(B’) = B. Denote by o : (A®p—) = (A®p—)oG the natural isomorphism
making the diagram commute. Then a gives an isomorphism of left A-modules ap: :
A®p B' — A®p B such that the diagram
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Endp/ (B,) % EHdA(A K pr B/)

fHG(f)l lpas/

EndB(B) W EndA(A XB B)
commutes, where p,,, denotes conjugation by ap/. Composing with the canonical iso-
morphisms e: AQg B — A, and ¢/ : AQp B’ — A of left A-modules and using that we
have algebra isomorphisms B°? — Endg(B),b — ry, where r, denotes right multiplica-
tion by b, we obtain an isomorphism 3 =eoapgo (e')~! : A — A of left A-modules such
that the diagram

b,r—H“b/

(B')°P Endp (B') 425 Enda(A ®p B') 2% End(A) —22% 5 Aop
g’l fHG(f)l p“B’l pﬁl %
Be» — ", Endg(B) 9425 Enda(A ©p B) —2 Enda(A) — 220 Aop

commutes, where ¢’ : (B’)°? — B° and ¢ : A°? — A°P are the isomorphisms induced
by the first, respectively last, square. Note that the composition of the vertical arrows
is the canonical inclusions, and that, since § is an automorphism of A as an A-module,
B8 = r, for some unit a € A*. Since

-1
Pr.(Te) =7, 0714 0Tq = Tapa—1,
the induced isomorphism ¢ is given by

o(x) = ava™".

Thus we obtain a commutative diagram

where the vertical arrows are the canonical inclusions and ¢’ is an isomorphism. Thus
B'=a'Ba. O

8. Strong regular exact Borel subalgebras

In this section, we consider the case where (A4, <,) is a quasi-hereditary algebra with
a basic strong regular exact Borel subalgebra B, or equivalently, since strongness implies
that B is basic if and only if A is basic, where (A4,<4) is a basic quasi-hereditary
algebra with a regular exact Borel subalgebra B. In general, the basic representative
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does not admit a regular exact Borel subalgebra [17, Example]. In [9], Conde gives a
numerical as well as a homological criterion for when it does, and proves that if the basic
representative admits a regular exact Borel subalgebra, then so does any representative,
merely by matching the multiplicities of the projectives. These exact Borel subalgebras
then contain a maximal semisimple subalgebra of the algebra and are thus strong.

First, we establish some basic properties of strong regular exact Borel subalgebras.
We expect these to be generally known to the community, however, as we were not able
to find references for these statements, we provide proofs.

Lemma 8.1. Let (A,<4) be a finite-dimensional quasi-hereditary algebra and B be a
basic regular exact Borel subalgebra of A. Let Sim(B) = {LZ,... LZ} and Sim(A) =
{L4, ..., LA} such that

AL = Ao LP = AA(LY).

Let M € mod B. Then we have

[top(A @p M) : L{!] > [top(M) : L]
for every 1 <1i < n. Moreover, if B is strong, then

[top(A®p M) : L] = [top(M) : LP)
for every 1 <i <n.
Proof. We have a projection

m: M — top(M),

and since A ® g — is exact, this gives rise to a projection

ida®@m: A®p M — A®p top(M),

so that top(A ®p top(M)) is a direct summand of top(A ®p M). Since B is an exact
Borel subalgebra of A, we have

A top(M) = @ltop(M) : LF|A @ LF = ltop(M) : LF]AL,
i=1 i=1
so that top(A ®p top(M)) = @, [top(M) : LE]LA. Hence
[top(A @5 M) : Li'] > [top(M) : L]

for every i € {1,...,n}.
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Assume that B is strong. Then, by Lemma 3.6, we have rad(B) C rad(A). Thus
A®@prad(M) Crad(A®p M)

and hence, since A ®@ g — is exact, top(A ®p M) is a semisimple factor module of

A®p top(M) = @[top(M) : LP)1AL.
i=1

Thus top(A ®p M) is a direct summand of

oo (@ontan < 1187 ) = Bontan - 2211,

i=1
so that

top(A®@p M) : L] < [top(M) : LP]
for every i € {1,...,n}. O
Remark 8.2. Let (A4, <4) be a finite-dimensional quasi-hereditary algebra and B be a
basic regular exact Borel subalgebra of A. Let Sim(B) = {L?,...,LZ} and Sim(A) =
{L4, ..., LA} such that

AL = Ao LP = AY(LY).

Denote by P/ the projective cover L and by PP the projective cover of LZ. Moreover,
let n! be the multiplicity of P/ in A. Then we have

ni' = [top(A) : Li'] = [top(A@p B) : L{']
and
[top(B) : L] =1
since B is basic. Hence the equality
[top(A @5 M) : Li'] = [top(M) : L]
in 8.1 holds for every M € mod B if and only if A is basic.

The following theorem is a stronger version of our main theorem, Theorem 7.2, in
the case where A is basic. Crucially, it is not assumed that B’ is regular. This result
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also follows from a result announced by Conde and Kénig in conjunction with our main
theorem, Theorem 7.2. Here, we propose an alternative proof relying on similar methods
as those in our main theorem.

The claim of this theorem, and in fact, even a stronger version, was also made in [38].
However, there are problems in the proof given therein. For example, in the proof of
[38, Lemma 2.2], it was claimed that for any exact Borel subalgebra B of A = kQ/I
containing all idempotents corresponding to vertices of ), and for any path a« € A
between vertices i and j such that o ¢ B, we have a @ L # 0, where LB is the
simple module corresponding to the vertex i. Note here that our left-right conventions
are reversed. The following example shows that this claim does not hold in general:

Example 8.3. Consider the quiver @) given by

1—2y3_" 49

and let A =k Q. Then we have an exact Borel subalgebra B = k ' for Q' given by
1253 2

In particular, Ba ¢ B, but fa®p L1 = 0, where L¥ is the simple module corresponding
to the vertex 1.

Theorem 8.4. Let (A,<4) be a finite-dimensional quasi-hereditary k-algebra, B be a
strong basic regqular exact Borel subalgebra and B’ be an exact Borel subalgebra of A.

There is an a € A* such that aB'a™! & B.

Proof. Since B, B’ are exact Borel subalgebras of A, we have a diagram

Ext, (LB, LB Extl (L2, LP)

[fl—[ida ®f]\ (/[f]H[idA ®f]

Ext’ (A4, A4)

which, by Proposition 6.5 and regularity of B, we can complete to a commutative diagram

Ext, (LB, LB g Ext} (LB, LP)

[fl—lida ®f] \ / [fl—~[ida ®F]

Ext’ (A4, A4)

where ¢ is an A-infinity homomorphism strictly unital over L. As in the proof of Theo-
rem 7.1 we use Proposition 6.5, to obtain a diagram
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mod B’ S mod B
A®h AB_
F(A4)

that commutes up to natural isomorphism. Note that AQp G(B') ® A®p B’ = A. In
particular, top(A ®p G(B')) = L*. By Lemma 8.1, this implies that top(G(B’)) = L5.
Hence there is an exact sequence

(0) K —— B —"— G(B)—— (0)
which, since A ® g — is exact, gives rise to an exact sequence
0) — Aep K 4% Ay BYAET Ag, G(B) —— (0)

Since A ®p B =2 A ®p G(B’), these have the same dimension, so that id4 ®= is an
isomorphism. Hence A ® g K = (0). Moreover, normality, or alternatively, [7, Lemma
3.7], implies that B is a direct summand of A as a right B-module. This yields that
K = (0). Thus = is an isomorphism. Now we can argue as in the proof of Theorem 7.2 to
assume without loss of generality that G(B’) = B. Let o : (AQp—)oG — (A®p —) be
the natural isomorphism between the functors. Then again as in Theorem 7.2, we obtain
an a € A* making the diagram

/7
b1y, Tar>a

(B')°P Endp (B') 425 Enda(A ®p B') 2% End(A) —22% 5 Aop

g/l f»—)G(f)J/ PaB/J/ pﬁJ, @:pa_ll

Bor — "2 Fndp(B) “M425 Endy(A®p B) —2 Enda(A) — 2% Aop

commute, where p, ., is conjugation by ap/, i.e. po,, (f) = a;,l ofoapr, pe is conjugation
by the canonical isomorphism

e:A®g B — A,a®b— ab
and pe is conjugation by the canonical isomorphism
e€:A®Rp B = A,a®b — ab,

and ¢’ : (B)°® — B° and ¢ : A°® — A°P are the homomorphisms induced by the
first, respectively last, square. In particular, we have a commutative diagram of finite-
dimensional algebras

<

+—
Q\
<;
A~}
p\

|
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where the horizontal arrows are the canonical inclusions. Thus aB’a~! C B and g :
B’ — B is given by ¢'(b') = ab'a~!. In particular, by definition of g’ we have

G(Tb/) = Tg/(b/) = Tabla—1
for all b € B’. We show that aB’a™"! is a strong exact Borel subalgebra of B. First, let
f//

f’M

(0) M M 0)

be an exact sequence in mod B’. Then we obtain a commutative diagram

(O) _— A®B/ M/ idA—®f/> A@B/M idA—®f”> A®B’ M” _— (0)

| | |

(0) ——— Aop GO) 22 A g, ) 22YD A g G(M") —— (0)
where the upper row is exact, since B’ is an exact Borel subalgebra of A, and the vertical
arrows are the isomorphisms given by «. Hence the lower row is exact. As before, since
B is normal resp. by [7, Lemma 3.7], A decomposes as a right B-module into a direct
sum A = B ® V. Thus, as a sequence of k-vector spaces, the lower row decomposes
into a direct sum of two exact sequences

idp ®G(f") idp ®G(f")
—_ —_— 5

B®g G(M) Bog G(M') — (0)

(8)

(0) —— B g G(M')

and

idy @G(f’
_—

Ly vV op Gy 22U,

(0) — Ve GM) VeopGM') —— (0).

(9)

The upper sequence is, as a sequence of k-vector spaces, isomorphic to the sequence

0) —— ary — s qoury —CY s gy —— (o). (10)

Since the sequence (8) is exact, so is the sequence (10). Thus G is an exact functor.
In particular, the Eilenberg-Watts theorem yields a B-B’-bimodule X such that G =
X ®p: —. Note that X = X ®p B’ =2 G(B') = B as a B-B’-bimodule, where the right
module structure on G(B’) = B is given by

b-b = G(ry)(b) = bab'a™".
Hence X = Ba as a B-B’-bimodule. Consider the canonical equivalence

H :mod B" = modaB’'a™*, M +— aM, f — (am +— af(m)).
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Then the diagram

mod B’ A modaB’a™!
Ba®5/\) %B/a—l
mod B

commutes up to natural isomorphism given by

~v: (B ®gpa-1 —)oH = Ba®p —
Yu 2 B ®gpra-1 aM — Ba @p M

b® am — ba ® m.

Hence
mod B’ Ll mod aB’'a™!
X AB/Q71
mod B

commutes up to some natural equivalence v' : (B ®,p/q-1 —) ©c H — G. Since H is an
equivalence and G is exact, this implies that (B®,p5/,-1 —) is exact. Moreover, note that

A@pGLP )2 Ay LP 2 A >~ Awy LP

In particular, top(A ®@p G(LP)) = top(A#) = LA for every 1 < i < n, so that by
Lemma 8.1 top(G(LP")) = LP. Thus, there are projections

m GLP) = LE.
Again, these give rise to short exact sequences
(0) — Aop K, 4% Aoy GLE Y222 A0, LB —— (0)

Since A ®p G(LF) = AQ®p LZB, id4 ®gm; is an isomorphism for dimension reasons, we
again conclude A ®p K; = (0). As before, normality of B in A implies that K; = (0)
and thus m; becomes an isomorphism. For 1 < ¢ < n let L;-‘B/‘fl = H(LlB/). Then
{L‘fB/a ' ey L,‘?LB/“A} is a complete set of representatives of the isomorphism classes of
the simple aB’a~'-modules, and by the above

1

B (g)u,’Ba*1 L?B/a7 =B ®aB’a*1 H(L'LB/) = G(LZBI) = L’LB

Thus aB’a™! is an exact Borel subalgebra of B. Since B is directed, Lemma 3.7 now
implies aB'a”' = B. O
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9. G-equivariance

In this section, we consider a finite group G acting on a quasi-hereditary algebra
(A, <4) via algebra automorphisms, such that the characteristic of k does not divide
the order of G. We want to investigate the existence of G-invariant regular exact Borel
subalgebras. To this end, we consider the induced G-actions on the categories involved
in the diagram (3) and examine the functors with respect to their G-equivariance.

In particular, we consider G-actions on A-infinity algebras and categories, which are
defined in analogy to the G-actions on dg-algebras and categories considered in [21].

9.1. Preliminaries of group actions

For an introduction to group actions on categories see for example [31,29].

Definition 9.1. Let C be a category. We say that G acts on C if there is a monoid homo-
morphism from G into the endofunctors of C. In this setting we write g X and gy for the
image of an object X and a morphism ¢ in C under the endofunctor given by a group
element g € G.

We call a functor F' : C — C’ between two categories with G-actions (strongly) G-
equivariant, if

F(gX) = gF(X)
for all X € C and

F(gp) = gF(v)

forall p € C(X,Y), ie. if Fog=goF forall g € G. We call F weakly G-equivariant if
there is a collection of natural isomorphisms

ag: Fog—goF

such that g((an)x) o (ag)nx = agnx forall h,g € G, X € C; and a, = id is the identity.

Similarly, let £ be a strictly unital A-infinity category. Then we say that G acts on
& if G acts on & via strictly unital A-infinity endofunctors, and we call an A-infinity
functor F = (F,), : £ = £’ between two A-infinity categories with G-actions (strongly)
G-equivariant if Fog=go F forall g € G.

In this article, we don’t need the notion of weakly G-equivariant A-infinity functors.

Note that being G-equivariant is stable under composition, but not under taking
inverses and under natural isomorphism of functors, while being weakly G-equivariant
is stable under all of these.
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Lemma 9.2. If £ is a strictly unital A-infinity category with a G-action, then there is an
induced G-action on the category H°(E). Moreover, if

F=(F)n:E—¢&

is a strictly unital, G-equivariant A-infinity functor between two strictly unital A-infinity
categories £ and &' with G-actions, then

HY(F): £ = €&
is a strongly G-equivariant functor.

Proof. Suppose G acts on £ via the A-infinity endofunctors given by g = (g,,)» for every
g € G. Then since H? is a functor by Definition 5.12, we have induced equivalences

H%(g) : H(£) — H°(E),
X = go(X),a+im(my) = gi(a) + im(my),

and
H°(goh)=H"g)oHh).
Moreover, if
F=(F),:E=¢&
is a strictly unital, G-equivariant A-infinity functor, then we have for every g € G
Fog=goF
and thus
HY(F)oHg) = H°(Fog)=HgoF)=Hg)o H'(F). O

The following is a classical example of a group action on a category, and was exten-
sively studied in [31].

Example 9.3. Let A be a finite-dimensional algebra and suppose G acts on A via algebra
automorphisms. Then G acts on mod A via defining for an A-module M the A-module
gM as the vector space given by formal products {gm : m € M} with addition and
scalar multiplication gm + gm’ = g(m +m’) and Agm = gAm and with multiplication

agm = g(g~"(a)m),
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and for a module homomorphism ¢ : M — N setting
ge(gm) = gp(m).
In this setting, a G-action on an A-module M is a collection of A-module isomorphisms
trg/f cgM — M
for g € G such that tr = id,; and for all g,h € G
trg/f og(tri) = tr% .

The category of A-modules with a G-action is the category whose objects are pairs
(M, (tréw)geg) consisting of an A-module M and a G-action (tré”)geg on M, and whose
morphisms

: , Wy Jgea , Wy Jgea
Fo (M, (trg")gec) = (N, (trg)gec)
are A-linear maps f: M — N such that
N _ M
trg Og(f) - f Otrg

for all g € G. By [29, Proposition 4.8] there is an equivalence of categories between the
category of A-modules with a G-action and the category of A*G-modules, where AxG is
the skew group algebra, which is given by A* G := A ®y k G as k-vector spaces together
with the multiplication

(a®g) (d ®4¢) :=ag(d)®gg.

Remark 9.4. If C is a category with a G-action, then we can generalize the definition of
an A-module with a G-action to an object in C with a G-action, see for example [29,
Definition 4.7].

Lemma 9.5. [25, Lemma /] Let C be a category with a G-action and suppose M € C is
an object with a G-action (tréw)geg. Then G acts on C(M, M) via the algebra automor-
phisms

fe tréw ogf o (tréw)_l.

Moreover, if F : C — C' is a weakly G-equivariant functor with corresponding natural
isomorphisms

ag:Fog—golF,
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then there is an induced G-action on F(M) given by

trf ™M) = F(tr)) o ay ), gF (M) — F(M),

and
Fyoar : C(M,M) — C'(F(M), F(M))
is G-equivariant with respect to the induced actions on C(M, M) and C'(F(M), F(M)).

Lemma 9.6. If A is a finite-dimensional algebra with a G-action, and we consider mod A
with the induced G-action, then A € mod A is an object with a G-action given by

trg‘ :gA — A ga— g(a).
Moreover, the induced G-action on End4(A) is given by

(g : 7111)($) =Tg(a) (:E)a

for a,x € A, g € G, where r, denotes right multiplication with a. In particular, the
isomorphism A — End4(A)°P,a — 1, is G-equivariant.

Proof. The first part can be found in [25, Theorem 10]. Moreover, the G-action on
End 4 (A) can be explicitly calculated as follows:

(9 7a) (@) = txy} ogra o (tx]) " (x)
= try o(gra)(g- (97" (2)))

=tr)(g- (97" (2)a)) = glg~ " (2)a) = zg(a) = ry( (z).

Now the G-equivariance of the canonical isomorphism A — End4(A)°P,a — r, is obvi-
ous. O

For A-infinity algebras, as usual, we want everything to be strictly unital over L = k".
Let us thus fix a G-action on L.

Definition 9.7. Let £ be an A-infinity algebra strictly unital over L. Then we say that G
acts on & if G acts on £ via A-infinity automorphisms which restrict to the fixed strict
action on L. We say that a strictly unital A-infinity homomorphism ¢ = (¢, ) : € = &’
is G-equivariant if po g =go p for all g € G.

Remark 9.8. Consider the category of L-L-bimodules with a G-action, where the G-
action on L @ L°P is given by g(x ® y) = g(x) ® g~ '(y). Then since (L ® L°P) x G is
semisimple by [31, Theorem 1.3], this is a semisimple category, and endowing it with the
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tensor product over L turns it into a monoidal category. Then, similarly to Remark 5.7,
A-infinity algebras strictly unital over L with a G-action are in one-to-one correspondence
with strictly unital A-infinity algebras in the category of L-L-bimodules with a G-action.
Moreover, an A-infinity homomorphism is G-equivariant if and only if it corresponds to
an A-infinity homomorphism in the category of L-L-bimodules with a G-action.

The following lemma shows that a G-action on an A-infinity algebra induces a G-
action on the twisted module category.

Lemma 9.9. Let £ be an A-infinity algebra strictly unital over L with a G-action. Then
there is an induced G-action on addZ(E) via A-infinity endofunctors

g% :add? (&) — add? (€),
X —gX

n

g%((al ® @1) ® e ® (an ® (pn)) — Z(_l)(n—l) Z?:l |‘Pi|+zi<]‘ |a7‘,||</’j‘gn(a1 ® - ® an)

=1

® (gp1 00 gpn),

for every g € G, where X € modZ(L), ai,...,an € € and ¢; € Homy(X;, X;_1) for
some Xg,...,X, € modZ(L); as well as on tw(&) via A-infinity endofunctors

g™ tw(€) — tw(E),
(X, wx) = <9X7Zg%(w?}")> :

oo
I (21 @ Q@) = Z Z (—1)27:1”19%(10?}]0 ® 71 ®w§]1
k=1 jo++in=h—n

®jn—1

® wx o )7

QT QuWy
where X € mod? (L), wx € add?(€)(X, X); is triangular, and x; € tw(E)(X;, Xi_1) =
add? (€)(Xy, Xi_1) for some Xo,..., X, € mod?(L); and on twmod(£) via the restric-

twmod £ the functors above.

tion g
Moreover, if £ is another A-infinity algebra strictly unital over L with a G-action,
and f = (fn)n : € = & is a strictly unital A-infinity homomorphism commuting with the

G-action, then the induced functors add®(f), tw(f) and twmod(f) are G-equivariant.
Proof. By definition, every g € G gives rise to an A-infinity homomorphism

g:&—=E.



48 A. Rodriguez Rasmussen / Advances in Mathematics 461 (2025) 110049

This becomes strictly unital over L, if on the left side we consider the usual embedding
t: L — & and on the right side we precompose it with the action of g on L, i.e. we
consider to g : L — &. Denote for every g € G by add?(é’), twg(€) and twmod,y(E)
the categories constructed with respect to the strictly unital structure given by the
embedding g o ¢, and denote by add?(&), tw(£) and twmod(€) categories constructed
with respect to the strictly unital structure given by the embedding ¢. Let X,Y € mod L
and ¢ € Homy(X,Y). Then we write

9% 19X — gY, gz = g(p(2)).
Then we have for every l € L, x € X
(9(1-9))(g2) = g(lp(z)) = g(D)g(p(2)),
so that g(I - ¢) = g(I)gp, and
(9(¢-D)(gz) = g(e(lx)) = (9)(glx) = (9¢)(9(1) - 9x) = ((g%) - 9(1))(g),
so that g(p - 1) = (gp) - g(I). We claim that we have strict A-infinity equivalences

trZ : add?(€) — add?(€), X = gX,a @ ¢ a® gy,

as well as
trpY s twg (E) — tw(E),
(X, wx) (gX,trf(wX)) ,
T tr?(x)
and

trgwm"d : twmodgy(€) — twmod(E)
given by the restriction of the functor trgw. We show this for add?. First, let us show

that trg is well defined. Let a € A, X,Y € mod? L, ¢ € Hom,(X,Y) and [ € L. Then
we have

a®g(l-p)=a®g(l)gy =g(l)a® gy
and

a®g(p-1) =a®gpg(l) = ag(l) ® ge.
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Thus tr? is well-defined.
Let ay,...,an, € &, Xo,..., X, € mod? L and for 1 < i < n let p; €
Homk(X7L—i+17Xi—n)- Then

mflddz(g)(trf(al RP1)Q - ® trg(an ® ¢n))
= ma O (a1 ® gp1) © -+ @ (an © gpn)
(i et ledleilms (0 @ -+ @ an) @ (g1 0+ 0 gon)
= (1) zim el ladlelmS o) @ - @ an) @ g1 0+ 0 on)
trZ (1) &= et laillelm® (4 @ - @ an) @ (pr o+ 0 pn))

add? (&
012 (mat O (a1 ® 1) @ -+ ® (a0 @ ).

The calculation for tw, is similar, and the case twmod, follows from tw, by restriction.
Thus we obtain A-infinity endofunctors

tr2 oadd®(g) : add® (&) — add?(€)
£ o tw(g) : tw(E) — tw(E)
trtgwmod otwmod(g) : twmod(£) — twmod(E).

The explicit formulas follow directly from the definition and from the explicit formulas
given in Lemma 5.15. The fact that this yields a G-action and that G-equivariant A-
infinity homomorphisms give rise to G-equivariant A-infinity functors, on the other hand,
is a consequence of the functoriality of add? ,tw and twmod. O

The case where £ is a dg-algebra unital over L is of particular importance in Proposi-
tion 9.12 to show that the functor C'y; from Theorem 4.14 is weakly G-equivariant. We
thus explicitly calculate the induced G-action on twmod (&) for a dg-algebra £.

Example 9.10. Let £ be a dg-algebra unital over L and suppose G acts via dg-algebra
automorphisms restricting to the usual action on L. By the previous lemma, there is an
induced action on twmod(€). In this case, twmod(g) is the functor

twmod(g) : twmod(€) — twmod, (&)
<Xazal®<pl> = <Xazg(a"t)®g01> 5
i=1 i=1

where X € modL, a1,...,a, € &1,01,-..,0n € Endx(X) such that 2111 a; @ p; €
add(&)(X, X) = & Qrgrer Endk(X) is triangular. Therefore, the G-action is given by
the composition
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trgy o twmod(g) : twmod(E) — twmod(E)

(X,Zai ®<Pi> = <9X7Zg(ai) ®9%> ;

i=1

a® @ gla)® ge.

Remark 9.11. Suppose G is a group acting on an algebra A via algebra automorphisms
and let M = @), M; be an A « G-module. Let P'(M) be a projective resolution of M
as an A x G-module. Then, by Lemma 9.5, G acts on End’y (P (M)) via g-» = gp(g~1).

If, with respect to this action and the fixed action on L, the algebra homomorphism
L — End} (P (M)) from (2.) in Remark 4.2 becomes G-equivariant, then G acts on
End’ (P (M)) via unital dg-algebra automorphisms, that is, G acts on the unital dg-
algebra End (P (M)).

Kadeishvili’s theorem over the semisimple monoidal category of L-L-bimodules with
a G-action now yields that there is an A-infinity structure on Ext’ (M, M) strictly unital
over L with a G-action restricting to the fixed action on L, such that we have a strictly
unital G-equivariant A-infinity quasi-isomorphism

f=(fn)n: Ext)y (M, M) — End} (P (M)),

which in every component is a homomorphism of L-L-bimodules with a G-action, and
which is strictly unital over L.

The proposition above tells us that in this setting, we have G-actions on
twmod(End’ (P (M))) as well as on twmod(Ext’ (M, M)) and a G-equivariant A-infinity
quasi-equivalence

twmod(f) : twmod(Ext’ (M, M)) — twmod(End’ (P (M))).

Taking homology in degree zero gives us G-actions on the categories
HO(twmod (End’y (P (M)))) and H°(twmod(Ext’ (M, M))) and a G-equivariant equiva-
lence

HO (twmod(f)) : H°(twmod(Exty (M, M))) — H°(twmod(End’ (P (M)))).

The following proposition shows that in this setting the equivalence
H°(twmod(End’ (P (M)))) — F(M) from Theorem 4.14 is also G-equivariant.

Proposition 9.12. Suppose G is a group acting on A wvia algebra automorphisms and
M = @] | M; is an A x G-module. Let P'(M) be a projective resolution of M as an
A x G-module, and suppose the unit map L — Enda (P (M)) from (2.) in Remark 4.2 is
G-equivariant. Then the equivalence

C = C)p : twmody, (Enda (P (M))) — F(M)
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from Theorem 4.1/ is weakly G-equivariant.

Proof. Using Example 9.10, on objects we have

C (9 <X7iai ®<Pi>> =C (gXuig(ai) ®9%‘>

i=1

m
=H’ (P'(M) ®r 9X,dp-(a) ®idgx +Zg(@i) ® 9%)
i=1

and

g (C (Xazai@)%)) =gH’ (P'(M) ®r X, dp-(u) ®idX+Zai®%>
=1

i=1

= HO (gP(M) Rr X,g(dp-(M) ®idx)+gZai ®<,0i> .

i=1
Note we have natural isomorphisms ag : C o g — g o C given by

(@) (x.5m, asmpi) * C 09 (szai ®<pi> —goC <X’Zai®90i>

i=1 i=1

[a® gz] —[g(g~" (a) ® z)].

Clearly, a. is the identity. Moreover, for any (X,wx) = (X,>",a;®¢;) €
HO(twmod (Ext}; (L?, LP)), and for all g,h € G, a € P (M) and z € X we have

9((an) (xwx)) © (Qg)n(xwx) ([a @ ghz]) = g((an)(x.wx)) (997" (a) @ hz]))
= g((an) (x,wx)(lg7 (@) @ ha)]) = [g(h(h~ (g7 (a)) ® 2))] = (agn) (x,wx) ([a ® 2]).

Hence C is weakly G-equivariant. 0O

To construct a G-action on our regular exact Borel subalgebra B, we also need to
take a closer look at Keller’s reconstruction theorem.

Definition 9.13. Let A be a degree-wise finite-dimensional A-infinity algebra strictly uni-
tal over L. Then the dual bar construction (or A-infinity Koszul dual) of A is the
dg-algebra, whose underlying algebra is the tensor algebra

BD sA := Tr(DsA)

together with the differential



52 A. Rodriguez Rasmussen / Advances in Mathematics 461 (2025) 110049

d:BDsA — BD sA,
d(p) = posomyo(s ) for p € DsA.

n=1

Theorem 9.14 (Keller’s Reconstruction Theorem [16, 7.7], see also [18, Proposition 6.3]).
Let B be a finite-dimensional algebra and let {LP ... LZ} = Sim(B) be a set of represen-
tatives of the simple B-modules. Let LP := @!_| LP and let C = BD s Extj(L”, L?) be
the dg-algebra given by the dual bar construction of the A-infinity algebra Exty(LP, LP)
and I C C be the dg-ideal generated by the negative degree part. Let

B’ = (C/I)y.
Then B’ is a basic finite-dimensional algebra and we have an equivalence
F': H(twmod(Ext’y (L?, L?))) — mod B’

where F'(X,wx = Y 1", a; ® ¢;) is the module X with multiplication given by

m

0]z = n(sai)pi(x)

i=1

forze X, n € DsExti(LE, LP), and an element [¢] € H(twmod(Ext; (L2, LP))((X,
wx), (Y,wy))) gives rise to a map from X to'Y by

14 E(tmed(EXt*B(LB7 LB))((Xv wX)7 (Y> wY)))O = EXt*B(LBv LB)O ®L@Ler Homk(X7 Y)
= Homp(L?, L?) ® g ror Homy (X,Y) = L @ e ror Homy (X,Y) = Homp (X,Y).

In particular, B’ is Morita-equivalent to B.

Proposition 9.15. In the above setting, suppose G acts on Extyp (LB, LP) wia strictly
unital A-infinity automorphisms. Then G acts on B’ via algebra automorphisms and the
Morita equivalence

F': H(twmod(Ext’y(L?, LP))) — mod B’
is strongly G-equivariant.

Proof. Since G acts on Extj(LP, LP) via A-infinity automorphisms g = (gn)n, the
functoriality of the dual bar construction [22, pp. 29-30] implies that G acts on C =
BD s Extj;(LP, LP) via dg-algebra automorphisms given by

g =>_ g,
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where g(n),, € D(s Extj;(L?, LP))®" is given by

g()n =nosog,to(s"H®",

for n € DsExt} (LB, LP)),ay,...,a, € Exty(LE, LB). In particular, any g € G gives a

map of degree zero, and thus maps the negative degree part of C to the negative degree
part, so that g(I) = I. Hence there is an induced action on

B/ = (C/I)o,

via algebra automorphisms, given by

g(ln) =D _lg(n)n).

n=1

Let (X,wx) € H°(twmod(Exty; (L5, LP))). Write wx = Y 1w, a; ® ¢; for a1,...,a, €
Extp (L7, LP) and @1, ..., € Endy(X). Then g(X,wx) = (9X,w,x) where

wex = Y ga(wR") = Y gnlai, ®--®a;,) @ (9pi, 0 0 gpi,)
n=1

n=Lliy,..in€{l,..m}

and so F'(g(X,wx)) is given by the L-module gX together with the multiplication

1] - gz = n(wyx)(gz)

M

Yo nlsgnlan, @ ©a,)) @ (904, 0 0 g1, ) (9)

n=Lliy,. in€{l,...m}

n(sgn(ai, ® - ®a;,)) ®g(pi, 00w, (z))

I
g
g

n=14dy,...,i,€{l,..m}

=03 S nlsgalan ®---®a;,) ® (i, 000, (2))

n=1liy, . in€{l,...m}

=g). Y ()EROTeloso g0 (5T (say @ @ say,)

n=14y,..,i,€{1,..m}

®

(piy 0+ 09, (7))

:gz Z nosogno(s_l)@m(sail®"'®5Gin)

n=14y,..,4,€{1,..m}

® (piy 0 i, (7))
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=¢> Y el ® - ©a,) @ (piy 00 4, (2))

n=14y,...i,€e{l,...m}

where we have used that |sa;| = 0 for 1 < i < n. Thus, F'(g(X,wx)) is the B’-module
gX.

Moreover, if [z ® ¢] € H(twmod(Ext; (L2, LP))((X,wx), (Y,wy))) then z € L =
ExtG (LB, LP) C Ext}l(LP,LP), so that # ® ¢ = 1 ® xy, since the tensor product is
the tensor product over L ® L°P. Thus we can assume z = 1 without loss of generality.
Since the G-action on L = Ext%(L?, LB) C Ext(L?, L?) is just the G-action on L by
assumption, we moreover have

g([l®¢]) =[g(1) ® gp] = [L ® gi].

By definition of F’, F'([1® ¢]) = ¢ and F'([1 ® g¢]) = gp. Thus
Flgleg]) =gp=gF'(1®¢]). O
9.2. The proof of the main theorem of the section

Let (A, <4) be a quasi-hereditary algebra with a G-action. Recall from [30, Definition
3.1] the following definition:

Definition 9.16. The partial order <4 is called G-invariant if for any two simple A-
modules S, S’ € Sim(A) and for every h, g € G we have

S <uS & gS<ahS.

Suppose that <, is G-invariant. In the proof of our main theorem, we would like to
assume that A is basic with maximal semisimple subalgebra L’ & L and a G-action that
restricts to a G-action on L', and view the induced action on L as the fixed G-action on
L from the previous subsection.

The following two results serve to show that we may assume that A is basic.

Proposition 9.17. Let A be a finite-dimensional algebra and G be a group acting on A.
Suppose P is an A x G-module such that its restriction 4P is a projective generator in
mod A. Then the Morita equivalence given by

F =Homx(P,—) : mod A — mod A’
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is weakly G-equivariant, where the G-action on A’ := Ends(P)°P is given as in
Lemma 9.5.

Proof. Consider the natural isomorphisms
ay : Homa(P,—)og — goHoma(P,—)
given by
() : Homa (P, gM) — gHoma (P, M), = glg~" () o (tr) 1) "],
where tr;D : gP — P is just multiplication by g, and g[...] denotes formal multiplication
with g and not application of the functor g.

Then for the unit e € G we have o, = id by definition. Moreover, for h,g € G,
M € mod A and ¢ € Hom 4 (P, hgM) we have

—~
—
Q
>
NG

g((an)nr) o (ag)nm(p) = g m)(glg™ (@) o (trf) 7))
= gllan)m(g™ () o (tr)-2) )] = gh[h ™ g™ (¢) o A ((tr)-1) ") o (1) ']
= gh[h™'g™ () o (tr},—1 oh™ ! (tr}"1) ghl(gh) = (@) o (tr{ppy-1) "] = agnar(ep)

sy ey

by Example 9.3. O

Theorem 9.18. Let A be a finite-dimensional algebra and G be a group acting on A. Then
there is a basic algebra A" with a G-action such that A’ is Morita equivalent to A and
there is a Morita equivalence

F:mod A — mod A’
which is weakly G-equivariant.

Proof. Let S € Sim(A) and denote by Hg the stabilizer of S in G. Then by [30, Propo-
sition 1.16], S is an A x Hg-module, and k G ®x g, S is an A * G-module. Hence

“:= P kGowu, S
GS€Sim(A)/G

is an A * G-module. Moreover, as an A-module, we have

AL = @ Al kG @y S = @ @ gS

GSESIm(A)/G GSeSim(A)/G gHs€G/Hs

= O Ds= D s

GSeSim(A)/G S'eGS SeSim(A)
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so that [LA : S] =1 for all S € Sim(A). Let P be a projective cover of L in mod A * G.
Then its restriction to mod A, 4P, is a projective cover of LA in mod A, and thus a basic
projective generator. Hence A’ := End 4 (P)°P is basic. By Proposition 9.17, we moreover
have a G-equivariant Morita equivalence

F =Homu(P,—) :mod A — mod A’. O

Now, if we assume A is basic, then [31, Proposition 2.1] tells us that A contains a
maximal semisimple subalgebra L’ such that the G-action on A restricts to a G-action
on L'

Hence in the following we again fix an action on L and assume that A is basic, with
maximal semisimple subalgebra L’ = L and a G-action that restricts to the fixed G-
action on L' = L.

We want to apply Remark 9.11, which describes how to endow the A-infinity algebra
Ext’ (M, M) of an A * G-module M with a G-action, in the case where M = A4 =
@._, A, is the direct sum of standard modules. For this, we need to show the following:

Lemma 9.19. Suppose (A, <4) is a basic quasi-hereditary algebra with maximal semisim-
ple subalgebra L and a G-action that restricts to the fived G-action on L, such that <4 is
G-invariant. Let A4 = @D, A, be the direct sum of all standard modules of A. Then A4
has the structure of an AxG-module such that the unit map L — End (P (A%)) becomes
G-equivariant, where the G-action on End (P (A4)) is given as in Remark 9.11.

Proof. Denote by ¢; the i-th unit vector in L = k™ and by e; its image in A. Then, since
G acts via algebra automorphisms and thus maps orthogonal principle indecomposable
idempotents to orthogonal principle indecomposable idempotents, G acts on {e1,...,e,}
and thus on {ey, ..., e,} via permutations. In other words, there is a G-action on the set
{1,...n} such that g(e;) = g,4;) and g(e;) = eq(s)-

For 1 < i < nlet L; := ke; be the simple A-module corresponding to i, P; := Ae;
its projective cover and A; := A(L;) = Ae; /A (Zj>i ej) Ae; be the associated standard
module. Then since e; >4 e; if and only if g(e;) >4 g(e;), G acts on A4 := @], A; via

glaoei+ A D e | Aei | =gl@)gle) + A | D e | Aegiy € Ay

€j>Aei J>g(@)

for ze; + A (Zepwi ej) Ae; € A;.
Let u; = ida, € Enda(A4) be the idempotent corresponding to the identity on A;.
Then

9(ui) (@) = g(ui(g (x))) = 0 if = ¢ g(Ai) = Aygy
g(ui)(@) = g(ui(g (2))) = glg~ " (x)) =z if = € g(Ai) = Ay(y).
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Hence g(u;) = Ug(;)- In other words, the embedding,
L — End(A%),g; — ida,
from (2.) in Remark 4.2 is G-equivariant. O
Now we are in a situation to prove our main result.

Theorem 9.20. Let (A, <a) be a quasi-hereditary algebra with a G-action, such that <4
is G-invariant. Then there is a quasi-hereditary algebra (A’, <as) with a G-action and a
weakly G-equivariant Morita equivalence mod A — mod A’ of quasi-hereditary algebras
such that A" has a G-invariant basic reqular exact Borel subalgebra B'.

Proof. By Theorem 9.18, we can assume without loss of generality that A is basic.
Moreover, by [31, Proposition 2.1] A has a G-invariant maximal semisimple subalgebra
L' =2 L = k™. We fix the G-action on L to be the G-action induced by the restriction of
the G-action on A.

By [18, Corollary 1.3], there is a quasi-hereditary algebra (R, <g) and a Morita equiv-
alence Fg : mod R — mod A of quasi-hereditary algebras such that R has a regular exact
Borel subalgebra B.

Since Fg is a Morita equivalence of quasi-hereditary algebras Fr(Af) 22 A4, so that
Fr induces a strictly unital A-infinity isomorphism

h=(hp)p : Bxth (A4, AY) = Exth (AR AR) [p] = [Fr(p)].

By Lemma 9.19, A4 has the structure of an A * G-module such that G acts on
Ext’ (A4, A4) and this action restricts to the usual action on L. This induces an action
on Extj (AR, AR) such that h is G-equivariant. Since h is strictly unital, the G-action
on Extj, (AR, AF) also restricts to the usual action on L. By Example 5.8, the induction
functor R ® p — induces a strictly unital A-infinity homomorphism

f=(fa)n : Bxtp (L7, L7) = Extp(AT,AT), [¢] = [idr @],

where f; is an isomorphism in degree greater than zero, and Ext%(L?, L?) = L. Since the
G-action on Ext}, (AR, AF) restricts to the usual action on L, and is thus strictly unital if
we view Ext (AR, AR) as strictly unital over L via ¢ and via tog, Proposition 6.5 implies
that we can restrict it to a G-action on Extf(L?, LB) such that f is G-equivariant.

Moreover, by Theorem 4.14 and the functoriality of twmod we have a commutative
diagram

0 (twmod 0 (twmod(h,
H° (twmod(Ext* (LB, LB HM)HO twmod (Ext% (A%, AR HM)HO twmod (Ext? AL AA
B R A

CLBJ/ CAR\L CAA\L

RRp— F
mod B £ F(AR) £ F(A%)
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where the vertical arrows are equivalences by Theorem 4.14, and Proposition 5.16, and
Chaa is weakly G-equivariant by Lemma 9.9 and Proposition 9.12.

Keller’s reconstruction Theorem 9.15 now yields a basic algebra B” with a G-action
and a G-equivariant equivalence

S : H(twmod(Ext’y(L?, L?))) — mod B”.

Choosing quasi-inverses and setting H := Cpa0H?(twmod(hof))oS~ and T := So C’Eé
yields a diagram

mod B" — 5 mod A

A
mod B ——— mod R
R®B—
which commutes up to some natural isomorphism « : Fro (R ®p —) — H o T and

where the upper horizontal arrow is weakly G-equivariant and the vertical arrows are
equivalences. This gives rise to a commutative diagram

EHdB//(T(B)) m EndA(HoT(B))

%B

=T (o) EndA(FR(R ®pB B))
T‘P’—)FR(‘P)
prridr @
EndB(B) E— EndR(R B B)

where ap : Fr(R ®p B) — H o T(B) is the isomorphism obtained from the natural
isomorphism a and p,, is conjugation by ap. As in Theorem 7.2, we have that the
composition

BoP P27 Bndg(B) Y225 Endg(R ®p B) 225 Rop

is just the canonical embedding B°® — R°P, so that Endg(B)°P is a basic regu-
lar exact Borel subalgebra of Endg(R ®p B)°P. Thus the diagram above shows that
Endp~(T(B))°P is a basic regular exact Borel subalgebra End 4 (H o T'(B))°P.

Note that since B and B” are both basic projective generators, and 1 is an equivalence,
we have an isomorphism g : T(B) — B”. This gives rise to a commutative diagram

Endp. (B") L2 gnd, (H(B"))

rs pH(ﬁ)T

Endp (T(B)) "2 End 4 (H o T(B))



A. Rodriguez Rasmussen / Advances in Mathematics 461 (2025) 110049 59

so that B’ := Endp/(B”)°P is a basic regular exact Borel subalgebra of A’ :=
Enda(H(B"))°P. Moreover, since B” has a G-action as a left B”-module, and H is
weakly G-equivariant, there is an induced G-action on H(B") such that the map

Endp (BN) — End 4 (H(BH))

is G-equivariant. In particular, B’ = Endp~(B")°P is a G-invariant basic regular Borel
subalgebra of A" = End 4 (H (B"))°P. Finally, since Fg is an equivalence and R is a pro-
jective generator in mod R, H(B") =2 H(T(B)) = Fr(R ®p B) = Fr(R) is a projective
generator in mod A. Thus the functor

Hom(H(B"),—) : mod A — mod A’
is a Morita equivalence, and by 9.17 this Morita equivalence is weakly G-equivariant. 0O

Note that the G-action on A’ depends on its construction. Given a G-action on A,
the fact that there is a weakly G-equivariant Morita equivalence F' : mod A — mod A’
is in general not enough to determine the G-action on A’. In fact, we later give an
example showing that in general, A’ may admit other G-actions which make F' weakly
G-equivariant, but which do not allow for a basic regular exact Borel subalgebra B in
A’ such that g(B) = B for all g € G.

In other words, if we are given a quasi-hereditary algebra R with a basic regular exact
Borel subalgebra B and a G-action compatible with the partial order <pg, then there is
not necessarily a different basic exact Borel subalgebra B’ in R such that g(B’) = B’
for all ¢ € G. However, there is a different G-action on R making the identity functor
mod R — mod R weakly G-equivariant, such that B is invariant under this G-action.

Corollary 9.21. Let R be a quasi-hereditary algebra with a basic regular exact Borel subal-
gebra B and a G-action compatible with the partial order <g. Then, there is a G-action

GxR—=R,(g,7r)—>g*r

on R such that the identity functor mod R — (mod R, x) is weakly G-equivariant, and
such that g« B = B for all g € G.

Proof. By Theorem 9.20, there is a quasi-hereditary algebra R’ with a G-action and a
G-invariant basic regular exact Borel subalgebra B’ and a weakly G-equivariant Morita
equivalence

mod R — mod R’

By [9, Theorem A (4)], R and R’ have the same multiplicities of indecomposable projec-
tives, so that there is an isomorphism ¢ : F(R) — R’. By Lemma 9.5, structure transport
along F~! induces a G-action ' on R such that
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R — R,a— F_l(cp_l org o p)(1R)

is G-equivariant. Hence R has a basic regular exact Borel subalgebra B’ such that gx' B’ =
B’ for all g € G. Now by Theorem 7.2, B’ = aBa~"! for some a € R. Thus, setting

g x:=a ‘g« (axa Ya
defines a G-action on R such that g x B = B for all g € G. Clearly, the identity func-
tor (mod R,*') — (mod R,x) is weakly G-equivariant. Moreover, by definition F~! :
mod R’ — (mod R, «’) is weakly G-equivariant, and by assumption F': mod R — mod R’

is weakly G-equivariant. Hence the composition id : mod R — (mod R, ) is weakly
G-equivariant. 0O

The following lemma describes how the G-action on an algebra may vary under the
condition that the identity functor is weakly G-equivariant.

Lemma 9.22. Let A’ be an associative algebra and assume G acts on A’ via automor-
phisms

Gx A — A (g,a) — g(a).
Now suppose that there is another G-action on A’ given by
Gx A — A (g,a) = g*a,
such that the identity functor
(mod A", %) — mod A’

is weakly G-equivariant, where the G-action on the codomain is induced by the first G-
action on A’, and the G-action on the domain is induced by the second G-action on A'.
Then there is a map

p:G— (A~
such that for alla € A’ and g € G

gxa=p(g)gla)p(g)™".

Moreover, p(eg) = 1as and p(gh) = p(g)g(p(h)) for all g,h € G. On the other hand, if

p:G— (A~

is a map such that p(eq) = 14 and p(gh) = p(g)g(p(h)) for all g,h € G, then
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g*a:=p(g)gla)p(g)"

defines a G-action on A such that the identity functor mod A" — (mod A’, %) is weakly
G-equivariant.

Proof. (1) Recall that in this setting, there are induced G-actions
try : gA — A, ga — g(a)
on A’ € mod A’ with respect to the first G-action, and
try, :gx A" = A, gar gxa

on A’ € (mod A’,x) with respect to the second G-action. Since the identity functor
is weakly G-equivariant, Lemma 9.5 endows A’ with the structure

try 1 gA — A,ga— gxa

of an object with a G-action in mod A’, where mod A’ is equipped with the first
G-action, such that the identity map

End(A")°P — End(A')°P

is G-equivariant, where the first G-action is induced by * and the second by *. In
other words, we obtain that

Tgea = g% (Ta(g™" * =)
forall a € A, g € G. Thus
g*a=rga(la) =g (ralg™" *1a)) = g ((g7" *14) - a)
since tr’g’ is A-linear, we have for every g € G and a,b € A
g (ab) = g(a) - (9% b),
so that
gra=gx((g7" *1a)-a) =g(g™" *1a) (g% a) =g(g™" *1a) - g(a) - (g% 1a).
Therefore, setting p(g) = g(g~! * 14), we obtain

gxa=p(g)g(a)p(g)~".
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Moreover, we clearly have p(eg) = 14, and

p(gh) = gh((gh) ™" % 1a) = g(h(h™" = (g7" * 14))) = g(h(h™ (g7" % 1a) - h™ " % 14))
=g(g " % 1a) - g(h(h™" % 14)) = p(g9)g(p(h)).

Suppose that
p:G— (A
is a map such that p(eg) = 14 and p(gh) = p(g)g(p(h)) for all g, h € G. Then for
g*a:=pl(g)g(a)p(g)™",
we have
e xa = pleg)ea(aple) =14 -a-13' =a

for every a € A and

(gh) x a = p(gh)(a)p(gh)~" = p(g9)g(p(h))g(h(a))g(p(h)~")p(g)~"
= p(9)g(p(R)h(x)p(h) " )p(g) ™" = g * (hxa)

for all g,h € G, a € A. Hence this defines a G-action on A. Moreover, for every
g € G we have a natural isomorphism oy : (9 * —) — g(—) given by the components

agn i gx M — gM,gxm— p(g) - gm
such that a., is the identity and

glannr) o agnan(g*hxm) = glana)(p(g) - g- (hxm))
= glanm)(g- (hx (K% (g7 (p(9)))) - m)))
=g-(p(h)-h- ("' x (g (p(9)))) - m))

We thus obtain the following corollary, describing in which way the G-action giving

rise to an invariant Borel may vary from the original G-action:
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Corollary 9.23. Let R be a quasi-hereditary algebra with a basic regular exact Borel sub-
algebra B and a G-action compatible with the partial order <g. Then, there is a map

p:G— R®
such that p(eq) = 1r and p(gh) = p(g9)g(p(h)) for all g,h € G, and such that
g a:=p(g)g(a)p(g)™"
defines a G-action on R with gx B =B for all g € G.
9.3. Ezample
In this subsection, we consider an example. Let D = k[z]/2™ and let A be its Auslander

algebra. Note that since A is an Auslander algebra, it is quasi-hereditary. Moreover, A
is given by the quiver

T T Tn—1
17 227 *.7~ “n
Y2 Y3 Yn

with relations y; 112, = x;_1y; for all 2 < i < n and x,_1y, = 0. To ease notation, we
often drop the indices for  and y and write 2* for a composition T, Titx_1 ... Tit12;
and y* for a composition y;yi i1 ... Yitk_1Visk, where 1 < i < n. For 4,5 € {1,...,n},
0<a,b<nwithb—a=7—1let

Tij.ab t P = Pjm— myaxb.

Then if ¢ > j,

(Tigi— 5,00 Tirjyi—g 1,15 Ti,Gim 42,25 - - 5 Ti,Gyn—jn—i)

is a basis for Hom4(P;, P;), and if ¢ < j then

(T4,5,0,5—is Tij,1,j—it 15 Tig,2,j—i425 - - - » Tirjyn—g,n—i)

is a basis for Hom 4 (P;, P;). Moreover, if b > n — 4, then r; j 4.5 = 0.
Additionally, for all 1 <, <mn,0<a,b<n,b—a=j—iwe have

Tigiab O Ti g a' b = 04,55 ata’ bb’

where ¢ is the Kronecker delta. First, we explicitly describe a Morita equivalent algebra R
with a regular exact Borel subalgebra B. This was constructed according to the procedure
given in [18], although we do not refer to this procedure for the verification that B is
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indeed a regular exact Borel subalgebra of R and that R is Morita equivalent to A.
Instead, we proceed by defining B, R as well as the embedding ¢ : B — R, giving in
either case only a somewhat informal reasoning why we define them as we do, and then
explicitly check that they are as claimed.

9.3.1. Defining B
By [30, Section 4], the indecomposable projective modules P/* of A are of the form

N
N,
~
—

the standard modules Af are of the form

and the projective modules P; have unique A-filtrations
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A

N

Air

~

Ay

Here, we have angled the graphic representation of filtration of the standard modules
by simple modules and the filtration of the projective modules such that, inserting the
former picture into the latter gives exactly the graphic representation of the filtration
of the projective modules by simple modules given above. Additionally, Extg (A, Aj) is

one dimensional if ¢+ < j and k = 1, and given by the extension E;; = (21 which is
J

the factor module of the image of
(rij-1,05-i-1:7j5-1,10) : i ® Pj = Pjy

by the image of ;11 j_1,20. Moreover, Ext% (A;, A;) = (0) if i > j or k > 1.

In particular, by the general construction of B in [18], since there is no Ext® (A4, A4)
for £ > 2, there are no relations in B, so that B is freely generated over L by
Exty(A;, A;)°P. We can thus define B as follows.

Definition 9.24. Let B = kQ’ where Q' is the quiver with n vertices and an edge (i, )
whenever ¢ < j.

Remark 9.25. Note that a k-basis of B is given by the e; and the paths

(th—1,7%)(k—2, tk—1) - - - (92, 13) (i1, i2)

for 1 < <+ < <ip, 1 <k < n. For ease of notation, we denote these paths by
(il L v <ik).

9.3.2. Defining R

To describe R, we use that R = Endgr(R®p B)°P. We thus would first like to describe
R®p B, in other words, we would like to find out how Q; := R®p PZ-B decomposes into a
direct sum of projective modules, using the fact that R® g — is exact and R LP = AR,

Therefore, we begin by having a look at the composition series of the projective B-
modules PB.

Since B is the path algebra of the full directed graph on n vertices, the Loewy diagram
of PP is given by a labelled Fenwick tree T}, ;.

Recall that the Fenwick tree, sometimes also called a binary indexed tree, F} is in-
ductively defined by
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(1) Fy consists of a single vertex.
(2) Fj is constructed by attaching to the root all Fenwick trees F; for j < k.

Fenwick trees were originally used as a way to compute efficiently sums over subsets of
an array a = (ax)i_, of numbers [32,13]. In this case, one would associate Fenwick trees
Fi(a),..., Fx(a) with labelled vertices, where the labels are inductively given by

(1) The unique vertex of Fj is labelled by a;.

(2) The root of Fj has label a; and before attaching the subtree Fj to this root, we
increase every label therein by ag.

The labelled tree T, ; is isomorphic to F,_;+1 as a tree, but its labelling arises in a

different way. More precisely, (Ty,,;)1<i<n is the family of rooted trees with labelled

vertices inductively defined by

(1) Ty,n = {n} consists of a single vertex labelled n.
(2) T,,—1 is given by

Tn,i+1 Tn,i+2 e Tn,n—l Tn n
i.e. by attaching to a root labelled 7 every tree T}, ; for j > 1.

For example, T}, ,,_3 is given by

Since binary trees are combinatorially easier to describe, we use a bijection from (7}, ;);
to certain binary trees (B, ;);, which is given by adding vertices when necessary. More
formally, for any planar rooted tree T  with labelled vertices we inductively define a
corresponding planar rooted binary tree Binary(T") with labelled vertices by

o Binary(T) =T if T is empty or consists of one vertex.
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e If T is a tree of the form
r
Ty

with root 7 and a single subtree T7 attached to the root, then we define Binary(T")
as the tree

r

e

B(Ty)

o If T is a tree of the form

T, /112\ T

with root r and subtrees T71,...,T), k > 2, attached to the root, then we define T”
as the planar rooted tree with labelled vertices given by

*

N

Ty e Ty,
and set Binary(T') to be the tree

r

77N

B(Th) B(T")

Let us view T}, ; as planar labelled trees, with the planar representation given as in the
definition. Then Binary(7), ;) are the binary trees B, ; such that

(1) By, has n — i+ 1 generations.

(2) Every vertex in the second to last generation has a left child, but no right child.

(3) Every vertex that is not in the last or second to last generation has exactly two
children.

(4) The root has label i.

(5) Every vertex in the j-th generation that is a left child of its predecessor has label j.

(6) Every vertex that is a right child of its predecessor has label .
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In the original interpretation of Fenwick trees as calculating iteratively all sums over an
array of natural numbers of a given set, the associated binary tree instead corresponds
to, in every layer, choosing to include or not include the n-th element in the sum.

In our case, we have that, for example, B, ,,_3 is the binary tree

nQ/n_
N
-

\\/

\
/

While in the Loewy diagram every vertex corresponds to a simple composition factor of
PP in B, ,, the vertices marked * correspond to (0) instead, while the vertices marked
with a label j still correspond to composition factors L}B . We can visualize this by
replacing the labelled vertices with the composition factors respectively zeros that they

contribute. For example, for P2 . we obtain

. / ne3 \ )
N 7N .
e o

Ly Ly Ly

We would like to label the paths from the root to a leaf in B,, ; by vectors of length n,
consisting of numbers 0 and 1, such that all entries above ¢ are zero, the i-th entry is
one and every subsequent entry is one whenever we move into a left subtree and zero
whenever we move into a right subtree. Hence the possible set of indices for a tree of
the form B, ;, 1 <i < mn, is given by I := {a € {0,1}" : a,, = 1}. Moreover, if s(a) :=
min{l <k < n:a, = 1} is the first-non-zero entry of «, then I, := {a € I : s(a) =i}
are the indices corresponding to paths of B,, ; for a fixed 1.

Let us consider Q; = R®p PP. This is a projective R-module, and every composition
series of PiB by simple modules gives rise to a composition series of R by standard
modules. We can thus replace the labels in the tree B; , by the corresponding standard
modules to visualize Q;:
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Note, however, that here some of the extensions shown in the tree might split. In fact,

since Q; is projective and any projective P* of R has a unique composition series by
standard modules with composition factors A;, A;11, ..., A,, we see that any extension

A; = Aj for j #1441 in Q; does split. We thus obtain the picture

An—3 N

Here we can see that any path o from the root to a leaf in B, ; gives rise to a projective
summand P in Q; where j(a) := max({1 < k <n:a, =0} U{0}) + 1, consisting
of the comp081t10n factors corresponding to the part of the path which moves up and to
the right from the leaf for as long as possible.

We thus define P, := P4 i) € mod A, Qi == D ¢, Po and P := @, Qi, and let
R :=End4(P)°P

9.3.3. The embedding

We define an embedding ¢ : B — R as follows: First, denote by ¢; is the ¢-th unit vector,
and let 3; := 3,5, €;. Additionally, for o, € I, 0 < a,b < n with b —a = j(8) — j(a)
let

Ta,B,a,b = Tj j(a),j(B),ab : Pa — Pﬁ.

Then we define

te;) :==1idg, = Z Ta,a,0,0 for 1 <i<mn,
a€l;
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U((1,5)) =Y Taate,00 fori+1<j
a€l;

n

L((ivi + 1)) = T8i41,6:,0,1 T E , T8i41,8k+ei,k—i—1,0 T § Ta,a+¢€;,0,0-
k=i+2 a€li1\Bit1

In other words,
e for 1 <i<mn,t(e;) is the idempotent corresponding to Q;;
o for1 <i<i+1<j<mn, (7)) is the embedding of modules Q; — Q; given, on
the corresponding graphs, by mapping 7;, ; to the subtree T}, ; of the root i in T, ;
by the identity; and

o for 1 <i<i+1<mn,(i,i+1)) consists of a sum of maps from T}, ;41 into any
subtree T3, ; of the root in T}, ; for i +1 < j < n.

This gives rise to a well-defined algebra homomorphism, since (i, )1<i<n clearly form a
complete set of principal orthogonal idempotents and

L((imj))b(ek) = 6i’kb((i7j)) = [’((iaj>ek)
v(e;)e((i,5)) = 6;,ke((i, 7)) = e(er(i, 1)),

where ¢ denotes the Kronecker delta.

9.8.4. The verification
Now that we have defined B, R and ¢, it remains to show that + makes B a regular
exact Borel subalgebra of R. That R is Morita equivalent to A is clear by definition.
Let us begin by introducing a grading on R:

Definition 9.26. For every ¢ : P, — Ps in R, we set || := s(8) —j(8). This turns R into
a Z-graded vector space (however, not into a graded algebra). For r = Zle v; € R,
d:=max{|p;| : 1 =1,...k}, we call

Z%‘

i s.t.]pi|=d
the leading coefficient of r.
For every a € I, j(a) < j <nlet
fai =Tap; j—ja)0: Pa — Pgm— my? (@),
Then for 1 <k <mn,1 <14 <...ix_1 < ix = j the leading coefficient of

fa,j : L((il << Zk)>
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In particular, the leading coefficients of the elements fo ;- ¢((i1 < .-+ < i), a € I,
jl@) < j<n 1< k<n 1<i <...ig1 < i = J are linearly independent,
so that the elements fo ;- ¢((i1 < -+ < i), a € I, jla) < j < n, 1 <k <n,
1 <4y <...ig—1 < i = j are linearly independent. Since fq ;- ¢((i1 < --- <ix)) =0 for
i #jyand {(i1 < - - <idg) for 1 <k <m, 1<i; <...ig_1 <ir =7 are a k-basis for
B, we thus obtain that

R= @B  fauB)

a€l,j(a)<j<n

and that f, ; = e;B for every a € I, j(a) < j < n. In particular, R is projective as a
right B-module.
Moreover, there is a well-defined right B-module homomorphism

n:R— B, fg;j— e, fa; = 0if a# b

This is clearly a splitting of ¢, so that, in particular, ¢ is injective and B is a subalgebra
of R. Moreover,

ker)= D faguB) = span{rasas:a> 1},
a€l,jla)<j<n,a#p;

This is a right ideal in R, so that B is a normal exact subalgebra of R.

We want to show that the simple modules of B induce the standard modules of R,
and that for ¢ < j the unique non-split extension Ef; between two simples LZ and Lf
of B induces the unique non-split extension Eﬁ between two standard modules Af* and
Af. These both lead to a similar calculation, which we can generalize to an arbitrary
B-factor module of PP. Hence suppose M = BS is a B-submodule of PP with some
generating set S C PP and consider R ®p PP /M. Then we have

R®p PP /M = Enda(P) ®, Be;/BMe;
={ule;) o f:feEnda(P)}/i(e;) o(M)
= {idg, of : f € Enda(P)}/(idg, o(k¢(S)) o Enda(P))
>~ Homa (P, Q;)/spany {t(s)or: P — Q; : s € S,r € Ends(P)}.
Moreover, since P is projective, every map f : P — (); whose image is contained in

> sesim(s) factors through @, g s : PS — Q;, and is thus contained in span (¢(s)or :
P—Q;:s€S5,reEnds(P)). Hence
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R®p PP /M = Homa(P,Q;)/span {t(s)or: P — Q;:s € S,r € Enda(P)}

=~ Hom 4 (P, Q:/ <Z 1m(s)>> .
seS

In particular, for M = rad(B)e;, we have

Rop LP = Rep B/rad(B)e; 2 Homya | P,Qi/ | Y im(u([i, 1))

1<j
= HOIHA(P, Pﬁi/im(rﬁwrhﬁuo,l)) = HOHlA(P, PiA/Axi) = HOHIA(P, A’LA) = AzR

Thus B is a normal exact Borel subalgebra of R.
Moreover, consider the extension

B
I (1K) #(i.9)

corresponding to (¢, j) € B. Then, >- ) (; ;) B(l, k)Be; is generated as a B-module by
(i,k), i <k #jand (4,k)(4,4), i < j <k, so that we have

R®p E; 2 R®p Be;/ > B(i,k)Be;
(1K) #(i5)

=~Homa | P,Qi/ | Y im((i,k)+ Y im(((j, k)(, 1))

i<k#j i<j<k

Moreover, for j # i+ 1,

Qi/ | D im(u((@ k) + D m(u((, k)i, 5)))

i<kAj i<j<k
= (P51 & P,Bj+€i)/(im(r,3i+1:ﬁi:071 + rﬁq‘,+17ﬁj+€i7j*(i+1),0) + im(rﬂj+17ﬂj+5iy071))
= ()
= A
Aj

and for j =i+ 1,

Qi/ | D im(u((@ k) + D m(u((, k)i, 5)))

i<k##j i<j<k

= (PB'i S3) Pﬂj-l‘é‘i)/im(rﬁi+1,5i7071)
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AA
B <A¢A+1-)

In either case, this is the (up to isomorphism unique) non-split extension E;‘j‘v between
AzA and Af in mod A. We thus have an isomorphism

R@p Be;/ Y B(i,k)Be; = Homu(P, E}) = Ef!
=y

where, since Hom4 (R, —) is an equivalence of quasi-hereditary algebras, Eg is the up
isomorphism unique extension between AF and Af in mod R. As mentioned before,
there are no higher extensions, neither between simples in mod B nor between standard
modules in mod R. Thus, B is a regular exact Borel subalgebra of R.

9.3.5. The G-actions

Let G = {eg,g,...,9~" "t} = Z/NZ be a cyclic group such that char(k) does not
divide N, and let £ be a primitive N-th root of unity in k. Let us consider the G-action
on R given by ¢(y) = &y, g(x) = z and g(e;) = ¢; for 1 <i <mn.

To find the G-action on B, consider the extension between A and A? for1<i<j
corresponding to the arrow (i,j) in B. For 1 < k < n let P'(Af}) be the projective
resolution

(0) —— By, =5 B (0)
respectively
(0) — Pt —— (0)

if k = n, of Af!. Then this extension between i and j corresponds in Homy (P'(A#),
P(Af)) = HomA(Pi‘j_l, P]A) to the homomorphism 711 ; j—i—1,0. Since g(rit1,j,j—i—1,0)
= fj_l_lri+1,j’j,i,1,07 the induced G-action on B is given by

g(e;) = e; and
g((i,5)) = €771 (1, )

for 1 <4 < n respectively 1 < i < j < n, where the change of sign in the exponent is
due to the dualizing.

Since we have defined R as the opposite of an endomorphism ring in mod A and not
according to its presentation in [18], it is less obvious how the G-action on R should be
defined. However, if we want it to restrict to the given G-action on B, there is a natural
candidate for it given as follows:

Since G fixes the principle orthogonal idempotents e* in A, P/ := Aef! naturally
obtains the structure of an A * G-module.
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For o € I let n(a) := [{s(a) < j < n:a; = 0}| be the number of zeros between the
first and the last 1 in the vector . We endow P, with the structure of an A * G-module

via
Py . ¢—n(a) 4. Pic)
try® :=¢ trg”t .

By Lemma 9.5, R = End 4 (P)°P obtains thus the structure of an algebra with a G-action

via

9(0)(x) = gy~ ()

and Hom 4 (P, —) becomes weakly G-equivariant. For a, € I, 0 < a,b < n with b—a =
J(B) — j(a) we have

= gb_n(6)+n(a)ra

9(Ta,8,a,b) Brab-

Hence, for 1 <i<i+1<j<n

g(L((Z7]))) =g Z Ta,a+¢€4,0,0

a€lj
_ Z gf’n(a*FEi)Jr’ﬂ(Oé)T.a7a+si,070 — Z E*(n(a)+j7i71)+n(a)Ta7a+si70,0
Otelj OLEIJ'
= ETTUN 1 aren00 = €T, ) = Wg((i,5))),

a€l;

and for 1 <i<n

g9(e((@,i+1)))

=g | "8it1.8:,1,0 T § : TB8i41,85+€:,0,j—i—1 T § : Ta,a+e;,0,0
j>i+1 a€liti\{Bi+1}

= g(rﬁi+1,5i,1,0) + Z g(rﬁi+175j+6i70,j*i*1) + Z g(TOAOLJrEi,O,O)
Jj>i+1 a€lipi\{Bi+1}
— fin(ﬁHlHn(ﬁi)TﬁiH,Bi,170 + Z gj*iflfn(ﬁiﬂ)Jrn(ﬁjJra)
j>itl
+ Y et 00

a€lipi\{Bit1}

=TB41,8:,1,0 T E TBit1,8j+€:,0,5—i—1 + E : Ta,a+e;,0,0
j>it+1 a€liti\{Bi+1}

= (i, i+ 1)) = u(g((i,7 +1))).

TBiy1,B85+€i,0,5—i—1
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Finally, for 1 <i<mn

g(ule)) =Y glida) = Y 9(raa0)

ael; a€El;
= Z To,0,0,0 = L(ei) = L(g(ez))
a€l;

Hence ¢ is G-equivariant, and in particular, B is a G-invariant regular exact Borel sub-
algebra of R.

Note that the G-action on R does not coincide with the perhaps more canonical G-
action where one instead endows P, simply with the same G-action as the one on Pj(,),
as the latter would give

9(rapan) = Easab

The next example was added to illuminate this phenomenon.
9.4. A second example

In the previous section, the G-action on R was chosen carefully to restrict to the
G-action on B. The aim of this subsection is to show that this was indeed necessary.
In other words, we give an example of a quasihereditary algebra R with a regular exact
Borel subalgebra B and a G-action on R compatible with the partial order <g such that
R does not have a regular exact Borel subalgebra B’ with g(B’) = B’ for all g € G.

Throughout, let char(k) # 2. Consider A =k @, where @ is the quiver

1—2y9”% 3

with the natural order 1 <4 2 <4 3. Let G = {l¢, g} = Z/27 and define

gle;) =e; for 1 <i<3, gla)=—-a, g(B)=23.

Since this is hereditary, it is in particular quasi-hereditary with the natural order 1 <4
2 <4 3, and since G fixes all idempotents, G is compatible with <4. Let P; = Ae; for
1<2<3andlet P~ Ps.Let P:= PL®P,®P,®P; and R := End 4(P)°P. Then R has
a k-basis consisting of the elements idp,,idp,,idp,,idp,,idp; as well as fz3 : P3 — Py
an isomorphism, fs/3 := f:,z,},

f21:P2—>P1,al—>aa

f232P2 %Pg,d*—)aﬂ

and fozr := f33/ 0 fa3.
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Let B =kQp, where Qg is the quiver

5/
/\

1——2 3
and define ¢ : B — R via
L(el) =idp, —l—idpé, L(ei) =idp, fori=2,3, L(O/) = fo1 + fos/, L(ﬂ,) = f33/.

It is easy to see that ¢ is an algebra homomorphism and that it turns B into a regular
exact Borel subalgebra of R, see also [36, Example 52].

Since the G-action on A fixes ¢; for 1 < i < 3, P; obtains the structure of an A * G-
module for 1 <4 < 3. Via structure transport along f33/, this induces an A * G-module
structure on Pj and thus on P = Py @ P, @& P> @ P3. Thus, R = End4(P)°P obtains
a G-action, such that Hom (P, —) is weakly G-equivariant. Explicitly, this G-action is
given by

g(ldx) =idyx for X € {Pl, Py, Ps, P?/)}
9(f21) = —fa
9(fij) = fij for (i,5) # (2,1).
We want to show that with this G-action, R does not have a regular exact Borel subal-

gebrs B’ such that h(B’) = B’ for all h € G. By Theorem 7.2, any such B’ would be of
the form aBa~" for some a € R*. Hence, the G-action

GxA— A (hd)—hxd :=ah(a " da)a™?
would fix B. Moreover, we would have natural isomorphisms
ap:hx——hhxM— hM,hxm— h-(h~(a)a " m)

that would make the identity mod A — (mod A, ) weakly G-equivariant.

Therefore, we first classify the G-actions (h,z) — h * z on R making the identity
functor weakly G-equivariant and fulfilling h * B = B for all h € G.

Suppose we have such a G-action

GxA— A, (h,d)— hxd.
By Lemma 9.22, we have a map
p:G— R*

such that p(eg) = 1r and p(hh') = p(h)h(p(R')) for all h,h’ € G, and such that
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hxa = p(h)h(a')p(h)~!

for all h € G, o’ € R. Since G only has one generator, p is determined by p(g) € A*,
and

14 = plec) = plg®) = p(9)9(p(g))-

Hence p(g)~ = g(p(g)). Write p(g) = ro + r1 for 79 € span ({idp, : (1 < i <
3)} U {idpy, f33/, f3r3}) and r1 € rad(R) = span(fa1, f23, fosr). Then we have that 7o
is invertible and, since rad(R)? = (0),

p(g) t=rgt —rgPri=g(ro+r1) =ro+ g(r1)

we obtain that rg = 1"0_1 and g(r;) = fro_er = —r1. In particular, 71 = Ag1fo1 for
some Ag; € k. Moreover, writing ro = €1idp, +e2idp, +m for m = m; idp, +ma f35 +
ms faz + myidp; € spany (idp,,idp;, fas, fa3) gives €7 =1, ie. g; € {—1,1}, and m? =
idp, + idpé .

Recall that

B = spany (idp, +idps,idp,,idp;, fo1 + foz, f33/)
g(B) = spany (idp, +idp;,idp,, idp,, —fa1 + foz/, f33/)-

In particular, by assumption,

-1

p(9)idp, p(g)~" = p(g) " oidp, op(g) = (e2idp, —A21 fo1) 0 €2idp,

= idp, —e2A21 fo1 € B.

Thus A1 = 0. Moreover,

p(9)fazp(9) " = p(g) " o faz 0 p(g) = (Maidp; +mafys) o fagr o (myidp, +mafars)

. . 2
= mimy fzz +mimaidp, +mamyidp; +m;fas € B

so that mamy = m3 = 0. Since my € k, this implies my = 0; and since m? = idp, + idpy,

we obtain m? = m3 = 1 and myms + mgmy = 0. Additionally

p(9)(—fa1 + fas)p(9) ™" = p(9) ™" © (= far + faz') © p(g)
=—plg) ™" o fa1 0 plg) + plg) " © faz 0 plg)
= —¢c1e2fo1 + €amy foz

= —52(€1f21 - m4f23’)'
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Hence my4 = —e1. Since m% = mi = 1 and mimsz + mgmy = 0 we thus obtain that
either m; = my = —e1 and m3 = mg =0, or my; = €1, my = —€1, my = 0 and m3 € k.

Therefore, we have

p(g) = e1idp, +e2idp, —€1idp, —€1idp;

or

p(g) = e1idp, +e2idp, +e11dp, +m3faz — €1 idpy

for some e1,e9 € {—1,1} and ms € k. In both cases, we can multiply p(s) with e; without
changing the corresponding G-action, and thus obtain the cases

p(g) =idp, +eidp, —idp, —idp;
and

p(g) = idpl +e idp2 + idp3 +Af3z — idpé

for some ¢ € {—1,1} and A € k. We can calculate the induced G-action on R: In the
first case, we obtain

g*ldledx for aHXE{Pl,PQ,Pg,Pé}

g* fij = fij for (i,5) € {(3,3),(3',3)}
g* fij = _Efij for (Z,]) S {(2, 1), (2,3)7 (2,3/)}

and in the second case we obtain

g*idp, =idp, fori=1,2, g xidp, = idp, +Af337, g*idpé :ldpé —Afssr,
g* for = —¢€fa1, gxfsz =—f33, gx*[fyz3=—Ffy3— Aidp; +Aidp,,
g* faz = efaz +eXfoy,  g* foz = —€foz.
It is easy to see that these G-actions indeed fulfil g x B = B. Hence there is a regular

exact Borel subalgebra B’ of R such that h(B’) = B’ for all h € G, if and only if there
is an a € R* such

g*x =ag(a tza)a™!

for all x € R, and * one of the above G-actions. Therefore, suppose there is such an
a € R* and consider the linear maps
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pa :R— R,z aza™*

g¥—:R— R,z +— gz and
g(—) :R— R,z — g(x).

Then we have, by assumption, g — = p,0g(—)op,*. Since the characteristic polynomial
is invariant under base change, this implies that the characteristic polynomial of g — is
the same as the characteristic polynomial of g(—). However, the characteristic polynomial
of g(—) is (t — 1)3(t + 1), while the characteristic polynomial of g * — is in the first case
given by (t — 1)%(t +¢)3 and in the second case given by (t — 1)4(t + 1)%(t +¢)2(t — ¢),
and these cannot be identical for any ¢ € {—1,1}.
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