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In [18], Külshammer, König and Ovsienko proved that for 
any quasi-hereditary algebra (A, ≤A) there exists a Morita 
equivalent quasi-hereditary algebra (R, ≤R) containing a 
basic exact Borel subalgebra B. The Borel subalgebra B
constructed in [18] is in fact a regular exact Borel subalgebra 
as defined in [7]. Later, Conde [9] showed that given a 
quasi-hereditary algebra (R, ≤R) with a basic regular exact 
Borel subalgebra B and a Morita equivalent quasi-hereditary 
algebra (R′, ≤R′ ) with a basic regular exact Borel subalgebra 
B′, the algebras R and R′ are isomorphic, and Külshammer 
and Miemietz [20] showed that there is even an isomorphism 
ϕ : R → R′ such that ϕ(B) = B′.
In this article, we show that if R = R′, then ϕ can be 
chosen to be an inner automorphism. Moreover, instead of 
just proving this for regular exact Borel subalgebras of quasi-
hereditary algebras, we generalize this to an appropriate class 
of subalgebras of arbitrary finite-dimensional algebras. As an 
application, we show that if (A, ≤A) is a finite-dimensional 
algebra and G is a finite group acting on A via automorphisms, 
then under some natural compatibility conditions, there is 
a Morita equivalent quasi-hereditary algebra (R, ≤R) with a 
basic regular exact Borel subalgebra B such that g(B) = B
for every g ∈ G.
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1. Introduction

Let A be a finite-dimensional algebra over an algebraically closed field k. The 
Wedderbun-Malcev theorem [37,23] states that there is a maximal semisimple subalgebra 
L of A, which is unique up to conjugation. Similarly, if G is a connected linear algebraic 
group over k then G has a Borel subgroup B, and by the Borel-Mozorov theorem [6,28]
this subgroup is unique up to conjugation. Correspondingly, if k has characteristic zero, 
any finite-dimensional semi-simple Lie algebra over k has a Borel subalgebra, which is 
again unique up to inner automorphism [34, Ch. VI, Theorem 5].

An important representation-theoretic object associated to such a Lie algebra g is 
category O, the highest weight category consisting of finitely generated g-modules which 
admit additional finiteness conditions on the action of its Borel and Cartan subalge-
bras. Category O decomposes into blocks, and each of its blocks is equivalent to the 
category of finite-dimensional modules over a quasi-hereditary algebra. Both the notion 
of a highest weight category and the notion of a quasi-hereditary algebra are due to 
Cline, Parshall and Scott [8]. In [17], König introduced an analogon of Borel subalgebras 
of finite-dimensional Lie algebras for quasi-hereditary algebras, so called exact Borel 
subalgebras.

However, in contrast to the setting of finite-dimensional Lie algebras, both existence 
and uniqueness fail in general [17, Example 2.3], even without the additional assump-
tion of regularity. Despite this, Külshammer, König and Ovsienko were able to show in 
[18] that for any quasi-hereditary algebra (A, ≤A) there is a Morita equivalent quasi-
hereditary algebra (R, ≤R) with a regular exact Borel subalgebra (B, ≤B). They were 
even able to give a procedure to construct (R, ≤R) and (B, ≤B) as well as the embed-
ding B → R, and to show that under this construction B is basic, i.e. every simple 
B-module is one-dimensional. The definition of a Borel subalgebra as well as the exis-
tence result were subsequently generalized by Goto [14] to standardly stratified algebras 
and by Bautista–Perez–Salmerón [2] to finite-dimensional algebras with strict homologi-
cal systems. However, in the former case, the corresponding theorem yields not a regular 
exact Borel subalgebra, but a homological one.

Later, Külshammer and Miemietz established in [20] that the pair (B, R) is unique up 
to isomorphism, that is, if (R′, ≤R′) is another quasi-hereditary algebra Morita equiv-
alent to (A, ≤A) with basic regular exact Borel subalgebra B′ ⊆ R′, then there is an 
isomorphism ϕ : R → R′ such that ϕ(B) = B′. Independently, a result obtained by 
Conde [9] implies the uniqueness up to isomorphism of R without requiring as much ad-
ditional theory. Nevertheless, it remained an open question whether, if R = R′, ϕ could 
be chosen as an inner automorphism, that is, if B ⊆ R was unique up to conjugation. 
The main aim of this article is to assert this by proving the following theorem:

Theorem (Theorem 7.2). Let A be a finite-dimensional algebra and let B, B′ be two 
basic regular exact subalgebras of A with simple modules {LB

1 , . . . , L
B
n } = Sim(B) and 

{LB′
1 , . . . , LB′

n } = Sim(B′) such that for every 1 ≤ i ≤ n we have
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ΔA
i := A⊗B LB

i
∼= A⊗B′ LB′

i .

Then there is an invertible element a ∈ A such that aBa−1 = B′.

Here, a regular exact subalgebra of an arbitrary finite-dimensional algebra is a natural 
generalization of a regular exact Borel subalgebra of a quasi-hereditary algebra, proposed 
by Külshammer in [19] under the name “bound quiver”. This term encompasses in par-
ticular regular exact Borel subalgebras of left/right standardly stratified algebras as well 
as regular exact Borel subalgebras of finite-dimensional algebras with homological sys-
tems. It should be remarked, however, that the existence result by Goto [14] only yields 
homological exact Borel subalgebras, for which we do not obtain a uniqueness result. 
Additionally, note that in the case where the modules Δi are the projective modules of 
A, this theorem recovers the uniqueness statement of the Wedderburn–Malcev theorem.

The proof given here is inspired by the proof of the existence result in [18]. It makes 
extensive use of A-infinity algebras as defined by Stasheff [35] and of the category of so-
called twisted modules over an A-infinity algebra. Twisted modules (or, more generally 
complexes) over a dg-algebra/category go back to a definition by Bondal and Kapranov 
[4], and were generalized by Lefèvre-Hasegawa to twisted modules/complexes over an A-
infinity algebra/category [22]. As explained in [4] and [22], the homology H0(tw(A)) in 
degree zero of the A-infinity category of twisted complexes over an A-infinity algebra A
can be interpreted as the full subcategory of the derived category generated by the regular 
module under sums, summands, shifts and triangles, and the homology H0(twmod(A)) of 
the category of twisted modules as the full subcategory of the derived category generated 
by the regular module under sums, summands and extensions.

In the reconstruction theorem of Keller [16, 7.7], the A-infinity category of twisted 
modules is used in order to reconstruct a basic finite-dimensional algebra B from the 
A-infinity algebra Ext∗B(LB , LB), where LB is the semisimple part of B. This is some-
what analogous to the reconstruction of a Koszul algebra B from its Yoneda algebra 
Ext∗B(LB , LB) in classical Koszul duality, see [3], whence it is sometimes referred to as 
A-infinity Koszul duality.

Similarly to this, in [18], the A-infinity subalgebra

L⊕ Ext>0
A (ΔA,ΔA)

of the A-infinity algebra Ext∗A(ΔA, ΔA) is used to construct a regular exact Borel sub-
algebra B of A.

Thus, given two basic regular exact subalgebras B, B′ with simples Sim(B) =
{LB

1 , . . . , L
B
n } and Sim(B′) = {LB′

1 , . . . , LB′
n } such that

ΔA
i := A⊗B LB

i
∼= A⊗B′ LB′

i ,

the strategy of our proof is to construct an A-infinity isomorphism
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h : Ext∗B(LB , LB) → Ext∗B′(LB′
, LB′

)

which makes the diagram

Ext∗B(LB , LB)

Ext∗A(ΔA,ΔA)

Ext∗B′(LB′
, LB′)

f

f ′

h (1)

commute, where f and f ′ are the A-infinity homomorphisms induced by the induction 
functors; and then to use a version of Keller’s reconstruction theorem to see that this 
induces an equivalence H : modB → modB′ and a diagram

modB

modA

modB′

A⊗B−

A⊗B′−

F (2)

which commutes up to natural isomorphism. By considering the endomorphism algebras 
of the projective generators B, B′ and A ⊗BB ∼= A ∼= A ⊗B′B′, this natural isomorphism 
then gives rise to an a ∈ A× such that aBa−1 = B′. In the course of this proof, we 
establish commutativity up to natural isomorphism of the diagram

modB F (Δ)

H0(twmod(Ext∗B(LB , LB)) H0(twmod(Ext∗A(ΔA,ΔA))

A⊗B−

H0(twmod(f))

(3)

In the final two sections, we give two additional applications of this commutative diagram, 
both to quasi-hereditary algebras.

In the first application, we deduce a stronger version of our main theorem in the 
quasi-hereditary case under the additional assumption that A is basic. More precisely, 
we show that in this setting it suffices for one of the algebras B, B′ to be regular:

Theorem (Theorem 8.4). Let (A, ≤A) be a basic finite-dimensional quasi-hereditary al-
gebra, B be a regular exact Borel subalgebra of A and B′ be an exact Borel subalgebra of 
A. Then there is an a ∈ A× such that aBa−1 = B′.
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In particular, B′ is regular exact, which is a result that was proven independently 
in a different way by Conde and König, in a preprint that is yet to appear. Note also 
that by [9, Theorem 5.2] a basic quasi-hereditary algebra (A, ≤A) admits a regular exact 
Borel subalgebra if and only if the radicals of the standard modules admit costandard 
filtrations.

The second is an application to skew group algebras of quasi-hereditary algebras. If 
A is a finite-dimensional algebra and G is a group acting on A via automorphisms, then 
one can define the skew group algebra

A ∗G := A⊗ kG

as a k-vector space together with the multiplication

(a⊗ g) · (a′ ⊗ g′) := ag(a′) ⊗ gg′.

Skew group algebras are a natural construction in representation theory, and have been 
studied extensively e.g. in [31], [10], [27]. In previous work [30], we have considered the 
setting where (A, ≤A) is a quasi-hereditary algebra and G is a finite group such that 
char(k) does not divide |G|, acting on A via automorphisms. Under a natural compati-
bility condition of ≤A with this action, see [30, Definition 3.1], we have established that 
there is an induced partial order ≤A∗G on the simple modules of the skew group algebra 
A ∗G such that (A ∗G, ≤A∗G) is quasi-hereditary. Moreover, if B is a regular exact Borel 
subalgebra of (A, ≤A) such g(B) = B for all g ∈ G, then B ∗G is a regular exact Borel 
subalgebra of (A ∗G, ≤A∗G).

Since [18] provides an existence result for regular exact Borel subalgebras, this nat-
urally raises the question whether, in the above setting, this can be extended to an 
existence result of regular exact Borel subalgebras invariant as a set under the group 
action. We answer this question in the affirmative by proving the following theorem:

Theorem (Theorem 9.20). Let (A, ≤A) be a quasi-hereditary algebra and G be a fi-
nite group such that char(k) does not divide |G|, acting on A via automorphisms such 
that ≤A is compatible with this action as in [30]. Then there is a Morita equivalent 
quasi-hereditary algebra (R, ≤R) with a G-action such that R has a regular exact Borel 
subalgebra B with g(B) = B for all g ∈ B and such that the Morita equivalence

F : modA → modR

is G-equivariant.

The structure of the article is as follows: In Section 2, we introduce our notation, and 
in Section 3 we give an introduction to quasi-hereditary algebras and their exact Borel 
subalgebras. In Section 4 we recall twisted modules for dg-algebras, as well as the functor 
twmod assigning to a dg algebra the dg-category of twisted modules. We also recall 
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an equivalence due to Bondal and Kapranov [5] between H0(twmodL End∗
B(P ·(LB)))

and modB, where P ·(LB) is a projective resolution of B, and establish a commutative 
diagram

H0(twmod(EndB(P ·(LB)) H0(twmod(EndA(A⊗B P ·(LB))

modB F (ΔA)A⊗B−

H0(twmod(g))

(4)

where g : EndB(P ·(LB)) → EndA(A ⊗ P ·(LB)), ϕ 
→ idA ⊗ϕ.
In Section 5, we recall (strictly unital) A-infinity algebras and categories. Following 

[22], we give the definition twisted modules over an A-infinity algebra and the exten-
sion of the functor twmod to the A-infinity setting, both due to Lefèvre-Hasegawa [22]. 
Moreover, we recall from [33, Lemma 3.25] that if f is a quasi-isomorphism of A-infinity 
algebras, then H0(twmod(f)) is an equivalence. Thus we obtain a commutative diagram 
as in Diagram (3), where the vertical arrows are equivalences.

In Section 6, we discuss truncation for augmented A-infinity algebras and use this 
to construct the A-infinity isomorphism in Diagram (1). In Section 7, we synthesize the 
previous sections to prove the main result, Theorem 7.2.

In Section 8, we give an alternative proof of a slightly stronger version, Theorem 8.4, of 
our result in the case that A is basic. This theorem also follows from a result announced 
by Conde and König in conjunction with our main theorem. Additionally, a stronger 
version of this theorem was claimed in [38]; however, in the proof given therein, some 
statements are problematic, see 8.3.

In Section 9, we prove our application, Theorem 9.20, concerning the existence of 
G-invariant regular exact Borel subalgebras for quasi-hereditary algebras with a group 
action.

2. Notation

Throughout, let k be an algebraically closed field, and let L ∼= kn. All algebras are 
supposed to be finite-dimensional algebras over k and all modules are supposed to be 
finite-dimensional left modules. If A is an algebra, we denote by Sim(A) a set of repre-
sentatives of the isomorphism classes of the simple A-modules.

For any A-module M we denote by P (M) a projective cover of M . For any collection 
M = (Mi)i∈I of indecomposable A-modules we denote by F(M) the full subcategory of 
modA consisting of modules which admit a filtration by Mi, i ∈ I; that is, N ∈ F(M)
if and only if there is a chain

(0) = N0 ⊆ N1 ⊆ · · · ⊆ Nm−1 ⊆ Nm = N

of A-submodules of N such that for all 1 ≤ j ≤ m there is i = ij ∈ I such that 
Nj/Nj−1 ∼= Mi.



A. Rodriguez Rasmussen / Advances in Mathematics 461 (2025) 110049 7
For X ∈ modL ⊗ Lop we denote by DX the L-L-bimodule given by the k-dual 
DX := Homk(X, k).

We denote by modZ L the category of degree-wise finite-dimensional Z-graded L-
modules and by modZ L ⊗ Lop the category of degree-wise finite-dimensional Z-graded 
L-L-bimodules. For X =

⊕
n∈ZXn ∈ modZ L or X =

⊕
n∈ZXn ∈ modZ L ⊗ Lop and 

x ∈ Xn we denote by |x| := n the degree of x. Moreover, we denote by sX the (positive 
degree) shift of X, i.e. X = sX as a non-graded L-module resp. L-L-bimodule and for 
x ∈ X homogeneous, we have

|sx| = |x| + 1.

Finally, for X =
⊕

n∈ZXn ∈ modZ L ⊗ Lop, we equip the L-L bimodule DX with a 
Z-grading via

(DX)n := DX−n.

3. Preliminaries

In this section, we give an overview of our main motivation, the study of quasi-
hereditary algebras and their exact Borel subalgebras, as well as of the generalized setting 
in which Theorem 7.2 is given. For an introduction to quasi-hereditary algebras see for 
example [11].

The data of a quasi-hereditary algebra consists of a finite-dimensional algebra A to-
gether with a partial order ≤A on Sim(A). Given such a partial order, one can define 
the so-called standard modules Δ(L):

Definition 3.1. Let A be a finite-dimensional algebra and ≤A be a partial order on 
Sim(A). Then for every L ∈ Sim(A) we define

Δ(L) := P (L)/
∑

L′≰AL,f∈HomA(PL′ ,PL)

im(f).

Δ(L) is called the standard module associated to L with respect to the partial order ≤A. 
We denote by Δ := (Δ(L))L∈Sim(A) the collection of standard modules.

In general, different partial orders may give rise to the same set of standard modules. 
In this case, they are called equivalent. Moreover, a Morita equivalence of pairs (A, ≤A), 
(R, ≤R) is defined as an equivalence

F : modA → modR

such that for every L ∈ Sim(A)
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F (Δ(L)) ∼= Δ(F (L)).

A pair (A, ≤A) is called quasi-hereditary if the following hold:

(1) EndA(Δ(L)) ∼= k for all L ∈ Sim(A).
(2) A ∈ F(Δ).

Prominent examples include Schur algebras, algebras underlying blocks of Bernstein-
Gelfand-Gelfand category O and algebras of global dimension less than or equal to two. 
A particularly easy example is the case where A = kQ/I for some quiver Q without 
oriented cycles, and the partial order of A is given by

L ≤A L′ ⇔ there is a path p : eL → eL′ in Q.

In this case ΔL
∼= L for every L ∈ Sim(A), so that F(Δ) = modA and EndA(Δ(L)) ∼= k

by Schur’s lemma. In general, any quasi-hereditary algebra (A, ≤A) with simple standard 
modules is Morita equivalent to a pair (kQ/I, ≤) as described above. Such quasi-
hereditary algebras are called directed.

If (A, ≤A) is a quasi-hereditary algebra, then the Dlab-Ringel Reconstruction Theorem 
shows that (A, ≤A) is up to Morita equivalence already determined by the category F(Δ):

Theorem 3.2 ([11, Theorem 2]). Let (A, ≤A) and (R, ≤R) be quasi-hereditary algebras. 
Suppose there is an equivalence

F : F(ΔA) → F(ΔR).

Then F extends to an equivalence

F : modA → modR.

Hence the subcategory F(Δ) is of particular interest in studying (A, ≤A). In [17], 
König defined the concept of an exact Borel subalgebra of a quasi-hereditary algebra:

Definition 3.3. Let (A, ≤A) be a finite-dimensional algebra. A subalgebra B is called an 
exact Borel subalgebra if

(1) The induction functor

A⊗B − : modB → modA

is exact.
(2) There is a bijection φ : Sim(B) → Sim(A) such that for all L ∈ Sim(B) we have

A⊗B L ∼= Δ(φ(L)).
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(3) (B, ≤B) is directed with respect to the partial order

L ≤B L′ :⇔ φ(L) ≤A φ(L′).

One often considers exact Borel subalgebras with additional properties, see [7, Defi-
nition 3.4] and [17, p. 405]:

Definition 3.4.

(1) An exact Borel subalgebra B of a quasi-hereditary algebra (A, ≤A) is called normal 
if the embedding ι : B → A has a splitting as a right B-module homomorphism 
whose kernel is a right ideal in A.

(2) An exact Borel subalgebra B of a quasi-hereditary algebra (A, ≤A) is called regular 
if it is normal and for every n ≥ 1 the maps

ExtnB(LB , LB) → ExtnA(ΔA,ΔA), [f ] 
→ [idA ⊗Bf ]

are isomorphisms, where LB =
⊕

LB
i ∈Sim(B) L

B
i and ΔA = A ⊗B LB ∼=⊕

LA
i ∈Sim(A) Δ(LA

i ).
(3) An exact Borel subalgebra B of a quasi-hereditary algebra (A, ≤A) is called strong 

if it contains a maximal semisimple subalgebra of A.

In particular, regular is a useful condition in order to transfer homological data from 
modB to F(Δ) and the other way around. Additionally, regular exact Borel subalgebras 
are of particular interest since the exact Borel subalgebras constructed in [18] are regular.

While quasi-hereditary algebras and their regular exact Borel subalgebras are the 
main motivation for this article, it was observed in [19] that there is a natural gener-
alization of this to arbitrary finite-dimensional algebras, and our results are formulated 
in this setting. Note that this definition also encompasses regular exact Borel subalge-
bras of standardly stratified algebras and of finite-dimensional algebras with homological 
systems as defined by Goto [14] and Bautista–Perez–Salmerón [2], respectively.

Definition 3.5. Let A be a finite-dimensional algebra and (Mi)i∈I a collection of A-
modules. Then a bound quiver for F(M) is a subalgebra B of A such that

(1) The induction functor

A⊗B − : modB → modA

is exact.
(2) There is a bijection φ : Sim(B) → I such that for all L ∈ Sim(B) we have

A⊗B L ∼= Mφ(L)
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(3) The ring extension A : B is regular in the sense of Definition 3.4, replacing ΔA
i by 

Mφ(i).

We call a bound quiver B ⊆ A for some F(M) a regular exact subalgebra.

Thus, if (A, ≤A) is a quasi-hereditary algebra with regular exact Borel subalgebra 
B, then B is a bound quiver for F(ΔA). Note that in Definition 3.5 there is no cri-
terion corresponding to the directedness of B. However, its was shown in [19, p. 18]
that any basic regular exact subalgebra B of a quasi-hereditary algebra A such that 
A ⊗B B/ rad(B) ∼=

⊕
L∈Sim(A) Δ(L)A is a regular exact Borel subalgebra. As was al-

ready observed by König in [17, Example 2.2], this does not hold if one doesn’t require 
regularity. However, in the definition of a strong exact Borel subalgebra [17, p. 405], 
König also notes that, if A is basic, then again the directedness follows from the other 
two criteria. This relates to our result 8.4. We expect the following lemma to be well-
known, but could not find a reference, so that we provide a proof:

Lemma 3.6. Let (A, ≤A) be a finite-dimensional quasi-hereditary algebra and B be a 
strong regular exact Borel subalgebra of A. Then A rad(B) ⊆ rad(A).

Proof. Let e1, . . . , en be a set of principle indecomposable orthogonal idempotents in 
B. Then since B is strong, they are also a set of principle indecomposable orthogonal 
idempotents in A. Let x ∈ ej rad(B)ei for some 1 ≤ i, j ≤ n. Then since B is directed, 
i < j. In particular i 
= j, so that ejAei ⊆ rad(A). Hence x ∈ ej rad(B)ei ⊆ ejAei ⊆
rad(A). �

Using this, we can conclude the following result:

Lemma 3.7. Let (A, ≤A) be a basic directed quasi-hereditary algebra, and B ⊆ A be an 
exact Borel subalgebra. Then B = A.

Proof. Note that since A is basic, B is a strong exact Borel subalgebra, so that rad(B) ⊆
rad(A). Moreover, by assumption

A/ rad(A) ∼=
⊕

L∈Sim(A)

L ∼=
⊕

L∈Sim(A)

ΔA(L)

∼=
⊕

L∈Sim(B)

A⊗B L ∼= A⊗B (B/ rad(B)) ∼= A/A rad(B).

Thus rad(A) = A rad(B). Let LB be a maximal semisimple subalgebra of B. Then by 
assumption it is a maximal semisimple subalgebra of A, so that A = LB ⊕ rad(A) and 
thus

rad(A) = A rad(B) = (LB ⊕ rad(A)) rad(B) = LB rad(B) + rad(A) rad(B)
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= rad(B) + rad(A) rad(B),

so that by Nakayama’s lemma, applied to the right B-module rad(A), we obtain rad(B) =
rad(A). Hence

A = LB ⊕ rad(A) = LB ⊕ rad(B) = B. �
4. Twisted modules over dg-algebras

In this section, we recall the definition of twisted modules over a dg-algebra due to 
Bondal and Kapranov [5] and establish the commutativity of the diagram

modB F (ΔA)

H0(twmodL(End∗
B(P ·(LB)) H0(twmodL(End∗

B(P ·(LB))

A⊗B−

H0(twmodL(g))

(5)

For more on dg-algebras, categories and twisted modules, see also [12]. Let us first recall 
the definition of a dg-algebra:

Definition 4.1. A dg-algebra A = (A, d) is a graded associative, not necessarily unital, 
algebra A =

⊕
n∈ZAn together with a k-linear map d : A → A which is homogeneous 

of degree 1 such that for all a ∈ An, b ∈ A

d(ab) = d(a)b + (−1)nd(b).

A dg-algebra homomorphism

f : A = (A, d) → A′ = (A′, d′)

is an algebra homomorphism f : A → A′ homogeneous of degree zero such that d ◦ f =
f ◦ d. Composition is the composition of maps.

We call a dg-algebra A unital over L if there is a dg-algebra homomorphism iL : L →
A, where the differential on L is trivial. We call a homomorphism

f : (A, iL) → (A′, i′L)

of dg-algebras, which are unital over L, unital over L, if f ◦ iL = i′L.
Let A = (A, d, ιL) be a dg-algebra unital over L. Then a dg-module over A is a pair 

(M, dM ) consisting of a graded A-module such that ιL(1L) ·m = m for all m ∈ M and a 
homorphism dM : M → M of L-modules, which is homogeneous of degree 1, such that 
for all m ∈ M and all homogeneous elements a ∈ An of degree n we have

dM (am) = d(a)m + (−1)nadM (m).
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Remark 4.2.

(1) Let R be a unital associative algebra. We can view R as a dg-algebra unital over 
k which is concentrated in degree zero. Let X = ((Xn)n, d) be dg-module over 
R. Then End∗

R(X) =
⊕

n∈Z Endn
R(X) obtains the structure of a dg-algebra with 

multiplication given by composition and differential given by

dEnd∗
R(X)(f) := d ◦ f − (−1)nf ◦ d

for every f ∈ Endn
R(X). Moreover, if T : modR → modR′ is a functor, then T

induces a dg- algebra homomorphism

TEnd∗
R(X) : End∗

R(X) → End∗
R′(T (X))

where T (X) = ((T (Xn))n, T (d)).
(2) Suppose M1, . . . , Mn are modules in modR for some finite-dimensional algebra R. 

For 1 ≤ i ≤ n let P ·(Mi) be a projective resolution of Mi, let M :=
⊕

i=1n Mi and 
let P ·(M) =

⊕n
i=1 P

·(Mi). Denote by εi the i-th unit vector in L = kn. Then

iL : L → End∗
R(P ·(M)), εi 
→ idP ·(Mi)

makes End∗
R(P ·(M)) unital over L. Moreover, if T : modR → modR′ is a functor, 

then

TEnd∗
R(P ·(M)) ◦ iL : L → End∗

R′(T (P ·(M)))

makes End∗
R′(T (P ·(M))) unital over L in such a way that TEnd∗

R(P ·(M)) is unital 
over L.

(3) If A is unital over L then it canonically obtains the structure of an L-L-bimodule 
via restriction.

(4) If X is a left R-module and Y a left R′-module, then Homk(X, Y ) has the canonical 
structure of an R′-R-bimodule. In particular, if R = R′ = L, then Homk(X, Y ) has 
in this way the structure of an L-L-bimodule. Since L is commutative, there are 
other ways to associate a bimodule structure, but we always consider this one.

Lemma 4.3. Let A be a dg-algebra. Then its homology H∗(A) (with respect to its differ-
ential d) obtains the structure of an associative (not necessarily unital) algebra via

(a + im(d)) · (b + im(d)) = ab + im(d).

Moreover, H∗ defines a functor from dg-algebras to (not necessarily unital) associative 
graded algebras. Similarly, H0 defines a functor from dg-algebras to (not necessarily 
unital) associative algebras.
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Definition 4.4. A dg-algebra homomorphism f : A → A′ is called a quasi-isomorphism if 
H∗(f) : H∗(A) → H∗(A′) is an isomorphism of associative algebras.

In order to define the category of twisted modules, we need to define the additive 
enlargement of a dg-algebra A. This essentially turns our dg-algebra into a dg-category, 
in the same way that the projective modules addA form a category for an associative 
algebra A, where L takes the place of a maximal semisimple subalgebra of A. First, we 
recall the definition of a dg-category:

Definition 4.5. A dg-category A over k is a collection of objects and for all objects 
X, Y ∈ A, a graded k-vector space A(X, Y ) = (A(X, Y )n)n∈Z together with a differential

dA(X,Y ) : A(X,Y ) → A(X,Y )

of degree one, as well as for all objects X, Y, Z a composition map

◦ : A(Y,Z) ⊗k A(X,Y ) → A(X,Z)

of degree zero, such that ◦ is associative and for all f ∈ A(Y, Z)n, g ∈ A(X, Y )

dA(X,Z)(f ◦ g) = dA(Y,Z)(f) ◦ g + (−1)nf ◦ dA(X,Y )(g).

A dg-category is called unital if for every object X there is idX ∈ A(X, X)0 such that 
dA(X,X)(idX) = 0 and for all objects Y and all f ∈ A(Y, X), g ∈ A(X, Y ) we have 
idX ◦f = f and g ◦ idX = g. A dg-functor F : A → B between two dg-categories is an 
assignment F from the objects of A to the objects of B and for any two objects X, Y in 
A a linear map

FX,Y : A(X,Y ) → B(F (X), F (Y ))

homogeneous of degree zero fulfilling FX,Y ◦ dA(X,Y ) = dB(F (X),F (Y )) ◦ FX,Y , such that 
for any f ∈ A(X, Y ) and g ∈ Y,Z

FX,Z(g ◦ f) = FY,Z(g) ◦ FX,Y (f).

If A and B are unital dg-categories, then F is called unital if F (idX) = idF (X) for all 
objects X in A.

Definition 4.6. Let A be a unital dg-category. Then its homology H∗(A) is the (Z-graded) 
category with objects being the objects of A, morphism spaces

H∗(A)(X,Y ) = H∗(A(X,Y ))
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and composition induced by the composition in A. A unital dg-functor F : A → A′ gives 
rise to a functor

H∗(F ) : H∗(A) → H∗(A′),

X 
→ F (X), f + im(d) 
→ F (f) + im(d).

In this way, H∗ becomes a functor from unital dg-categories to (Z-graded) categories. 
Similarly, H0 becomes a functor from unital dg-categories to categories.

Definition 4.7. A unital dg-functor F is called a quasi-equivalence if H∗(F ) is an equiv-
alence of categories.

Definition 4.8. Let A = (A, dA, iL) be a dg-algebra unital over L. Then add(A) is the 
unital dg-category whose objects are L-modules, whose homomorphisms are given by

add(A)(X,Y ) = A⊗L⊗Lop Homk(X,Y ),

with grading induced by the grading of A, whose composition is given by

(a1 ⊗ g1) ◦ (a2 ⊗ g2) = a1a2 ⊗ (g1 ◦ g2)

and whose differential is given by

dadd(A)(a⊗ g) = dA(a) ⊗ g.

Its units are given by

idX = 1L ⊗ idX ∈ A⊗L⊗Lop Endk(X).

Definition 4.9. If f : A → A′ is a dg-algebra homomorphism unital over L, then there is 
an induced unital dg-functor

add(f) : add(A) → add(A′), X 
→ X, a⊗ g 
→ f(a) ⊗ g.

This gives rise to a functor add from dg-algebras unital over L to unital dg-categories.

Definition 4.10. Let Q be an L-L-bimodule and X be a left L-module. Then an element 
w ∈ Q ⊗L⊗Lop Endk(X) is called triangular, if there is a presentation w =

∑m
i=1 qi ⊗ fi

and an N ∈ N such that for all i1, . . . , iN ∈ {1, . . .m} we have

fiN ◦ · · · ◦ fi1 = 0.
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Lemma 4.11. Let R be an algebra, (Mj)nj=1 be a set of R-modules. Let M :=
⊕n

i=1 Mi

and A := EndR(P ·(M)). Moreover, let X be an L-module and wX ∈ (A ⊗L Endk(X))1. 
Then wX is triangular if and only if there is a sequence of submodules

(0) = X0 ⊆ X1 ⊆ · · · ⊆ XN = X

such that wX(P ·(M) ⊗L Xi) ⊆ P ·(M) ⊗L Xi−1 for 1 ≤ i ≤ N .

Proof. Suppose wX is triangular. Let w =
∑m

i=1 gi⊗fi be a presentation of w and N ∈ N

such that for all i1, . . . , iN ∈ {1, . . .m} we have

fiN ◦ · · · ◦ fi1 = 0.

For 0 ≤ i ≤ N let

Xi :=
N∑

l=N−i

∑
1≤i1,...,il≤m

im(fil ◦ · · · ◦ fi1) ⊆ X.

Then by definition Xi ⊆ Xi+1. Moreover, X0 = (0), XN = X and for 1 ≤ i ≤ N , 
1 ≤ j ≤ m we have fj(Xi) ⊆ Xi−1. Hence wX(P ·(M) ⊗L Xi) ⊆ P ·(M) ⊗L Xi+1.

On the other hand, suppose there is a sequence of submodules

(0) = X0 ⊆ X1 ⊆ · · · ⊆ XN = X

such that wX(P ·(M) ⊗L Xi) ⊆ P ·(M) ⊗L Xi−1 for 1 ≤ i ≤ N . Since L is semisimple, 
we can find a complement Yi for Xi−1 in Xi for every 1 ≤ i ≤ N . Then we have 
Xi =

⊕i
j=1 Yi for all 1 ≤ i ≤ N . In particular, X =

⊕N
j=1 Yi. Denote by πYi

: X → Yi

the canonical projection and by ιYi
: Yi → X the canonical embedding. For 1 ≤ i ≤ j let 

wij := (idP ·(M) ⊗LπYj
) ◦ wX ◦ (idP ·(M) ⊗LιYi

). Then, since

wX(P ·(M) ⊗L Yi) ⊆ wX(P ·(M) ⊗L Xi) ⊆ P ·(M) ⊗L Xi−1 =
i−1⊕
j=1

P ·(M) ⊗L Yj ,

we have wij = 0 if i ≤ j.
Thus

wX =
N∑

i,j=1
wij =

N∑
i=1

i−1∑
j=1

wij .

Let us write wX =
∑m

r=1 ar ⊗ fr for ar ∈ EndR(P ·(M)) and fr ∈ Homk(X, X). Then
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wX =
N∑
i=1

i−1∑
j=1

wij =
N∑
i=1

i−1∑
j=1

(idP ·(M) ⊗LπYj
) ◦ wX ◦ (idP ·(M) ⊗LιYi

)

=
N∑
i=1

i−1∑
j=1

m∑
r=1

(idP ·(M) ⊗LπYj
) ◦ (ar ⊗ fr) ◦ (idP ·(M) ⊗LιYi

)

=
N∑
i=1

i−1∑
j=1

m∑
r=1

ar ⊗ (πYj
◦ fr ◦ ιYi

).

Moreover, for all K ∈ N, 1 ≤ r1, . . . , rK ≤ m, 1 ≤ i1, . . . , iK , j1 . . . jK ≤ N , the compo-
sition

(πY jK ◦ frK ◦ ιYiK
) ◦ (πYjK−1

◦ frK−1 ◦ ιYiK−1
) · · · ◦ (πY j1 ◦ fr1 ◦ ιYi1

)

can be non-zero only if jK < iK = jK−1 < iK−1 = jK−2 < · · · < i2 = j1 < i1. In 
particular, this is possible only if jK ≤ i1 − K ≤ N − K. Hence, setting K = N , we 
obtain that

(πY jN ◦ frN ιYiN
) ◦ (πY jN−1 ◦ frN−1ιYiN−1

) · · · ◦ (πY j1 ◦ fr1ιYi1
) = 0

for all 1 ≤ r1, . . . , rN ≤ m, 1 ≤ i1, . . . , iN , j1 . . . jN ≤ N . �
We can now give the definition of twisted modules over a dg-algebra.

Definition 4.12. [4, Definition 1] Let A = (A, dA, iL) be a dg-algebra unital over L. Then 
a twisted module over A is a pair consisting of an L-module X together with an element 
wX ∈ A1 ⊗L⊗Lop Endk(X) = add(A)(X, X)1 such that wX is triangular and fulfils the 
Maurer–Cartan equation

dadd(A)(wX) + wX ◦ wX = 0.

The category twmodL(A) is the unital dg-category whose objects are twisted modules 
over A, whose homomorphisms are given by

twmod(A)((X,wX), (Y,wY )) = add(A)(X,Y )

with the same grading, and whose differential is given by

dtwmod(A)((X,wX),(Y,wY ))(f) = dadd(A)(f) + wY ◦ f − (−1)|f |f ◦ wX .

Its units are the same as in add(A).

The following can be found in [22, Section 7.2., p. 166] for twisted complexes over 
A-infinity algebras, which generalize twisted modules over dg-algebras.
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Definition 4.13. Let f : A → A′ be a dg-algebra homomorphism unital over L. Then 
there is an induced unital dg-functor

twmod(f) : twmod(A) → twmod(A′),

(X,wX) 
→ (X, add(f)(wX)), g 
→ add(f)(g).

This gives rise to a functor twmod from dg-algebras unital over L to unital dg-categories.

The following equivalence F(M) ∼= H0(twmodL(End(P ·(M)))) for M =
⊕n

i=1 Mi and 
L ∼= kn can be obtained from [5, Section 4, Theorem 1] specializing Ei := P ·(Mi) in E :=
C(A), and then restricting this to the full subcategories generated by (L1, 0), . . . , (Ln, 0)
resp. E1, . . . , En via cones (but not shifts).

We give a proof, in order to illustrate that in this special case, this statement follows 
directly from the horseshoe lemma. However, readers familiar with this material might 
want to skip it.

Theorem 4.14. Let R be an algebra, (Mj)nj=1 be a set of R-modules. Then there is an 
equivalence

CM : H0(twmodL(End(P ·(M)))) → F(M)

given by

(X,w) 
→ H0(P ·(M) ⊗L X, dP ·(M) ⊗ idX +w), [f ] 
→ H0(f);

we identify End∗
A(P ·(M)) ⊗L⊗Lop Homk(X, Y ) with Hom∗

A(P ·(M) ⊗L X, P ·(M) ⊗L Y )
via

(f ⊗ g)(a⊗ x) = f(a) ⊗ g(x).

Note that the Koszul sign rule does not give rise to a sign here, since X is ungraded and 
thus g is viewed as being of degree zero.

Proof. First, let us show that CM is well-defined.
Let (X, w) be an object in H0(twmod(End∗

A(P ·(M)))). Then X is an L-module and

w ∈ End1
A(P ·(M)) ⊗L⊗Lop EndL(X) ∼= End1

A(P ·(M) ⊗L X).

Since w fulfils the Maurer–Cartan equation,

0 = (dEnd∗
A(P ·(M)) ⊗ idEndL(X))(w) + w ◦ w

= (dP ·(M) ⊗ idX) ◦ w − (−1)w ◦ (dP ·(M) ⊗ idX) + w ◦ w
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= (dP ·(M) ⊗ idX) ◦ (dP ·(M) ⊗ idX) + (dP ·(M) ⊗ idX) ◦ w + w ◦ (dP ·(M) ⊗ idX) + w ◦ w
= (dP ·(M) ⊗ idX +w) ◦ (dP ·(M) ⊗ idX +w).

Thus, dP ·(M) ⊗ idX +w is a differential on P ·(M) ⊗L X. Moreover, by triangularity of 
w there is a sequence

(0) = X0 ⊆ X1 ⊆ · · · ⊆ Xn = X

of L-submodules of X such that w(P ·(M) ⊗Xi) ⊆ P ·(M) ⊗Xi−1 for every 1 ≤ i ≤ n. 
In particular,

(dP ·(M) ⊗ idX +w)(P ·(M) ⊗Xi) ⊆ P ·(M) ⊗Xi−1,

so that as a complex of A-modules, (P ·(M) ⊗X, dP ·(M) ⊗ idX +w) has a series of sub-
complexes

(0) = (P ·(M) ⊗X0, dP ·(M) ⊗ idX0 +w|P ·(M)⊗X0) ⊆ . . . (6)

⊆ (P ·(M) ⊗Xn, dP ·(M) ⊗ idXn
+w|P ·(M)⊗Xn

) = (P ·(M) ⊗X, dP ·(M) ⊗ idX +w),
(7)

such that on every factor complex P ·(M) ⊗(Xi/Xi−1) the differential is given by dP ·(M)⊗
idXi/Xi−1 . Exactness of P ·(M) thus implies that

Hk(P ·(M) ⊗ (Xj/Xj−1), dP ·(M) ⊗ idXj/Xj−1) = 0

for every 1 ≤ j ≤ n, k 
= 0. Moreover, (P ·(M) ⊗Xi, dP ·(M) ⊗ idXi
+w|P ·(M)⊗Xi

)) has a 
filtration by the complexes (P ·(M) ⊗ (Xj/Xj−1), dP ·(M) ⊗ idXj/Xj−1), 1 ≤ j ≤ n. Since 
short exact sequences of complexes give rise to long exact sequences in homology, this 
implies that

Hk(P ·(M) ⊗Xi, dP ·(M) ⊗ idXi
+w|P ·(M)⊗Xi

) = 0

for every 1 ≤ i ≤ n, k 
= 0. Thus (P ·(M) ⊗Xi, dP ·(M)⊗ idXi
+w|P ·(M)⊗Xi

) is a projective 
resolution of its degree zero homology H0(P ·(M) ⊗Xi, dP ·(M) ⊗ idXi

+w|P ·(M)⊗Xi
) for 

every 1 ≤ i ≤ n.
In particular, applying H0 to the chain of subcomplexes (6), we obtain a chain of 

A-submodules

(0) = H0(P ·(M) ⊗X0, dP ·(M) ⊗ idX0 +w|P ·(M)⊗X0) ⊆ . . .

⊆ H0(P ·(M) ⊗Xn, dP ·(M) ⊗ idXn
+w|P ·(M)⊗Xn

) = H0(P ·(M) ⊗X, dP ·(M) ⊗ idX +w),

of H0((P ·(M) ⊗X, dP ·(M) ⊗ idX +w)), such that the factor modules are isomorphic to
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H0(P ·(M) ⊗ (Xi/Xi−1), dP ·(M) ⊗ idXi/Xi−1) = M ⊗L (Xi/Xi−1),

i.e. to a direct sum of Mj . Thus

H0((P ·(M) ⊗X, dP ·(M) ⊗ idX +w)) ∈ F(M).

This implies that CM is well-defined. Since twmod(End∗
A(P ·(M))))((X, w), (X ′, w′)) is 

the complex

twmod(End∗
A(P ·(M)))((X,w), (X ′, w′)) = End∗

A(P ·(M)) ⊗L⊗Lop Homk(X,X ′)
∼= Hom∗

A(P ·(M) ⊗L X,P ·(M) ⊗L X ′)

with differential

f 
→dEnd∗
A(P ·(M)) ⊗ idHomk(X,X′)(f) + f ◦ w − (−1)|f |w′ ◦ f

= (dP ·(M) ⊗ idX′ +w′) ◦ f − (−1)|f |f ◦ (dP ·(M) ⊗ idX +w),

its homology H0(twmod(End∗
A(P ·(M))))((X, w), (X ′, w′))) is exactly

HomA(H0(P ·(M) ⊗L X, dP ·(M) ⊗ idX +w), H0(P ·(M) ⊗L X ′, dP ·(M) ⊗ idX′ +w′)),

so that CM is fully faithful.
It remains to be shown that it is dense. Clearly, Mj is in the essential image of 

CM as it is isomorphic to CM ((Li, 0)). Hence it suffices to show that the essential 
image is closed under extensions. So suppose (X ′, w′) and (X ′′, w′′) are objects in 
H0(twmod(End∗

A(P ·(M)))) and we have an exact sequence

(0) → H0((P ·(M) ⊗L X ′, dP ·(M) ⊗ idX′ +w′))

→ Y → H0((P ·(M) ⊗L X ′′, dP ·(M) ⊗ idX′′ +w′′) → (0).

Since (P ·(M) ⊗L X ′, dP ·(M) ⊗ idX′ +w′) and (P ·(M) ⊗L X ′′, dP ·(M) ⊗ idX′′ +w′′)
are projective resolutions of H0((P ·(M) ⊗L X ′, dP ·(M) ⊗ idX′ +w′)) and, respectively, 
H0((P ·(M) ⊗L X ′′, dP ·(M) ⊗ idX′′ +w′′), the horseshoe lemma implies that there is a 
projective resolution of Y given by P ·(M) ⊗L X ′ ⊕ P ·(M) ⊗L X ′′ with differential

(
dP ·(M) ⊗ idX′ +w′ w′′′

0 dP ·(M) ⊗ idX′′ +w′′

)
=

(
dP ·(M) ⊗ idX′ 0

0 dP ·(M) ⊗ idX′′

)

+
(
w′ w′′′

0 w′′

)
,

where w′′′ ∈ Hom1
R(P ·(M) ⊗LX

′′, P ·(M) ⊗LX
′) = End1

R(P ·(M)) ⊗L⊗Lop Homk(X ′′, X ′).
As a complex of R-modules, this is isomorphic to P ·(M) ⊗L (X ′ ⊕X ′′) with differential 

dP ·(M) ⊗ idX′⊕X′′ +w where w =
(
w′ w′′′

0 w′′

)
.
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Since dP ·(M) ⊗ idX′⊕X′′ +w is a differential, w ∈ End1
R(P ·(M) ⊗L (X ′ ⊕ X ′′)) =

End1
R(P ·(M)) ⊗L⊗Lop Endk(X ′ ⊕X ′′) fulfils the Maurer–Cartan equation. Finally, if

(0) = X ′
0 ⊆ · · · ⊆ X ′

n = X ′

and

(0) = X ′′
0 ⊆ · · · ⊆ X ′′

m = X ′′
m

are filtrations of X ′ and X ′′ as L-modules such that

w′(P ·(M) ⊗L X ′
i) ⊆ P ·(M) ⊗L X ′

i−1

and

w′′(P ·(M) ⊗L X ′′
i ) ⊆ P ·(M) ⊗L X ′′

i−1

then

(0) = X0 := X ′
0 ⊆ · · · ⊆ Xn := X ′

n = X ′ = X ′ ⊕X ′′
0

⊆ Xn+1 := X ′ ⊕X ′′
1 ⊆ · · · ⊆ Xn+m := X ′ ⊕X ′′

m = X ′ ⊕X ′′

is a filtration of X := X ′ ⊕X ′′ as an L-module, and since
(

0 w′′′

0 0

)
(P ·(M) ⊗X ′) = (0)

and (
0 w′′′

0 0

)
(P ·(M) ⊗X ′′) ⊆ P ·(M) ⊗X ′,

we have

w(P ·(M) ⊗L Xi) =
(
w′ w′′′

0 w′′

)
(P ·(M) ⊗L X ′

i) = w′(P ·(M) ⊗L X ′
i) ⊆ P ·(M) ⊗L X ′

i−1

for 0 ≤ i ≤ n and

w(P ·(M) ⊗L Xn+i) =
(
w′ w′′′

0 w′′

)
(P ·(M) ⊗L (X ′ ⊕X ′′

i ))

⊆ w′(P ·(M) ⊗L X ′) +
(

0 w′′′

0 0

)
(P ·(M) ⊗X ′′) + w′′(P ·(M) ⊗X ′′

i )

⊆ P ·(M) ⊗L X ′ + P ·(M) ⊗L X ′ + P ·(M) ⊗L X ′′
i−1

= P ·(M) ⊗L (X ′ + X ′′
i−1) = P ·(M) ⊗Xn+i−1
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for 1 ≤ i ≤ m. Hence w(P ·(M) ⊗L Xi) ⊆ P ·(M) ⊗L Xi−1, so that w is triangular. 
Therefore, (X, w) ∈ H0(twmod(End∗

A(P ·(M)))) and Y ∼= CM (X, w). �
The following lemma shows that the equivalence above commutes with an exact func-

tor T that preserves projectives, a statement which we could not find in the literature, 
although we expect this to be generally known.

Lemma 4.15. Let R, R′ be algebras and let (Mj)nj=1 be a set of R-modules. Suppose T :
modR → modR′ is an exact functor, preserving projectives. Then we obtain a diagram

F(M) F(T (M))

H0(twmod(End∗
R(P ·(M)))) H0(twmod(End∗

R′(T (P ·(M)))))

CM CT (M)

T

H0(twmod(TEnd∗
R

(P ·(M))))

that commutes up to natural isomorphism α : T ◦CM → CT (M)◦T given by the canonical 
isomorphisms

αX : T (H0(P ·(M)⊗X, dP ·(M) ⊗ idX +w)) → H0(T (P ·(M)⊗X), T (dP ·(M) ⊗ idX +w)).

Proof. Let

f ∈ H0(twmodL(End∗
R(P ·(M)))((X,wX), (Y,wY ))

= H0(End∗
R(P ·(M) ⊗L⊗Lop Endk(X,Y ))).

Write f =
[∑m

j=1 hj ⊗ fj

]
for hj ∈ End∗

R(P ·(M)) and fj ∈ Endk(X, Y ). Then by 

definition CM (f) is just the image of f under the canonical isomorphism

H0(End∗
R(P ·(M)) ⊗L⊗Lop Endk(X,Y )) → H0(Hom∗

R(P ·(M) ⊗L X,P ·(M) ⊗L Y )

→ HomR(H0(P ·(M) ⊗L X,P ·(M) ⊗L Y )).

More concretely,

CM (f)=

⎡
⎣ m∑
j=1

hj ⊗ fj

⎤
⎦ : H0(P ·(M) ⊗L X) → H0(P ·(M) ⊗L Y ),

[
s∑

i=1
pi ⊗ xi

]

→

⎡
⎣ m∑
j=1

s∑
i=1

hj(pi) ⊗ fj(xi)

⎤
⎦=

⎡
⎣
⎛
⎝ m∑

j=1
hj ⊗ fj

⎞
⎠(

s∑
i=1

pi ⊗ xi

)⎤
⎦ .
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Hence, T (CM (f)) = T
([∑m

j=1 hj ⊗ fj

])
. On the other hand,

H0(twmodL(TEnd∗
R(P ·(M))))(f) = H0(twmodL(TEnd∗

R(P ·(M)))

⎛
⎝
⎡
⎣ m∑
j=1

hj ⊗ fj

⎤
⎦
⎞
⎠

=

⎡
⎣ m∑
j=1

twmodL(TEnd∗
R(P ·(M)))(hj ⊗ fj)

⎤
⎦

=

⎡
⎣ m∑
j=1

T (hj) ⊗ fj

⎤
⎦ .

Moreover, since T is additive and maps Mi to T (Mi), we have

m∑
j=1

T (hj) ⊗ fj =
m∑
j=1

T (hj ⊗ fj) = T

⎛
⎝ m∑

j=1
hj ⊗ fj

⎞
⎠

and thus

CT (M)(H0(twmodL(TEnd∗
R(P ·(M))))(f)) =

⎡
⎣T

⎛
⎝ m∑

j=1
hj ⊗ fj

⎞
⎠
⎤
⎦ .

Therefore, we have a commutative diagram

T (H0(P ·(M) ⊗L X)) H0(T (P ·(M) ⊗L X))

T (H0(P ·(M) ⊗L Y )) H0(T (P ·(M) ⊗L Y ))

CT (M)◦H0(twmodL(TEnd∗
R

(P ·(M))))(f)T◦CM (f)

αY

αX

�

5. Twisted modules over a-infinity algebras

In this section, we give the generalization of the construction of twisted modules from 
the previous section to A-infinity algebras, and recall that quasi-isomorphisms of A-
infinity algebras give rise to equivalences of H0(twmod). Thus we obtain a commutative 
diagram where the vertical arrows are equivalences. This section is largely based on [22], 
and we follow their sign conventions.

5.1. A-infinity algebras

Definition 5.1. An A-infinity algebra is a graded vector space A =
⊕

n∈ZAn together 
with k-linear maps
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mn : A⊗n → A

of degree 2 − n for every n ∈ N such that

∑
r+s+t=n

(−1)rs+tmr+t+1(1⊗r ⊗ms ⊗ 1⊗t) = 0.

An A-infinity homomorphism f : A → A′ is a family (fn)n of k-linear maps

fn : A⊗kn → A′

of degree 1 − n such that

∑
r+s+t=n

(−1)rs+tfr+t+1(1⊗r ⊗ms ⊗ 1⊗t)

=
∑

j1+···+jk=n

(−1)
∑k

l=1(1−jl)
∑l

l′=1 jl′mk(fj1 ⊗ · · · ⊗ fjk).

An A-infinity homomorphism f is called strict if fn = 0 for n 
= 1. Suppose g = (gn)n :
A → A′, f = (fn)n : A′ → A′′ are A-infinity homomorphisms. Then their composition 
f ◦ g is defined as

(f ◦ g)n :=
∑

j1+···+jk=n

(−1)
∑k

l=1(1−jl)
∑l

l′=1 jl′ fk(gj1 ⊗ · · · ⊗ gjk).

This is again an A-infinity homomorphism, and composition is associative, so that we 
obtain a category; the category of A-infinity algebras.

Remark 5.2. Note that a dg-algebra A with differential d and multiplication m is an 
A-infinity algebra via m1 = d, m2 = m, mn = 0 for n > 2, and that dg-algebra 
homomorphisms are strict A-infinity homomorphisms. Moreover, composition of two 
strict A-infinity homomorphisms f = f1, g = g1 is the strict A-infinity homomorphism 
f ◦ g = f1 ◦ g1. Hence the category of dg-algebras and dg-algebra homomorphisms is a 
(non-full) subcategory of the category of A-infinity algebras.

Lemma 5.3. (see for example [24, Proposition 11]) An A-infinity homomorphism f =
(fn)n : A → A′ is invertible if and only if f1 is invertible as a k-linear map.

Definition 5.4. Let A be an A-infinity algebra. Then its homology H∗(A) (with respect 
to the differential mA

1 ) obtains the structure of a graded associative (not necessarily 
unital) algebra via

(a + im(m1)) · (b + im(m1)) = m2(a, b) + im(m1).
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Moreover, H∗ defines a functor from A-infinity algebras to (not necessarily unital) asso-
ciative graded algebras.

An A-infinity homomorphism f = (fn)n is called an A-infinity quasi-isomorphism if 
H∗(f1) is an isomorphism of graded vector spaces. Similarly, H0 defines a functor from 
A-infinity algebras to (not necessarily unital) associative algebras.

The following theorem is known as Kadeishvili’s theorem, or alternatively, as the 
homological perturbation lemma, and is an important statement in the study of A-
infinity algebras.

Theorem 5.5 ([15, Theorem 1], see also [26, Theorem 3.4]). Let A be an A-infinity al-
gebra. Then H∗(A) obtains the structure of an A-infinity algebra such that there is a 
quasi-isomorphism f = (fn)n : H∗(A) → A with H∗(f1) = idH∗(A). Moreover, this 
structure is unique up to A-infinity isomorphism.

Definition 5.6. An A-infinity algebra strictly unital over L is an A-infinity algebra A
together with a strict A-infinity homomorphism L → A such that for all x1, . . . xn ∈ A
with xj ∈ L for some j, we have

mn(x1 ⊗ · · · ⊗ xn) = 0

unless n = 2, and

m2(x⊗ 1L) = m2(1L ⊗ x) = x

for x ∈ A, where we identify L with its image in A.
An A-infinity homomorphism f : A → A′ between two A-infinity algebras which are 

strictly unital over L is called strictly unital over L if the diagram

A A′

L

f

commutes.

Remark 5.7. Note that if A is strictly unital over L, then for all y ∈ L, x1, . . . , xn ∈ A
it follows from the A-infinity equation that

mn(x1 ⊗ · · · ⊗m2(xi ⊗ y) ⊗ xi+1 ⊗ · · · ⊗ xn)

= mn(x1 ⊗ · · · ⊗ xi ⊗m2(y ⊗ xi+1) ⊗ · · · ⊗ xn).

Thus, A-infinity algebras strictly unital over L are in one-to-one correspondence with 
strictly unital A-infinity algebras in the monoidal category of L-L-bimodules. Since this is 
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a semisimple monoidal category, [22, Proposition 3.2.4.1] implies that Theorem 5.5 holds 
analogously in the category of A-infinity algebras strictly unital over L, and moreover, by 
[22, Lemma 3.2.4.5], the given quasi-equivalence has a quasi-inverse that is strictly unital 
over L. Additionally, by Lemma [22, Lemma 3.2.4.6], Lemma 5.3 also holds analogously 
in the category of A-infinity algebras strictly unital over L.

All A-infinity algebras we consider are strictly unital over L; note that the embedding 
L → A is part of the data. We denote by A-∞L the category of strictly unital A-infinity 
algebras over L, whose morphism is the A-infinity homomorphisms which are strictly 
unital over L.

Example 5.8. Let A be a dg-algebra strictly unital over L. Then by Kadeishvili’s Theo-
rem 5.5, 5.7, H∗(A) obtains the structure of an A-infinity algebra strictly unital over L
and there is a quasi-isomorphism f = (fn)n : H∗(A) → A which is strictly unital over L
and has a strictly unital quasi-inverse, such that H∗(f1) = idH∗(A).

In particular, consider an exact functor T : modR → modR′ preserving projective 
modules and an R-module M =

⊕n
i=1 Mi. Let P ·(M) be a projective resolution of M . 

Then T (P ·(M)) is a projective resolution of T (M) and by 4.2, T induces a dg-algebra 
homomorphism

End∗
R(P ·(M)) → End∗

R(T (P ·(M))), ϕ 
→ T (ϕ)

which is strictly unital over L = kn. By the above, the L-L-bimodules Ext∗R(M, M) ∼=
H∗(End∗

R(P ·(M))) and Ext∗R′(T (M), T (M)) ∼= H∗(End∗
R′(T (P ·(M))) thus obtain the 

structure of A-infinity algebras strictly unital over L, and we have A-infinity quasi-
isomorphisms

f : Ext∗R(M,M) → End∗
R(P ·(M))

and

f ′ : Ext∗R′(T (M), T (M)) → End∗
R′(T (P ·(M)))

which are strictly unital over L with strictly unital quasi-inverses.
Hence they give rise to an A-infinity homomorphism

g : Ext∗R(M,M) → Ext∗R′(T (M), T (M))

which is strictly unital over L such that the diagram

End∗
R(P ·(M)) End∗

R′(T (P ·(M)))

Ext∗R(M,M) Ext∗R′(T (M), T (M))

ϕ	→T (ϕ)

f ′f

g
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commutes. In particular, by the composition law for A-infinity homomorphisms,

f ′
1 ◦ g1([ϕ]) = T (f1([ϕ])),

so that

g1([ϕ]) = H∗(f ′
1)(g1([ϕ])) = H∗(f ′

1 ◦ g1)([ϕ]) = [T (ϕ)].

5.2. A-infinity categories

Definition 5.9. An A-infinity category A (over k) is given by a class A of objects and for 
any two objects X, Y ∈ A a graded vector space A(X, Y ) =

⊕
n∈ZA(X, Y )n together 

with a collection of maps

(mA
n )X0,X1,...,Xn

: A(Xn−1, Xn) ⊗A(Xn−2, Xn−1) ⊗ · · · ⊗ A(X0, X1) → A(X0, Xn)

for any objects X0, . . . , Xn, which are homogeneous of degree 2 − n such that the A-
infinity equation

∑
r+s+t=n

(−1)rs+tmr+t+1(1⊗r ⊗ms ⊗ 1⊗t) = 0

is satisfied. Note that we usually omit the second subscript, and, if the A-infinity algebra 
in question is clear, also the superscript of (mA

n )X1,...,Xn
.

An A-infinity functor F : A → A′ is a collection F = (Fn)n≥0 of maps

F0 : A → A′

(Fn)X0,...,Xn
:A(Xn−1, Xn) ⊗A(Xn−2, Xn−1) ⊗ · · · ⊗ A(X0, X1)

→ A′(F0(X0), F0(Xn)) for n ≥ 1,

where Fn is homogeneous of degree 1 − n for n ≥ 1 and such that for all n ≥ 1

∑
r+s+t=n,s≥1

(−1)rs+tFr+t+1(1⊗r ⊗ms ⊗ 1⊗t)

=
∑

j1+···+jk=n,jl≥1
(−1)

∑k
l=1(1−jl)

∑l
l′=1 jl′mk(Fj1 ⊗ · · · ⊗ Fjk).

If F, G are A-infinity functors then their composition is the A-infinity functor given by

(F ◦G)0 = F0 ◦G0

(F ◦G)n =
∑

(−1)
∑k

l=1(1−jl)
∑l

l′=1 jl′Fk(Gl1 ⊗ · · · ⊗Glk) for n ≥ 1.

j1+···+jk=n,jl≥1
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Remark 5.10. Let A be an A-infinity category. Then for every object X ∈ A, 
((mA

n )X,...,X)n∈N endows A(X, X) with the structure of an A-infinity algebra.

Definition 5.11. An A-infinity category A is called strictly unital if for every object X
there is idX ∈ A(X, X)0 such that

• mA
2 (y ⊗ idX) = y for all y ∈ A(X, Y ),

• mA
2 (idX ⊗y) = y for all y ∈ A(Y, X),

• mA
n (yn ⊗ · · · ⊗ yk+1 ⊗ idX ⊗yk−1 ⊗ · · · ⊗ y1) = 0 for all n 
= 2, yi ∈ A(Xi−1, Xi), 

where Xk = Xk−1 = X.

An A-infinity functor F : A → A′ between two strictly unital A-infinity categories is 
called strictly unital if

• F1(idX) = idF0(X) for all X ∈ A,
• Fn(yn ⊗ · · · ⊗ yk+1 ⊗ idX ⊗, yk−1 ⊗ · · · ⊗ y1) = 0 for all n > 1, yi ∈ A(Xi−1, Xi), 

where Xk = Xk−1 = X.

Definition 5.12. Let A be a strictly unital A-infinity category. Then H∗(A) is the (Z-
graded) category whose objects are the objects of A, whose morphisms are given by

H∗(A)(X,Y ) = H∗(A(X,Y ), (mA
1 )X,Y )

and where composition of morphisms is induced by mA
2 . A strictly unital A-infinity 

functor F : A → A′ gives rise to a functor

H∗(F ) : H∗(A) → H∗(A′), X 
→ f0(X), ϕ + im(m1) 
→ f1(ϕ) + im(m1)

of Z-graded categories. In this way, H∗ becomes a functor from strictly unital A-infinity 
categories to Z-graded categories. F is called a quasi-equivalence if H∗(F ) is an equiva-
lence of categories.

Similarly, H0 defines a functor from strictly unital A-infinity categories to categories.

5.3. Twisted modules

Definition 5.13. [22, Definition 7.2.0.2, 6.1.2.2] Let A be an A-infinity algebra strictly 
unital over L. The A-infinity category addZ(A) is the A-infinity category whose objects 
are graded L-modules and whose homomorphisms are given by

addZ(A)(X,Y ) = A⊗L⊗Lop Endk(X,Y )

with the grading being the usual grading on the tensor product of graded spaces, and 
the A-infinity multiplications being
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maddZ(A)
n ((a1 ⊗ g1) ⊗ · · · ⊗ (an ⊗ gn))

:= (−1)n
∑n

i=1 |gi|+
∑

i<j |ai||gj |mn(a1 ⊗ · · · ⊗ an) ⊗ (g1 ◦ · · · ◦ gn).

The category of twisted complexes twL(A) over A is the A-infinity category whose objects 
are pairs (X, wX) of a graded L-module X and an element wX ∈ (addZ(A)(X, Y ))1 such 
that

(1) wX is triangular
(2)

∞∑
n=1

maddZ(A)
n (w⊗n

X ) = 0,

where the sum is finite since wX is triangular,

with A-infinity multiplications given by

mtw
n (x1 ⊗ · · · ⊗ xn)

:=
∞∑

k=n

∑
j0+···+jn=k−n

(−1)
∑n

l=1 ljlm
addZ(A)
k (w⊗j0

X0
⊗ x1 ⊗ w⊗j1

X1
⊗ · · · ⊗ w

⊗jn−1
Xn−1

⊗ xn ⊗ wjn
Xn

).

The category of twisted modules twmodL(A) is the full subcategory of tw(A) given by 
the objects (X, wX) where X is concentrated in degree zero.

Remark 5.14. Note that we have a strict A-infinity isomorphism

A → addZ(A)(L,L) = A⊗L⊗Lop Endk(L), a 
→ a⊗ idL,

where L is viewed as being concentrated in degree zero.

Lemma 5.15. [22, Section 7.2, p.166] Let f : A → A′ be an A-infinity homomorphism 
strictly unital over L. Then we obtain induced A-infinity functors

addZ(f) : addZ(A) → addZ(A′),

X 
→ X,

addZ(f)n((a1 ⊗ g1) ⊗ · · · ⊗ (an ⊗ gn)) = (−1)(n−1)
∑n

i=1 |gi|+
∑

i<j |ai||gj |fn(a1 ⊗ · · · ⊗ an)

⊗ (g1 ◦ · · · ◦ gn),

as well as
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tw(f) : tw(A) → tw(A′),

(X,wX) 
→
(
X,

∞∑
n=1

addZ(f)n(wX)
)
,

tw(f)n(x1 ⊗ · · · ⊗ xn) =
∞∑

k=n

∑
j0+···+jn=k−n

(−1)
∑n

l=1 ljl addZ(f)k(w⊗j0
X ⊗ x1 ⊗ w⊗j1

X . . .

⊗ w
⊗jn−1
X ⊗ xn ⊗ w⊗jn

X ),

and its restriction

twmod(f) : twmod(A) → twmod(A′), (X,wX)


→
(
X,

∑
n

addZ(f)n(wX)
)
, twmod(f)n = tw(f)n.

This gives rise to functors

addZ, tw, twmod

from A-infinity algebras strictly unital over L to strictly unital A-infinity categories.
Note that the restriction of twmod as defined here to the subcategory of A-∞L given 

by strictly unital dg-algebras and strictly unital dg-algebra homomorphisms is indeed the 
functor twmod from the previous section.

Of most importance to us is the following result, which can be found in [33, Lemma 
3.25]:

Proposition 5.16. Let f : A → A′ be an A-infinity quasi-isomorphism. Then addZ(f),
tw(f) and twmod(f) are quasi-equivalences.

In particular, we obtain the following corollary:

Corollary 5.17. Let R, R′ be algebras and let (Mj)nj=1 be a set of R-modules. Suppose T :
modR → modR′ is an exact functor, preserving projectives. Let P ·(M) be a projective 
resolution of M :=

⊕n
j=1 Mj. Consider the commutative diagram

End∗
R(P ·(M)) End∗

R′(T (P ·(M)))

Ext∗R(M,M) Ext∗R′(T (M), T (M))

ϕ	→T (ϕ)

f ′f

g

from Example 5.8. Then this gives rise to a diagram
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F(M) F(T (M))

H0(twmodL(Ext∗R(M,M))) H0(twmodL(Ext∗R′(T (M), T (M))))

T

CM◦H0(twmodL(f))

H0(twmodL(g))

CT (M)◦H0(twmodL(f ′))

which commutes up to natural isomorphism. Moreover, the vertical arrows are equiva-
lences.

Proof. Consider the diagram

F(M) F(T (M))

H0(twmodL(EndR′(P ·(M)))) H0(twmodL(EndR′(T (P ·(M)))))

H0(twmodL(Ext∗R(M,M))) H0(twmodL(Ext∗R′(T (M), T (M))))

T

CM

H0(twmodL(q))

CT (M)

H0(twmodL(f))
H0(twmodL(g))

H0(twmodL(f ′))

where q(ϕ) := T (ϕ). Then the upper square commutes up to natural isomorphism by 
Lemma 4.15, and the lower square commutes by functoriality of twmodL. Moreover, the 
vertical arrows in the upper square are equivalences by Theorem 4.14 and the vertical 
arrows in the lower square are equivalences by Proposition 5.16. �
6. Truncation of A-infinity algebras

In this section, we consider truncation and augmentation of A-infinity algebras, and 
show a universal property of the augmentation. This is useful later, since for a basic 
finite-dimensional algebra B with semisimple part LB , Ext∗B(LB , LB) is augmented over 
LB .

Definition 6.1. Denote by A-∞L
+ the full subcategory of A-∞L given by the A-infinity 

algebras A such that An = (0) for n < 0 and A0 = L. Such A-infinity algebras are 
sometimes referred to as strictly coconnected, see for example [1]. Let

IL : A-∞L
+ → A-∞L

be the canonical embedding.

Proposition 6.2. There is a well-defined functor

truncL : A-∞L → A-∞L
+,A 
→ L⊕A>0, f 
→ f|L⊕A>0

Proof. Suppose A is a strictly unital A-infinity algebra over L. Then for n ∈ N, 
x1, . . . , xn ∈ L ⊕A>0 we have
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• |mn(x1 ⊗ · · · ⊗ xn)| ≥ n + |mn| = n + 2 − n = 2; for x1, . . . , xj ∈ A>0,
• mn(x1 ⊗ · · · ⊗ xn) = 0 for n = 1 or n > 2 and xj ∈ L for some 1 ≤ j ≤ n

• |m2(x1 ⊗ x2)| ≥ 1 for max{|x1|, |x2|} ≥ 1, and
• m2(x1, x2) ∈ L for x1, x2 ∈ L.

Hence L ⊕A>0 is a well-defined strictly unital A-infinity subalgebra of A. Suppose

f = (fn)n : A → B

is a strictly unital A-infinity homomorphism. Then for n ∈ N, x1, . . . , xn ∈ L ⊕A>0 we 
have

• |fn(x1 ⊗ · · · ⊗ xn)| ≥ n + |fn| = n + 1 − n = 1; for x1, . . . , xj ∈ A>0,
• fn(x1 ⊗ · · · ⊗ xn) = 0 for n > 2 and xj ∈ L for some 1 ≤ j ≤ n,
• f1(x1) = x1 for x ∈ L, and
• |f1(x1)| = |x1| ≥ 1 for |x1| ≥ 1.

Thus

f|L⊕A>0 : L⊕A>0 → L⊕ B>0

is a well-defined strictly unital A-infinity homomorphism over L. �
Moreover, we have the following:

Proposition 6.3. truncL is right adjoint to the canonical inclusion IL : A-∞L
+ → A-∞L, 

with the counit of the adjunction given by the canonical inclusion

ε : IL ◦ truncL → idA-∞L
,

εA : L⊕A>0 → A, (εA)1(a) = a, (εA)n = 0 for n > 1,

and the unit given by the identity

η : idA-∞L
+ → truncL ◦IL,

ηB = idB : B = L⊕ B>0 → L⊕ B>0.

Proof. Clearly, both ε and η are natural transformations. Moreover, for A ∈ A-∞L

truncL(εA) ◦ ηtruncL(A) = truncL(idA) ◦ idtruncL(A) = idtruncL(A)

and for any B = L ⊕ B>0 ∈ A-∞L
+

εIL(B) ◦ IL(ηB) = εIL(B) ◦ IL(idB) = εIL(B) = idIL(B) . �
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Reformulating this adjunction gives us the following property:

Corollary 6.4. Let A ∈ A-∞L be an A-infinity algebra strictly unital over L. Then 
truncL(A) has the following universal property:

For any B ∈ A-∞L
+ and any A-infinity homomorphism f : B → A there is a unique 

A-infinity homomorphism h : B → truncL A such that f = εA ◦ h.

Since A-infinity homomorphisms are isomorphisms whenever they are isomorphisms 
in degree zero by Lemma 5.3, we have the following:

Proposition 6.5. Suppose f : B → A, f ′ : B′ → A are two strictly unital A-infinity 
homomorphisms over L between strictly unital A-infinity algebras over L concentrated in 
non-negative degree such that f1 is an isomorphism in degree greater than zero and B and 
B′ have only L in degree zero. Then there is a strictly unital A-infinity homomorphism 
g : B′ → B over L that makes the diagram

B′ B

A

ff ′

g

commute. Moreover, if f ′
1 is also an isomorphism in positive degree, then g is an iso-

morphism.

Proof. By the universal property of truncL(A), we have an A-infinity homomorphism 
h : B → truncL(A) such that f = εA ◦ h. In particular, f1 = (εA)1 ◦ h1. Since f1 is by 
assumption an isomorphism in degree greater than zero, and (εA)1 is by definition the 
canonical embedding

L⊕A>0 → A

and thus an isomorphism in degree greater than zero, h1 is an isomorphism in degree 
greater than zero. Moreover, since h is strictly unital, h1(L) = L. Thus

h1 : B = L⊕ B>0 → truncL(A) = L⊕A>0

is an isomorphism, so by 5.3, h is an A-infinity isomorphism.
On the other hand, by the universal property of truncL(A), there is h′ : B′ →

truncL(A) such that f ′ = εA ◦ h′. Now for g := h−1 ◦ h′ we have

f ◦ g = f ◦ h−1 ◦ h′ = εA ◦ h ◦ h−1 ◦ h′ = εA ◦ h′ = f ′.

Moreover, if f ′ is an isomorphism in degree greater than zero, then, as for f , we obtain 
that h′ is an isomorphism, so that g = h−1 ◦ h′ is an isomorphism. �
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7. Proof of the main result

In this section, we prove the main result on conjugation-uniqueness of basic regular 
exact Borel subalgebras, Theorem 7.2.

Theorem 7.1. Let A be a finite-dimensional k-algebra, and let B, B′ be two basic 
regular exact subalgebras of A with simple modules {LB

1 , . . . , L
B
n } = Sim(B) and 

{LB′
1 , . . . , LB′

n } = Sim(B′) such that for every 1 ≤ i ≤ n we have

ΔA
i := A⊗B LB

i
∼= A⊗B′ LB′

i .

Then there is an equivalence G : modB′ → modB that makes the diagram

modB′ modB

modA

A⊗B−A⊗B′−

G

commute up to natural isomorphism.

Proof. Let LB =
⊕n

i=1 L
B
i , LB′ =

⊕n
i=1 L

B′

i and ΔA =
⊕n

i=1 ΔA
i = Δ and let L = kn. 

As in Example 5.8 we have a diagram

Ext∗B′(LB′ , LB′) Ext∗B(LB , LB)

Ext∗A(Δ,Δ)
f ′ f

where f, f ′ are strictly unital A-infinity homomorphisms over L which are isomorphisms 
in degree greater than zero.

Since Ext∗B(LB , LB) and Ext∗B′(LB′ , LB′) have only L in degree zero, Proposition 6.5
yields a strictly unital A-infinity isomorphism g : Ext∗B′(LB′

, LB′) → Ext∗B(LB , LB) over 
L that makes the diagram

Ext∗B′(LB′ , LB′) Ext∗B(LB , LB)

Ext∗A(Δ,Δ)
f ′ f

g

commute.
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Hence we obtain a commutative diagram

H0(twmod(Ext∗B′(LB′ , LB′))) H0(twmod(Ext∗B(LB , LB)))

H0(twmod(Ext∗A(Δ,Δ)))

H0(twmod(f ′)) H0(twmod(f))

H0(twmod(g))

By Corollary 5.17, we have diagrams

F(LB) = modB F(ΔA)

H0(twmodL(Ext∗B(LB , LB))) H0(twmodL(Ext∗A(ΔA,ΔA)))

A⊗B−

H0(twmod(f))

and

F(LB′) = modB′ F(ΔA)

H0(twmodL(Ext∗B′(LB′
, LB′))) H0(twmodL(Ext∗A(ΔA,ΔA)))

A⊗B′−

H0(twmod(f ′))

which commute up to natural isomorphism and whose vertical arrows are equivalences. 
Using these diagrams, we obtain a diagram

H0(twmod(Ext∗B′(LB′ , LB′))) H0(twmod(Ext∗B(LB , LB)))

modB′ H0(twmod(Ext∗A(ΔA,ΔA))) modB

F(ΔA)

H0(twmod(g))

H0(twmod(g)) H0(twmod(f))

A⊗B′− A⊗B−

which commutes up to natural isomorphism and whose vertical arrows are equivalences. 
Let us denote by FB respectively FB′ the equivalences

FB : H0(twmod(Ext∗B(LB , LB))) → modB,

FB′ : H0(twmod(Ext∗B′(LB′ , LB′))) → modB′.

Then setting G to be the composition F−1
B ◦ H0(twmodL(g)) ◦ FB′ , we obtain the re-

sult. �
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Theorem 7.2. Let A be a finite-dimensional k-algebra, and let B, B′ be two basic 
regular exact subalgebras of A with simple modules {LB

1 , . . . , L
B
n } = Sim(B) and 

{LB′
1 , . . . , LB′

n } = Sim(B′) such that for every 1 ≤ i ≤ n we have

ΔA
i := A⊗B LB

i
∼= A⊗B′ LB′

i .

Then there is an a ∈ A× such that B′ = a−1Ba.

Proof. By Theorem 7.1, there is an equivalence G : modB′ → modB that makes the 
diagram

modB′ modB

modA
A⊗B−A⊗B′−

G

commute up to natural isomorphism. Since G is an equivalence and B and B′ are basic 
projective generators in modB, modB′ respectively, G(B′) ∼= B. We pick an isomor-
phism ξ : G(B′) → B and define G′ via structure transport to be the unique functor 
that makes the family of maps (τX)X given by τX = idX for all X 
= B′ and τB′ = ξ a 
natural isomorphism between G and G′. More concretely, we set

G′ : modB′ → modB,

G′(X) := G(X) for all objects X 
= B′

G′(B′) = B

G′(f) = G(f) for all f ∈ HomB′(X,Y ) where X,Y 
= B′

G′(f) = ξ ◦G(f) for all f ∈ HomB′(X,B′) where X 
= B′

G′(f) = G(f) ◦ ξ−1 for all f ∈ HomB′(B′, Y ) where Y 
= B′

G′(f) = ξ ◦G(f) ◦ ξ−1 for all f ∈ HomB′(B′, B′).

Then, since G′ is by definition naturally isomorphic to G, the diagram

modB′ modB

modA

G′

A⊗B−A⊗B′−

commutes up to natural isomorphism, so that, replacing G by G′ if necessary, we can 
assume that G(B′) = B. Denote by α : (A ⊗B′−) → (A ⊗B−) ◦G the natural isomorphism 
making the diagram commute. Then α gives an isomorphism of left A-modules αB′ :
A ⊗B′ B′ → A ⊗B B such that the diagram
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EndB′(B′) EndA(A⊗B′ B′)

EndB(B) EndA(A⊗B B)

f 	→G(f)

idA ⊗−

idA ⊗−

ρα
B′

commutes, where ραB′ denotes conjugation by αB′ . Composing with the canonical iso-
morphisms e : A ⊗B B → A, and e′ : A ⊗B′ B′ → A of left A-modules and using that we 
have algebra isomorphisms Bop → EndB(B), b 
→ rb, where rb denotes right multiplica-
tion by b, we obtain an isomorphism β = e ◦αB ◦ (e′)−1 : A → A of left A-modules such 
that the diagram

(B′)op EndB′(B′) EndA(A⊗B′ B′) EndA(A) Aop

Bop EndB(B) EndA(A⊗B B) EndA(A) Aopra 	→a

ra 	→a

ρe

ρe′

ρα
B′ ρβ

b	→rb

b′ 	→rb′ idA ⊗−

idA ⊗−
f 	→G(f) ϕg′

commutes, where g′ : (B′)op → Bop and ϕ : Aop → Aop are the isomorphisms induced 
by the first, respectively last, square. Note that the composition of the vertical arrows 
is the canonical inclusions, and that, since β is an automorphism of A as an A-module, 
β = ra for some unit a ∈ A×. Since

ρra(rx) = r−1
a ◦ rx ◦ ra = raxa−1 ,

the induced isomorphism ϕ is given by

ϕ(x) = axa−1.

Thus we obtain a commutative diagram

B′ B

A A

g′

ρa−1

where the vertical arrows are the canonical inclusions and g′ is an isomorphism. Thus 
B′ = a−1Ba. �
8. Strong regular exact Borel subalgebras

In this section, we consider the case where (A, ≤A) is a quasi-hereditary algebra with 
a basic strong regular exact Borel subalgebra B, or equivalently, since strongness implies 
that B is basic if and only if A is basic, where (A, ≤A) is a basic quasi-hereditary 
algebra with a regular exact Borel subalgebra B. In general, the basic representative 
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does not admit a regular exact Borel subalgebra [17, Example]. In [9], Conde gives a 
numerical as well as a homological criterion for when it does, and proves that if the basic 
representative admits a regular exact Borel subalgebra, then so does any representative, 
merely by matching the multiplicities of the projectives. These exact Borel subalgebras 
then contain a maximal semisimple subalgebra of the algebra and are thus strong.

First, we establish some basic properties of strong regular exact Borel subalgebras. 
We expect these to be generally known to the community, however, as we were not able 
to find references for these statements, we provide proofs.

Lemma 8.1. Let (A, ≤A) be a finite-dimensional quasi-hereditary algebra and B be a 
basic regular exact Borel subalgebra of A. Let Sim(B) = {LB

1 , . . . , L
B
n } and Sim(A) =

{LA
1 , . . . , L

A
n } such that

ΔA
i := A⊗B LB

i
∼= ΔA(LA

i ).

Let M ∈ modB. Then we have

[top(A⊗B M) : LA
i ] ≥ [top(M) : LB

i ]

for every 1 ≤ i ≤ n. Moreover, if B is strong, then

[top(A⊗B M) : LA
i ] = [top(M) : LB

i ]

for every 1 ≤ i ≤ n.

Proof. We have a projection

π : M → top(M),

and since A ⊗B − is exact, this gives rise to a projection

idA ⊗π : A⊗B M → A⊗B top(M),

so that top(A ⊗B top(M)) is a direct summand of top(A ⊗B M). Since B is an exact 
Borel subalgebra of A, we have

A⊗B top(M) ∼=
n⊕

i=1
[top(M) : LB

i ]A⊗B LB
i
∼=

n⊕
i=1

[top(M) : LB
i ]ΔA

i ,

so that top(A ⊗B top(M)) ∼=
⊕n

i=1[top(M) : LB
i ]LA

i . Hence

[top(A⊗B M) : LA
i ] ≥ [top(M) : LB

i ]

for every i ∈ {1, . . . , n}.
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Assume that B is strong. Then, by Lemma 3.6, we have rad(B) ⊆ rad(A). Thus

A⊗B rad(M) ⊆ rad(A⊗B M)

and hence, since A ⊗B − is exact, top(A ⊗B M) is a semisimple factor module of

A⊗B top(M) ∼=
n⊕

i=1
[top(M) : LB

i ]ΔA
i .

Thus top(A ⊗B M) is a direct summand of

top
(

n⊕
i=1

[top(M) : LB
i ]ΔA

i

)
∼=

n⊕
i=1

[top(M) : LB
i ]LA

i ,

so that

[top(A⊗B M) : LA
i ] ≤ [top(M) : LB

i ]

for every i ∈ {1, . . . , n}. �
Remark 8.2. Let (A, ≤A) be a finite-dimensional quasi-hereditary algebra and B be a 
basic regular exact Borel subalgebra of A. Let Sim(B) = {LB

1 , . . . , L
B
n } and Sim(A) =

{LA
1 , . . . , L

A
n } such that

ΔA
i := A⊗B LB

i
∼= ΔA(LA

i ).

Denote by PA
i the projective cover LA

i and by PB
i the projective cover of LB

i . Moreover, 
let nA

i be the multiplicity of PA
i in A. Then we have

nA
i = [top(A) : LA

i ] = [top(A⊗B B) : LA
i ]

and

[top(B) : LB
i ] = 1

since B is basic. Hence the equality

[top(A⊗B M) : LA
i ] = [top(M) : LB

i ]

in 8.1 holds for every M ∈ modB if and only if A is basic.

The following theorem is a stronger version of our main theorem, Theorem 7.2, in 
the case where A is basic. Crucially, it is not assumed that B′ is regular. This result 
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also follows from a result announced by Conde and König in conjunction with our main 
theorem, Theorem 7.2. Here, we propose an alternative proof relying on similar methods 
as those in our main theorem.

The claim of this theorem, and in fact, even a stronger version, was also made in [38]. 
However, there are problems in the proof given therein. For example, in the proof of 
[38, Lemma 2.2], it was claimed that for any exact Borel subalgebra B of A = kQ/I

containing all idempotents corresponding to vertices of Q, and for any path α ∈ A

between vertices i and j such that α /∈ B, we have α ⊗B LB
i 
= 0, where LB

i is the 
simple module corresponding to the vertex i. Note here that our left-right conventions 
are reversed. The following example shows that this claim does not hold in general:

Example 8.3. Consider the quiver Q given by

1 3 2α β

and let A = kQ. Then we have an exact Borel subalgebra B = kQ′ for Q′ given by

1 3 2α

In particular, βα /∈ B, but βα⊗B L1 = 0, where LB
1 is the simple module corresponding 

to the vertex 1.

Theorem 8.4. Let (A, ≤A) be a finite-dimensional quasi-hereditary k-algebra, B be a 
strong basic regular exact Borel subalgebra and B′ be an exact Borel subalgebra of A. 
There is an a ∈ A× such that aB′a−1 ∼= B.

Proof. Since B, B′ are exact Borel subalgebras of A, we have a diagram

Ext∗B′(LB′
, LB′) Ext∗B(LB , LB)

Ext∗A(ΔA,ΔA)

[f ] 	→[idA ⊗f ][f ] 	→[idA ⊗f ]

which, by Proposition 6.5 and regularity of B, we can complete to a commutative diagram

Ext∗B′(LB′
, LB′) Ext∗B(LB , LB)

Ext∗A(ΔA,ΔA)

[f ] 	→[idA ⊗f ][f ] 	→[idA ⊗f ]

g

where g is an A-infinity homomorphism strictly unital over L. As in the proof of Theo-
rem 7.1 we use Proposition 6.5, to obtain a diagram
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modB′ modB

F(ΔA)
A⊗B′− A⊗B−

G

that commutes up to natural isomorphism. Note that A ⊗B G(B′) ∼= A ⊗B′ B′ ∼= A. In 
particular, top(A ⊗B G(B′)) = LA. By Lemma 8.1, this implies that top(G(B′)) ∼= LB . 
Hence there is an exact sequence

(0) K B G(B′) (0)πι

which, since A ⊗B − is exact, gives rise to an exact sequence

(0) A⊗B K A⊗B B A⊗B G(B′) (0)idA ⊗πidA ⊗ι

Since A ⊗B B ∼= A ⊗B G(B′), these have the same dimension, so that idA ⊗π is an 
isomorphism. Hence A ⊗B K = (0). Moreover, normality, or alternatively, [7, Lemma 
3.7], implies that B is a direct summand of A as a right B-module. This yields that 
K = (0). Thus π is an isomorphism. Now we can argue as in the proof of Theorem 7.2 to 
assume without loss of generality that G(B′) = B. Let α : (A ⊗B −) ◦G → (A ⊗B′ −) be 
the natural isomorphism between the functors. Then again as in Theorem 7.2, we obtain 
an a ∈ A× making the diagram

(B′)op EndB′(B′) EndA(A⊗B′ B′) EndA(A) Aop

Bop EndB(B) EndA(A⊗B B) EndA(A) Aopra 	→a

ra 	→a

ρe

ρe′

ρα
B′ ρβ

b	→rb

b′ 	→rb′ idA ⊗−

idA ⊗−
f 	→G(f) ϕ=ρa−1g′

commute, where ραB′ is conjugation by αB′ , i.e. ραB′ (f) = α−1
B′ ◦f ◦αB′ , ρe is conjugation 

by the canonical isomorphism

e : A⊗B B → A, a⊗ b 
→ ab

and ρe′ is conjugation by the canonical isomorphism

e′ : A⊗B′ B′ → A, a⊗ b′ 
→ ab′,

and g′ : (B′)op → Bop and ϕ : Aop → Aop are the homomorphisms induced by the 
first, respectively last, square. In particular, we have a commutative diagram of finite-
dimensional algebras

B′ A

B A

ρa−1g′
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where the horizontal arrows are the canonical inclusions. Thus aB′a−1 ⊆ B and g′ :
B′ → B is given by g′(b′) = ab′a−1. In particular, by definition of g′ we have

G(rb′) = rg′(b′) = rab′a−1

for all b′ ∈ B′. We show that aB′a−1 is a strong exact Borel subalgebra of B. First, let

(0) M ′ M M ′′ (0)f ′ f ′′

be an exact sequence in modB′. Then we obtain a commutative diagram

(0) A⊗B′ M ′ A⊗B′ M A⊗B′ M ′′ (0)

(0) A⊗B G(M ′) A⊗B G(M) A⊗B G(M ′′) (0)

idA ⊗f ′ idA ⊗f ′′

idA ⊗G(f ′′)idA ⊗G(f ′)

where the upper row is exact, since B′ is an exact Borel subalgebra of A, and the vertical 
arrows are the isomorphisms given by α. Hence the lower row is exact. As before, since 
B is normal resp. by [7, Lemma 3.7], A decomposes as a right B-module into a direct 
sum AB

∼= BB ⊕ V . Thus, as a sequence of k-vector spaces, the lower row decomposes 
into a direct sum of two exact sequences

(0) B ⊗B G(M ′) B ⊗B G(M ′) B ⊗B G(M ′) (0)idB ⊗G(f ′′)idB ⊗G(f ′)

(8)
and

(0) V ⊗B G(M ′) V ⊗B G(M ′) V ⊗B G(M ′) (0).idV ⊗G(f ′′)idV ⊗G(f ′)

(9)
The upper sequence is, as a sequence of k-vector spaces, isomorphic to the sequence

(0) G(M ′) G(M ′) G(M ′) (0).G(f ′′)G(f ′) (10)

Since the sequence (8) is exact, so is the sequence (10). Thus G is an exact functor. 
In particular, the Eilenberg-Watts theorem yields a B-B′-bimodule X such that G ∼=
X ⊗B′ −. Note that X ∼= X ⊗B′ B′ ∼= G(B′) = B as a B-B′-bimodule, where the right 
module structure on G(B′) = B is given by

b · b′ := G(rb′)(b) = bab′a−1.

Hence X ∼= Ba as a B-B′-bimodule. Consider the canonical equivalence

H : modB′ → mod aB′a−1,M 
→ aM, f 
→ (am 
→ af(m)).
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Then the diagram

modB′ mod aB′a−1

modB

H

Ba⊗B′− B⊗aB′a−1

commutes up to natural isomorphism given by

γ : (B ⊗aB′a−1 −) ◦H → Ba⊗B′ −
γM : B ⊗aB′a−1 aM → Ba⊗B′ M

b⊗ am 
→ ba⊗m.

Hence

modB′ mod aB′a−1

modB

H

G B⊗aB′a−1

commutes up to some natural equivalence γ′ : (B ⊗aB′a−1 −) ◦ H → G. Since H is an 
equivalence and G is exact, this implies that (B⊗aB′a−1 −) is exact. Moreover, note that

A⊗B G(LB′

i ) ∼= A⊗B′ LB′

i
∼= ΔA

i
∼= A⊗B LB

i

In particular, top(A ⊗B G(LB
i )) ∼= top(ΔA

i ) ∼= LA
i for every 1 ≤ i ≤ n, so that by 

Lemma 8.1 top(G(LB′

i )) ∼= LB
i . Thus, there are projections

πi : G(LB′

i ) → LB
i .

Again, these give rise to short exact sequences

(0) A⊗B Ki A⊗B G(LB′

i ) A⊗B LB
i (0)idA ⊗ιi idA ⊗Bπi

Since A ⊗B G(LB′

i ) ∼= A⊗B LB
i , idA ⊗Bπi is an isomorphism for dimension reasons, we 

again conclude A ⊗B Ki = (0). As before, normality of B in A implies that Ki = (0)
and thus πi becomes an isomorphism. For 1 ≤ i ≤ n let LaB′a−1

i := H(LB′

i ). Then 
{LaB′a−1

1 , . . . , LaB′a−1

n } is a complete set of representatives of the isomorphism classes of 
the simple aB′a−1-modules, and by the above

B ⊗a′Ba−1 LaB′a−1

i = B ⊗aB′a−1 H(LB′

i ) ∼= G(LB′

i ) ∼= LB
i .

Thus aB′a−1 is an exact Borel subalgebra of B. Since B is directed, Lemma 3.7 now 
implies aB′a−1 = B. �
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9. G-equivariance

In this section, we consider a finite group G acting on a quasi-hereditary algebra 
(A, ≤A) via algebra automorphisms, such that the characteristic of k does not divide 
the order of G. We want to investigate the existence of G-invariant regular exact Borel 
subalgebras. To this end, we consider the induced G-actions on the categories involved 
in the diagram (3) and examine the functors with respect to their G-equivariance.

In particular, we consider G-actions on A-infinity algebras and categories, which are 
defined in analogy to the G-actions on dg-algebras and categories considered in [21].

9.1. Preliminaries of group actions

For an introduction to group actions on categories see for example [31,29].

Definition 9.1. Let C be a category. We say that G acts on C if there is a monoid homo-
morphism from G into the endofunctors of C. In this setting we write gX and gϕ for the 
image of an object X and a morphism ϕ in C under the endofunctor given by a group 
element g ∈ G.

We call a functor F : C → C′ between two categories with G-actions (strongly) G-
equivariant, if

F (gX) = gF (X)

for all X ∈ C and

F (gϕ) = gF (ϕ)

for all ϕ ∈ C(X, Y ), i.e. if F ◦ g = g ◦ F for all g ∈ G. We call F weakly G-equivariant if 
there is a collection of natural isomorphisms

αg : F ◦ g → g ◦ F

such that g((αh)X) ◦ (αg)hX = αghX for all h, g ∈ G, X ∈ C; and αe = id is the identity.
Similarly, let E be a strictly unital A-infinity category. Then we say that G acts on 

E if G acts on E via strictly unital A-infinity endofunctors, and we call an A-infinity 
functor F = (Fn)n : E → E ′ between two A-infinity categories with G-actions (strongly) 
G-equivariant if F ◦ g = g ◦ F for all g ∈ G.

In this article, we don’t need the notion of weakly G-equivariant A-infinity functors.
Note that being G-equivariant is stable under composition, but not under taking 

inverses and under natural isomorphism of functors, while being weakly G-equivariant 
is stable under all of these.
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Lemma 9.2. If E is a strictly unital A-infinity category with a G-action, then there is an 
induced G-action on the category H0(E). Moreover, if

F = (Fn)n : E → E ′

is a strictly unital, G-equivariant A-infinity functor between two strictly unital A-infinity 
categories E and E ′ with G-actions, then

H0(F ) : E → E ′

is a strongly G-equivariant functor.

Proof. Suppose G acts on E via the A-infinity endofunctors given by g = (gn)n for every 
g ∈ G. Then since H0 is a functor by Definition 5.12, we have induced equivalences

H0(g) : H0(E) → H0(E),

X 
→ g0(X), a + im(m1) 
→ g1(a) + im(m1),

and

H0(g ◦ h) = H0(g) ◦H0(h).

Moreover, if

F = (Fn)n : E → E ′

is a strictly unital, G-equivariant A-infinity functor, then we have for every g ∈ G

F ◦ g = g ◦ F

and thus

H0(F ) ◦H0(g) = H0(F ◦ g) = H0(g ◦ F ) = H0(g) ◦H0(F ). �
The following is a classical example of a group action on a category, and was exten-

sively studied in [31].

Example 9.3. Let A be a finite-dimensional algebra and suppose G acts on A via algebra 
automorphisms. Then G acts on modA via defining for an A-module M the A-module 
gM as the vector space given by formal products {gm : m ∈ M} with addition and 
scalar multiplication gm + gm′ = g(m + m′) and λgm = gλm and with multiplication

agm = g(g−1(a)m),
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and for a module homomorphism ϕ : M → N setting

gϕ(gm) = gϕ(m).

In this setting, a G-action on an A-module M is a collection of A-module isomorphisms

trMg : gM → M

for g ∈ G such that trMe = idM and for all g, h ∈ G

trMg ◦g(trMh ) = trMgh .

The category of A-modules with a G-action is the category whose objects are pairs 
(M, (trMg )g∈G) consisting of an A-module M and a G-action (trMg )g∈G on M , and whose 
morphisms

f : (M, (trMg )g∈G) → (N, (trNg )g∈G)

are A-linear maps f : M → N such that

trNg ◦g(f) = f ◦ trMg

for all g ∈ G. By [29, Proposition 4.8] there is an equivalence of categories between the 
category of A-modules with a G-action and the category of A ∗G-modules, where A ∗G is 
the skew group algebra, which is given by A ∗G := A ⊗k kG as k-vector spaces together 
with the multiplication

(a⊗ g) · (a′ ⊗ g′) := ag(a′) ⊗ gg′.

Remark 9.4. If C is a category with a G-action, then we can generalize the definition of 
an A-module with a G-action to an object in C with a G-action, see for example [29, 
Definition 4.7].

Lemma 9.5. [25, Lemma 4] Let C be a category with a G-action and suppose M ∈ C is 
an object with a G-action (trMg )g∈G. Then G acts on C(M, M) via the algebra automor-
phisms

f 
→ trMg ◦gf ◦ (trMg )−1.

Moreover, if F : C → C′ is a weakly G-equivariant functor with corresponding natural 
isomorphisms

αg : F ◦ g → g ◦ F,
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then there is an induced G-action on F (M) given by

trF (M)
g = F (trMg ) ◦ α−1

g,M : gF (M) → F (M),

and

FM,M : C(M,M) → C′(F (M), F (M))

is G-equivariant with respect to the induced actions on C(M, M) and C′(F (M), F (M)).

Lemma 9.6. If A is a finite-dimensional algebra with a G-action, and we consider modA

with the induced G-action, then A ∈ modA is an object with a G-action given by

trAg : gA → A, ga 
→ g(a).

Moreover, the induced G-action on EndA(A) is given by

(g · ra)(x) = rg(a)(x),

for a, x ∈ A, g ∈ G, where ra denotes right multiplication with a. In particular, the 
isomorphism A → EndA(A)op, a 
→ ra is G-equivariant.

Proof. The first part can be found in [25, Theorem 10]. Moreover, the G-action on 
EndA(A) can be explicitly calculated as follows:

(g · ra)(x) = trAg ◦gra ◦ (trAg )−1(x)

= trAg ◦(gra)(g · (g−1(x)))

= trAg (g · (g−1(x)a)) = g(g−1(x)a) = xg(a) = rg(a)(x).

Now the G-equivariance of the canonical isomorphism A → EndA(A)op, a 
→ ra is obvi-
ous. �

For A-infinity algebras, as usual, we want everything to be strictly unital over L = kn. 
Let us thus fix a G-action on L.

Definition 9.7. Let E be an A-infinity algebra strictly unital over L. Then we say that G
acts on E if G acts on E via A-infinity automorphisms which restrict to the fixed strict 
action on L. We say that a strictly unital A-infinity homomorphism ϕ = (ϕn)n : E → E ′

is G-equivariant if ϕ ◦ g = g ◦ ϕ for all g ∈ G.

Remark 9.8. Consider the category of L-L-bimodules with a G-action, where the G-
action on L ⊗ Lop is given by g(x ⊗ y) = g(x) ⊗ g−1(y). Then since (L ⊗ Lop) ∗ G is 
semisimple by [31, Theorem 1.3], this is a semisimple category, and endowing it with the 
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tensor product over L turns it into a monoidal category. Then, similarly to Remark 5.7, 
A-infinity algebras strictly unital over L with a G-action are in one-to-one correspondence 
with strictly unital A-infinity algebras in the category of L-L-bimodules with a G-action. 
Moreover, an A-infinity homomorphism is G-equivariant if and only if it corresponds to 
an A-infinity homomorphism in the category of L-L-bimodules with a G-action.

The following lemma shows that a G-action on an A-infinity algebra induces a G-
action on the twisted module category.

Lemma 9.9. Let E be an A-infinity algebra strictly unital over L with a G-action. Then 
there is an induced G-action on addZ(E) via A-infinity endofunctors

gZ : addZ(E) → addZ(E),

X 
→ gX

gZn ((a1 ⊗ ϕ1) ⊗ · · · ⊗ (an ⊗ ϕn)) =
n∑

i=1
(−1)(n−1)

∑n
i=1 |ϕi|+

∑
i<j |ai||ϕj |gn(a1 ⊗ · · · ⊗ an)

⊗ (gϕ1 ◦ · · · ◦ gϕn),

for every g ∈ G, where X ∈ modZ(L), a1, . . . , an ∈ E and ϕi ∈ Homk(Xi, Xi−1) for 
some X0, . . . , Xn ∈ modZ(L); as well as on tw(E) via A-infinity endofunctors

gtw : tw(E) → tw(E),

(X,wX) 
→
(
gX,

∞∑
n=1

gZn (w⊗n
X )

)
,

gtw
n (x1 ⊗ · · · ⊗ xn) =

∞∑
k=n

∑
j0+···+jn=k−n

(−1)
∑n

l=1 ljlgZk (w⊗j0
X ⊗ x1 ⊗ w⊗j1

X . . .

⊗ w
⊗jn−1
X ⊗ xn ⊗ w⊗jn

X ),

where X ∈ modZ(L), wX ∈ addZ(E)(X, X)1 is triangular, and xi ∈ tw(E)(Xi, Xi−1) =
addZ(E)(Xi, Xi−1) for some X0, . . . , Xn ∈ modZ(L); and on twmod(E) via the restric-
tion gtwmod of the functors above.

Moreover, if E ′ is another A-infinity algebra strictly unital over L with a G-action, 
and f = (fn)n : E → E ′ is a strictly unital A-infinity homomorphism commuting with the 
G-action, then the induced functors addZ(f), tw(f) and twmod(f) are G-equivariant.

Proof. By definition, every g ∈ G gives rise to an A-infinity homomorphism

g : E → E .



48 A. Rodriguez Rasmussen / Advances in Mathematics 461 (2025) 110049
This becomes strictly unital over L, if on the left side we consider the usual embedding 
ι : L → E and on the right side we precompose it with the action of g on L, i.e. we 
consider ι ◦ g : L → E . Denote for every g ∈ G by addZg (E), twg(E) and twmodg(E)
the categories constructed with respect to the strictly unital structure given by the 
embedding g ◦ ι, and denote by addZ(E), tw(E) and twmod(E) categories constructed 
with respect to the strictly unital structure given by the embedding ι. Let X, Y ∈ modL

and ϕ ∈ Homk(X, Y ). Then we write

gϕ : gX → gY, gx 
→ g(ϕ(x)).

Then we have for every l ∈ L, x ∈ X

(g(l · ϕ))(gx) = g(lϕ(x)) = g(l)g(ϕ(x)),

so that g(l · ϕ) = g(l)gϕ, and

(g(ϕ · l))(gx) = g(ϕ(lx)) = (gϕ)(glx) = (gϕ)(g(l) · gx) = ((gϕ) · g(l))(gx),

so that g(ϕ · l) = (gϕ) · g(l). We claim that we have strict A-infinity equivalences

trZg : addZg (E) → addZ(E), X 
→ gX, a⊗ ϕ 
→ a⊗ gϕ,

as well as

trtwg : twg(E) → tw(E),

(X,wX) 
→
(
gX, trZg (wX)

)
,

x 
→ trZg (x)

and

trtwmod
g : twmodg(E) → twmod(E)

given by the restriction of the functor trtwg . We show this for addZ. First, let us show 
that trZg is well defined. Let a ∈ A, X, Y ∈ modZ L, ϕ ∈ Homk(X, Y ) and l ∈ L. Then 
we have

a⊗ g(l · ϕ) = a⊗ g(l)gϕ = g(l)a⊗ gϕ

and

a⊗ g(ϕ · l) = a⊗ gϕg(l) = ag(l) ⊗ gϕ.
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Thus trZg is well-defined.
Let a1, . . . , an ∈ E , X0, . . . , Xn ∈ modZ L and for 1 ≤ i ≤ n let ϕi ∈

Homk(Xn−i+1, Xi−n). Then

maddZ(E)
n (trZg (a1 ⊗ ϕ1) ⊗ · · · ⊗ trZg (an ⊗ ϕn))

= maddZ(E)
n ((a1 ⊗ gϕ1) ⊗ · · · ⊗ (an ⊗ gϕn))

= (−1)n
∑n

i=1 |ϕi|+
∑

i<j |ai||ϕj |mE
n(a1 ⊗ · · · ⊗ an) ⊗ (gϕ1 ◦ · · · ◦ gϕn)

= (−1)n
∑n

i=1 |ϕi|+
∑

i<j |ai||ϕj |mE
n(a1 ⊗ · · · ⊗ an) ⊗ g(ϕ1 ◦ · · · ◦ ϕn)

= trZg ((−1)n
∑n

i=1 |ϕi|+
∑

i<j |ai||ϕj |mE
n(a1 ⊗ · · · ⊗ an) ⊗ (ϕ1 ◦ · · · ◦ ϕn))

= trZg (maddZ
g (E)

n ((a1 ⊗ ϕ1) ⊗ · · · ⊗ (an ⊗ ϕn))).

The calculation for twg is similar, and the case twmodg follows from twg by restriction.
Thus we obtain A-infinity endofunctors

trZg ◦ addZ(g) : addZ(E) → addZ(E)

trtwg ◦ tw(g) : tw(E) → tw(E)

trtwmod
g ◦ twmod(g) : twmod(E) → twmod(E).

The explicit formulas follow directly from the definition and from the explicit formulas 
given in Lemma 5.15. The fact that this yields a G-action and that G-equivariant A-
infinity homomorphisms give rise to G-equivariant A-infinity functors, on the other hand, 
is a consequence of the functoriality of addZ, tw and twmod. �

The case where E is a dg-algebra unital over L is of particular importance in Proposi-
tion 9.12 to show that the functor CM from Theorem 4.14 is weakly G-equivariant. We 
thus explicitly calculate the induced G-action on twmod(E) for a dg-algebra E .

Example 9.10. Let E be a dg-algebra unital over L and suppose G acts via dg-algebra 
automorphisms restricting to the usual action on L. By the previous lemma, there is an 
induced action on twmod(E). In this case, twmod(g) is the functor

twmod(g) : twmod(E) → twmodg(E)(
X,

m∑
i=1

ai ⊗ ϕi

)

→

(
X,

m∑
i=1

g(ai) ⊗ ϕi

)
,

where X ∈ modL, a1, . . . , an ∈ E1, ϕ1, . . . , ϕn ∈ Endk(X) such that 
∑m

i=1 ai ⊗ ϕi ∈
add(E)(X, X) = E1 ⊗L⊗Lop Endk(X) is triangular. Therefore, the G-action is given by 
the composition
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trg ◦ twmod(g) : twmod(E) → twmod(E)(
X,

m∑
i=1

ai ⊗ ϕi

)

→

(
gX,

m∑
i=1

g(ai) ⊗ gϕi

)
,

a⊗ ϕ 
→ g(a) ⊗ gϕ.

Remark 9.11. Suppose G is a group acting on an algebra A via algebra automorphisms 
and let M =

⊕n
i=1 Mi be an A ∗G-module. Let P ·(M) be a projective resolution of M

as an A ∗G-module. Then, by Lemma 9.5, G acts on End∗
A(P ·(M)) via g ·ϕ = gϕ(g−1·).

If, with respect to this action and the fixed action on L, the algebra homomorphism 
L → End∗

A(P ·(M)) from (2.) in Remark 4.2 becomes G-equivariant, then G acts on 
End∗

A(P ·(M)) via unital dg-algebra automorphisms, that is, G acts on the unital dg-
algebra End∗

A(P ·(M)).
Kadeishvili’s theorem over the semisimple monoidal category of L-L-bimodules with 

a G-action now yields that there is an A-infinity structure on Ext∗A(M, M) strictly unital 
over L with a G-action restricting to the fixed action on L, such that we have a strictly 
unital G-equivariant A-infinity quasi-isomorphism

f = (fn)n : Ext∗A(M,M) → End∗
A(P ·(M)),

which in every component is a homomorphism of L-L-bimodules with a G-action, and 
which is strictly unital over L.

The proposition above tells us that in this setting, we have G-actions on
twmod(End∗

A(P ·(M))) as well as on twmod(Ext∗A(M, M)) and a G-equivariant A-infinity 
quasi-equivalence

twmod(f) : twmod(Ext∗A(M,M)) → twmod(End∗
A(P ·(M))).

Taking homology in degree zero gives us G-actions on the categories
H0(twmod(End∗

A(P ·(M)))) and H0(twmod(Ext∗A(M, M))) and a G-equivariant equiva-
lence

H0(twmod(f)) : H0(twmod(Ext∗A(M,M))) → H0(twmod(End∗
A(P ·(M)))).

The following proposition shows that in this setting the equivalence
H0(twmod(End∗

A(P ·(M)))) → F(M) from Theorem 4.14 is also G-equivariant.

Proposition 9.12. Suppose G is a group acting on A via algebra automorphisms and 
M =

⊕n
i=1 Mi is an A ∗ G-module. Let P ·(M) be a projective resolution of M as an 

A ∗G-module, and suppose the unit map L → EndA(P ·(M)) from (2.) in Remark 4.2 is 
G-equivariant. Then the equivalence

C = CM : twmodL(EndA(P ·(M))) → F(M)
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from Theorem 4.14 is weakly G-equivariant.

Proof. Using Example 9.10, on objects we have

C

(
g

(
X,

m∑
i=1

ai ⊗ ϕi

))
= C

(
gX,

n∑
i=1

g(ai) ⊗ gϕi

)

= H0

(
P ·(M) ⊗L gX, dP ·(M) ⊗ idgX +

m∑
i=1

g(ai) ⊗ gϕi

)

and

g

(
C

(
X,

m∑
i=1

ai ⊗ ϕi

))
= gH0

(
P ·(M) ⊗L X, dP ·(M) ⊗ idX +

m∑
i=1

ai ⊗ ϕi

)

= H0

(
gP ·(M) ⊗L X, g(dP ·(M) ⊗ idX) + g

m∑
i=1

ai ⊗ ϕi

)
.

Note we have natural isomorphisms αg : C ◦ g → g ◦ C given by

(αg)(X,
∑m

i=1 ai⊗ϕi

) : C ◦ g
(
X,

m∑
i=1

ai ⊗ ϕi

)
→g ◦ C

(
X,

m∑
i=1

ai ⊗ ϕi

)

[a⊗ gx] 
→[g(g−1(a) ⊗ x)].

Clearly, αe is the identity. Moreover, for any (X, wX) = (X,
∑m

i=1 ai ⊗ ϕi) ∈
H0(twmod(Ext∗B(LB , LB)), and for all g, h ∈ G, a ∈ P ·(M) and x ∈ X we have

g((αh)(X,wX)) ◦ (αg)h(X,wX))([a⊗ ghx]) = g((αh)(X,wX))([g(g−1(a) ⊗ hx]))

= g((αh)(X,wX)([g−1(a) ⊗ hx)]) = [g(h(h−1(g−1(a)) ⊗ x))] = (αgh)(X,wX)([a⊗ x]).

Hence C is weakly G-equivariant. �
To construct a G-action on our regular exact Borel subalgebra B, we also need to 

take a closer look at Keller’s reconstruction theorem.

Definition 9.13. Let A be a degree-wise finite-dimensional A-infinity algebra strictly uni-
tal over L. Then the dual bar construction (or A-infinity Koszul dual) of A is the 
dg-algebra, whose underlying algebra is the tensor algebra

BD sA := TL(D sA)

together with the differential
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d : BD sA → BD sA,

d(ϕ) =
∞∑

n=1
ϕ ◦ s ◦mn ◦ (s−1)⊗n for ϕ ∈ D sA.

Theorem 9.14 (Keller’s Reconstruction Theorem [16, 7.7], see also [18, Proposition 6.3]). 
Let B be a finite-dimensional algebra and let {LB

1 , . . . , L
B
n } = Sim(B) be a set of represen-

tatives of the simple B-modules. Let LB :=
⊕n

i=1 L
B
i and let C = BD s Ext∗B(LB , LB) be 

the dg-algebra given by the dual bar construction of the A-infinity algebra Ext∗B(LB , LB)
and I ⊆ C be the dg-ideal generated by the negative degree part. Let

B′ := (C/I)0.

Then B′ is a basic finite-dimensional algebra and we have an equivalence

F ′ : H0(twmod(Ext∗B(LB , LB))) → modB′

where F ′(X, wX =
∑m

i=1 ai ⊗ ϕi) is the module X with multiplication given by

[η] · x :=
m∑
i=1

η(sai)ϕi(x)

for x ∈X, η ∈ D s Ext∗B(LB , LB), and an element [ϕ] ∈ H0(twmod(Ext∗B(LB , LB))((X,

wX), (Y, wY ))) gives rise to a map from X to Y by

ϕ∈(twmod(Ext∗B(LB , LB))((X,wX), (Y,wY )))0 = Ext∗B(LB , LB)0 ⊗L⊗Lop Homk(X,Y )

= HomB(LB , LB) ⊗L⊗Lop Homk(X,Y ) ∼= L⊗L⊗Lop Homk(X,Y ) ∼= HomL(X,Y ).

In particular, B′ is Morita-equivalent to B.

Proposition 9.15. In the above setting, suppose G acts on Ext∗B(LB , LB) via strictly 
unital A-infinity automorphisms. Then G acts on B′ via algebra automorphisms and the 
Morita equivalence

F ′ : H0(twmod(Ext∗B(LB , LB))) → modB′

is strongly G-equivariant.

Proof. Since G acts on Ext∗B(LB , LB) via A-infinity automorphisms g = (gn)n, the 
functoriality of the dual bar construction [22, pp. 29-30] implies that G acts on C =
BD s Ext∗B(LB , LB) via dg-algebra automorphisms given by

g(η) =
∞∑

n=1
g(η)n,
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where g(η)n ∈ D(s Ext∗B(LB , LB))⊗n is given by

g(η)n = η ◦ s ◦ g−1
n ◦ (s−1)⊗n,

for η ∈ D s ExtnB(LB , LB)), a1, . . . , an ∈ Ext∗B(LB , LB). In particular, any g ∈ G gives a 
map of degree zero, and thus maps the negative degree part of C to the negative degree 
part, so that g(I) = I. Hence there is an induced action on

B′ := (C/I)0,

via algebra automorphisms, given by

g([η]) =
∞∑

n=1
[g(η)n].

Let (X, wX) ∈ H0(twmod(Ext∗B(LB , LB))). Write wX =
∑m

i=1 ai ⊗ ϕi for a1, . . . , an ∈
Ext1B(LB , LB) and ϕ1, . . . ϕm ∈ Endk(X). Then g(X, wX) = (gX, wgX) where

wgX =
∞∑

n=1
gn(w⊗n

X ) =
∞∑

n=1

∑
i1,...,in∈{1,...m}

gn(ai1 ⊗ · · · ⊗ ain) ⊗ (gϕi1 ◦ · · · ◦ gϕin)

and so F ′(g(X, wX)) is given by the L-module gX together with the multiplication

[η] · gx = η(wgX)(gx)

=
∞∑

n=1

∑
i1,...,in∈{1,...m}

η(sgn(ai1 ⊗ · · · ⊗ ain)) ⊗ (gϕi1 ◦ · · · ◦ gϕin)(gx)

=
∞∑

n=1

∑
i1,...,in∈{1,...m}

η(sgn(ai1 ⊗ · · · ⊗ ain)) ⊗ g(ϕi1 ◦ · · · ◦ ϕin(x))

= g
∞∑

n=1

∑
i1,...,in∈{1,...m}

η(sgn(ai1 ⊗ · · · ⊗ ain)) ⊗ (ϕi1 ◦ · · · ◦ ϕin(x))

= g
∞∑

n=1

∑
i1,...,in∈{1,...m}

(−1)
∑n

i=1(n−i)|sai|η ◦ s ◦ gn ◦ (s−1)⊗n(sai1 ⊗ · · · ⊗ sain)

⊗ (ϕi1 ◦ · · · ◦ ϕin(x))

= g

∞∑
n=1

∑
i1,...,in∈{1,...m}

η ◦ s ◦ gn ◦ (s−1)⊗n(sai1 ⊗ · · · ⊗ sain)

⊗ (ϕi1 ◦ · · · ◦ ϕin(x))
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= g
∞∑

n=1

∑
i1,...,in∈{1,...m}

g−1(η)n(ai1 ⊗ · · · ⊗ ain) ⊗ (ϕi1 ◦ · · · ◦ ϕin(x))

= g
∞∑

n=1
[g−1(η)n](x)

= g((g−1([η]))(x)),

where we have used that |sai| = 0 for 1 ≤ i ≤ n. Thus, F ′(g(X, wX)) is the B′-module 
gX.

Moreover, if [x ⊗ ϕ] ∈ H0(twmod(Ext∗B(LB , LB))((X, wX), (Y, wY ))) then x ∈ L ∼=
Ext0B(LB , LB) ⊆ Ext∗B(LB , LB), so that x ⊗ ϕ = 1 ⊗ xϕ, since the tensor product is 
the tensor product over L ⊗ Lop. Thus we can assume x = 1 without loss of generality. 
Since the G-action on L ∼= Ext0B(LB , LB) ⊆ Ext∗B(LB , LB) is just the G-action on L by 
assumption, we moreover have

g([1 ⊗ ϕ]) = [g(1) ⊗ gϕ] = [1 ⊗ gϕ].

By definition of F ′, F ′([1 ⊗ ϕ]) = ϕ and F ′([1 ⊗ gϕ]) = gϕ. Thus

F ′(g[1 ⊗ ϕ]) = gϕ = gF ′([1 ⊗ ϕ]). �
9.2. The proof of the main theorem of the section

Let (A, ≤A) be a quasi-hereditary algebra with a G-action. Recall from [30, Definition 
3.1] the following definition:

Definition 9.16. The partial order ≤A is called G-invariant if for any two simple A-
modules S, S′ ∈ Sim(A) and for every h, g ∈ G we have

S <A S′ ⇔ gS <A hS′.

Suppose that ≤A is G-invariant. In the proof of our main theorem, we would like to 
assume that A is basic with maximal semisimple subalgebra L′ ∼= L and a G-action that 
restricts to a G-action on L′, and view the induced action on L as the fixed G-action on 
L from the previous subsection.

The following two results serve to show that we may assume that A is basic.

Proposition 9.17. Let A be a finite-dimensional algebra and G be a group acting on A. 
Suppose P is an A ∗G-module such that its restriction A|P is a projective generator in 
modA. Then the Morita equivalence given by

F = HomA(P,−) : modA → modA′
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is weakly G-equivariant, where the G-action on A′ := EndA(P )op is given as in 
Lemma 9.5.

Proof. Consider the natural isomorphisms

αg : HomA(P,−) ◦ g → g ◦ HomA(P,−)

given by

(αg)M : HomA(P, gM) → gHomA(P,M), ϕ 
→ g[g−1(ϕ) ◦ (trPg−1)−1],

where trPg : gP → P is just multiplication by g, and g[. . . ] denotes formal multiplication 
with g and not application of the functor g.

Then for the unit e ∈ G we have αe = id by definition. Moreover, for h, g ∈ G, 
M ∈ modA and ϕ ∈ HomA(P, hgM) we have

g((αh)M ) ◦ (αg)hM (ϕ) = g((αh)M )(g[g−1(ϕ) ◦ (trPg−1)−1])

= g[(αh)M (g−1(ϕ) ◦ (trPg−1)−1)] = gh[h−1g−1(ϕ) ◦ h−1((trPg−1)−1) ◦ (trPh−1)−1]

= gh[h−1g−1(ϕ) ◦ (trPh−1 ◦h−1(trPg−1))−1] = gh[(gh)−1(ϕ) ◦ (trP(gh)−1)−1] = αghM (ϕ)

by Example 9.3. �
Theorem 9.18. Let A be a finite-dimensional algebra and G be a group acting on A. Then 
there is a basic algebra A′ with a G-action such that A′ is Morita equivalent to A and 
there is a Morita equivalence

F : modA → modA′

which is weakly G-equivariant.

Proof. Let S ∈ Sim(A) and denote by HS the stabilizer of S in G. Then by [30, Propo-
sition 1.16], S is an A ∗HS-module, and kG ⊗kHS

S is an A ∗G-module. Hence

LA :=
⊕

GS∈Sim(A)/G

kG⊗kHS
S

is an A ∗G-module. Moreover, as an A-module, we have

A|L
A ∼=

⊕
GS∈Sim(A)/G

A| kG⊗kHS
S ∼=

⊕
GS∈Sim(A)/G

⊕
gHS∈G/HS

gS

∼=
⊕

GS∈Sim(A)/G

⊕
S′∈GS

S′ ∼=
⊕

S∈Sim(A)

S,
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so that [LA : S] = 1 for all S ∈ Sim(A). Let P be a projective cover of LA in modA ∗G. 
Then its restriction to modA, A|P , is a projective cover of LA in modA, and thus a basic 
projective generator. Hence A′ := EndA(P )op is basic. By Proposition 9.17, we moreover 
have a G-equivariant Morita equivalence

F = HomA(P,−) : modA → modA′. �
Now, if we assume A is basic, then [31, Proposition 2.1] tells us that A contains a 

maximal semisimple subalgebra L′ such that the G-action on A restricts to a G-action 
on L′.

Hence in the following we again fix an action on L and assume that A is basic, with 
maximal semisimple subalgebra L′ ∼= L and a G-action that restricts to the fixed G-
action on L′ ∼= L.

We want to apply Remark 9.11, which describes how to endow the A-infinity algebra 
Ext∗A(M, M) of an A ∗ G-module M with a G-action, in the case where M = ΔA =⊕n

i=1 Δi is the direct sum of standard modules. For this, we need to show the following:

Lemma 9.19. Suppose (A, ≤A) is a basic quasi-hereditary algebra with maximal semisim-
ple subalgebra L and a G-action that restricts to the fixed G-action on L, such that ≤A is 
G-invariant. Let ΔA =

⊕n
i=1 Δi be the direct sum of all standard modules of A. Then ΔA

has the structure of an A ∗G-module such that the unit map L → EndA(P ·(ΔA)) becomes 
G-equivariant, where the G-action on EndA(P ·(ΔA)) is given as in Remark 9.11.

Proof. Denote by εi the i-th unit vector in L = kn and by ei its image in A. Then, since 
G acts via algebra automorphisms and thus maps orthogonal principle indecomposable 
idempotents to orthogonal principle indecomposable idempotents, G acts on {ε1, . . . , εn}
and thus on {e1, . . . , en} via permutations. In other words, there is a G-action on the set 
{1, . . . n} such that g(εi) = εg(i) and g(ei) = eg(i).

For 1 ≤ i ≤ n let Li := k ei be the simple A-module corresponding to i, Pi := Aei
its projective cover and Δi := Δ(Li) = Aei/A 

(∑
j>i ej

)
Aei be the associated standard 

module. Then since ej >A ei if and only if g(ej) >A g(ei), G acts on ΔA :=
⊕n

i=1 Δi via

g

⎛
⎝xei + A

⎛
⎝ ∑

ej>Aei

ej

⎞
⎠Aei

⎞
⎠ = g(x)g(ei) + A

⎛
⎝ ∑

j>g(i)

ej

⎞
⎠Aeg(i) ∈ Δg(i)

for xei + A 
(∑

ej>Aei
ej

)
Aei ∈ Δi.

Let ui = idΔi
∈ EndA(ΔA) be the idempotent corresponding to the identity on Δi. 

Then

g(ui)(x) = g(ui(g−1(x))) = 0 if x /∈ g(Δi) = Δg(i)

g(ui)(x) = g(ui(g−1(x))) = g(g−1(x)) = x if x ∈ g(Δi) = Δg(i).
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Hence g(ui) = ug(i). In other words, the embedding,

L → EndA(ΔA), εi 
→ idΔi

from (2.) in Remark 4.2 is G-equivariant. �
Now we are in a situation to prove our main result.

Theorem 9.20. Let (A, ≤A) be a quasi-hereditary algebra with a G-action, such that ≤A

is G-invariant. Then there is a quasi-hereditary algebra (A′, ≤A′) with a G-action and a 
weakly G-equivariant Morita equivalence modA → modA′ of quasi-hereditary algebras 
such that A′ has a G-invariant basic regular exact Borel subalgebra B′.

Proof. By Theorem 9.18, we can assume without loss of generality that A is basic. 
Moreover, by [31, Proposition 2.1] A has a G-invariant maximal semisimple subalgebra 
L′ ∼= L = kn. We fix the G-action on L to be the G-action induced by the restriction of 
the G-action on A.

By [18, Corollary 1.3], there is a quasi-hereditary algebra (R, ≤R) and a Morita equiv-
alence FR : modR → modA of quasi-hereditary algebras such that R has a regular exact 
Borel subalgebra B.

Since FR is a Morita equivalence of quasi-hereditary algebras FR(ΔR) ∼= ΔA, so that 
FR induces a strictly unital A-infinity isomorphism

h = (hn)n : Ext∗A(ΔA,ΔA) → Ext∗R(ΔR,ΔR), [ϕ] 
→ [FR(ϕ)].

By Lemma 9.19, ΔA has the structure of an A ∗ G-module such that G acts on 
Ext∗A(ΔA, ΔA) and this action restricts to the usual action on L. This induces an action 
on Ext∗R(ΔR, ΔR) such that h is G-equivariant. Since h is strictly unital, the G-action 
on Ext∗R(ΔR, ΔR) also restricts to the usual action on L. By Example 5.8, the induction 
functor R⊗B − induces a strictly unital A-infinity homomorphism

f = (fn)n : Ext∗B(LB , LB) → Ext∗R(ΔR,ΔR), [ϕ] 
→ [idR ⊗ϕ],

where f1 is an isomorphism in degree greater than zero, and Ext0B(LB , LB) ∼= L. Since the 
G-action on Ext∗R(ΔR, ΔR) restricts to the usual action on L, and is thus strictly unital if 
we view Ext∗R(ΔR, ΔR) as strictly unital over L via ι and via ι ◦g, Proposition 6.5 implies 
that we can restrict it to a G-action on Ext∗B(LB , LB) such that f is G-equivariant.

Moreover, by Theorem 4.14 and the functoriality of twmod we have a commutative 
diagram

H0(twmod(Ext∗B(LB , LB))) H0(twmod(Ext∗R(ΔR,ΔR))) H0(twmod(Ext∗A(ΔA,ΔA)))

modB F(ΔR) F(ΔA)

H0(twmod(f)) H0(twmod(h))

R⊗B− FR

C
LB

CΔR CΔA



58 A. Rodriguez Rasmussen / Advances in Mathematics 461 (2025) 110049
where the vertical arrows are equivalences by Theorem 4.14, and Proposition 5.16, and 
CΔA is weakly G-equivariant by Lemma 9.9 and Proposition 9.12.

Keller’s reconstruction Theorem 9.15 now yields a basic algebra B′′ with a G-action 
and a G-equivariant equivalence

S : H0(twmod(Ext∗B(LB , LB))) → modB′′.

Choosing quasi-inverses and setting H := CΔA◦H0(twmod(h ◦f)) ◦S−1 and T := S◦C−1
LB

yields a diagram

modB′′ modA

modB modR

H

FR

R⊗B−

T

which commutes up to some natural isomorphism α : FR ◦ (R ⊗B −) → H ◦ T and 
where the upper horizontal arrow is weakly G-equivariant and the vertical arrows are 
equivalences. This gives rise to a commutative diagram

EndB′′(T (B)) EndA(H ◦ T (B))

EndA(FR(R⊗B B))

EndB(B) EndR(R⊗B B)ϕ	→idR ⊗ϕ

ϕ	→T (ϕ)

ϕ	→H(ϕ)

ϕ	→FR(ϕ)

ραB

where αB : FR(R ⊗B B) → H ◦ T (B) is the isomorphism obtained from the natural 
isomorphism α and ραB

is conjugation by αB. As in Theorem 7.2, we have that the 
composition

Bop EndB(B) EndR(R⊗B B) Ropb	→rb idR ⊗− rx 	→x

is just the canonical embedding Bop → Rop, so that EndB(B)op is a basic regu-
lar exact Borel subalgebra of EndR(R ⊗B B)op. Thus the diagram above shows that 
EndB′′(T (B))op is a basic regular exact Borel subalgebra EndA(H ◦ T (B))op.

Note that since B and B′′ are both basic projective generators, and ψ is an equivalence, 
we have an isomorphism β : T (B) → B′′. This gives rise to a commutative diagram

EndB′′(B′′) EndA(H(B′′))

EndB′′(T (B)) EndA(H ◦ T (B))

ϕ	→H(ϕ)

ρβ ρH(β)

ϕ	→H(ϕ)
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so that B′ := EndB′′(B′′)op is a basic regular exact Borel subalgebra of A′ :=
EndA(H(B′′))op. Moreover, since B′′ has a G-action as a left B′′-module, and H is 
weakly G-equivariant, there is an induced G-action on H(B′′) such that the map

EndB′′(B′′) → EndA(H(B′′))

is G-equivariant. In particular, B′ = EndB′′(B′′)op is a G-invariant basic regular Borel 
subalgebra of A′ = EndA(H(B′′))op. Finally, since FR is an equivalence and R is a pro-
jective generator in modR, H(B′′) ∼= H(T (B)) ∼= FR(R ⊗B B) ∼= FR(R) is a projective 
generator in modA. Thus the functor

HomA(H(B′′),−) : modA → modA′

is a Morita equivalence, and by 9.17 this Morita equivalence is weakly G-equivariant. �
Note that the G-action on A′ depends on its construction. Given a G-action on A, 

the fact that there is a weakly G-equivariant Morita equivalence F : modA → modA′

is in general not enough to determine the G-action on A′. In fact, we later give an 
example showing that in general, A′ may admit other G-actions which make F weakly 
G-equivariant, but which do not allow for a basic regular exact Borel subalgebra B in 
A′ such that g(B) = B for all g ∈ G.

In other words, if we are given a quasi-hereditary algebra R with a basic regular exact 
Borel subalgebra B and a G-action compatible with the partial order ≤R, then there is 
not necessarily a different basic exact Borel subalgebra B′ in R such that g(B′) = B′

for all g ∈ G. However, there is a different G-action on R making the identity functor 
modR → modR weakly G-equivariant, such that B is invariant under this G-action.

Corollary 9.21. Let R be a quasi-hereditary algebra with a basic regular exact Borel subal-
gebra B and a G-action compatible with the partial order ≤R. Then, there is a G-action

G×R → R, (g, r) 
→ g � r

on R such that the identity functor modR → (modR, �) is weakly G-equivariant, and 
such that g � B = B for all g ∈ G.

Proof. By Theorem 9.20, there is a quasi-hereditary algebra R′ with a G-action and a 
G-invariant basic regular exact Borel subalgebra B′ and a weakly G-equivariant Morita 
equivalence

modR → modR′

By [9, Theorem A (4)], R and R′ have the same multiplicities of indecomposable projec-
tives, so that there is an isomorphism ϕ : F (R) → R′. By Lemma 9.5, structure transport 
along F−1 induces a G-action �′ on R such that
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R′ → R, a 
→ F−1(ϕ−1 ◦ ra ◦ ϕ)(1R)

is G-equivariant. Hence R has a basic regular exact Borel subalgebra B′ such that g�′B′ =
B′ for all g ∈ G. Now by Theorem 7.2, B′ = aBa−1 for some a ∈ R. Thus, setting

g � x := a−1g �′ (axa−1)a

defines a G-action on R such that g � B = B for all g ∈ G. Clearly, the identity func-
tor (modR, �′) → (modR, �) is weakly G-equivariant. Moreover, by definition F−1 :
modR′ → (modR, �′) is weakly G-equivariant, and by assumption F : modR → modR′

is weakly G-equivariant. Hence the composition id : modR → (modR, �) is weakly 
G-equivariant. �

The following lemma describes how the G-action on an algebra may vary under the 
condition that the identity functor is weakly G-equivariant.

Lemma 9.22. Let A′ be an associative algebra and assume G acts on A′ via automor-
phisms

G×A′ → A′, (g, a) 
→ g(a).

Now suppose that there is another G-action on A′ given by

G×A′ → A′, (g, a) 
→ g � a,

such that the identity functor

(modA′, �) → modA′

is weakly G-equivariant, where the G-action on the codomain is induced by the first G-
action on A′, and the G-action on the domain is induced by the second G-action on A′. 
Then there is a map

ρ : G → (A′)×

such that for all a ∈ A′ and g ∈ G

g � a = ρ(g)g(a)ρ(g)−1.

Moreover, ρ(eG) = 1A′ and ρ(gh) = ρ(g)g(ρ(h)) for all g, h ∈ G. On the other hand, if

ρ : G → (A′)×

is a map such that ρ(eG) = 1A′ and ρ(gh) = ρ(g)g(ρ(h)) for all g, h ∈ G, then
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g � a := ρ(g)g(a)ρ(g)−1

defines a G-action on A such that the identity functor modA′ → (modA′, �) is weakly 
G-equivariant.

Proof. (1) Recall that in this setting, there are induced G-actions

trg : gA → A, ga 
→ g(a)

on A′ ∈ modA′ with respect to the first G-action, and

tr′g : g � A′ → A′, ga 
→ g � a

on A′ ∈ (modA′, �) with respect to the second G-action. Since the identity functor 
is weakly G-equivariant, Lemma 9.5 endows A′ with the structure

tr′′g : gA → A, ga 
→ g ∗ a

of an object with a G-action in modA′, where modA′ is equipped with the first 
G-action, such that the identity map

EndA(A′)op → EndA(A′)op

is G-equivariant, where the first G-action is induced by � and the second by ∗. In 
other words, we obtain that

rg	a = g ∗ (ra(g−1 ∗ −))

for all a ∈ A, g ∈ G. Thus

g � a = rg	a(1A) = g ∗ (ra(g−1 ∗ 1A)) = g ∗ ((g−1 ∗ 1A) · a)

since tr′′g is A-linear, we have for every g ∈ G and a, b ∈ A

g ∗ (ab) = g(a) · (g ∗ b),

so that

g � a = g ∗ ((g−1 ∗ 1A) · a) = g(g−1 ∗ 1A) · (g ∗ a) = g(g−1 ∗ 1A) · g(a) · (g ∗ 1A).

Therefore, setting ρ(g) = g(g−1 ∗ 1A), we obtain

g � a = ρ(g)g(a)ρ(g)−1.
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Moreover, we clearly have ρ(eG) = 1A, and

ρ(gh) = gh((gh)−1 ∗ 1A) = g(h(h−1 ∗ (g−1 ∗ 1A))) = g(h(h−1(g−1 ∗ 1A) · h−1 ∗ 1A))

= g(g−1 ∗ 1A) · g(h(h−1 ∗ 1A)) = ρ(g)g(ρ(h)).

(2) Suppose that

ρ : G → (A′)×

is a map such that ρ(eG) = 1A′ and ρ(gh) = ρ(g)g(ρ(h)) for all g, h ∈ G. Then for

g � a := ρ(g)g(a)ρ(g)−1,

we have

eG � a = ρ(eG)eG(a)ρ(eG)−1 = 1A · a · 1−1
A = a

for every a ∈ A and

(gh) � a = ρ(gh)(a)ρ(gh)−1 = ρ(g)g(ρ(h))g(h(a))g(ρ(h)−1)ρ(g)−1

= ρ(g)g(ρ(h)h(x)ρ(h)−1)ρ(g)−1 = g � (h � a)

for all g, h ∈ G, a ∈ A. Hence this defines a G-action on A. Moreover, for every 
g ∈ G we have a natural isomorphism αg : (g �−) → g(−) given by the components

αg,M : g � M → gM, g � m 
→ ρ(g) · gm

such that αeG is the identity and

g(αh,M ) ◦ αg,h	M (g � h � m) = g(αh,M )(ρ(g) · g · (h � m))

= g(αh,M )(g · (h � ((h−1 � (g−1(ρ(g)))) ·m)))

= g · (ρ(h) · h · ((h−1 � (g−1(ρ(g)))) ·m))

= g(ρ(h)) · (gh) · ((h−1 � (g−1(ρ(g)))) ·m)

= g(ρ(h)) · (gh) · ((ρ(h−1)h−1(g−1(ρ(g)))ρ(h−1)−1) ·m)

= g(ρ(h)) · (gh) · (h−1(ρ(h)−1g−1(ρ(g))ρ(h)) ·m)

= ρ(g)g(ρ(h)) · (gh) ·m
= ρ(gh) · ghm
= αgh,M (m). �

We thus obtain the following corollary, describing in which way the G-action giving 
rise to an invariant Borel may vary from the original G-action:
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Corollary 9.23. Let R be a quasi-hereditary algebra with a basic regular exact Borel sub-
algebra B and a G-action compatible with the partial order ≤R. Then, there is a map

ρ : G → R×

such that ρ(eG) = 1R and ρ(gh) = ρ(g)g(ρ(h)) for all g, h ∈ G, and such that

g � a := ρ(g)g(a)ρ(g)−1

defines a G-action on R with g � B = B for all g ∈ G.

9.3. Example

In this subsection, we consider an example. Let D = k[x]/xn and let A be its Auslander 
algebra. Note that since A is an Auslander algebra, it is quasi-hereditary. Moreover, A
is given by the quiver

1 2 . . . n
x1

y2 y3

x2 xn−1

yn

with relations yi+1xi = xi−1yi for all 2 ≤ i ≤ n and xn−1yn = 0. To ease notation, we 
often drop the indices for x and y and write xk for a composition xi+kxi+k−1 . . . xi+1xi

and yk for a composition yiyi+1 . . . yi+k−1yi+k, where 1 ≤ i ≤ n. For i, j ∈ {1, . . . , n}, 
0 ≤ a, b ≤ n with b − a = j − i let

ri,j,a,b : Pi → Pj ,m 
→ myaxb.

Then if i ≥ j,

(ri,j,i−j,0, ri,j,i−j+1,1, ri,j,i−j+2,2, . . . , ri,j,n−j,n−i)

is a basis for HomA(Pi, Pj), and if i ≤ j then

(ri,j,0,j−i, ri,j,1,j−i+1, ri,j,2,j−i+2, . . . , ri,j,n−j,n−i)

is a basis for HomA(Pi, Pj). Moreover, if b > n − i, then ri,j,a,b = 0.
Additionally, for all 1 ≤ i, j ≤ n, 0 ≤ a, b ≤ n, b − a = j − i we have

ri,j,a,b ◦ ri′,j′,a′,b′ = δj′,iri,j′,a+a′,b+b′

where δ is the Kronecker delta. First, we explicitly describe a Morita equivalent algebra R
with a regular exact Borel subalgebra B. This was constructed according to the procedure 
given in [18], although we do not refer to this procedure for the verification that B is 
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indeed a regular exact Borel subalgebra of R and that R is Morita equivalent to A. 
Instead, we proceed by defining B, R as well as the embedding ι : B → R, giving in 
either case only a somewhat informal reasoning why we define them as we do, and then 
explicitly check that they are as claimed.

9.3.1. Defining B
By [30, Section 4], the indecomposable projective modules PA

i of A are of the form

i

i− 1 i + 1

. . . i . . .

1 . . . . . . n

2 . . . n− 1

1 . . . . . .

. . . . . .

. . . . . .

. . .

1

the standard modules ΔA
i are of the form

i

i− 1

. . .

1

and the projective modules Pi have unique Δ-filtrations
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Δi

Δi+1

. . .

Δn

Here, we have angled the graphic representation of filtration of the standard modules 
by simple modules and the filtration of the projective modules such that, inserting the 
former picture into the latter gives exactly the graphic representation of the filtration 
of the projective modules by simple modules given above. Additionally, ExtkA(Δi, Δj) is 

one dimensional if i < j and k = 1, and given by the extension Eij =
(

Δi

Δj

)
which is 

the factor module of the image of

(ri,j−1,0,j−i−1, rj,j−1,1,0) : Pi ⊕ Pj → Pj−1

by the image of rj+1,j−1,2,0. Moreover, ExtkA(Δi, Δj) = (0) if i ≥ j or k > 1.
In particular, by the general construction of B in [18], since there is no ExtkA(ΔA, ΔA)

for k ≥ 2, there are no relations in B, so that B is freely generated over L by 
Ext1A(Δi, Δj)op. We can thus define B as follows.

Definition 9.24. Let B = kQ′ where Q′ is the quiver with n vertices and an edge (i, j)
whenever i < j.

Remark 9.25. Note that a k-basis of B is given by the ei and the paths

(ik−1, ik)(ik−2, ik−1) . . . (i2, i3)(i1, i2)

for 1 ≤ i1 < · · · < ik ≤ in, 1 ≤ k ≤ n. For ease of notation, we denote these paths by 
(i1 < · · · < ik).

9.3.2. Defining R
To describe R, we use that R ∼= EndR(R⊗BB)op. We thus would first like to describe 

R⊗BB, in other words, we would like to find out how Qi := R⊗B PB
i decomposes into a 

direct sum of projective modules, using the fact that R⊗B− is exact and R⊗BLB
i
∼= ΔR

i .
Therefore, we begin by having a look at the composition series of the projective B-

modules PB
i .

Since B is the path algebra of the full directed graph on n vertices, the Loewy diagram 
of PB

i is given by a labelled Fenwick tree Tn,i.
Recall that the Fenwick tree, sometimes also called a binary indexed tree, Fk is in-

ductively defined by
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(1) F1 consists of a single vertex.
(2) Fk is constructed by attaching to the root all Fenwick trees Fj for j < k.

Fenwick trees were originally used as a way to compute efficiently sums over subsets of 
an array a = (ak)Kk=1 of numbers [32,13]. In this case, one would associate Fenwick trees 
F1(a), . . . , FK(a) with labelled vertices, where the labels are inductively given by

(1) The unique vertex of F1 is labelled by a1.
(2) The root of Fk has label ak and before attaching the subtree Fk to this root, we 

increase every label therein by ak.

The labelled tree Tn,i is isomorphic to Fn−i+1 as a tree, but its labelling arises in a 
different way. More precisely, (Tn,i)1≤i≤n is the family of rooted trees with labelled
vertices inductively defined by

(1) Tn,n = {n} consists of a single vertex labelled n.
(2) Tn,i−1 is given by

i

Tn,i+1 Tn,i+2 . . . Tn,n−1 Tn,n

i.e. by attaching to a root labelled i every tree Tn,j for j > 1.

For example, Tn,n−3 is given by

n− 3

n− 2 n− 1 n

n− 1 n n

n

Since binary trees are combinatorially easier to describe, we use a bijection from (Tn,i)i
to certain binary trees (Bn,i)i, which is given by adding vertices when necessary. More 
formally, for any planar rooted tree T with labelled vertices we inductively define a 
corresponding planar rooted binary tree Binary(T ) with labelled vertices by

• Binary(T ) = T if T is empty or consists of one vertex.
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• If T is a tree of the form

r

T1

with root r and a single subtree T1 attached to the root, then we define Binary(T )
as the tree

r

B(T1)

• If T is a tree of the form

r

T1 T2 . . . Tk

with root r and subtrees T1, . . . , Tk, k ≥ 2, attached to the root, then we define T ′

as the planar rooted tree with labelled vertices given by

∗

T2 . . . Tk

and set Binary(T ) to be the tree

r

B(T1) B(T ′)

Let us view Tn,i as planar labelled trees, with the planar representation given as in the 
definition. Then Binary(Tn,i) are the binary trees Bn,i such that

(1) Bn,i has n − i + 1 generations.
(2) Every vertex in the second to last generation has a left child, but no right child.
(3) Every vertex that is not in the last or second to last generation has exactly two 

children.
(4) The root has label i.
(5) Every vertex in the j-th generation that is a left child of its predecessor has label j.
(6) Every vertex that is a right child of its predecessor has label ∗.
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In the original interpretation of Fenwick trees as calculating iteratively all sums over an 
array of natural numbers of a given set, the associated binary tree instead corresponds 
to, in every layer, choosing to include or not include the n-th element in the sum.

In our case, we have that, for example, Bn,n−3 is the binary tree

n− 3

n− 2 ∗

n− 1 ∗ n− 1 ∗

n n n n

While in the Loewy diagram every vertex corresponds to a simple composition factor of 
PB
i , in Bi,n the vertices marked ∗ correspond to (0) instead, while the vertices marked 

with a label j still correspond to composition factors LB
j . We can visualize this by 

replacing the labelled vertices with the composition factors respectively zeros that they 
contribute. For example, for PB

n−3 we obtain

LB
n−3

LB
n−2 (0)

LB
n−1 (0) LB

n−1 (0)

LB
n LB

n LB
n LB

n

We would like to label the paths from the root to a leaf in Bn,1 by vectors of length n, 
consisting of numbers 0 and 1, such that all entries above i are zero, the i-th entry is 
one and every subsequent entry is one whenever we move into a left subtree and zero 
whenever we move into a right subtree. Hence the possible set of indices for a tree of 
the form Bn,i, 1 ≤ i ≤ n, is given by I := {α ∈ {0, 1}n : αn = 1}. Moreover, if s(α) :=
min{1 ≤ k ≤ n : αk = 1} is the first-non-zero entry of α, then Ii := {α ∈ I : s(α) = i}
are the indices corresponding to paths of Bn,i for a fixed i.

Let us consider Qi = R⊗B PB
i . This is a projective R-module, and every composition 

series of PB
i by simple modules gives rise to a composition series of R by standard 

modules. We can thus replace the labels in the tree Bi,n by the corresponding standard 
modules to visualize Qi:
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Δn−3

Δn−2 (0)

Δn−1 (0) Δn−1 (0)

Δn Δn Δn Δn

Note, however, that here some of the extensions shown in the tree might split. In fact, 
since Qi is projective and any projective PR

i of R has a unique composition series by 
standard modules with composition factors Δi, Δi+1, . . . , Δn, we see that any extension 
Δi → Δj for j 
= i + 1 in Qi does split. We thus obtain the picture

Δn−3

Δn−2 (0)

Δn−1 (0) Δn−1 (0)

Δn Δn Δn Δn

Here we can see that any path α from the root to a leaf in Bn,i gives rise to a projective 
summand PR

j(α) in Qi where j(α) := max({1 ≤ k ≤ n : αk = 0} ∪ {0}) + 1, consisting 
of the composition factors corresponding to the part of the path which moves up and to 
the right from the leaf for as long as possible.

We thus define Pα := PA
j(α) ∈ modA, Qi :=

⊕
α∈Ii

Pα and P :=
⊕n

i=1 Qi, and let 
R := EndA(P )op.

9.3.3. The embedding
We define an embedding ι : B → R as follows: First, denote by εi is the i-th unit vector, 

and let βi :=
∑

j≥i εj . Additionally, for α, β ∈ I, 0 ≤ a, b ≤ n with b − a = j(β) − j(α)
let

rα,β,a,b = rj(α),j(β),a,b : Pα → Pβ .

Then we define

ι(ei) := idQi
=

∑
rα,α,0,0 for 1 ≤ i ≤ n,
α∈Ii
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ι((i, j)) :=
∑
α∈Ij

rα,α+εi,0,0 for i + 1 < j

ι((i, i + 1)) := rβi+1,βi,0,1 +
n∑

k=i+2

rβi+1,βk+εi,k−i−1,0 +
∑

α∈Ii+1\βi+1

rα,α+εi,0,0.

In other words,

• for 1 ≤ i ≤ n, ι(ei) is the idempotent corresponding to Qi;
• for 1 ≤ i < i + 1 < j ≤ n, ι((i, j)) is the embedding of modules Qj → Qi given, on 

the corresponding graphs, by mapping Tn,j to the subtree Tn,j of the root i in Tn,i

by the identity; and
• for 1 ≤ i < i + 1 ≤ n, ι((i, i + 1)) consists of a sum of maps from Tn,i+1 into any 

subtree Tn,j of the root in Tn,i for i + 1 ≤ j ≤ n.

This gives rise to a well-defined algebra homomorphism, since (ιei)1≤i≤n clearly form a 
complete set of principal orthogonal idempotents and

ι((i, j))ι(ek) = δi,kι((i, j)) = ι((i, j)ek)

ι(ej)ι((i, j)) = δj,kι((i, j)) = ι(ek(i, j)),

where δ denotes the Kronecker delta.

9.3.4. The verification
Now that we have defined B, R and ι, it remains to show that ι makes B a regular 

exact Borel subalgebra of R. That R is Morita equivalent to A is clear by definition.
Let us begin by introducing a grading on R:

Definition 9.26. For every ϕ : Pα → Pβ in R, we set |ϕ| := s(β) − j(β). This turns R into 
a Z-graded vector space (however, not into a graded algebra). For r =

∑k
i=1 ϕi ∈ R, 

d := max{|ϕi| : i = 1, . . . k}, we call
∑

i s.t.|ϕi|=d

ϕi

the leading coefficient of r.

For every α ∈ I, j(α) ≤ j ≤ n let

fα,j = rα,βj ,j−j(α),0 : Pα → Pβj
,m 
→ myj−j(α).

Then for 1 ≤ k ≤ n, 1 ≤ i1 < . . . ik−1 < ik = j the leading coefficient of

fα,j · ι((i1 < · · · < ik))
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is

r
α,α+

∑k−1
l=1 εil ,j−j(α),j−j

(
α+

∑k−1
l=1 εil

) : Pα → Pα+
∑k−1

l=1 εil
.

In particular, the leading coefficients of the elements fα,j · ι((i1 < · · · < ik)), α ∈ I, 
j(α) ≤ j ≤ n, 1 ≤ k ≤ n, 1 ≤ i1 < . . . ik−1 < ik = j are linearly independent, 
so that the elements fα,j · ι((i1 < · · · < ik)), α ∈ I, j(α) ≤ j ≤ n, 1 ≤ k ≤ n, 
1 ≤ i1 < . . . ik−1 < ik = j are linearly independent. Since fα,j · ι((i1 < · · · < ik)) = 0 for 
ik 
= j, and {(i1 < · · · < ik) for 1 ≤ k ≤ n, 1 ≤ i1 < . . . ik−1 < ik = j are a k-basis for 
B, we thus obtain that

R =
⊕

α∈I,j(α)≤j≤n

fα,jι(B)

and that fα,j ∼= ejB for every α ∈ I, j(α) ≤ j ≤ n. In particular, R is projective as a 
right B-module.

Moreover, there is a well-defined right B-module homomorphism

η : R → B, fβj ,j 
→ ej , fα,j 
→ 0 if α 
= βj .

This is clearly a splitting of ι, so that, in particular, ι is injective and B is a subalgebra 
of R. Moreover,

ker(η) =
⊕

α∈I,j(α)≤j≤n,α 
=βj

fα,jι(B) = spank{rα,β,a,b : a ≥ 1}.

This is a right ideal in R, so that B is a normal exact subalgebra of R.
We want to show that the simple modules of B induce the standard modules of R, 

and that for i < j the unique non-split extension EB
ij between two simples LB

i and LB
j

of B induces the unique non-split extension ER
ij between two standard modules ΔR

i and 
ΔR

j . These both lead to a similar calculation, which we can generalize to an arbitrary 
B-factor module of PB

i . Hence suppose M = BS is a B-submodule of PB
i with some 

generating set S ⊆ PB
i and consider R⊗B PB

i /M . Then we have

R⊗B PB
i /M = EndA(P ) ⊗ι Bei/BMei

= {ι(ei) ◦ f : f ∈ EndA(P )}/ι(ei) ◦ ι(M)
∼= {idQi

◦f : f ∈ EndA(P )}/(idQi
◦(k ι(S)) ◦ EndA(P ))

∼= HomA(P,Qi)/ spank{ι(s) ◦ r : P → Qi : s ∈ S, r ∈ EndA(P )}.

Moreover, since P is projective, every map f : P → Qi whose image is contained in ∑
s∈S im(s) factors through 

⊕
s∈S s : PS → Qi, and is thus contained in spank(ι(s) ◦ r :

P → Qi : s ∈ S, r ∈ EndA(P )). Hence
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R⊗B PB
i /M ∼= HomA(P,Qi)/ spank{ι(s) ◦ r : P → Qi : s ∈ S, r ∈ EndA(P )}

∼= HomA

(
P,Qi/

(∑
s∈S

im(s)
))

.

In particular, for M = rad(B)ei, we have

R⊗B LB
i = R⊗B B/ rad(B)ei ∼= HomA

⎛
⎝P,Qi/

⎛
⎝∑

i<j

im(ι([i, j]))

⎞
⎠
⎞
⎠

∼= HomA(P, Pβi
/ im(rβi+1,βi,0,1)) ∼= HomA(P, PA

i /Axi) ∼= HomA(P,ΔA
i ) ∼= ΔR

i .

Thus B is a normal exact Borel subalgebra of R.
Moreover, consider the extension

EB
ij :=

(
LB
i

LB
j

)
∼= PB

i /
∑

(l,k) 
=(i,j)

B(l, k)Bei

corresponding to (i, j) ∈ B. Then, 
∑

(l,k) 
=(i,j) B(l, k)Bei is generated as a B-module by 
(i, k), i < k 
= j and (j, k)(i, j), i < j < k, so that we have

R⊗B Eij
∼= R⊗B Bei/

∑
(l,k) 
=(i,j)

B(i, k)Bei

∼= HomA

⎛
⎝P,Qi/

⎛
⎝ ∑

i<k 
=j

im(ι((i, k))) +
∑

i<j<k

im(ι((j, k)(i, j)))

⎞
⎠
⎞
⎠ .

Moreover, for j 
= i + 1,

Qi/

⎛
⎝ ∑

i<k 
=j

im(ι((i, k))) +
∑

i<j<k

im(ι((j, k)(i, j)))

⎞
⎠

∼= (Pβi
⊕ Pβj+εi)/(im(rβi+1,βi,0,1 + rβi+1,βj+εi,j−(i+1),0) + im(rβj+1,βj+εi,0,1))

∼=
(

ΔA
i

ΔA
j

)

and for j = i + 1,

Qi/

⎛
⎝ ∑

i<k 
=j

im(ι((i, k))) +
∑

i<j<k

im(ι((j, k)(i, j)))

⎞
⎠

∼= (Pβi
⊕ Pβj+εi)/ im(rβi+1,βi,0,1)
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∼=
(

ΔA
i

ΔA
i+1.

)

In either case, this is the (up to isomorphism unique) non-split extension EA
ij between 

ΔA
i and ΔA

j in modA. We thus have an isomorphism

R⊗B Bei/
∑
k 
=j

B(i, k)Bei ∼= HomA(P,EA
ij) ∼= ER

ij

where, since HomA(R, −) is an equivalence of quasi-hereditary algebras, ER
ij is the up 

isomorphism unique extension between ΔR
i and ΔR

j in modR. As mentioned before, 
there are no higher extensions, neither between simples in modB nor between standard 
modules in modR. Thus, B is a regular exact Borel subalgebra of R.

9.3.5. The G-actions
Let G = {eG, g, . . . , gN−1} ∼= Z/NZ be a cyclic group such that char(k) does not 

divide N , and let ξ be a primitive N -th root of unity in k. Let us consider the G-action 
on R given by g(y) = ξy, g(x) = x and g(ei) = ei for 1 ≤ i ≤ n.

To find the G-action on B, consider the extension between ΔA
i and ΔA

j for 1 ≤ i < j

corresponding to the arrow (i, j) in B. For 1 ≤ k ≤ n let P ·(ΔA
k ) be the projective 

resolution

(0) PA
k+1 PA

k (0)
rk+1,k,1,0

respectively

(0) PA
n (0)

if k = n, of ΔA
k . Then this extension between i and j corresponds in Hom1

A(P ·(ΔA
i ),

P ·(ΔA
j )) ∼= HomA(PA

i+1, P
A
j ) to the homomorphism ri+1,j,j−i−1,0. Since g(ri+1,j,j−i−1,0)

= ξj−i−1ri+1,j,j−i−1,0, the induced G-action on B is given by

g(ei) = ei and

g((i, j)) = ξ−j+i+1(i, j)

for 1 ≤ i ≤ n respectively 1 ≤ i < j ≤ n, where the change of sign in the exponent is 
due to the dualizing.

Since we have defined R as the opposite of an endomorphism ring in modA and not 
according to its presentation in [18], it is less obvious how the G-action on R should be 
defined. However, if we want it to restrict to the given G-action on B, there is a natural 
candidate for it given as follows:

Since G fixes the principle orthogonal idempotents eAi in A, PA
i := AeAi naturally 

obtains the structure of an A ∗G-module.
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For α ∈ I let n(α) := |{s(α) ≤ j ≤ n : αj = 0}| be the number of zeros between the 
first and the last 1 in the vector α. We endow Pα with the structure of an A ∗G-module 
via

trPα
g := ξ−n(α) trPj(α)

g .

By Lemma 9.5, R = EndA(P )op obtains thus the structure of an algebra with a G-action 
via

g(ϕ)(x) = g(ϕ(g−1(x)))

and HomA(P, −) becomes weakly G-equivariant. For α, β ∈ I, 0 ≤ a, b ≤ n with b − a =
j(β) − j(α) we have

g(rα,β,a,b) = ξb−n(β)+n(α)rα,β,a,b.

Hence, for 1 ≤ i < i + 1 < j ≤ n

g(ι((i, j))) = g

⎛
⎝∑

α∈Ij

rα,α+εi,0,0

⎞
⎠

=
∑
α∈Ij

ξ−n(α+εi)+n(α)rα,α+εi,0,0 =
∑
α∈Ij

ξ−(n(α)+j−i−1)+n(α)rα,α+εi,0,0

= ξ−j+i+1
∑
α∈Ij

rα,α+εi,0,0 = ξ−j+i+1ι((i, j)) = ι(g((i, j))),

and for 1 ≤ i < n

g(ι((i, i + 1)))

= g

⎛
⎝rβi+1,βi,1,0 +

∑
j>i+1

rβi+1,βj+εi,0,j−i−1 +
∑

α∈Ii+1\{βi+1}
rα,α+εi,0,0

⎞
⎠

= g(rβi+1,βi,1,0) +
∑

j>i+1
g(rβi+1,βj+εi,0,j−i−1) +

∑
α∈Ii+1\{βi+1}

g(rα,α+εi,0,0)

= ξ−n(βi+1)+n(βi)rβi+1,βi,1,0 +
∑

j>i+1
ξj−i−1−n(βi+1)+n(βj+εi)rβi+1,βj+εi,0,j−i−1

+
∑

α∈Ii+1\{βi+1}
ξ−n(α+εi)+n(α)rα,α+εi,0,0

= rβi+1,βi,1,0 +
∑

j>i+1
rβi+1,βj+εi,0,j−i−1 +

∑
α∈Ii+1\{βi+1}

rα,α+εi,0,0

= ι((i, i + 1)) = ι(g((i, i + 1))).
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Finally, for 1 ≤ i ≤ n

g(ι(ei)) =
∑
α∈Ii

g(idα) =
∑
α∈Ii

g(rα,α,0,0)

=
∑
α∈Ii

rα,α,0,0 = ι(ei) = ι(g(ei)).

Hence ι is G-equivariant, and in particular, B is a G-invariant regular exact Borel sub-
algebra of R.

Note that the G-action on R does not coincide with the perhaps more canonical G-
action where one instead endows Pα simply with the same G-action as the one on Pj(α), 
as the latter would give

g(rα,β,a,b) = ξbrα,β,a,b.

The next example was added to illuminate this phenomenon.

9.4. A second example

In the previous section, the G-action on R was chosen carefully to restrict to the 
G-action on B. The aim of this subsection is to show that this was indeed necessary. 
In other words, we give an example of a quasihereditary algebra R with a regular exact 
Borel subalgebra B and a G-action on R compatible with the partial order ≤R such that 
R does not have a regular exact Borel subalgebra B′ with g(B′) = B′ for all g ∈ G.

Throughout, let char(k) 
= 2. Consider A = kQ, where Q is the quiver

1 2 3α β

with the natural order 1 <A 2 <A 3. Let G = {1G, g} ∼= Z/2Z and define

g(ei) = ei for 1 ≤ i ≤ 3, g(α) = −α, g(β) = β.

Since this is hereditary, it is in particular quasi-hereditary with the natural order 1 <A

2 <A 3, and since G fixes all idempotents, G is compatible with ≤A. Let Pi = Aei for 
1 ≤ 2 ≤ 3 and let P ′

3
∼= P3. Let P := P1⊕P ′

3⊕P2⊕P3 and R := EndA(P )op. Then R has 
a k-basis consisting of the elements idP1 , idP2 , idP3 , idP3 , idP ′

3
as well as f33′ : P3 → P ′

3
an isomorphism, f3′3 := f−1

33′ ,

f21 : P2 → P1, a 
→ aα

f23 : P2 → P3, a 
→ aβ

and f23′ := f33′ ◦ f23.
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Let B = kQB , where QB is the quiver

1 2 3
α′

β′

and define ι : B → R via

ι(e1) = idP1 + idP ′
3
, ι(ei) = idPi

for i = 2, 3, ι(α′) = f21 + f23′ , ι(β′) = f33′ .

It is easy to see that ι is an algebra homomorphism and that it turns B into a regular 
exact Borel subalgebra of R, see also [36, Example 52].

Since the G-action on A fixes ei for 1 ≤ i ≤ 3, Pi obtains the structure of an A ∗G-
module for 1 ≤ i ≤ 3. Via structure transport along f33′ , this induces an A ∗G-module 
structure on P ′

3 and thus on P = P1 ⊕ P ′
3 ⊕ P2 ⊕ P3. Thus, R = EndA(P )op obtains 

a G-action, such that HomA(P, −) is weakly G-equivariant. Explicitly, this G-action is 
given by

g(idX) = idX for X ∈ {P1, P2, P3, P
′
3}

g(f21) = −f21

g(fij) = fij for (i, j) 
= (2, 1).

We want to show that with this G-action, R does not have a regular exact Borel subal-
gebrs B′ such that h(B′) = B′ for all h ∈ G. By Theorem 7.2, any such B′ would be of 
the form aBa−1 for some a ∈ R×. Hence, the G-action

G×A → A, (h, a′) 
→ h ∗ a′ := ah(a−1a′a)a−1

would fix B. Moreover, we would have natural isomorphisms

αh : h ∗ − → h, h ∗M → hM, h ∗m 
→ h · (h−1(a)a−1m)

that would make the identity modA → (modA, ∗) weakly G-equivariant.
Therefore, we first classify the G-actions (h, x) 
→ h ∗ x on R making the identity 

functor weakly G-equivariant and fulfilling h ∗B = B for all h ∈ G.
Suppose we have such a G-action

G×A → A, (h, a′) 
→ h ∗ a′.

By Lemma 9.22, we have a map

ρ : G → R×

such that ρ(eG) = 1R and ρ(hh′) = ρ(h)h(ρ(h′)) for all h, h′ ∈ G, and such that
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h ∗ a′ = ρ(h)h(a′)ρ(h)−1

for all h ∈ G, a′ ∈ R. Since G only has one generator, ρ is determined by ρ(g) ∈ A×, 
and

1A = ρ(eG) = ρ(g2) = ρ(g)g(ρ(g)).

Hence ρ(g)−1 = g(ρ(g)). Write ρ(g) = r0 + r1 for r0 ∈ spank({idPi
: (1 ≤ i ≤

3)} ∪ {idP ′
3
, f33′ , f3′3}) and r1 ∈ rad(R) = span(f21, f23, f23′). Then we have that r0

is invertible and, since rad(R)2 = (0),

ρ(g)−1 = r−1
0 − r−2

0 r1 = g(r0 + r1) = r0 + g(r1)

we obtain that r0 = r−1
0 and g(r1) = −r−2

0 r1 = −r1. In particular, r1 = λ21f21 for 
some λ21 ∈ k. Moreover, writing r0 = ε1 idP1 +ε2 idP2 +m for m = m1 idP3 +m2f3′3 +
m3f33′ + m4 idP ′

3
∈ spank(idP3 , idP ′

3
, f33′ , f3′3) gives ε2

i = 1, i.e. εi ∈ {−1, 1}, and m2 =
idP3 + idP ′

3
.

Recall that

B = spank(idP1 + idP ′
3
, idP2 , idP3 , f21 + f23′ , f33′)

g(B) = spank(idP1 + idP ′
3
, idP2 , idP3 ,−f21 + f23′ , f33′).

In particular, by assumption,

ρ(g) idP2 ρ(g)−1 = ρ(g)−1 ◦ idP2 ◦ρ(g) = (ε2 idP2 −λ21f21) ◦ ε2 idP2

= idP2 −ε2λ21f21 ∈ B.

Thus λ21 = 0. Moreover,

ρ(g)f33′ρ(g)−1 = ρ(g)−1 ◦ f33′ ◦ ρ(g) = (m4 idP ′
3
+m2f3′3) ◦ f33′ ◦ (m1 idP3 +m2f3′3)

= m1m4f33′ + m1m2 idP3 +m2m4 idP ′
3
+m2

2f3′3 ∈ B

so that m2m4 = m2
2 = 0. Since m2 ∈ k, this implies m2 = 0; and since m2 = idP3 + idP ′

3
, 

we obtain m2
1 = m2

4 = 1 and m1m3 + m3m4 = 0. Additionally

ρ(g)(−f21 + f23′)ρ(g)−1 = ρ(g)−1 ◦ (−f21 + f23′) ◦ ρ(g)

= −ρ(g)−1 ◦ f21 ◦ ρ(g) + ρ(g)−1 ◦ f23′ ◦ ρ(g)

= −ε1ε2f21 + ε2m4f23′

= −ε2(ε1f21 −m4f23′).
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Hence m4 = −ε1. Since m2
1 = m2

4 = 1 and m1m3 + m3m4 = 0 we thus obtain that 
either m1 = m4 = −ε1 and m3 = m2 = 0, or m1 = ε1, m4 = −ε1, m2 = 0 and m3 ∈ k. 
Therefore, we have

ρ(g) = ε1 idP1 +ε2 idP2 −ε1 idP3 −ε1 idP ′
3

or

ρ(g) = ε1 idP1 +ε2 idP2 +ε1 idP3 +m3f33′ − ε1 idP ′
3

for some ε1, ε2 ∈ {−1, 1} and m3 ∈ k. In both cases, we can multiply ρ(s) with ε1 without 
changing the corresponding G-action, and thus obtain the cases

ρ(g) = idP1 +ε idP2 − idP3 − idP ′
3

and

ρ(g) = idP1 +ε idP2 + idP3 +λf33′ − idP ′
3

for some ε ∈ {−1, 1} and λ ∈ k. We can calculate the induced G-action on R: In the 
first case, we obtain

g ∗ idX = idX for all X ∈ {P1, P2, P3, P
′
3}

g ∗ fij = fij for (i, j) ∈ {(3, 3′), (3′, 3)}

g ∗ fij = −εfij for (i, j) ∈ {(2, 1), (2, 3), (2, 3′)}

and in the second case we obtain

g ∗ idPi
= idPi

for i = 1, 2, g ∗ idP3 = idP3 +λf33′ , g ∗ idP ′
3

= idP ′
3
−λf33′ ,

g ∗ f21 = −εf21, g ∗ f33′ = −f33′ , g ∗ f3′3 = −f3′3 − λ idP ′
3
+λ idP3 ,

g ∗ f23 = εf23 + ελf23′ , g ∗ f23′ = −εf23′ .

It is easy to see that these G-actions indeed fulfil g ∗ B = B. Hence there is a regular 
exact Borel subalgebra B′ of R such that h(B′) = B′ for all h ∈ G, if and only if there 
is an a ∈ R× such

g ∗ x = ag(a−1xa)a−1

for all x ∈ R, and ∗ one of the above G-actions. Therefore, suppose there is such an 
a ∈ R× and consider the linear maps
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ρa :R → R, x 
→ axa−1

g ∗ − :R → R, x 
→ g ∗ x and

g(−) :R → R, x 
→ g(x).

Then we have, by assumption, g∗− = ρa◦g(−) ◦ρ−1
a . Since the characteristic polynomial 

is invariant under base change, this implies that the characteristic polynomial of g ∗− is 
the same as the characteristic polynomial of g(−). However, the characteristic polynomial 
of g(−) is (t − 1)8(t + 1), while the characteristic polynomial of g ∗ − is in the first case 
given by (t − 1)6(t + ε)3 and in the second case given by (t − 1)4(t + 1)2(t + ε)2(t − ε), 
and these cannot be identical for any ε ∈ {−1, 1}.
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