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1. Introduction

Quasi-hereditary algebras, first defined by Cline, Parshall and Scott [4], appear in 
many different areas of representation theory. Some examples include Schur algebras, 
algebras of global dimension at most two and algebras underlying blocks of category 
𝒪. Additionally, for non-quasi-hereditary algebras, it is sometimes possible to associate 
quasi-hereditary covers, a concept introduced by Rouquier [25]. 
In [15], König defined the concept of an exact Borel subalgebra of a quasi-hereditary 
algebra. An exact Borel subalgebra B of a quasi-hereditary algebra A is a subalgebra 
B ⊆ A capturing the homological information of the category F(Δ) of standardly filtered 
modules. As such, an exact Borel subalgebra B of A is a helpful tool to study the quasi
hereditary structure of A. Of particular interest among all exact Borel subalgebras are 
so-called regular exact Borel subalgebras, which exhibit desirable homological properties, 
and for which both existence and uniqueness results are known [16,18,23]. 
In the past, it has been established that a quasi-hereditary structure is compatible with 
many constructions on algebras. For example, if A and A′ are quasi-hereditary then, 
by [2], so is their tensor product A ⊗ A′. Similarly, if G is a finite group acting on a 
quasi-hereditary algebra A, such that the characteristic of the underlying field does not 
divide the order of G, then, under a suitable compatibility condition, the skew group 
algebra A ∗ G is quasi-hereditary. In particular, wreath products of quasi-hereditary 
algebras, which appear in work by Chuang and Kessar on Broué’s Abelian Defect Group 
Conjecture [3], are quasi-hereditary. 
Moreover, it was shown in [27] that if A and A′ are quasi-hereditary and M is a left

standardly filtered A-A′-bimodule, then the associated triangular matrix ring 
(︃
A M
0 A′

)︃
is quasi-hereditary. 
Given these results, it is a natural question how and under which conditions one may 
construct an exact Borel subalgebra of the new algebra based on exact Borel subalgebras 
of the original algebras, and in which cases regularity is preserved. In past work, the 
authors have investigated the case of skew group algebras [22]. The aim of the present 
article is to consider the same question for two other constructions of this kind. In the 
first half of the article, we consider tensor products of quasi-hereditary algebras, and 
show the following result:

Theorem. 3.2 3.4 Let A,A′ be quasi-hereditary algebras with exact Borel subalgebras 
B,B′. Then B ⊗B′ is an exact Borel subalgebra of A⊗A′. 
Moreover, suppose that B and B′ are regular. Then the following are equivalent:

(1) B ⊗B′ is regular.
(2) One of the following statements holds:

(a) A and A′ are directed.
(b) Aop and (A′)op are directed.
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(c) A is semisimple.
(d) A′ is semisimple.

In the second half of the article, we consider tensor algebras of species of quasi
hereditary algebras. Species are a generalization of path algebras of quivers; in our 
generalized setting, they consist simply of an underlying quiver, an algebra at every 
vertex and a bimodule at every arrow. However, the original versions of species are usu
ally more restrictive, in particular, the algebras at the vertices are often assumed to be 
division rings. In this form, species appear in the classification of hereditary algebras over 
perfect fields in [13], and fulfill a version of Gabriel’s theorem [10]. However, more gen
eral versions of species are also commonly studied [17,6,19]. Species are related to tensor 
products of algebras in that the tensor product of an algebra A with a path algebra can 
be viewed as a tensor algebra over the species corresponding to the quiver Q equipped 
with the algebra A at every vertex and the A-A-bimodule A at every arrow. Moreover, 
they generalize triangular matrix rings in that a triangular matrix ring is nothing but a 
species on the A2-quiver. 
Here, we first establish a criterion for quasi-heredity, Theorem 4.5, and thereafter give a 
construction for an exact Borel subalgebra in Theorem 4.9. The assumptions as well as 
the construction itself are rather technical. However, both simplify significantly in the 
case of triangular matrix rings:

Theorem. 4.11 (see also 4.9) Suppose A1 and A2 are quasi-hereditary algebra and M is 
a left standardly filtered A2-A1-bimodule. Let A be the triangular matrix ring

(︃
A2 M
0 A1

)︃

Suppose that B1 and B2 are exact Borel subalgebras of A1 resp. A2 with embeddings ι1
resp. ι2, and M ∼ = A2 ⊗B2 N as an A2-B1-bimodule for some N2-N1-bimodule B. Then 
the triangular matrix ring B given by

(︃
B2 N
0 B1

)︃

is an exact Borel subalgebra of A via the embedding

(︃
ι2 fN
0 ι1

)︃
: B → A.

The structure of the article is as follows: 
In Section 2, we establish our notation and give a short introduction to quasi-hereditary 
algebras. 
In Section 3, we investigate tensor products of quasi-hereditary algebras. We establish 
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in Theorem 3.2 that tensor products of exact Borel subalgebras are exact Borel sub
algebras. Moreover, we investigate regularity of tensor products of regular exact Borel 
subalgebras, see Proposition 3.4. 
In Section 4, we consider tensor algebras of species of quasi-hereditary algebras. We be
gin by giving a short introduction to species, and establishing a sufficient criterion for 
quasi-heredity, which is based on the criterion in [27]. Afterwards, we give a construc
tion for an exact Borel subalgebra of the species based on a collection of exact Borel 
subalgebras of the underlying collection of algebras, under some technical conditions on 
the bimodules. We give some examples where this construction simplifies, including the 
case of triangular matrix rings. Finally, we conclude with some examples to illustrate 
the question of regularity.

2. Preliminaries

Throughout, let k be an algebraically closed field. All k-vector spaces we consider are 
finite-dimensional, and all tensor products, unless otherwise stated, are over k. For any 
subset S of a vector space V we denote by ⟨S⟩ the k-span of S. 
All algebras we consider are finite-dimensional associative unital k-algebras, and all mod
ules are finitely generated left modules. For any finite-dimensional algebra we denote by 
Sim(A) a set of representatives of isomorphism classes of simple A-modules. Moreover, 
if e and f are primitive orthogonal idempotents of A, we call e and f equivalent if the 
associated simple modules Ae/ rad(A)e and Af/ rad(A)f are isomorphic. 
Quasi-hereditary algebras were first defined by Cline, Parshall and Scott:

Definition 2.1. [4, p.92] (Quasi-hereditary, ideal definition) Let A be a finite-dimensional 
algebra. An ideal J is called a heredity ideal in A if

• J2 = J ,
• J rad(A)J = (0)
• J is projective as a right A-module.

The algebra A is called quasi-hereditary if there is a heredity ideal J in A and A = J or 
A/J is quasi-hereditary.

In other words, A is quasi-hereditary iff there is a chain of ideals

(0) ⊂ Jn ⊂ · · · ⊂ J1 = A

in A, such that Jk/Jk+1 is a heredity ideal in A/Jk+1 for all 1 ≤ k < n. In [4, Lemma 3.4], 
it was also shown that if A is quasi-hereditary, there is a set of orthogonal idempotents 
e1, . . . , en such that Jk = A

∑︁n
i=k eiA for all 1 ≤ k ≤ n, 

∑︁n
k=1 ei = 1 and eiAej ⊆ rad(A)

for i ̸= j. Decomposing each ei further into a sum of primitive orthogonal idempotents 
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ei =
∑︁mi

j=1 eij , we can obtain a pre-order ≲A on a complete set of primitive orthogonal 
idempotents for A by setting eij <A ekl :⇔ i < k and eij ∼A ekl if and only if eij is 
equivalent to ekl. Here, it is important to note that eij being equivalent to ekl implies 
that i = k. 
Since primitive idempotents give rise to simple A-modules, we have for any complete set 
S = {f1, . . . , fN} of primitive orthogonal idempotents of A a bijection

S/equivalence → Sim(A), [fi] ↦→ [Afi/ rad(A)fi].

In particular, pre-orders ≲ on S such that fi ∼ fj if and only if fi and fj are equivalent 
are in one-to-one correspondence with partial orders ≤ on Sim(A). Hence the pre-order 
≲A on {eij |1 ≤ i ≤ n, 1 ≤ j ≤ mi} induces a partial order ≤A on Sim(A). Using this 
partial order, it is possible to reconstruct the chain of ideals. Hence quasi-heredity of A
with respect to the chain of ideals

(0) ⊂ Jn ⊂ · · · ⊂ J1 = A

can be reformulated into a criterion on (A,≤A):

Definition 2.2. [12, p. 2] Let A be a finite-dimensional algebra and ≤A be a partial order 
on Sim(A). Then for every L ∈ Sim(A) we define

Δ(L) := P (L)/
∑︂

L′≰AL,f∈HomA(PL′ ,PL)

im(f).

Δ(L) is called the standard module associated to L with respect to the partial order 
≤A. Dually, we define ∇(L) as the biggest submodule of I(L) such that all composition 
factors L′ of ∇(L) fulfill L′ ≤A L. We denote by Δ := (Δ(L))L∈Sim(A) the collection of 
standard modules and by F(Δ) the full subcategory of modA consisting of all modules 
which admit a filtration by {Δ(L)|L ∈ Sim(A)}. 
Dually, we denote by ∇ := (∇(L))L∈Sim(A) the collection of costandard modules and by 
F(∇) the full subcategory of modA consisting of all modules which admit a filtration by 
{∇(L)|L ∈ Sim(A)}. 
Then the following statements are equivalent:

(1) The pair (A,≤A) is quasi-hereditary.
(2) Endk(Δ(L)) ∼ = k for all L ∈ Sim(A) and A ∈ F(Δ).
(3) Endk(∇(L)) ∼ = k for all L ∈ Sim(A) and A ∈ F(∇).

Here, the partial order ≤A on Sim(A) is considered part of the structure of the quasi
hereditary algebra A. Indeed, in general A may admit several different partial orders 
≤A which give (A,≤A) the structure of a quasi-hereditary algebra, which can have very 
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different standard modules. Since the standard modules and the category F(Δ) are im
portant objects of study in themselves, we want to view these as different quasi-hereditary 
algebras. 
On the other hand, it may also happen that different partial orders give rise to the same 
standard modules. In this case, they are called equivalent partial orders. 
A particularly easy case of a quasi-hereditary algebra (A,≤A) is the case where F(Δ) =
modA, i.e. when the standard modules are simple; in this case (A,≤A) is called directed. 
Inspired by Lie algebras, one can study quasi-hereditary algebras using certain directed 
subalgebras, called exact Borel subalgebras, whose definition is due to König [15]:

Definition 2.3. Let (A,≤A) be a finite-dimensional algebra. A subalgebra B is called an 
exact Borel subalgebra if

(1) The induction functor

A⊗B − : modB → modA

is exact, in other words, A is projective as a right B-module.
(2) There is a bijection ϕ : Sim(B) → Sim(A) such that for all L ∈ Sim(B) we have

A⊗B L ∼ = Δ(ϕ(L)).

(3) (B,≤B) is directed with respect to the partial order

L ≤B L′ :⇔ ϕ(L) ≤A ϕ(L′).

Exact Borel subalgebras may have additional desirable properties; in the following, 
we name two of them.

Definition 2.4. ([1, Definition 3.4] and [15, p. 405])

(1) An exact Borel subalgebra B of a quasi-hereditary algebra (A,≤A) is called strong 
if it contains a maximal semisimple subalgebra of A.

(2) An exact Borel subalgebra B of a quasi-hereditary algebra (A,≤A) is called regular 
if for every n ≥ 1 the maps

ExtnB(LB , LB) → ExtnA(ΔA,ΔA), [f ] ↦→ [idA ⊗Bf ]

are isomorphisms, where LB =
⨁︁

LB
i ∈Sim(B) L

B
i and ΔA = A ⊗B LB ∼ = ⨁︁

LA
i ∈Sim(A) Δ(LA

i ).
(3) An exact Borel subalgebra B of a quasi-hereditary algebra (A,≤A) is called homo

logical if the map
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Ext1B(LB , LB) → Ext1A(ΔA,ΔA), [f ] ↦→ [idA ⊗Bf ]

is an epimorphism, and for every n ≥ 2 the maps

ExtnB(LB , LB) → ExtnA(ΔA,ΔA), [f ] ↦→ [idA ⊗Bf ]

are isomorphisms.

It is important to note that for regular exact Borel subalgebras, there are existence 
and uniqueness results [16,18,23], while the same is not true for exact Borel subalgebras 
in general (see [15, Example 2.3] and [21, Example 3.12]).

3. Tensor products

In [2], it was established that the tensor product of two quasi-hereditary algebras 
(A,≤A) and (A′,≤A′) is quasi-hereditary. In this section, we show that in case A and A′

admit exact Borel subalgebras B and B′, the tensor product B ⊗ B′ is an exact Borel 
subalgebra of A⊗A′. We also investigate in which case regularity of B and B′ gives rise 
to regularity of B⊗B′, which, unfortunately, happens only under very strong conditions.

Theorem 3.1. ([2, Section 2]) Let (A,≤A), (A′,≤A′) be quasi-hereditary algebras. Then 
A⊗A′ is quasi-hereditary with the partial order

LA
i ⊗ LA′

i′ ≤ LA
j ⊗ LA′

j′ :⇔ LA
i ≤A LA

j and LA′

i′ ≤A′ LA′

j′ .

Moreover, the standard module ΔA⊗A′

LA
i ⊗LA′

i′
is given by

ΔA⊗A′

LA
i ⊗LA′

i′
∼ = ΔA

LA
i
⊗ ΔA′

LA′
i′

In particular, if A and A′ are directed, so is A⊗A′.

Theorem 3.2. Let A,A′ be quasi-hereditary algebras with exact Borel subalgebras B,B′. 
Then B ⊗B′ is an exact Borel subalgebra of A⊗A′. 
Moreover, B ⊗B′ is strong if and only if B and B′ are.

Proof. Note that the projective right B⊗B′-modules are exactly given by tensor products 
of a projective right B-module with a projective right B′-module. Hence A ⊗ A′ is 
projective as a right B ⊗B′-module. Moreover, B ⊗B′ is directed by Theorem 3.1. 
By assumption there are bijections

φ : Sim(B) → Sim(A), LB
i ↦→ LA

i

φ′ : Sim(B′) → Sim(A′), LB′

i′ ↦→ LA′

i′
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such that

A⊗B LB
i
∼ = ΔA

LA
i

A′ ⊗B′ LB′

i′
∼ = ΔA′

LA′
i′
.

Hence

ψ : Sim(B ⊗B′) → Sim(A⊗A′), LB
i ⊗ LB′

i′ ↦→ LA
i ⊗ LA′

i′

is a bijection such that

(A⊗A′) ⊗B⊗B′ (LB
i ⊗ LB′

i′ ) ∼ = (A⊗B LA
i ) ⊗ (A′ ⊗B′ LB′

i′ )

∼ = ΔA
LA

i
⊗ ΔA′

LA′
i′

∼ = ΔA⊗A′

LA
i ⊗LA′

i′
.

This shows that B⊗B′ is an exact Borel subalgebra of A⊗A′. Note that an exact Borel 
subalgebra is strong if and only if indecomposable projective modules over the exact 
Borel induce to indecomposable projective modules over the quasi-hereditary algebra. 
The indecomposable projective B ⊗ B′-modules are, up to isomorphism, exactly the 
modules of the form PB ⊗ PB′ , where PB is an indecomposable projective B-module 
and PB′ is an indecomposable projective B-module. For a module PB⊗PB′ , the induced 
module (A ⊗ A′) ⊗B⊗B′ (PB ⊗ PB′) ∼ = (A ⊗B PB) ⊗ (A′ ⊗B′ PB′ is indecomposable if 
and only if both (A ⊗B PB) and (A′ ⊗B′ PB′ are indecomposable. Hence B ⊗ B′ is 
a strong exact Borel subalgebra if and only if both B and B′ are strong exact Borel 
subalgebras. □
Example 3.3. [16, Example A1] Let A1 be the algebra given by

1 2
α

β

with relations αβ = 0 and order 1 < 2. Then

P1 :=
(︄1

2
1

)︄
P2 :=

(︃
2
1

)︃

Δ1 = L1 = (1) Δ2 = P2 =
(︃

2
1

)︃
.

This has strong regular exact Borel subalgebra B1 given by

1 2.α

Now consider the tensor product A := A1 ⊗A1 given by the quiver
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(1, 1) (2, 1)

(1, 2) (2, 2)

α⊗id1

id1 ⊗α id2 ⊗α

α⊗id2

id2 ⊗β

β⊗id1

β⊗id2

id1 ⊗β

with relations (a ⊗ idy) ◦ (idx ⊗b) = (idx ⊗b) ◦ (a ⊗ idy) for a, b ∈ {α, β}, x, y ∈ {1, 2}
such that the composition is well defined, as well as αβ ⊗ idx = 0 and 1x ⊗ αβ = 0
for x ∈ {1, 2}. The algebra A = A1 ⊗ A1 is equipped with the induced partial order 
1 ⊗ 1 < 1 ⊗ 2, 2 ⊗ 1 and 2 ⊗ 2 > 1 ⊗ 2, 2 ⊗ 1 The projectives are given by

(1, 1)

(1, 2) (2, 1)

(1, 1) (2, 2) (1, 1)

(2, 1) (1, 2)

(1, 1)

(1, 2)

(1, 1) (2, 2)

(2, 1) (1, 2)

(1, 1)

(2, 1)

(1, 1) (2, 2)

(1, 2) (2, 1)

(1, 1)
and

(2, 2)

(1, 2) (2, 1)

(1, 1)
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and the standard modules are given by Δ(1,1) = L(1,1), Δ(1,2) is the module with Loewy 
diagram

(1, 2)

(1, 1),

Δ(2,1) is the module with Loewy diagram

(2, 1)

(1, 1),

and Δ(2,2) = P(2,2). Moreover, the costandard modules are given by L(1,1),

(1, 1)

(1, 2)

, 
(1, 1)

(2, 1)

and 

(1, 1)

(1, 2) (2, 1)

(2, 2)

.

Now by Theorem 3.2, A = A1 ⊗A1 also has an exact Borel subalgebra B1 ⊗B1 given by

(1, 1) (2, 1)

(1, 2) (2, 2)

id1 ⊗α

α⊗id2

α⊗id1

id2 ⊗α

with relation (α⊗ id2)◦(id1 ⊗α) = (id2 ⊗α)◦(α⊗ id1). However, this is not regular, since 
rad(ΔA

(2,2)) has no costandard filtration, so that by [8, Theorem D], A has no regular 
exact Borel subalgebra. To make this more explicit, let us calculate the up to isomorphism 
unique Morita equivalent quasi-hereditary algebra admitting a basic regular exact Borel 
subalgebra, as well as that subalgebra. Following the construction in [16], we calculate 
the Yoneda algebra Ext∗A(Δ,Δ), together with a collection of higher multiplications 
mn : Ext∗A(Δ,Δ)⊗Ln → Ext∗A(Δ,Δ), which specify the A-infinity algebra structure on 
Ext∗A(Δ,Δ). For an introduction to A-infinity algebras, see for example [14]. We begin 
by fixing projective resolutions

P2,2 P1,2 ⊕ P2,1 P1,1 Δ1,1

(︄
rβ⊗id2

id2⊗rβ

)︄ (︂
id1 ⊗rβ rβ⊗id1

)︂
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P2,2 P1,2 Δ1,2
rβ⊗id2

P2,2 P1,2 Δ2,1
id2 ⊗rβ

and

P2,2 Δ2,1

of the standard modules. Then, we can explicitly calculate the non-identity, non-zero 
homomorphism spaces

HomA(Δ1,1,Δ1,2) = k id1 ⊗rα, HomA(Δ1,1,Δ2,1) = k rα ⊗ id1,

HomA(Δ1,2,Δ2,2) = k rα ⊗ id2, HomA(Δ1,2,Δ2,2) = k id2 ⊗rα,

HomA(Δ1,1,Δ2,2) = k rα ⊗ rα

as well as the non-zero extensions between the standard modules

Ext1A(Δ1,1,Δ1,2) = k[ϕ], Ext1A(Δ1,1,Δ2,1) = k[ϕ′],Ext1A(Δ1,2,Δ2,2) = k[η],

Ext1A(Δ2,1,Δ2,2) = k[η′], Ext1A(Δ1,1,Δ2,2) = k[ν] ⊕ k[ν′],Ext2A(Δ1,1,Δ1,2) = k[φ],

where

ϕ0 = πP1,2 , ϕ1 = idP2,2 , ϕn = 0 ∀n ≥ 3

ϕ′
0 = πP2,1 , ϕ1 = − idP2,2 , ϕ

′
n = 0 ∀n ≥ 3

η0 = idP2,2 , ηn = 0 ∀n ≥ 2

η′0 = idP2,2 , η
′
n = 0 ∀n ≥ 2

ν0 = (rα ⊗ id2) ◦ πP1,2 , ν2 = 0 ∀n ≥ 2

ν′0 = (id2 ⊗rα) ◦ πP2,1 , ν
′
2 = 0 ∀n ≥ 2

φ0 = idP2,2 , φ = 0 ∀n ≥ 2.

The non-zero compositions among these are given by

k rα ⊗ id2 ◦(id1 ⊗rα) = (id2 ⊗rα) ◦ k rα ⊗ id1 = k rα ⊗ rα

[η′] ◦ (rα ⊗ id1) = (rα ⊗ id2) ◦ [ϕ] = [ν]

[η] ◦ (id1 ⊗rα) = (id2 ⊗rα) ◦ [ϕ′] = [ν′]

[η] ◦ [ψ] = −[ψ] ◦ [η] = [φ].

Note that since the standard modules form a directed poset of height three, it follows 
that Ext∗A(Δ,Δ)⊗Ln = (0) for all n ≥ 3, so that mn = 0 for all n ≥ 3. Hence, the only 
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non-zero multiplication is m2, which comes from the compositions above. We can thus 
calculate, using the algorithm and notation from [16], that the corresponding bocs is 
given by

(1, 1) (1, 2)

(2, 1) (2, 2)

(id1 ⊗rα)∗

[ϕ]∗

[ϕ′]∗(rα⊗id1)∗
[ν]∗

[ν′]∗
(rα⊗rα)∗ [η]∗ (rα⊗id2)∗

[η′]∗

(id2 ⊗rα)∗

with relation [η′]∗ · [ϕ′]∗ = [η]∗ · [ϕ]∗ and differential given by the non-zero values

∂[ν]∗ = [η′]∗ ⊗ (rα ⊗ id1)∗ + (rα ⊗ id2)∗ ⊗ [ϕ]∗

∂[ν′]∗ = [η]∗ ⊗ (id1 ⊗rα)∗ + (id2 ⊗rα)∗ ⊗ [ϕ′]∗

∂(rα ⊗ rα)∗ = (id2 ⊗rα)∗ ⊗ (rα ⊗ id1)∗ + (rα ⊗ id2)∗ ⊗ (id1 ⊗rα)∗

Let us denote by Q0 the quiver consisting of the solid arrows above. Then B :=
kQ0/⟨[η′]∗ · [ϕ′]∗ − [η]∗ · [ϕ]∗⟩ is the up to isomorphism unique basic algebra that is 
a regular exact Borel subalgebra of an algebra R Morita equivalent to A. In fact, by [8, 
Theorem A], R can be chosen as EndA(A⊕P ′

2,2 ⊕P ′′
2,2)op, where P2,2 = P ′

2,2 = P ′′
2,2. We 

claim that the embedding ι : B → R given by

e1,1 ↦→ (idP1 + idP ′
2,2

+ idP ′′
2,2

) e1,2 ↦→ idP1,2

e2,1 ↦→ idP2,1 e2,2 ↦→ idP2,2

[ϕ]∗ ↦→
(︃

id1 ⊗α
−β ⊗ id2

)︃
: P1,2 → P1,1 ⊕ P ′

2,2 [ν]∗ ↦→ (id : P2,2 → P ′
2,2)

[ϕ′]∗ ↦→
(︃

α⊗ id1
− id2 ⊗β

)︃
: P2,1 → P1,1 ⊕ P ′′

2,2 [ν′]∗ ↦→ (id : P2,2 → P ′′
2,2)

[η]∗ ↦→ (α⊗ id2 : P2,2 → P1,2) [η′]∗ ↦→ (id2 ⊗α : P2,2 → P2,1)

turns B into a regular exact Borel subalgebra of R. It is clear that B is via ι a directed 
subalgebra of R. Hence, in order to show that B is an exact Borel subalgebra of A, it 
suffices by [15, Theorem A] to show that the costandard modules of R restrict to the 
injective B-modules. Since ∇A

1,1 and thus ∇R
1,1 is simple, it automatically restricts to 

IB1,1 = LB
1,1. Moreover, ∇A

1,2 and thus ∇R
1,2 have exactly two composition factors, as has 

IB1,2. Therefore, it suffices to check that the restriction of ∇R
1,2 to a left B-module is not 

semisimple. Let f : P1,1 → ∇A
1,2 be the canonical projection. Then ι([ϕ]∗)·f ̸= 0. Viewing 

f as an element of HomA(A⊕P ′
2,2 ⊕P ′′

2,2,∇A
1,2), we can see that this implies that ∇R

1,2 is 
not semisimple as a B-module. By symmetry, the same holds for ∇R

2,1. It remains to be 
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shown that B|∇R
2,2 is injective. It is easy to check that ∇R

2,2
∼ = HomA(A⊕P ′

2,2⊕P ′′
2,2,∇A

2,2)
is six-dimensional, as is IB2,2, so that it suffices to show that B|∇R

2,2 has a simple socle. 
More precisely, HomA(A⊕ P ′

2,2 ⊕ P ′′
2,2,∇A

2,2) is spanned by the homomorphisms

f1 : P1,1 → ∇A
2,2, e1,1 ↦→ (α⊗ α)∗

f2 : P2,1 → ∇A
2,2, e2,1 ↦→ (id2 ⊗α)∗

f3 : P1,2 → ∇A
2,2, e1,2 ↦→ (α⊗ id2)∗,

f4 : P2,2 → ∇A
2,2, e2,2 ↦→ e∗2,2

f ′
4 : P ′

2,2 → ∇A
2,2, e2,2 ↦→ e∗2,2

f ′′
4 : P ′

2,2 → ∇A
2,2, e2,2 ↦→ e∗2,2,

where we have identified the costandard module ∇A
2,2 with the corresponding submodule 

of Homk(PAop

2,2 , k) ∼ = I2,2. Moreover,

ι([ν]∗) · f ′
4 = ι([ν′]∗) · f ′′

4 = f4

ι([η]∗) · f3 = ι([η′]∗) · f2 = f4

ι([η]∗) · ι([ϕ]∗) · f1 = f4.

Therefore, the socle of B|∇R
2,2 is k f4 ∼ = LB

2,2. 
It remains to be shown that B is regular. By construction the number of dotted arrows 
between two vertices (i, j) and (i′, j′) agrees with the dimension of HomA(Δi,j ,Δi′,j′), 
so that by [18, Lemma 3.20], B is regular.

This provides an example of the fact that tensor products of regular exact Borel 
subalgebras are in general not regular. In fact, regularity of B ⊗ B′ holds only in rare 
cases:

Proposition 3.4. Suppose B and B′ are regular. Then the following statements are equiv
alent:

(1) B ⊗B′ is regular.
(2) B ⊗B′ is homological.
(3) One of the following statements holds:

(a) A and A′ are directed.
(b) Aop and (A′)op are directed.
(c) A is semisimple.
(d) A′ is semisimple.

Proof. Let P ·(LB), P ·(LB′), P ·(ΔA) and P ·(ΔA′) be projective resolutions of the mod
ules LB , LB′

,ΔA and ΔA′ respectively. 
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Then P ·(LB ⊗ LB′) := P ·(LB) ⊗ P ·(LB′) and P ·(ΔA ⊗ ΔA′) := P ·(ΔA) ⊗ P ·(ΔA′) are 
projective resolutions of LB ⊗LB′ , respectively ΔA ⊗ΔA′ by the Künneth formula, and 
we obtain canonical isomorphisms

EndB(P ·(LB)) ⊗ EndB′(P ·(LB′
)) ∼ = EndB⊗B′(P ·(LB ⊗ LB′

))

EndA(P ·(ΔA)) ⊗ EndA′(P ·(ΔA′
)) ∼ = EndA⊗A′(P ·(ΔA ⊗ ΔA′

))

of dg-algebras which, again by the Künneth formula, give rise to isomorphisms (of vector 
spaces)

Ext∗B(LB , LB) ⊗ Ext∗B′(LB′
, LB′

) →Ext∗B⊗B′(LB ⊗ LB′
, LB ⊗ LB′

),

[f ] ⊗ [g] ↦→ [f ⊗ g]

Ext∗A(ΔA,ΔA) ⊗ Ext∗A′(ΔA′
,ΔA′

) →Ext∗A⊗A′(ΔA ⊗ ΔA′
,ΔA ⊗ ΔA′

),

[f ] ⊗ [g] ↦→ [f ⊗ g].

Moreover, the diagram

Ext∗B(LB , LB) ⊗ Ext∗B′(LB′
, LB′) Ext∗B⊗B′(LB ⊗ LB′

, LB ⊗ LB′)

Ext∗A(ΔA,ΔA) ⊗ Ext∗A′(ΔA′
,ΔA′) Ext∗A⊗A′(ΔA ⊗ ΔA′

,ΔA ⊗ ΔA′)

[f ]⊗[g] ↦→[f⊗g]

[f ]⊗[g] ↦→[idA ⊗f ]⊗[idA′ ⊗g] [h] ↦→[idA⊗A′ ⊗h]

[a]⊗[b] ↦→[a⊗b]

commutes. Thus the map

ExtnB⊗B′(LB ⊗ LB′
, LB ⊗ LB′

) →ExtnA⊗A′(ΔA ⊗ ΔA′
,ΔA ⊗ ΔA′

),

[h] ↦→ [idA⊗A′ ⊗h]

is an isomorphism respectively epimorphism if and only if the map
⨁︂

i+j=n

ExtiB(LB , LB) ⊗ ExtjB′(LB′
, LB′

) →
⨁︂

i+j=n

ExtiA(ΔA,ΔA) ⊗ ExtjA′(ΔA′
,ΔA′

),

[f ] ⊗ [g] ↦→ [idA ⊗f ] ⊗ [idA′ ⊗g]

is an isomorphism respectively epimorphism, i.e., if for all 0 ≤ i ≤ n, j := n− i, the map

ExtiB(LB , LB) ⊗ ExtjB′(LB′
, LB′

) →ExtiA(ΔA,ΔA) ⊗ ExtjA′(ΔA′
,ΔA′

),

[f ] ⊗ [g] ↦→ [idA ⊗f ] ⊗ [idA′ ⊗g]

is an isomorphism respectively epimorphism. 
By assumption, B and B′ are regular, so for every i, j > 0 the maps



A. Rodriguez Rasmussen / Journal of Algebra 699 (2026) 55--84 69

ExtiB(LB , LB) → ExtiA(ΔA,ΔA), [f ] ↦→ [idA ⊗f ]

and

ExtjB′(LB′
, LB′

) → ExtjA′(ΔA′
,ΔA′

), [g] ↦→ [idA′ ⊗g]

are isomorphisms. For i = 0 the map

HomB(LB , LB) → HomA(ΔA,ΔA), [f ] ↦→ [idA ⊗f ]

corresponds to the canonical embedding L → EndA(ΔA) and for j = 0 the map

HomB′(LB′
, LB′

) → HomA′(ΔA′
,ΔA′

), [g] ↦→ [idA′ ⊗g]

corresponds to the canonical embedding L′ → EndA′(ΔA′). In particular, the map

ExtiB(LB , LB) ⊗ ExtjB′(LB′
, LB′

) →ExtiA(ΔA,ΔA) ⊗ ExtjA′(ΔA′
,ΔA′

),

[f ] ⊗ [g] ↦→ [idA ⊗f ] ⊗ [idA′ ⊗g]

is an isomorphism for i, j > 0; for j = 0 it is an isomorphism if and only if it is an 
epimorphism if and only if ExtnA(ΔA,ΔA) = (0) or L′ ∼ = EndA′(ΔA′); and for i = 0 it is 
an isomorphism if and only if it is an epimorphism if and only if ExtnA′(ΔA′

,ΔA′) = (0)
or L ∼ = EndA(ΔA). 
Thus B ⊗ B′ is homological if and only if it is regular. Moreover, note that 
L′ ∼ = EndA′(ΔA′) if and only if ΔA′ ∼ = L′ if and only if A′ is directed, and similarly 
L ∼ = EndA(ΔA) if and only A is directed. Thus, B ⊗B′ is regular if and only if

(1) A′ is directed or ExtnA(ΔA,ΔA) = (0) for all n ≥ 1; and
(2) A is directed or ExtnA′(ΔA′

,ΔA′) = (0) for all n ≥ 1.

Now, since the projective modules have a filtration by standard modules,

ExtnA(ΔA,ΔA) = (0)

for all n ≥ 1 if and only if ΔA is projective, and ExtnA′(ΔA′
,ΔA′) = (0) for all n ≥ 1 if 

and only if ΔA′ is projective. Moreover, the standard modules being projective means 
exactly that the opposite algebra is directed. Thus B ⊗B′ is regular if and only if

(1) A′ is directed or Aop is directed; and
(2) A is directed or (A′)op is directed.

This conjunction of disjunctions can be written as a disjunction of conjunctions, giving 
us the following cases:
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(1) A′ is directed and A is directed; or
(2) Aop is directed and (A′)op is directed; or
(3) Aop is directed and A is directed; or
(4) A′ is directed and (A′)op is directed.

Finally, note that both A and Aop are directed if and only if A is semisimple; and both 
A′ and (A′)op are directed if and only if A′ is semisimple. Thus, these correspond exactly 
to the cases (a)--(d) in the statement of the proposition. □

If we don’t suppose B and B′ to be regular a priori, we obtain the following similar 
statement:

Corollary 3.5. Suppose B and B′ are exact Borel subalgebras of A and A′ respectively. 
Then the following statements are equivalent:

(1) B ⊗B′ is regular.
(2) B ⊗B′ is homological and B and B′ are regular.
(3) One of the following statements holds:

(a) A and A′ are directed.
(b) Aop and (A′)op are directed.
(c) A is semisimple and B′ is regular.
(d) A′ is semisimple and B is regular.

Proof. By Proposition 3.4, it follows that (2) ⇒ (3) and (2) ⇒ (1). Moreover, it is clear 
that (3) ⇒ (1). Hence it remains to be shown that (1) ⇒ (2), i.e. we need to show 
that if B ⊗ B′ is regular, then B and B′ are regular. As we have seen in the proof of 
Proposition 3.4, if B ⊗B′ is regular, then we have isomorphisms

ExtiB(LB , LB) ⊗ ExtjB′(LB′
, LB′

) →ExtiA(ΔA,ΔA) ⊗ ExtjA′(ΔA′
,ΔA′

),

[f ] ⊗ [g] ↦→ [idA ⊗f ] ⊗ [idA′ ⊗g]

for all 0 ≤ i, j ≤ n with i + j ≥ 1. In particular, we have isomorphisms

EndB(LB) ⊗ ExtjB′(LB′
, LB′

) →EndA(ΔA) ⊗ ExtjA′(ΔA′
,ΔA′

),

f ⊗ [g] ↦→ (idA ⊗f) ⊗ [idA′ ⊗g]

and

ExtiB(LB , LB) ⊗ EndB′(LB′
) →ExtiA(ΔA,ΔA) ⊗ EndA′(ΔA′

),

[f ] ⊗ g ↦→ [idA ⊗f ] ⊗ (idA′ ⊗g)



A. Rodriguez Rasmussen / Journal of Algebra 699 (2026) 55--84 71

for all i, j ≥ i. Since the tensor product over k of two maps is an isomorphism if and 
only if both maps are isomorphisms, this implies in particular that

ExtjB′(LB′
, LB′

) → ExtjA′(ΔA′
,ΔA′

), [g] ↦→ [idA′ ⊗g], and 

ExtiB(LB , LB) → ExtiA(ΔA,ΔA) ⊗ EndA′(ΔA′
), [f ] ↦→ [idA ⊗f ].

are isomorphisms for all i, j ≥ 1, so that B and B′ are regular. □
4. Species of quasi-hereditary algebras and their Borel subalgebras

In [27], Zhu investigated under which conditions triangular matrix rings of quasi
hereditary algebras are quasi-hereditary. Inspired by this, we consider generalized species 
of quasi-hereditary algebras. We show that these are quasi-hereditary, and investigate 
how to construct exact Borel subalgebras of the species given an exact Borel subalgebra 
for each of the involved quasi-hereditary algebras.

4.1. Species of quasi-hereditary algebras

Species and k-species were first introduced by Gabriel in [13], and later studied in 
depth by, among others, Dlab and Ringel [9--11,24]. In their original form, categories of 
representations of k-species describe, up to equivalence, all module categories of finite
dimensional hereditary algebras over k, where k is a perfect field. This generalizes the 
fact that basic hereditary algebras over algebraically closed fields are isomorphic to path 
algebras of quivers. 
Later, several generalizations of k-species were proposed and studied, see for example 
[19,20,17]. In this article, we study generalized species similar to, but slightly more 
general than, those defined in [17]. Throughout, let Q = (VQ, EQ) be an acyclic quiver 
with vertices VQ labeled by 1, . . . , n. For a path p in Q we denote by s(p) the start 
vertex and by t(p) the terminal vertex. Moreover, we denote by max(p) the maximal 
vertex with respect to the natural order that p passes through.

Definition 4.1. [17] A species on Q is a collection ((Ai)i∈VQ
, (Mα)α∈EQ

) where Ai is a 
finite-dimensional k-algebra for every i ∈ VQ, and Mα is an At(α)-As(α)-bimodule. 
For every path p = αk . . . α1 in Q let

Mp := Mαk
⊗As(αk) Mαk−1 ⊗As(αk−1) · · · ⊗As(α2) Mα1

where for the trivial path ei at vertex i we set Mei := Ai. 
We denote by T ((Ai)i∈VQ

, (Mα)α∈EQ
) the associated tensor algebra.

A :=
⨁︂

p path in Q
Mp
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with multiplication

mp ·mq := mp ⊗Ai
mq ∈ Mpq

for p, q non-trivial paths in Q with s(p) = i = t(q), mp ∈ Mp, mq ∈ Mq, and

ai ·mq := aimq ∈ Mq,

mp · ai := mpai ∈ Mp

for p, q paths in Q with s(p) = i = t(q), mp ∈ Mp, mq ∈ Mq, and ai ∈ Ai, and

mp ·mq := 0

for p, q paths in Q with s(p) ̸= t(q). 
Moreover, for 1 ≤ i ≤ n, let AA

i be the A-module given by
⨁︂
p 

Mp ⊗Ai → Ai

m⊗ a ↦→ 0 for m ∈ Mp ̸= Mei

a⊗ a′ ↦→ aa′ for a ∈ Mei = Ai.

Suppose A = T ((Ai)1≤i≤n, (Mα)α∈EQ
) is the tensor algebra of a species on Q and for 

all 1 ≤ i ≤ n, ei1, . . . , eimi
is a set of primitive orthogonal idempotents in Ai. Then, for 

1 ≤ i ≤ n and 1 ≤ j ≤ ni, we denote by eij the idempotent eij ∈ Ai = Mei ⊆ A. 
The following are basic results about species analogous to [5, Theorem 3.3], see also [17]:

Lemma 4.2. Let ((Ai)i∈VQ
, (Mα)α∈EQ

) be a species on Q and let

A := T ((Ai)i∈VQ
, (Mα)α∈EQ

)

be the associated tensor algebra. For 1 ≤ i ≤ n let ei1, . . . , eimi
be a complete set of 

primitive orthogonal idempotents in Ai. Then the set {eij |1 ≤ i ≤ n, 1 ≤ j ≤ mi} is 
a complete set of primitive orthogonal idempotents in A. Moreover, the radical of A is 
given by

rad(A) =
n ⨁︂

i=1 
rad(Ai) ⊕

⨁︂
p̸=ei for 1≤i≤n

Mp.

In particular, there is a bijection

⊔Sim(Ai) → Sim(A)

L ↦→ AA
i ⊗Ai

Li for L ∈ Sim(Ai).
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From now on, suppose (Ai,≤i) is quasi-hereditary for every 1 ≤ i ≤ n, where ≤i is a 
partial order on the isomorphism classes of simple Ai-modules. Let us denote by ≲i the 
pre-order on {ei1, . . . eimi

} corresponding to ≤i, and for 1 ≤ j ≤ mi let us write

j ≲i k ⇔ eij ≲i e
i
k.

Suppose ((Ai)i∈VQ
, (Mα)α∈EQ

) is a species on Q and denote by

A := T ((Ai)i∈VQ
, (Mα)α∈EQ

)

the associated tensor algebra. 
We define a partial order ≤A on Sim(A) via

AA
i ⊗Ai

L ≤ AA
j ⊗Aj

L′ ⇔ ((i < i′) or (i = i′ and L ≤ L′)).

Then the corresponding pre-order ≲A on the set {eij |1 ≤ i ≤ n, 1 ≤ j ≤ mi}, which is a 
complete set of primitive orthogonal idempotents for A, is given by

eij ≲A ekl ⇔ (i < k) or(i = k and j ≲i l).

In the next lemma, we describe the standard modules of A with respect to this partial 
order.

Lemma 4.3. The standard modules of A are given by

Δij
∼ = 

⨁︂
p/ ∈kQ

∑︁
i′>i ei′ kQ,s(p)=i

Mp ⊗Ai
ΔAi

j

where the multiplication is given by zero for mα ∈ Mα with t(α) > i, and the usual 
multiplication in A otherwise.

Proof. First, note that

A1Ai
/A

∑︂
i′>i

1Ai′A1Ai
∼ = 

⨁︂
p/ ∈kQ

∑︁
i′>i ei′ kQ,s(p)=i

Mp.

where the multiplication is given by zero for mα ∈ Mα with t(α) > i. By definition

Δij = Aeij/(A
∑︂

(k,l)>(i,j)

eklAeij).

Moreover, since Q has no oriented cycles, 1Ai
Mp = 0 for any path p in Q with s(p) = i, 

so that, in particular, eij′Mp = 0 for j < j′ ≤ j. Therefore,



74 A. Rodriguez Rasmussen / Journal of Algebra 699 (2026) 55--84 

Δij
∼ = (

⨁︂
p/ ∈kQ

∑︁
i′>i ei′ kQ,s(p)=i

Mp)eij/(
⨁︂

p/ ∈kQ
∑︁

i′>i ei′ kQ,s(p)=i

Mp)
∑︂
j′>j

eij′Aieij

∼ = 
⨁︂

p/ ∈kQ
∑︁

i′>i ei′ kQ,s(p)=i

Mpeij/(Mp

∑︂
j′>j

eij′Aieij)

∼ = 
⨁︂

p/ ∈kQ
∑︁

i′>i ei′ kQ,s(p)=i

Mp ⊗Ai
ΔAi

j ,

where the last isomorphism is given componentwise by

Mpeij/(Mp

∑︂
j′>j

eij′Aieij) → Mp ⊗Ai
ΔAi

j ,

meij + Mp

∑︂
j′>j

eij′Aieij ↦→ m⊗ (eij + Ai

∑︂
j′>j

eij′Aieij)

with inverse

Mp ⊗Ai
ΔAi

j → Mpeij/(Mp

∑︂
j′>j

eij′Aieij),

m⊗ (aeij + Ai

∑︂
j′>j

eij′Aieij) ↦→ maeij + Mp

∑︂
j′>j

eij′Aieij . □

Example 4.4. 

(1) Suppose Q is directed, meaning that whenever there is an arrow α : i → j, then 
i < j. Then, the standard modules of A are just the standard modules of Ai for 
every 1 ≤ i ≤ n, viewed as A-modules:

Δij
∼ = 

⨁︂
p/ ∈kQ

∑︁
i′>i ei′ kQ,s(p)=i

Mp ⊗Ai
ΔAi

j

= AA
i ⊗Ai

ΔAi
j

∼ = ΔAi
j .

(2) Suppose Q is the quiver

2 3 1α

γ

β

and let A1 = A2 = A3 = kQ′ with the natural order, where Q′ is the A2 quiver

1 2

and let Mα = Mβ = Mγ = kQ′ as kQ′-kQ′-bimodule. Then
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Δ21 ∼ = 
⨁︂

p/ ∈kQ
∑︁

i′>2 ei′ kQ,s(p)=2

Mp ⊗A2 ΔA2
1

= A2 ⊗A2 ΔA2
1 ⊕Mγ ⊗A2 ΔA2

1

=

⎛
⎝0 Mγ ⊗A2 L

A2
1 0

0 LA2
1 0

0 0 0

⎞
⎠ =

⎛
⎝0 LQ′

1 0
0 LQ′

1 0
0 0 0

⎞
⎠

where the above matrix rings are equipped with the A-multiplication given by iden
tifying A with the matrix ring

(︄
A1 Mγ ⊕Mβ ⊗Mα Mβ

0 A2 0
0 Mα A3

)︄

and considering the module structure given by matrix multiplication, i.e.

(︄
a1 mγ + m′

β ⊗m′
α mβ

0 a2 0
0 mα a3

)︄
·
(︄0 x 0

0 y 0
0 0 0

)︄
=

(︄0 a1x + mγy 0
0 a2y 0
0 0 0

)︄
.

The following theorem is in some ways a generalization and in some ways a special
ization of [27, Theorem 3.1]. On the one hand, a triangular matrix ring is a species on 
an A2-quiver, on the other hand, we do not obtain an if and only if statement, and the 
conditions on the modules Mα here are stronger.

Theorem 4.5. Suppose that for all arrows α in Q, Mα is projective as a right As(α)
module whenever there is a path p with max(p) = s(p) such that α appears in p, and 
projective as a left At(α)-module whenever there is a path p with max(p) = t(p) such that 
α appears in p. Then A is quasi-hereditary.

Proof. We proceed by induction on the number N =
∑︁n

i=1 mi of primitive orthogonal 
idempotents eij of A. If N = 1, then A = A1 is quasi-hereditary by assumption. 
Now suppose N > 1, and consider the ideal J = Aenmn

A. Then, as A-A-bimodules

J = Aenmn
A =

⎛
⎝ ⨁︂

s(p)=n

Mp

⎞
⎠ enmn

⎛
⎝ ⨁︂

t(p)=n

Mp

⎞
⎠ .

Note that for all paths p with s(p) = n we have max(p) = s(p), and for all p with t(p) = n

we have max(p) = t(p). Thus, by assumption Mα is projective as a right As(α)-module 
respectively as a left At(α)-module for all α appearing in such paths. Hence Mp is a 
tensor product of right-projective modules for every path p in Q with s(p) = n, and 
thus projective as a right An-module. Similarly, Mp is a tensor product of left-projective 
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modules for every path p in Q with t(p) = n, and hence projective as a left An-module. 
Thus, we have

J = Aenmn
A =

⎛
⎝ ⨁︂

s(p)=n

Mp

⎞
⎠ enmn

⎛
⎝ ⨁︂

t(p)=n

Mp

⎞
⎠

∼ = 
⨁︂

s(p)=n

Mp ⊗An
Ane

n
mn

An ⊗An

⨁︂
t(p)=n

Mp = A1An
⊗An

Ane
n
mn

An ⊗An
1An

A,

where A1An
is a projective right An-module and 1An

A is a projective left An-module. 
By assumption, An is quasi-hereditary with respect to the natural order on the idem
potents, so that Ane

n
mn

An is projective as a right An-module. But then J ∼ = A1An
⊗An

Ane
n
mn

An ⊗An
1An

A is projective as a right A-module. 
By definition, J2 = J . Moreover,

J rad(A)J = Aenmn
rad(A)enmn

A

= Aenmn
(

n ⨁︂
i=1 

rad(Ai) ⊕
⨁︂

p̸=ei for 1≤i≤n

Mp)enmn
A

=
n ∑︂

i=1 
Aenmn

rad(Ai)enmn
A +

∑︂
p̸=ei for 1≤i≤n

Aenmn
Mpenmn

A

= Aenmn
rad(An)enmn

A = (0),

since Q has no directed cycles and An is quasi-hereditary. 
If An ̸= Anenmn

An, then A/J is isomorphic to the tensor algebra of the species on Q
given by ((A′

i), (M ′
α)α), where A′

i = Ai for i ̸= n and A′
n := An/Anenmn

An, M ′
α := Mα

for s(α) ̸= n ̸= t(α), M ′
α := Mα/Mαenmn

An for s(α) = n and M ′
α := Mα/Anenmn

Mα

for t(α) = n. Note that A′
i is quasi-hereditary for all 1 ≤ i ≤ n and M ′

α is projective as a 
right As(α)-module whenever Mα is projective as a right As(α)-module, unless t(α) = n; 
and projective as a left At(α)-module whenever Mα is projective as a left At(α)-module, 
unless s(α) = n. Since n is the maximal vertex and Q contains no oriented cycles, this 
implies that Mα is projective as a right As(α)-module whenever α appears in a path p
with max(p) = s(p), and projective as a left At(α)-module whenever α appears in a path 
p with max(p) = t(p). Moreover, the number of primitive orthogonal idempotents of A/J

is N − 1. Thus, by induction hypothesis, A/J is quasi-hereditary. 
On the other hand, if An = Anenmn

An, then A/J is isomorphic to the tensor algebra of 
the species on Q′ given by ((Ai)1≤i≤n−1, (Mα)α∈EQ′ ), where Q′ is the quiver obtained 
from Q by deleting the vertex n and all adjacent edges. In this case, the number of 
primitive orthogonal idempotents of A/J is again N − 1, and the species Q′ fulfills the 
assumptions of the theorem, so that A/J is quasi-hereditary. □
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Remark 4.6. Suppose instead that Q is directed. Then, as we have seen in Example 4.4, 
the standard modules of A are just the standard modules of the Ai viewed as modules 
over A. In particular, it is easy to see, arguing analogously to [27, Theorem 3.1], that 
A has a filtration by standard modules if and only if Mp is standardly filtered as a left 
At(p)-module for all paths p in Q. In particular, since a triangular matrix ring is nothing 
but a species on the A2-quiver, this gives rise to a proper generalization of [27, Theorem 
3.1].

Example 4.7. Note that in Remark 4.6 we require that Mp is left standardly filtered for 
every path, not just for every arrow. This is because, for two composable arrows α : i → j

and β : j → k in Q, the fact that Mβ is left-standardly filtered in general does not imply 
that Mβ ⊗Mα is. The following is an explicit example of this behavior. 
Let Q be the A3 quiver

1 2 3α β

and let Q′ be the A2-quiver

1 2α

Let A1 = kQ′ = A2 be the quasi-hereditary algebra equipped with the natural order, so 
that ΔAi

1 = LAi
1 and ΔAi

2 = PAi
2 = LAi

2 for i = 1, 2. 
Let A3 = kQ′ be the quasi-hereditary algebra equipped with the opposite of the natural 
order, so that ΔA3

3 = PA3
1 and ΔA3

2 = LA3
2 = PA3

2 . Let Mβ = kQ′ as an A3-A2-bimodule, 
and let Mα = k e1 as an A2-A1-bimodule, that is, Mα

∼ = LA2
1 ⊗ L

Aop
1

1 . 
Let A be the tensor algebra of the species on Q given by ((Ai)i, (Mα,Mβ)) with the 
natural order on Q. Then, since kQ is directed, the standard modules of A are simply 
the standard modules of A1, A2 and A3 viewed as A-modules. 
Despite the fact that Mα and Mβ are standardly filtered as left modules, A doesn’t 
have a standard filtration since Mβα

∼ = LA3
1 ⊗ L

Aop
1

1 isn’t standardly filtered as a left 
A3-module.

4.2. Exact Borel subalgebras of species

In the following, we investigate when exact Borel subalgebras of A1, . . . , An give rise 
to an exact Borel subalgebra of A. We begin by fixing one last piece of notation:

Definition 4.8. Let (A,≤A) be a quasi-hereditary algebra and B ⊆ A be an exact Borel 
subalgebra of A. Then for any B-module N we denote by fN the B-module homomor
phism

fN : N → A⊗B N,n ↦→ 1 ⊗ n.

Note that e.g. by [7, Theorem 3.1], fN is a monomorphism
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Now we are ready to prove the main theorem of this section. The goal is to use an exact 
Borel subalgebra BQ = kH of the underlying quiver Q of the species, as well collection of 
exact Borel subalgebras (Bi)i of the quasi-hereditary algebras (Ai)i in order to construct 
a Borel subalgebra of the tensor algebra of the species via assembling the (Bi)i together 
with an appropriate set of bimodules into a species on H. In order to be able to define 
the right Bi-Bj-bimodules, we need to assume some conditions on the bimodules (Mα)α.

Theorem 4.9. Suppose we are in the setting of Theorem 4.5. Then [21, Theorem 3.6] 
yields an exact Borel subalgebra BQ of kQ with a basis ℬ given by paths in kQ. Let Q′

be the quiver with vertices 1, . . . , n and arrows given by the elements of ℬ. 
Suppose additionally that for every 1 ≤ i ≤ n the quasi-hereditary algebra Ai has an 
exact Borel subalgebra Bi, and assume that for every β : i → j ∈ ℬ there is a Bj-Bi
bimodule Nβ such that Mβ

∼ = Aj ⊗Bj
Nβ as Aj-Bi-bimodules. Denote the isomorphism 

by ϕβ : Aj ⊗Bj
Nβ → Mβ. 

Then the tensor algebra B of the species on Q′ given by ((Bi)i, (Nβ)β∈ℬ) is an exact 
Borel subalgebra of A with the embedding given componentwise by

ιβ1...βn
: Nβ1 ⊗B2 Nβ2 ⊗B3 · · · ⊗Bn

Nβn
→ Mβ1...βn

,

x1 ⊗ · · · ⊗ xn ↦→ ϕβ1(1A1 ⊗ x1) ⊗A2 · · · ⊗An
ϕβn

(1An
⊗ xn)

respectively by the embeddings ιi : Bi → Ai.

Proof. For ease of notation, we will assume that Bi is in fact a subset of Ai, that is, we 
will suppress the embeddings ιi : Bi → Ai. 
Since all Bi are directed and Q′ is directed, B is directed. Moreover, note that ι is indeed 
injective, since it is a composition of the canonical embedding

fNβ1⊗B2Nβ2⊗B3 ···⊗BnNβn
:Nβ1 ⊗B2 Nβ2 ⊗B3 · · · ⊗Bn

Nβn

→ A1 ⊗B1 N1 ⊗B2 Nβ2 ⊗B3 · · · ⊗Bn
Nβn

from Lemma 4.8 with the isomorphism ϕp given by the composition

A1 ⊗B1 N1 ⊗B2 Nβ2 ⊗B3 · · · ⊗Bn
Nβn

Mβ1 ⊗B2 Nβ2 ⊗B3 · · · ⊗Bn
Nβn

Mβ1 ⊗A2 Mβ2 ⊗B3 · · · ⊗Bn
Nβn

Mβ1 ⊗A2 A2 ⊗B2 Nβ2 ⊗B3 · · · ⊗Bn
Nβn

. . . Mβ1...βn
= Mβ1 ⊗A2 · · · ⊗An

Mβn

ϕβ1⊗id

∼

∼

id⊗ϕβ2⊗id

∼

Let us first show that A is projective as a right B-module. By [21, Corollary 3.11], there 
is a set ℛ of paths in kQ such that there is an isomorphism of right BQ-modules
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⨁︂
r∈ℛ

es(r)BQ → kQ, (es(r)b)r∈ℛ ↦→
∑︂
r∈ℛ

rb.

In particular, for any path p in Q there is exactly one r ∈ ℛ and one path q in Q′ such 
that p = rq. Now consider the map

ϕ :
⨁︂
r∈ℛ

As(r) ⊗Bs(r) 1Bs(r)B =
⨁︂
r∈ℛ

As(r) ⊗Bs(r) (
⨁︂

q path in Q′,t(q)=s(r)

Nq) → A

(ar ⊗ nq)p,q ↦→ (ϕrq(ar ⊗ nq))rq.

Then, since for every p there is exactly one pair (r, q) such that p = rq, and since for 
every pair (r, q) the map ϕrq is an isomorphism, ϕ is an isomorphism. Moreover, ϕ is a 
right B-module homomorphism and 

⨁︁
r∈ℛ As(r) ⊗Bs(r) 1Bs(r)B is projective as a right 

B-module, since As(r) is projective as a right Bs(r)-module and 1Bs(r)B is projective as 
a right B-module for every r ∈ ℛ. Hence, A is projective as a right B-module. 
Recall that the set of isomorphism classes of simple B-modules is in bijection with the 
disjoint union of the sets of isomorphism classes of simple Bi-modules, and the set of iso
morphism classes of simple A-modules is in bijection with the disjoint union of the sets of 
isomorphism classes of simple Ai-modules. Hence the bijections φi : Sim(Bi) → Sim(Ai)
induce a bijection φ : Sim(B) → Sim(A). Let LB

ij be a simple B-module corresponding 
to a simple Bi-module LBi

j , that is, LB
ij
∼ = BB

i ⊗Bi
LBi
j . Note that

A⊗B BB
i

∼ = A1Ai
/ι(A⊗

⨁︂
ei ̸=p∈ℬ

Np)

=
⨁︂

s(p)=i

Mp/
⨁︂

ei ̸=p∈ℬ,s(p)=i,q

Mqp
∼ = 

⨁︂
s(p)=i,p/ ∈kQ(ℬ\{ei})

Mp.

Note that kQ(ℬ\{ei})ei = kQ rad(B)ei = ker(πi), where πi : PQ
i → ΔQ

i is the canonical 
projection, since BQ is an exact Borel subalgebra of kQ. In particular, kQ(ℬ \{ei})ei =
kQ

∑︁
i′>i ei′ kQei, so that the module above is isomorphic to

⨁︂
s(p)=i,p/ ∈kQ

∑︁
i′>i ei′ kQei

Mp.

Since LB
ij
∼ = BB

i ⊗Bi
LBi
j we thus have

A⊗B LB
ij
∼ = A⊗B Bi ⊗Bi

LBi
j

∼ = 
⨁︂

s(p)=i,p/ ∈kQ
∑︁

i′>i ei′ kQei

Mp ⊗Bi
LBi
j

∼ = 
⨁︂

s(p)=i,p/ ∈kQ
∑︁

i′>i ei′ kQei

Mp ⊗Ai
Ai ⊗Bi

LBi
j
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∼ = 
⨁︂

s(p)=i,p/ ∈kQ
∑︁

i′>i ei′ kQei

Mp ⊗Ai
Δ(φi(LBi

j )Ai ∼ = Δ(φ(LB
ij)). □

Corollary 4.10. 

(1) Suppose Ai = A1 for all 1 ≤ i ≤ n, A1 has an exact Borel subalgebra B1 and 
Mα

∼ = A1 for every α. Then the tensor algebra B of the species on Q′ given by 
((B1)i, (B1)α) is an exact Borel subalgebra. In fact, in this case A ∼ = A1 ⊗ kQ, and 
under this isomorphism B corresponds to the exact Borel subalgebra B1 ⊗ BQ from 
Theorem 3.2.

(2) Suppose Q is directed. Then, whenever Mα is left projective for all α, ((VQ, ∅), (Bi)i, 
∅) is an exact Borel subalgebra.

(3) Suppose Mα is projective as an Ai-Aj-bimodule for all α. Then Mα
∼ = Pα ⊗k Qα

for some projective Ai-module Pα and some projective Aop
j -module Qα; and since 

Bt(α) is a regular exact Borel subalgebra of At(α) and the projective modules have 
a standard filtration, Pα

∼ = At(α) ⊗Bt(α) N
′
α for some Bt(α)-module N ′

α [16, A.4, p. 
34]. Hence the tensor algebra of the species on Q′ given by ((Bi)i, (N ′

α ⊗Qα)) is an 
exact Borel subalgebra of A. 
In the special case where Mα

∼ = At(α) ⊗k As(α) such that A is a generalized path 
algebra in the sense of [6] we obtain that the tensor algebra B of the species on Q′

given by ((Bi)i, (Bt(α) ⊗As(α))) is an exact Borel subalgebra of A. Note that this is 
in general not a generalized path algebra in the sense of [6].

The following proposition is the corresponding statement for triangular matrix rings 
under appropriately weakened assumptions. The proof, however, is essentially the same 
as the proof of the theorem above.

Proposition 4.11. Suppose A1 and A2 are quasi-hereditary algebra and M is a left stan
dardly filtered A2-A1-bimodule. Let A be the triangular matrix ring

(︃
A2 M
0 A1

)︃

Suppose that B1 and B2 are exact Borel subalgebras of A1 resp. A2 with embeddings ι1
resp. ι2, and M ∼ = A2 ⊗B2 N as an A2-B1-bimodule for some N2-N1-bimodule B. Then 
the triangular matrix ring B given by

(︃
B2 N
0 B1

)︃

is an exact Borel subalgebra of A via the embedding
(︃
ι2 fN
0 ι1

)︃
: B → A.
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Proof. It is clear that (︃
ι2 fN
0 ι1

)︃
: B → A.

is an embedding. Moreover, as right B-modules

A =
(︃

0 0
0 A1

)︃
⊕

(︃
A2 M
0 0

)︃
∼ = 

(︃
0 0
0 A1 ⊗B1 B1

)︃
⊕

(︃
A2 ⊗B2 B2 A2 ⊗B2 N

0 0

)︃

∼ = A1 ⊗B1

(︃
0 0
0 B1

)︃
⊕A2 ⊗B2

(︃
B2 N
0 0

)︃
= A1 ⊗B1 1B1B ⊕A2 ⊗B2 1B2B

so that A is projective as a right B-module. 
As in Theorem 4.9, let φ : Sim(B) → Sim(A) be the bijection coming from the bijections 
φi : Sim(Bi) → Sim(Ai) for 1 ≤ i ≤ 2. It follows as in Theorem 4.9 that the simple 
B-modules induce the corresponding standard modules over A. □
4.3. Regularity

Given Theorem 4.9, it is a natural question under which conditions the exact Borel 
subalgebra constructed therein is regular. This turns out to be more complicated than 
the analogous question for tensor products, which we answered in 3.4. Instead of giving 
a complete characterization, we therefore only give some examples, which hopefully il
lustrate, that, similarly to the case for tensor algebras, regularity cannot be expected in 
most cases.

Suppose we have a species on Q given by ((Ai)i, (Mα)α) where Ai = A1 for all i and 
Mα = A1 as A1-A1-bimodules for all α. Then, as we have seen in Corollary 4.10, the 
tensor algebra A of ((Ai)i, (Mα)α) is isomorphic to A1⊗kQ as algebras, and if A1 has an 
exact Borel subalgebra B1, then the exact Borel subalgebra in A that we constructed in 
Theorem 4.9 corresponds to B1 ⊗BQ. Thus, even assuming that B1 and BQ are regular, 
it is regular only under very restrictive conditions, as was shown in Proposition 3.4. In 
general, we suppose that is difficult to conclude regularity of the exact Borel subalgebra 
for the species as well. However, similarly to the case for tensor algebras there are still 
some degenerate cases where the constructed Borel subalgebra is indeed general.

Remark 4.12. 

(1) Suppose kQ is directed and every Ai is directed. Then, A is directed, so the only 
exact Borel subalgebras of A are its maximal semisimple subalgebras, and they are 
necessarily regular.

(2) Suppose kQop is directed and every Aop
i is directed. Then, Aop is directed, so the 

only exact Borel subalgebra of A is A and it is necessarily regular.
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(3) Suppose kQ is semisimple. Then, A =
⨁︁n

i=1 Ai, so that if for every 1 ≤ i ≤ n, Bi

is a regular exact Borel subalgebra of Ai, B :=
⨁︁n

i=1 Bi is a regular exact Borel 
subalgebra of A.

In analogy to Proposition 3.4, one may expect regularity also in the case where all of 
the Ai are semisimple. However, this does not hold in general.

Example 4.13. Suppose Ai is semisimple for every 1 ≤ i ≤ n. Then, even if kQ has a 
regular exact Borel subalgebra, this is not necessarily true for A. To see this, let Q be 
the A3 quiver

3 1 2,α β

let A2 = k = A3 and A1 = k2, and let Mα = A1 as a right A1-module and Mβ = A1

as a left A1-module. Note that by [26, Theorem 60], kQ admits a regular exact Borel 
subalgebra. However, A is isomorphic to the path algebra of the quiver Q′ given by

1

4 3

2

δα

β γ

with the natural order on the vertices. By [21, Example 5.17 (3)], this has an exact Borel 
subalgebra B which is not regular. However, since kQ′ is basic, any regular exact Borel 
subalgebra of kQ′ would be conjugate to B by [23, Theorem 8.4]. Since B is not regular, 
this implies that kQ′, and hence A, does not admit a regular exact Borel subalgebra.

Finally, we would like to remark that in contrast to the case of tensor algebras, there 
are many cases besides where the constructed exact Borel subalgebra is regular, seemingly 
by chance:

Example 4.14. Let Q be the A2-quiver

1 2,α

let A1 = A2 = kQ, where A2 has the usual order and A1 the opposite of the usual order, 
and let Mα = kα viewed as an A2-A1-bimodule. 
Then Mα

∼ = LA2
2 = PA2

2 as a left A2-module and Mα
∼ = L

Aop
1

1 = P
Aop

1
1 as a right A1

module. Moreover, A is isomorphic to the path algebra of the quiver Q′
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2 3

1 4

with the natural order. By [8, Example 4.13], this has a regular exact Borel subalgebra.
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