FLOOR CROSSING FOR LEGENDRIAN CLASP MOVE

FILIP STRAKOS

ABSTRACT. We investigate the effect of the clasp move of Legendrian submanifolds of di-
mension 2 and higher on the moduli spaces of pseudo-holomorphic curves that contribute
to the differential of the Chekanov-Eliashberg algebra. As an application, we compute the
Chekanov-Eliashberg algebra differential of twist spheres Ay of dimension greater than 1.
Moreover, we construct an infinite family of Legendrians 7 (A, k) from any horizontally dis-
placeable Legendrian A in P x R, such that the Chekanov-Eliashberg algebra of T (A, k)
admits an augmentation, while 7 (A, k) has no exact embedded Lagrangian filling of vanish-
ing Maslov class in the symplectization of P x R for sufficiently large k.
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1. INTRODUCTION

Let (P, dn) be an exact symplectic manifold and P x R be its contactisation. We call the
canonical projection IIp : P x R — P the Lagrangian projection and we consider embedded
Legendrian submanifolds A of P x R so that their Lagrangian projection L = IIp(A) is an
exact closed immersed Lagrangian with transverse self-intersections. The intersection points
of L correspond to the Reeb chords of A of the Reeb vector field of the contact form o = dz—n.
We denote the set of the Reeb chords R(A). The Chekanov-Eliashberg algebra (A(A), 0) is
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FIGURE 1. Representation of the (un)clasp move at a Reeb chord in the front
projection of a Legendrian knot if read from left to right (vice versa).

a tensor algebra over Z, of the vector space spanned by the elements of R(A) with grading
determined by the Conley-Zehnder index of the chords and differential counting the pseudo-
holomorphic polygons in P with boundary on L. Note that the stable tame isomorphism
class of A(A) is a Legendrian isotopy invariant, see [Che02],[EES05a],[EES05b],[EES05].

In this paper, we will investigate the change of the differential @ under the (un)clasp move,
a specific regular homotopy through Legendrian immersions. Let us give a brief description
of this move (for more details see Section [2)). The action a(c) = [ c*« of the Reeb chord ¢
corresponds to the length of the projection of ¢ onto the z-coordinate. Let us assume that
A has a Reeb chord sq of action 0, meaning A is an immersed Legendrian with a transverse
self-intersection point so. We construct a family of immersed Legendrians A, so that the
family coincides with A everywhere except for a small neighbourhood of the self-intersection
and so A, is a Legendrian embedding for all ;1 except for ;1 = 0. In the family A, we realise
the self-intersection sy of Ay by contracting a Reeb chord s, of A,, where the sheets with
the end-points of s, locally pass through each other along the clasp move. For 1 > 0, we say
that A, was obtained by a clasp move of A_,, centred at s,. Conversely, A_, is obtained by
performing an unclasp move on A, centered at s_,. Figure [1|illustrates the move from left
to right; the reverse direction corresponds to the unclasp move.

In general, the (un)clasp move might produce a loose Legendrian out of a non-loose one
and vice versa. As an immediate corollary of this fact, the h-principle for loose Legendrians
(see [Mur19]) yields, in Section 3.1} bounds on the higher-dimensional Legendrian unknotting
number for Legendrian spheres in terms of the self-linking of its Lagrangian projection. And
so — in contrast to its smooth equivalent for knots — the higher-dimensional Legendrian
unknotting number of Legendrian spheres can attain only a finite number of values for a
fixed Thurston-Bennequin invariant, see Proposition [3.2]

An augmentation of A(A) is a degree 0 map of differential graded algebras

e: (A(A),0) — (Zs,0),

where Z, is concentrated in degree 0. We denote with Aug(A) the set of augmentations of
A(A). The clasp move of connected Legendrian knots was studied in [PR19]. There, one
considers the immersed Lagrangian cobordism ¥ in the symplectization of P x R induced by
the clasp move from A_, to A,. Counting certain Ekholm’s flow-trees [EKhO07], one defines
the so-called immersed cobordism map, and one obtains an algebraic subset Iy, of Aug(A,,).
Note that Iy, might not, in general, coincide with Aug(A,). In this paper, we describe how
the contributions to the differential of Chekanov-Eliashberg algebra of A_, (of dimension at
least two) change under the clasp move. This means that we understand the full change of
Aug(A_,) to Aug(A,,). It is unknown to the author how the inclusion Iy, C Aug(A,) and the
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FiGure 2. Illustration of the floor-crossing changing the clasping puncture
from positive to negative.

variety Aug(A_,) relate to each other. Our methods rely on a certain genericity condition
for J-holomorphic curves (see Section that fail in the case of Legendrian knots, and so
the full effect of the clasp move on the augmentation variety remains open for dim A, = 1.

Let us summarise the effect that the clasp move has on the contributions to the differential
of Chekanov-Eliashberg algebra before and after the clasp move; new contributions are
coming from the curves with possibly multiple positive punctures asymptotic to the clasping
chord, and the old curves with a negative puncture asymptotic to the clasping chord stop
contributing.

More precisely, fix . Let w be a word in Reeb chords of A, containing exactly one letter
a, possibly several letters s,,, and possibly several letters b; distinct from a and s,. We abuse
the notation and denote the Reeb chord of A, and the corresponding intersection point of L,
with the same symbol. Let 9t,(w) denote the moduli space of pseudo-holomorphic polygons
in P with boundary on L, and with boundary punctures are asymptotic to the letters of w
in the order prescribed by w. Where all elements of 9t,(w) have

e exactly one positive puncture asymptotic to a,

e negative punctures asymptotic to b;,

e negative (positive) puncture asymptotic to s, if p is positive (non-positive).
Moreover, the order of letters in w determines counterclockwise the order of boundary punc-
tures in the domain of the polygon. Consult Section for more details and Figure [2| for
illustration. We can proceed with the statement of the main theorem of this paper.

Theorem 1.1 (Floor-crossing). Let n > 1 be the dimension of the Legendrian A, p > 0,
and w be a word of the Reeb chords of Ay, so that im0 (w) = 0, then the moduli spaces
M_,(w) and M, (w) of rigid curves are compact and diffeomorphic.

Observe that (un)linking is an obvious example of the (un)clasp move for disconnected
Legendrians. Here, Theorem follows from [Avd25, Lemma 3.19], where the pseudo-
holomorphic curves are counted in the symplectization. The main point is that even though
changing the sign of the asymptotic does not fit into any standard analytic framework in
the symplectization, the Fredholm index of the problem in the Lagrangian projection does
not change as p varies. One can then relate the curves in the symplectization and in the
Lagrangian projection via the lifting procedure of [DR16b]. The proof of [Avd25| relies
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heavily on the fact that for unlinking, the Lagrangian projection does not change, which is
obviously untrue under the clasp move of connected Legendrians.

When dealing with pseudo-holomorphic discs of multiple positive boundary punctures, one
can a priori expect the boundary of the moduli spaces to degenerate so that contributions
interact with the string topology of the Legendrian, see [CLOT7], [Ng10], [Duk24], [Avd25].
We rule out these contributions in Section [4.1]

The Lagrangian projections L, do not change too much, and so we prove the floor-crossing
considering the count of pseudoholomorphic curves in P with boundary on Ly, the Lagrangian
projection of the immersed Legendrian A representing the instance of the (un)clasp move
when the action of the Reeb chord that we contract vanishes. The proof follows to a major
extent the analytical set-up of [EES05a], however, we have to modify it a bit since the original
set-up uses the assumptions of the Legendrian being embedded in several key constructions.
After that, the proof boils down to the fact that the Cauchy-Riemann equation on disks with
boundary punctures mapping the boundary on the Lagrangian projection of Legendrians
forming the (un)clasp move produces a continuous path in the space of Fredholm operators
of certain regularity, which substitutes the argument of the invariance of the Lagrangian
projection of [Avd25, Lemma 3.19].

As an application of Theorem (1.1, we generalise the computation of Chekanov-Eliashberg
algebra of twist knots from [Mey99], see Figure [3| to arbitrary dimension.

Proposition 1.2. Let n > 1 and k be a natural number. The Chekanov-FEliashberg al-
gebra A(Ay) of (n + 1)-dimensional Legendrian k-twist sphere Ay in R**3 has precisely
one augmentation € for k > 2. Moreover, the linearised Legendrian contact homology has
Poincaré-Chekanov polynomial

Pp,(t) = >/ dim LCHS (Ay) = t % + "+ 4 ¢,

J

For references on Legendrian twist knots, see [Mey99|, [EFMO01], [ENV13].
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FIGURE 3. Meyer’s examples of Legendrian twist knots A(k,1) in the front projection.

We say that a Legendrian A in P x R is fillable if A = 0L, of a cylindrical exact embedded
Lagrangian L, with Maslov class 0 in the symplectization Rx PxR. The filling L, induces an
augmentation £7, of A(A). We say that the augmentation £, is a geometric augmentation.
If there exists a Hamiltonian isotopy ¢%; in P so that ¢4 (ITp(A)) and TIp(A) are disjoint, we
say that A is horizontally displaceable. Using the Seidel-Ekholm-DimitroglouRizell isomor-
phism, see [DR16b], and the duality long-exact sequence of linearised Legendrian homology
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of horizontally displaceable Legendrian, see [EESQ09], provide examples of non-geometric aug-
mentations of Legendrian knots. To the best of the author’s knowledge, the only examples
of non-geometric augmentations of Legendrians of arbitrary dimension were produced in
[Gol23], using the results on the spinning construction, and so importing the results from
the low-dimensional case to arbitrary dimension. Nevertheless, this approach restricts the
possible topological type of the Legendrian to be a product of spheres. Using the ambi-
ent Legendrian surgery, see [DR16a], we are now able to produce plenty of non-geometric
augmentations; what is more, we produce classes of Legendrians that are not loose but not
fillable in arbitrary topological type of arbitrary dimension n > 1.

Corollary 1.3. Let n be an odd number, k a natural number, P an exact symplectic mani-
fold of dimension 2n with finite geometry at infinity, and A C P x R be a closed embedded
horizontally displaceable Legendrian so that its Chekanov-Eliashberg algebra admits an aug-
mentation. Then, there is a class of Legendrians T (A, k) so that the following conditions
are satisfied.

o Al T(A k) are diffeomorphic to A.

e Both A and T (A, k) have the same rotation class and the same Thurston-Bennequin
mvariant.

e For k > 2, all T(A k) are mutually Legendrian non-isotopic and none of them is
Legendrian isotopic to A.

e None of T (A, k) is loose.

o For k > 2, none of T(A,k) admits a single augmentation coming from embedded
exact Lagrangian filling in R x P X R of Maslov class 0.

Acknowledgements. The author thanks his supervisors Frédéric Bourgeois and Luis Diogo
for their patience with his first steps involving pseudo-holomorphic curves and for their
helpful advice during this project. The author is grateful to Russell Avdek and Milica
Duki¢ for conversations about the pseudo-holomorphic curves with multiple positive ends
and words of encouragement. Finally, the author thanks Georgios Dimitroglou-Rizell and
Tobias Ekholm for the conversations about their work.

Structure of the paper. In Section[2]we construct the local model of the higher-dimensional
clasp-move and prove lemmas controlling basic properties of the clasping chord and provide
a contact topological proof of a standard result from differential topology.

In Section [3] we prove the main applications of this paper. Namely, if we obtain a loose
Legendrian performing a clasp move, we obtain bounds on Legendrian unknotting number
in Section [3.1] For non-loose Legendrians, we provide a generalisation of Legendrian twist
spheres from a particular presentation of a Legendrian unknot to arbitrary dimension in
Section and compute their Chekanov-Eliashberg algebra.

In Section [] we prove the main result of this paper, that is Theorem [I.1, We start with
uniform compactness in Section [4.1] and then sketch the proof of implicit function theorem
in Section 4.2l

The details of the Banach manifold set-up and the geometric set-up necessary are included
in the Appendix [A] Appendix [B]includes a user’s guide to Ekholm’s flow trees necessary for
computations in Section 3.2
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2. CLASP MOVE

To construct the twist knot, we had to change one overcrossing to an undercrossing. This
change is called the clasp move and was first studied in the Legendrian context by Pan and
Rutherford in [PR19], see Figure . The trace of the clasp move is an example of an exact
immersed Lagrangian cobordism with one transverse self-intersection. Here we generalise
the clasp move to an arbitrary dimension.

2.0.1. The local model of the clasp move. Let A be a two-sheeted (non-compact disconnected)
Legendrian submanifold of J*(R™) with one sheet being the zero section and the other sheet
parametrized as the one-jet graph of the quadratic form

h(x):—($%+...+xf)+(a:2+1+...+xi).

There is a unique Reeb chord s of action 0 above the origin corresponding to the critical
point of index r. Consult Figure {4 for illustration.

We introduce a plateau function p : R™ — R to locally shift the zero section up, or down,
to resolve the intersection point when p = 0. So, we define the front projection of the local
model A, via the parametrising functions of the upper and lower sheet, respectively,

hu(x) = h(x),

hu(x) = pp(x),
where p is a plateau function that interpolates in between 0 and 1, p(z) = 1 for ||z|| < ¢,
and p is supported on the disc ||z|| < 3¢ centered at the projection of the self-intersection
point.

The local model contains a Reeb chord for every point of the base over which the tangent
planes are parallel, that is, when the following two vectors in R"*! are co-linear

(Vh, =1) = (u¥Vp, —1).

This happens over the origin, where we obtain a Reeb chord s, of action p. As we might
observe in Figure {4| for L_, for big values of |u|, one might introduce new Reeb chords.
Equivalently, if the differential of p was not chosen carefully enough.

Lemma 2.1. There is a choice of p. : R™ — R and py > 0 so that no new Reeb chords of A
are introduced during the clasp move L, = L + pdp. for all |p] < po.

Proof. The new chord would be created when the normal lines to the sheets over the same
point were co-linear. That is, VA = uVp for some A # 0. We can construct p so that
the interior of the support of Vp is A., the annular region ¢ < ||z|| < 3¢ in R". So that
the maximal ||V p|| is attained along the locus ||z|| = 2. Moreover, as we move along the
rays from the origin, the direction of Vp is constant, but its norm depends on the radial
coordinate.

Now, for simplicity, we assume that ||Vh|| # 0 except at the origin. Consider the graphs

_ [ (Vf(=z),-1) } nt1
L'y {||(Vf(x),—1)|| rx €Ay CA xS
for f = h, up. Note that any Reeb chord over A, will be the intersection of these two graphs.
As the direction is the same on the radial coordinate, we see that we can retract the graphs
onto the graphs I" over the (n — 1)-sphere ||z|| = 2¢, without the danger of introducing
new intersection points, so now I',T7, , C Sn=1 % Sl Note that the graph I, is just
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FI1GURE 4. Ilustration of the local model for r +1 < i < n. The objects with
index one are blue and the object with index zero are red.

5" 1% (0,...,0,—1) for 4 = 0. And as |u| grows, the distance of the points of I', , from
(0,...,0,—1) grows. Finally, I} does not hit the point (0,...,0,—1). Therefore, there exists
a (n + 1)-disk of points in S"™! that have strictly smaller distance than any point in T,
which provides us with our bound py. We can embed in this disk as we please without

intersecting the I7,.
Observe, that this proof applies as well to the set-up when we have multiple sheets
hi,...,h; that might intersect each other. Then we would take the minimum distance

over all the points of I';, U...T% . O

Definition 2.2. We call (A,)uj<p, the clasp-move of A centered at the chord s,, which we
call s, the clasping chord.
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Lemma 2.3. The action and the Conley-Zehnder index of the clasping chord can be expressed
as follows:
as,) = | and CZ(s,) = r+m(u) —m(l), ifpu>0,
w = K WY =)+ ml) —m(u), if p < 0.

Here, m denotes the Maslov potential of the sheets in the local model. The upper sheet and
lower sheet are denoted with u and [, respectively. In particular, for p >0,

(2.1) CZ(s,) =n—CZ(s_,),

(2.2) sl = (n = 2) =[5,

where for a Reeb chord c the grading is defined as |c| = CZ(c) — 1.
Proof follows from [EES05b, Lemma 3.4].

Corollary 2.4. The Thurston-Bennequin invariant of A C R?"*1 does not change under
clasp move if n is even. Moreover,
(n72)2(n71)

th(A,) = th(A_,) +2(-1)
Proof. We know that

(=1)!5=#*1 when n is odd.

1h(A) = (=) 2x(A)

when n is even (see [EES05b, Proposition 3.2]). As clasp move does not change the topo-
logical type of A, it can not change the Thurston-Bennequin invariant.
Now, if n is odd, by [EES05b, Proposition 3.3|, we have:

(A) = (—1)" 2 Y (=),
ceER(A)
So,

(n—2)(n—1)

tb(A#) — tb(A,#) = (—1)#((_1>(n*2)*|8—u| _ (—1)|5—M)7

= ()T ) (D) -,
— (—1)"E (),
= 2(— 1) (Ll

Lemma 2.5. The clasp move does not change the rotation class.

Proof. The clasp move produces a regular homotopy through Legendrian immersions. The
rotation class is an invariant up to regular homotopy through Legendrian immersions. For
more details, see Section 3.3 in [EES05D]. O

The following lemma uses the higher-dimensional version of the Legendrian clasp move to
reprove a smooth differential topological statement.

Lemma 2.6 (see [Wubg|). Any two embeddings of M™ a smooth closed n-manifold into
R2"*L are smoothly isotopic if n > 1.
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The standard proof strategy involves first proving that the two embeddings are isotopic
through immersions, then one modifies the path of immersions so that it passes through
embeddings except for a finite number of instances. Finally, if necessary, one modifies this
path through immersions using a local model, introducing an auxiliary instance when the
path fails to pass through embeddings. The Whitney trick then finishes the proof. We use
the clasp move to construct the local model and control the sign of the intersection.

Proof. Obviously, any two continuous maps M" — R?"*! are continuously homotopic. By
Whitney Immersion theorem, this continuous homotopy can be upgraded to a regular homo-
topy H : M"™x I — R?*"*! through immersions. Unfortunately, we are one codimension short
to use the Whitney embedding theorem. Consider the trace of H in R***2. By a standard
general position argument, this can be made into an immersion M™ x I — R?*"*2 with P
finite set of transverse self-intersection points. Recall the Whitney invariant, as algebraic
intersection number of H

Ly (H) =3 In(p) €

peEP

Z, if n+ 1 even,
Zo, if n + 1 odd.

By Whitney, H is an isotopy if Iy (H) = 0. But H can be modified via the surgery of a
Whitney disk carefully so that the surgered manifold is again a trace of family of smooth
maps M™ — R?"*1. Each surgery eliminates two intersection points (with different sign, if
defined).

In case n+ 1 is odd and the cardinality of P is even, we are done and we have an isotopy.

In case n + 1 is even, split P = P, UP_ into P, the self-intersection points contributing
to Iy (H) with positive integer, similarly for P_. If the cardinalities of P, and P_ are the
same, then we are done.

The rest of cases will be tackled by introducing a new self-intersection point (of correct
sign). This will be done using contact topology. First choose a neighbourhood of a point and
isotope this neighbourhood so that it looks like a plane. Then, rotate the plane so that it is an
open subset of a Legendrian plane in R?**!. Then perform the higher-dimensional equivalent
of the Reidemeister I move in R***! consult Figure [5| for low-dimensional examples. Now,
we will define two regular homotopies £, that vary through Legendrian embeddings except
for t = 0. Fix the Maslov potential on the lowest sheet to be 0.

We construct the ¥ move as the concatenation of several moves (for low-dimensional
example see Figure @:

(1) introduce a small bump on the lowest sheet, this move is an isotopy and so the value
of Iy does not change,

(2) move the top side of the bump upwards, until we clasp the sheet of Maslov potential
0 with the other sheet with Maslov potential 0, this is a regular homotopy with
precisely one transverse self-intersection point that appears at t = 0.

Similarly, the ¥~ move is given by composition (see Figure @

(1) introduce a small negative bump on the sheet with Maslov potential 1, this move is
an isotopy and so the value of Iy, does not change,

(2) move the bottom side of the bump downwards, until we clasp the sheet of Maslov
potential 1 with the sheet with Maslov potential 0 below. That is again a regular
homotopy with precisely one transverse self-intersection point that appears at t = 0.
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FiGURE 5. The front projection of the Reidemeister I move of a Legendrian
knot on the left. On the right, the front projection of a higher-dimensional

equivalent of the first Reidemeister move for a 2-dimensional Legendrian in
R®.
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FI1GURE 6. Slices of the clasp moves introducing the additional double point
of correct sign

To finish the proof, we have to prove that the moves * produce the correct sign of the
contribution by the point py they introduce. We can view the trace of ¥* as an exact
immersed Lagrangian in R?*"™ with a single intersection point. It was observed in [EES05D|
Proposition 3.2] that the Thurston-Bennequin invariant of the Legendrian lift of ¥* to R?"+3
is equal to I1/(3F) and that the contribution of the intersection point is equal to

n(n—1) s
In(ps) = (1) 7 (=1)k=,
where s4 is the Reeb chord coming from the intersection point ps.. Now, there is an obvious
extension of [PR19, Proposition 8.3] to higher dimension stating that the grading

|s+| = m(upper sheet before clasping) — m(lower sheet before clasping)

is equal to the difference of the Maslov potential of the sheets that we clasped. To conclude,
we point out that |s;| =0—0=0and |s_| =1— 0= 1. Note that
(n—1)n

5 =0 (mod2) <= n=0orl (mod4).
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So, for n =1 (mod 4), the auxiliary point pL has the correct sign. In the other case, when
n =3 (mod 4), the £-notation above has to be flipped. O

3. APPLICATIONS

3.1. Legendrian Unknotting Number and Loose Legendrians. As we have shown in
Lemma [2.6] there is no smooth knotting of embeddings of S™ in R?"*! for n > 1, and so
there can not be any smooth unknotting number. However, we can restrict our attention
to Legendrian embeddings as the clasp move provides us with a Legendrian model for the
crossing change. We call the Legendrian lift of the Whitney immersion S — R2?" the
Legendrian unknot A,,.

Definition 3.1. Let A be a Legendrian n-sphere in R***1. Define the (Legendrian) un-
knotting number U(A) of A as the minimal number of clasp moves or unclasp moves up to
Legendrian isotopy one needs to perform on A to obtain the Legendrian unknot in R?"+1. If
it is impossible to modify A by (un)clasp moves to the unknot, we define U(A) = oc.

We will see that the unknotting number is bounded both from above and below by the
self-intersection information of its Lagrangian projection for all the Legendrian spheres with
finite unknotting number. Moreover, the clasp move can produce loose Legendrians and,
using the h-principle results on the loose Legendrian embeddings, one can show that for a
very negative Thurston-Bennequin invariant, the value of the unknotting number provides
an obstruction to a Legendrian sphere being loose.

In [Murl9, Proposition A.4], we learn that there is only one formal Legendrian isotopy
class of A, for each pair of values of tb and rot, where A a Legendrian submanifold in R?"+!
for n odd and A is a stably parallelizable manifold. In particular, all spheres are stably
parallelizable, and so, we denote those formal Legendrian isotopy classes with £(tb, rot).

Proposition 3.2. Forn = 1 (mod 4) and for any Legendrian sphere A so that rot(A) =
rot(Ayn) = 0, we have that

U(A) = oo, if tb(A) is even,
m < U(A) < M, if th(A) = 2k — 1,

where

AL if A is not loose, M= |k| + 2 if A is not loose,
k41| otherwise. k41| +1  otherwise.

In particular, if U(A) > |k+ 1]+ 1 and th(A) = 2k — 1, then A can not be loose. Finally, no
Legendrian of tb = —1 has U = 1.

The proposition implies that for every odd Thurston-Bennequin invariant the unknotting
number has only 3 possible values, except for tb = —1, where there are only two possible
values. For better understanding of the bounds see Figure [7]

Proof. Take any Legendrian embedding of a sphere A choose an arbitrary point in the front
projection which is not on a cusp-edge. Now, perform locally a higher-dimensional equivalent
of the Reidemeister I move, and then clasp the upper sheet with the lower one as in the move
3~ in the proof of Lemma [2.6] Call the composition of the previous two moves a loose clasp
(and its inverse a loose unclasp). To see that the loose clasp move produces a loose chart,
see [Sen23, Example 10.14].



12 FILIP STRAKOS

U(A)

||
|k + 1 \

FiGUurE 7. Plot of the possible bounds m and M from Proposition (3.2

In Lemma we learn that the loose clasp move around s_, of any grading preserves
the parity of tb and so, Legendrian spheres of even tb can not be clasped to the Legendrian
unknot, so for those, we have defined U(A) = oc.

Assume that tb(A) = 2k — 1. Now, the loose clasp around Reeb chord of even grading

decreases the tb by 2 since |s_,| = 0 and (”_Q)Qﬁ = 0 (mod 2). Thus, the minimal lower
bound on the necessary number of clasp moves must be |k|. Therefore, performing a loose
clasp on the unknot A,,, we obtain a loose Legendrian sphere isotopic to £(—3,0). Now, any
Legendrian sphere of rotation number 0 falls into one of these two categories:
e loose, in which case isotopic to ¢(2k — 1,0) and so, isotopic to £(—3,0) after |k + 1|
loose clasps,
e not loose, in which case, we perform |k|+ 1 loose clasps to decrease the tb enough to

be able to isotope to £(—3,0).

To get from ¢(—3,0) to unknot we have to unclasp, this explains the +1 contribution to the
bound M. 0

Remark 3.3.

e The assumption n = 1 (mod 4) assures that the loose clasp decreases tb invariant.
For n = 3 (mod 4), one obtains an analogous statement and proof, where the loose
clasp will increase tb invariant, and we will work with ¢(1,0) instead of ¢(—3,0).

e So far, n was assumed to be odd. This assumption is significant since there are,
in general, two classes of loose Legendrians for every pair of Thurston-Bennequin
invariant and the rotation class if n is even. As commented in [Murl9, Appendix],
we do not know how to distinguish these two classes.

The unknotting number is very difficult to compute; nevertheless, one could define an un-
obstructed unknotting number, where one forbids the regular homotopy through Legendrian
immersions to pass through embedded loose Legendrians.

Question 3.4. Is there a method coming from the J-holomorphic curves count on a con-
nected, immersed, Lagrangian with cylindrical ends over embedded Legendrians providing
us with a bound from below on the unobstructed unknotting number?
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3.2. Twist Spheres. We will define a class of Legendrian spheres AY in R?*"™3 isotopic to
the Legendrian unknot in R?"*3 for n > 1. Then, we will perform a clasp move along a
specific chord of A} to produce a Legendrian sphere Aj. This will generalise the construction
of twist knots in R? (see Figure [3)).

First, we take the Legendrian strand ending with a Reeb chord so that the front projection
is as in Figure [§ in R? with coordinates x;, z. That is, we start with opened-up Legendrian
unknot of tb = —1 and rot = 0, then we perform a Reidemeister I move. After that, we
modify the sheets of Maslov potential 1 to create two Reeb chords in between them, s and
s'. Then, perform k very small Reidemeister I moves close to the lower end of s°. Having this
one-dimensional front, we rotate the front around the axis given by the line which contains
the Reeb chord bounding the Legendrian strand from the right in zy,xs,...,2,1,2 (for
details see [Goll4, Section 2]). Since the tangent vector to the Legendrian strand is flat at
the endpoints, the tangent plane to the rotated front is perpendicular to the z-axis, keeping
the centre Reeb chord and proving that the higher-dimensional spin creates an embedded
Legendrian (n+ 1)-sphere. This would not be true if the slope at the endpoints of the strand
were non-zero. We obtain an S™ Morse-Bott family of Reeb chords for each chord in the front

F1GURE 8. Clef k-sphere

projection except for the Reeb chord that coincides with the axis of rotation. We choose a
Morse function on S™ with precisely two critical points and perturb the Morse-Bott families.
Say that the lowest sheet has the Maslov potential equal to 0. Then, we find the shortest
chord s°, which is the chord starting on the sheet with Maslov potential & + 1 on the top
of the k-times iterated Reidemeister I move and ending on the sheet of Maslov potential 1.
This iterated Reidemeister I move makes the Lagrangian projection look like a gluing of two
reflected G clefs, see the lower right part of Figure [9] Note that the chord s corresponds
to the self-intersection in the centre of Figure [0] We call this particular presentation of
Legendrian unknot the k-clef unknot Aj.

Definition 3.5. The Legendrian (n + 1)-sphere A, in R?*"*3 that is obtained by the clasp
move of AY centered at s° is called the k-twist sphere.

For an example of the front projection of A, C R® in R? see Figure [10}
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FIGURE 9. Reeb chord creation close to the Reidemeister I (RMI) moves.
The upper part shows the RMI in the front projection, and the lower part
shows RMI in the Lagrangian projection. We can observe the creation of the
intersection points in the Lagrangian projection.
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FIGURE 10. Front of twist spheres A, C R®. Most of the sheets are rotated
about the vertical axis. Two purple sheets exchange the vertical position along
the rotation.

Lemma 3.6. The k-clef sphere has Reeb chords of the following grading

[Seqlill =i = (k +1), |s}1[z']|:' [t [i]] = [l =i = m,
|002[Z]|:Z+2 il = |901H|:Z+1 |hou )] =i+ 1,
‘fm[l]‘: |f01[”—2+1 ‘fm[Z“ i, | fiolil] =i+ 1,
o [i]] = i, ldoy[i]| =i + 1, Iem[l]\f@ leonld]] =i +1,
il =i, Jdy[i]| =i+ 1, [ef[il] =i, lepyil] =i+ 1,

fori=0,n and 0 <m < k.
Moreover, the Chekanov-Eliashberg algebra of the k-clef sphere has the differential given

on generators as follows:
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The minimal part
Ocgy = 05(411[0] = 0
O [0] = Ot [0] = T?m“)l[o] +t(m+1 0], if m <k,
: 84y [0] if m = k.

afv?q,(mﬂ)[o] =0 and 8f (m+1) [ =1+ f?n(m—&-l)[o] Jorm =0,1
Ds1,[0] = ey [0] = Deg, [0] = ddy, [0] = 9dY,[0] = 77, (0] + £, [0]
0931 [0] = d?Q [0] + dgl[o]
Oho,[0] = for[0] + f1[0] 5, (0]
9dy, [0] = ¢ty + €51 [0] + 51, [0] foy [0] + (5, (0] + 77, [0]) £ 0],
9d1,[0] = 1+ €3,[0] + f15[0]51,[0] + f15[0)(#5, 0] + 77, [0]).
60(1]2[0] = 931[0] + h(l)l[o] + 601[0] +e15[0] + f15[0 ]601[ ] + 1[0 ]fm[ ]+ f&[O]dél[O] + d%2[0]f(())1[0]

+ fLa019, 0] £, [0] + f15[0]77,[0] £, [0]-
The mazximal part:
as(()k—i-l)l[n] = af(())l[”} = (3ff2[n] =0
o0 91 Tm+1)1 [n ]+t(()m+1) [n], if m <k,
rmaln] = 0t [n] = {S(k-&-l[]vlfmk

= f??@(m+1)[n] f07’m =1,2

= diy ] + diyln)

[n]
[n]
ae’}n(m—&-l)[n] = 621(m+1 n ] + d (m+1) [n]
[n]
[n] = f [n ]+f12[ ]001

Ody [n] = egy[n] + s11[1] 51 [0] + 51, (0] for [n] + (43, 0] + 71 [0]) fou [n] + (3, [n] + 7%, [1]) £, 0]
ddyy[n] = €ly[n] + f12[ Jsti[n] + fialn)st, (0] + fialn] (63, [0] 479, [0]) + fio[0](t3,[n] + 7%, [n])
80(1)1[71]: él[n] [ ]+601[ | + e15[n]

+ f12[n]@01[ | + fi2[0 ]601[ |+ 612[”]]%1[0] + 6?2[0]f&1[n]

+ f15[01dg [n] + fia[n]doy [0] + dia[n] 5, (0] + din[0] f1 1]

+ fiz[n] (#1,0] + 791[0]) fo (0] + f12[0] (1, [0] + 1, [0]) fou[] + fiz[0)(#2, [ + 3 [1]) £, 0]

If k=0, then t9,[i] + ), [i] = $9,[i] in the formulas above.

Proof. First, we identify all the Reeb chords of the clef sphere before the rotation, see Figure
M1l The labels in the notation z% correspond to: a is the Morse index of the difference
function of the local height functions, ¢ is the Maslov potential of the starting sheet of the
Reeb chord, b is the Maslov potential of the sheet where the Reeb chord ends. Now,

e the chord ¢}, is the unknot Reeb chord that we start with (see the left-most part of

Figure ,
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e the chords g}, and h}, are the Reeb chords created by the big RMI move (see the
part of Figure [§| that is second from the left),

e the chords z% for = € {d,e, f,s} come from the arrangement of the slopes of the
front (see the part of Figure |§ that is third from the left),

e the chords z% for x € {t,r} come from the small iterative RMI moves (see the part
of Figure |8 that is the last from the left).

1
0 d Co2
1 f12 12

Co1

/A\
/\\/\

g(l)l dO 1

for po
f 01 d%Z
FIGURE 11. Reeb chords of the clef sphere. Note that this figure is strictly

diagrammatic. The top-most and the bottom-most sheets have much bigger
slopes in reality.

We perturb out the Morse-Bott loci, the Reeb chords x corresponding to the critical point
of index 7 will be denoted with x[i]. We determine the grading of the Reeb chords of A}, via
the formula

|zl =i+a+b—c—1,
where z is a letter representing a labelling of a Reeb chord, ¢ = 0, n is the index of the critical
point of the Morse function used for the perturbation of the Morse-Bott loci and 0 < m < k.

We organise the Morse-Bott perturbation so that the minima are close to each other and
are separated from the maxima by a hyperplane in R"*! x R. This immediately implies that
no Reeb chords with ¢+ = n can contribute to the differential of a Reeb chord with ¢ = 0.

To compute the contributions to the differential of the Chekanov-Eliashberg algebra, we
will use Ekholm’s flow trees as the rigid flow trees are in bijective correspondence with rigid
pseudo-holomorphic curves; for a brief overview, see Appendix , and for details, see [EKh0T7].

As the Legendrian sphere was defined via spinning construction of the front around a
sphere S™, we define an "angular slice” of this Legendrian to be an intersection with the ray
given fixed values of all the angles giving us the higher-dimensional spherical coordinates
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used for spinning. This gives us a half-plane Rsq x R, in R™™! x R, there the front of the
sphere coincides with the one-dimensional front.

Now, we will explain that the flow-tree contributions of the Reeb chords corresponding
to the minima of the Morse-Bott perturbation can be seen in the one-dimensional front
corresponding to one angular slice. This is because there is a bijection of rigid flow trees.

Note that the Morse-Bott loci of the Reeb chord form a system of concentric spheres
S™ in the base R"*!. Before the Morse-Bott perturbation, the Morse-Bott loci have index
either 0 or 1 with their trajectories of the local difference functions parallel to the radial
direction emanating from the origin. We can easily arrange the perturbation of the Morse-
Bott locus to be such that for different local parametrizing functions, the radial trajectories
after perturbation intersect the Morse-Bott loci of all other difference functions transversally.

The bijection is given by projection onto one angular slice, as any trajectories leaving
the perturbed Morse-Bott locus intersect the Morse-Bott loci of other sheets transversally
at a point in the stable manifold of the minimum, inducing a unique and so rigid flow-line
to the minimum. The bijection sends the flow-trees of the angular slice with a P;-vertex
(which is a Yjp-vertex with a ghost edge leading to a Py-vertex, see Figure to flow trees,
where this vertex is substituted with a Y{-vertex and the trajectory contained in the former
Morse-Bott locus leading to the Fy-vertex is uniquely determined by the intersection of the
radial trajectory with this locus. This means that the ghosts in the angular slice trees are
substituted by trajectories in the Morse-Bott loci when lifted to the higher-dimensional front,
see Figure[12] The bijection also substitutes the Py-vertex in the angular slice for a Yj-vertex
and with a Fy-vertex at the Morse-Bott minimum and edge ending at an F-vertex.

The differential of the Chekanov-Eliashberg algebra of A} is computed as follows:

6)=5’?1c+1)1[0] =0

This is because there is no other chord of lower grading.

0 10] = 90 0] = T?m+1)1[0] j.Lt?mH)l[O], if m <k,
Ste1)110], if m = k.

We prove the first identity, the second one follows from a symmetric argument. The index
of the critical point representing the Reeb chord t2,,[0] is 0 and so the only possibility is to
split the Reeb chord along a sheet that it intersects with combination of Py vertex going to
Yy vertex along a trajectory of length 0. In between the sheets with Maslov potential m and
m + 1, there is a unique trajectory going to the edge. In between the sheet 1 and m + 1,
there is a unique trajectory going to the minimum in between those two sheets, which is the
chord {,,,1),[0] or s{;,1),[0] depending on the Maslov potential.

The contribution t?m +1)1[O] is given by a Yj-vertex at the singular edge, the lower part in
between sheets of Maslov potential m 4+ 2 and m + 1, the lower in between the sheets of
Maslov potential m + 1 and 1.

asil[o] = t(l)l[o] + 7’[1)1 [0]

The Morse index of the chord is 1 and both emanating trajectories are rigid. The trajectory
going towards the axis of rotation loses energy at the intersection locus of sheets with Maslov
potential 1. This intersection is not an edge and so the tree is not admissible. When following
the other trajectory, Y; splitting along the singular edges in between the sheets with Maslov
potential 1 and 2 of the small Reidemeister move yields the first contribution. Moreover,
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P 0 - q
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[0]
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/ﬁ

FIGURE 12. The bijection of flow trees of the whole Legendrian (left) and the
angular slice (right). The black vertical edge corresponds to the projection of
the singular locus of the front projection of the front to the base. The vertical
blue lines correspond to the trajectories created by the perturbation of the
Morse-Bott locus. The circles correspond to the image of vertices in the base,
and the full circles correspond to the P-type vertices.

Yo

0\ P,

one has one obvious contribution via going to the minimum in between the sheets of Maslov
potential 1, which is the chord ¢?,[0].

af??’b(m-‘,—l)[o] = 0 and 8f7}7,(m+1)[0] =1+ fy?z(mﬂ)[o] for m =0,1

This is obvious as f°[0] are minima with no intermediate sheets to split at and f! are of
Morse index 1. The contributions are given by two trees each of them with two vertices.
One tree of two P, vertices and the other tree of one P, vertex and one E vertex.

The chord is represented by a minimum and there are no intermediate sheets to interact
with.
e, [0] = 8681 [0] = adgl[o} = 0d},[0] = (0] + £, [0]
The contribution comes from splitting the minimal chord along the sheet with Maslov

potential 1 with a Yy vertex and a ghost trajectory, and then flowing to the minimum in
between sheets of Maslov potential 1 along one edge and to the singular edge locus of the
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front along the other edge. The t?,[0] contribution comes from a tree with Y;-vertex along
the edge of the sheet with Maslov potential 1 and 2 as in 9s1,[0].

(36,1n(m+1) [0] = 69n(m+1) [0] + d?n(m—l—l)[o] for m = 0, 1.

The Morse index of erln(m +1) 1s too big to have a rigid ghost splitting. Thus the only two
contributions can come from the only two rigid trajectories.

89(1)1 0] = d(1]2 0] + d81 [0]

The Morse index of the chord is 1 and so taking the radial trajectory towards the axis of
rotation, we arrive at the minimum dj,[0] along a rigid trajectory, which yields the d9,[0]
contribution. Now, taking the opposite trajectory, we arrive at the edge, where we perform
a Yg-vertex splitting along the sheet of Maslov potential 1. The lower part of the tree follows
to the edge in between the sheet of Maslov potential 0 and the intermediary sheet of Maslov
potential 1. The upper part of the tree after splitting flows to the minimum representing

d3,[0].
ah(l)l[()] = f(())1[ |+ f12[ ]001[0]

This is analogous to the previous case, with one difference. That is, instead of the edge
vertex, we will have a FPy-vertex since we flow with a unique trajectory to the minimum
representing cJ;, yielding the quadratic term.

Adg, [0] = ¢y + €04[0] 4 51, [0]£5 [0] + (29, [0] + 9, [0]) f5,[0],
9d15[0] = 14 e9[0] + f15[0]s1,[0] + f1o[0](5, 0] + 77, [0]).

We will comment on the first differential. First two contributions come from obvious
trees ending with a Py-vertex. The first two quadratic terms come from a tree that is a
path with Py,P;, and Py in this order. The last term comes from a tree with P;-vertex and
then a Yj-vertex as in the differential of s1,[0]. The second differential follows by analogous
argument.

a0(1)2 0] = 931 0] + hl 1[0] + 651 0] + 612[0]
+f112[0]601[ ]+612[ ]fOl[ ]+f?2[ ]d(ln[ ]+d{2[0]f81[0]
+ f12[0]¢31 0] £5, [0] + f12[0]r9, 0] £5,[0].

First eight contributions are coming from trees (isomorphic to a path with three vertices).
First four have Py-vertex at cj,[0], Pi-vertex at the respective chords, followed by the E-
vertex. The quadratic terms are given by trees with Py-vertex at cj,[0], Pi-vertex at the
respective chord, ending with Fy-vertex at the respective chord. The first cubic contributions
is given by a tree isomorphic to a path with four vertices. Starting with Py-vertex at cf,[0],
then two Pj-vertices at the f-chords, and ending with a Py-vertex at t9,[0]. The last cubic
contribution differs by a Yi-vertex as in the differential of dsi,[0].

The differential of Reeb chords corresponding to the maximum (denoted with [n]) is more
involved and uses the additional rotation dimensions.

e Constant terms: If there is a constant contribution to the differential of ¢[0], then
there is no contribution to the differential of c¢[n] because of the grading shift. The
only negatively graded Reeb chords are the r[0], ¢[0]-chords and the s°[0]-chord. And
for those, it is impossible to obtain the constant term even after the degree shift by n
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because we enumerated all possible single positive puncture trees in the computation
of their differential in the [0]-case.

e Linear terms: The term ¢ can not contribute to any linear term of the differential
of the [n]-chords. Either the grading is too big, or it is impossible to find a rigid
intersection of flow-lines. The rest of the linear terms are going to be preserved
with the n-grading shift since there is a bijection of flow-trees realising the linear
contributions to the [0]-chords and the linear contributions of the [n]-chords, see

[
1

Figure |13]
[0] [n] n]
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0
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F1GURE 13. Bijection of the flow trees comparing the trees contributing to the
differential of some c[0] and c[n]. Here the notation ¢’ denotes the Reeb chords
of the one-dimensional front given by a critical point of the local difference
function of index i. The bijection for trees with positive puncture at ¢ is
analogous with slightly more complicated trees.

e Quadratic terms: Only quadratic differential contribution to a differential of a [0]-
chord containing the chord ¢, is the contribution f[0]c3, to Ok}, [0]. Note that there
is a point p that is the intersection of the rigid radial trajectory flowing to f[n] and
the singular edge of the sheets of Maslov potential 1 and 2. Now, dhg,[n] contains a
contribution f{[n]c); that is given by first flowing along the unstable manifold of the
critical point of index n + 1 representing h},[n] to the point p. There we perform a
rigid Yp-vertex and flow to fiy[n] along the upper branch, and to ¢, along the lower
branch that is the unique trajectory passing through p. All other quadratic terms
contain only chords coming from Morse-Bott families.

Any tree representing a quadratic differential must contain a Yj-vertex, note that
P;-vertex contains a Yj-vertex and a ghost. This Y, vertex must be performed at the
[n]-part, otherwise the contribution would not have the correct grading due to the
degree shift of the positive puncture. This intersection is going to be the intersection
of the radial trajectory and an Morse-Bott unstable manifold. This means that for
every contribution ¢[0]d[0] of da]0] one obtains two contributions ¢[n]d[0] and ¢[0]d[n]
of da[n].
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P

F1GURE 14. Here, we find some of the trees representing cubic contributions
to dcly[n]. This figure depicts the projection of the relevant rigid trajectories
of 3 difference functions in between 4 sheets to the base. The circle loci denote
the former Morse-Bott loci and the radial trajectories denote the trajectories
in the angular slices. The locus drawn in black depicts the resulting flow-tree.

e Cubic terms: Here, a similar statement for trees with two Yj-vertices in the [n]-part
could be written. However, the statement would be quite involved because of the
interaction of four sheets. Therefore, it is faster to explicitly find the trees. We do
so for some of the contributions; the rest is analogous, see Figure (14}

O

3.3. Floor-crossing and Chekanov-Eliashberg algebra. The following lemma shows
the utility of the floor-crossing in computation of Chekanov-Eliashberg algebra under the
clasp move. Once one computes the differential of the original Legendrian before the clasp
move one can obtain the differential of the Legendrian after the clasp move extremely easy
if certain grading assumption is satisfied.

Lemma 3.7. Let A_,, be a (n+1)-dimensional Legendrian and the clasping chord has grading
|s_,| = —(k+1). We denote (A(A,),0,) the Chekanov-Eliashberg algebra of A,,. Denote by

M = max{|c| : c€ R(A_,)}.

Let A, be the Legendrian obtained via the clasp move centered around s_,, as in Definition
and let (A(A,,), 0,,) be its Chekanov-Eliashberg algebra. If M < n-+k, then the differential
0y is obtained from O0_,, substituting s_,, by 0 and defining s, = 0.

Proof. Lemma implies that |s,| = n 4+ k and Lemma imply that the grading of all
other Reeb chords of A, was left unchanged and at most M. Thus s, can not be in the
image of d,. Moreover, a(s,) = |p| is the smallest of all Reeb chords of A, and so d,s, = 0.

Using the floor-crossing, see Theorem [I.1] and the correspondence of rigid flow-trees and
rigid J-holomorphic curves from [EKh07], we know that the differential of A; can not obtain
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any new terms, since the grading of s, is too big. Therefore, the differential 9, is given
by the same expressions on generators as d_,, except for the contributions containing s_,,,
which will not contribute to the differential 0,,. 0

Proof of Proposition[1.9 We can arrange so that the top sheet of Maslov potential k + 1

and the sheet of Maslov potential 1 are arbitrarily close. Then perform the clasp move with

A, = A} and A, = Ay, at the chord s_, = s{;,,),[0]. Lemma implies that the only

defining formula for the differential of Ay that is going to change is 9rj[0] = 9t2,[0] = 0.
Now, considering the equation

cod=0

one learns via a straight-forward computation that A(Aj) has a unique augmentation &
vanishing on all generators except for

e(for[0]) = e(f1[0]) = e(s1,[0]) = e(eny) = 1.

Therefore, A; can not be loose. Since the differential is given explicitely, we can linearise it,
and a straight-forward linear-algebra computation yields the resulting Poincaré-Chekanov
polynomial. ([l

Proof of Corollary[1.3 Take a generic point of A that is not an endpoint of a Reeb chord.
There are two options

e there is a Darboux ball centered at p so that p is a point on the singular locus of the
front projection of A the Lagrangian projection I1p(A),

e if the previous option is not possible, take a small neighbourhood around p and
perform a small Reidemeister I move to introduce a singular edge of the local front
projection.

Therefore, we can perform the cusp-connected sum of A and a small A, that we place in a
Darboux ball close to the point p. Let us define

The fisrt property is obvious as we perform a connected sum of M with standard sphere
S™. The results of [DR16al Section 4.5.1] imply that the rotation (Maslov) class does not
change since we perform a cusp connected sum of two spheres and the result is a sphere and
so simply connected. And since n + 1 is even, we know (see [EES05b], Proposition 3.2]) that

1b(A) = (1)1 (A).

The results in [DR16a] imply the following. Let € : A(A) — Zs and €}, : A(Ay) — Zy be
augmentations. We know that the augmentations € and ¢}, induce an augmentation

er s AT (A, K)) — Zo,

and so T (A, k) can not be loose. On the level of linearised Legendrian contact homology,
surgery yields a short exact sequence of chain complexes

0 = (Z2(s),0) = (Ca(T(A, k), 0%) = (Cu(A), 0) @ (Cu(Ag), 0%) — 0.
As |s| = n, we obtain that, for @ £ n + 1,n,

LCH(T(A, k) = LCH:(A) @ LOH (Ay).
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Thus, dim(LCH,E, (T (A k))) = dim(LCHE, ,(A)) + 1. As all Poincaré-Chekanov polyno-
mials of 7 (A, k) share this property for all the augmentations of the Chekanov-Eliashberg
algebra of T(A, k), we obtain the third statement.

Note that as A is horizontally displaceable, some small normal neighbourhood of A is
horizontally displaceable as well, and so T (A, k) is horizontally displaceable.

Finally, for the sake of contradiction assume that ¢, = £ is a geometric augmentation
induced by an embedded exact Lagrangian filling L of T, = T (A, k). The Seidel-Ekholm-
Dimitroglou Rizell isomorphism relates the linearised Legendrian contact cohomology and
relative homology of the filling (see [DR16b);

LOH, (Tis Z2) = Hipiny-a(L; Z),

here n+ 1 is the dimension of the Legendrian and note that the right-hand side is supported
in non-negative degrees 0 < e < n+ 2, which forces LC’H;L (Tx; Zs) to vanish for n+1 < e or
e < —3. The duality long exact sequence of Legendrian contact homology for horizontally
displaceable Legendrians was established in [EES09] and reads;

o= Hey1(Ti; Zo) — LCHZ (T3 Zo) — LCH(Ty; Zo) — He(Ti; Zo) — -+ .
Thus, for @ < —1 or n < e, observe that we obtain a contradiction as
0= Hep1(L; Zo) = LOHZ*(Ti; L) = LOH (Ti; Zs),
and this can not be satisfied for £k > 2 and e = —k,n + k. O

4. FLOOR-CROSSING

4.1. Uniform Compactness. Let A be a closed embedded Legendrian submanifold of P xR
so that its set of Reeb chords is finite. Let i > 0 be a real number. Let s_, be a fixed Reeb
chord of A so that it is a clasping chord for a clasp move (A,)|u<u, pProviding us with a
I-parametric family of Legendrians A,. By Lemma 2.1 there is a natural bijection of the
sets of the Reeb chords R(A,) and R(A_,). We abuse the notation and denote the image
and preimage with the same letter, except for the chord s,. Write w, for a word in Reeb
chords of A, for u fixed so that

w = abs,by ... b,_15,by,
where
e ¢ is called the exceptional positive letter,
e b; are possibly empty words in Reeb chords distinct from a and s, for all 0 <7 < p.
Let D,, denote a disk with m-boundary punctures, where m = ¢(w), where ¢ denotes the
number of letters in w. We denote by 91, (w) the space of pseudo-holomorphic curves
u, : (Dy,,0D,,) — (P, L,,)

so that each u, € 9, (w) has an exceptional positive puncture asymptotic to a and negative
punctures asymptotic to all of the other letters of w. More precisely, these curves solve the
equation
du, + J,odu,o0j =0

for an almost complex structure J, on P defined in Appendix and j a conformal
structure on D,,. The punctures are ordered along the boundary counterclock-wise in the
same way as in the word w with the letter a being always the first letter. See Figure [2| for
illustration. Similarly, denote by M_,(w) the moduli space of pseudo-holomorphic curves
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that have (possibly multiple) positive punctures; precisely one positively asymptotic to the
exceptional letter a and the rest of the positive punctures asymptotic to the chord s_, as
many times as s_, appears in the word w in the same order and position as in the word
with chords labeled with positive p. Note, that there is no configuration where s, is both
a negative and positive puncture. In that case, our proof of compactness breaks down; see
Remark [4.7]

The expected dimension of the moduli space follows from [EES05al Section 6] and reads;

J k
(4.1) dimM(ay,...,a;;br,...,bk) = (1=j)n+>_ CZ(a,) =Y CZ(b,) +max{0,j+k— 3},

r=1 r=1
where

e n is the dimension of the Legendrian,
e j is the number of positive punctures,
e [ is the number of negative punctures.

Now, Lemma [2.3| yields that dim 9_,(w) = dim 91, (w) for all w.

For each fixed p > 0 the moduli space 9, (w) was proven to be a compact metric space (see
[EES05al) when the disks have precisely one positive puncture using the standard Gromov
compactness approach. We will extend this point-wise result to a compactness of the family
M, (w). For interval I, let

gﬁ](W) = U m#(W>
pel
Fix po > 0 and define ﬁ(o,w] as the sequential compactification, that is all the possible
limits of sequences of Ji-holomorphic curves uy, € M, (w) where py, — 0, where we denoted
Jr = Ju,- In the limit, the action of s, goes to zero, thus, we might obtain broken ghost
bubbles in the limit. These are components of the broken configuration of symplectic area
equal to 0.

For disks u € 91_,, with multiple positive punctures, one can import most of the standard
arguments proving Gromov compactness results from the single positive punctured case,
however, there is a class of so-called pinched configurations that one has to consider as a
possible limit.

Definition 4.1. Let D,, be a disc with m boundary punctures. Let v be a curve v(s) :
[0,1] = D,, so that y(s) € dD,, for s = 0,1 and v(s) € intD,, for s € (0,1) and so there
is a positive puncture in each component of D,, \ 7([0,1]). And let ¢, : D,, — D,, be a
family of continuous maps that contract the curve v and so that ¢, is a diffeomorphism for
t €10,1). We say that a (Jx, joo)-holomorphic curve u is a pinched configuration if there is
a (Jo, jo)-holomorphic curve v’ and a sequence k — oo so that (Jy, ¢;, j)-holomoprhic curves
up = u' o ¢y, converge to u in Gromov topology as ¢, — 1.

For example, see Figure [15]
As above, we define 9M_,,, o). Here, one has to prove that

e For 1 > 0 fixed, the pinched configurations do not appear in the broken limits 9_,.
e The neither pinched configurations nor ghosts appear in the limit as p; — 0.
We can consider a configuration of punctures on the boundary of the disk so that multiple

consecutive punctures are asymptotic to s*,the double point corresponding to the Reeb chord
su, then a bigger portion of the curve might enter the ball B”(s*) in the clasping region,
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FiGURE 15. Example of a pinched configuration

where h is a metric on P (with finite geometry at infinity) compatible with w and the almost
complex structure J. We can prevent this by shrinking the ball so that it does not intersect
the complement of the image of the asymptotic neighbourhood of the puncture. The key
step in the proof of the following lemma is to realise, that the radius of the ball is bounded
from below. That provides us with the information of how many times the curve leaves the
neighbourhood.

Lemma 4.2. Let r > 0 be a radius small enough so that B,.(s*) contains only local model of
the clasp move, that is, only two transversely intersecting Lagrangians Lo and Ly. For this
r and any word w and every u € M, (w) it holds that u=*(0B,) N OD has at least 2k-points
for k the number of punctures asymptotic to s*.

Proof. Step 1: Fiz p # 0 and let up — us be given as an uniform limit of elements in IMN,,.
Then for all k < oo there is a point py, € [pj, pj+1] such that py & u=(B,).

For the sake of contradiction assume that there is & < oo so that for all points p € [p;, pj+1]
the points are in the pre-image u; ' (B,). Clearly, u([p;, pj+1]) = s*, otherwise, there is a point
p distinct from s* on the component of the boundary joining p; and pj;1, call image of this
curve . This means that -y starts at s* and follows the Lagrangian Ly (or L) in B,, (s*) and
before it ends at s* it follows the Lagrangian Ly (or L) in B, (s*) with no corner in between.
Since + is continuous, then wu(p) would have to lie on both Ly and L;, which is impossible
since (Lo U Ly) \ {s*} is disconnected. And so, v has to leave and enter the neighbourhood
B, (s*). But this implies uoo([pj, pj+1]) = $* since uo is a uniform limit. Therefore, the
component of u., containing [p;, pj1+1], denoted u., must be constant, thus Area(u.) = 0.

Now, if all s*-punctures are positive, then the constant component can not have a negative
puncture. If it had a negative puncture asymptotic to an intersection point b different from
s*, then v would have to escape the neigbourgood of s* and so could not be constant. If the
negative puncture were s*, then u,. would have to have at least two positive punctures and
so Area(u.) > u > 0.

If all s*-punctures are negative, then the positive puncture must be distinct from s* because
of action reasons. But then the curve must leave a neighbourhood of s* and so can not be
constant.

Step 2: Let py, — 0 for py # 0, and u, — us be a uniform limit for u, € M, . Then for
all k < oo there is a point py, € [pj, pj+1] such that p, & uw(B,).

Let p, — 0. By uniform convergence, if uo([p;, pj+1]) € By (s*), then for k big enough
uk([pj, pj+1]) € By (s*). Consequently, we already obtain a ghost breaking for j, # 0, which
was precluded in Step 1. U
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Lemma 4.3. There is a h > 0 so that for every word w all u € M(w), for [ = [0, uo) or
I'= (—po.(], satisfy
Area(u) > kh,

where k is the number of letters of w coinciding with s*.

Proof. Let 7 > 0 be the radius of B,(s*) as in Lemma [£.2] We can assume that there is a
constant C' > 0 that depends on the explicit plateau function realizing the clasp move so
that

(LoU Ly) N B (s°)

are real analytic. This means that there is a sphere S on Ly so that S = Lo N 9B (s)
so that its neighbourhood is analytic. Now, denote with € the angle in between Lagrangian
planes Ly and L1, then for all R satisfying

r
R < %COS@

a ball of radius R centered at a point ¢ of S intersects only the sheet Ly and not the other
sheet L.

Again thanks to Lemma 4.2, we know that we can choose asymptotic charts on the domains
of the pseudo-holomorphic disks, so that the preimage u™'(B,(s*)) is not going to contain
a non-compact section of these charts. Now, the fact that the boundary condition is real
analytic, we can double our J-holomorphic curve. Assume that our J-holomorphic curve
u: R x [0,1] — C™ maps the upper line of the domain onto the Lagrangian L,

u((R x {1}) Nu™(Br(q))) = Lo N Br(q),

the other boundary condition analogously. Because the Lagrangian is real analytic and the
u is a holomorphic curve we use the Schwartz reflection principle and extend the curve to
its double
it for0<t<1
ul(r ity = { T rU==
—u(t+i(2—1)) forl<t <2
To see that the double is holomorphic (thus smooth by elliptic regularity) we refer the reader
to [EES05a, Lemma 6.2]. Note that we can fix the almost complex structure and background
metric in B,.(s*) to be the standard Hermitian pair.

1
Area(u?) = / (uh)'w = =
Rx[0,1] 2 Jrx[0,1

Now, a straightforward computation yields that
(10u] + [0’ ) (7 +i(2 = 1)) = (|07l + |Byul) (T + it)

and the symmetry of the domain now implies Area(u?) = 2Area(u).

Now the monotonicity lemma used for double u?¢ whose image contains ¢ and on the
interior of the strip intersects the ball Br(q) yields the estimate Area(u?) > C”R?. Finally,
this yields

} 0,ul| + |0ul| dr A dt

1

Area(u) > C2R2 = h.

The proof is finished once one observes that for every puncture asymptotic to s* we have
one such ¢ as above. O
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Lemma 4.4. There is pg > 0 so that for all |p| < po, only finitely many words w can be
realised in the clasp move by a pseudo-holomorphic curve:

e cither having all the punctures asymptotic to s* negatively,

e or having all the punctures asymptotic to s* positively.

Proof. Let M be the biggest action of a Reeb chord of A,, then any curve with k positive
punctures asymptotic to s* has area

(4.2) M + k|u| > Area(u) > kh,

where the second inequality follows from Lemma [£.3] Choose |u| < h, then inequality ([£.2)
is satisfied only for finitely many 0 < k. Proof for £ negative punctures follows similarly via
the inequality M > kh. ([l

Corollary 4.5. The pinched pseudo-holomorphic curves are not a part of the compactifica-
tion of curves M_,(w) with multiple positive punctures for fized pn > 0 small enough.

Proof. Assume that we have a limit of pseudo-holomorphic curves that converges to a pinched
configuration, then we can choose p = a(s,) strictly smaller than A that we obtained in
Lemma [£.3] As pinched component has k positive punctures at s, area is at most ku by
Stokes’. Thus, we obtain a contradiction

kh < Area(upinen) = ka(s,) < kp.

O
Corollary 4.6. Ghosts do not appear in the limit as p, — 0.
Proof. This follows by Step 2 of Lemma [£.2] O

Remark 4.7. Note that the assumption that the J-holomorphic curve in our moduli spaces
can have only one sign of the asymptotic marker at all punctures asymptotic to the clasping
chord is crucial in the proofs above. Otherwise, one can not, in general, prevent the ap-
pearance of ghosts and pinched configurations leading to beautiful connections with string
topology, see [CLOT], [Ng10], [Duk24], [Avd25].

4.2. Analytic sketch. At this point, we know that 9_,, 0)(W) and M ., (W) can be com-
pactified. However, it is not obvious that these are 1 dimensional manifolds with boundary
and that the compactifications match over y = 0 and give rise to a moduli space, which is a
1 dimensional manifold.

Proposition 4.8. For py > 0 denote
g‘n[—ﬂovuo]('w) = ﬁ[—11070) Uﬁ(owo] and p: m[—uo#o](“’) - [_N07 ,UO]7

where p(u) = p if u € M, (w). There is a po > 0 so that if dim M, (w) = 0 for all |u| < po,
then the projection map p is a local diffeomorphism onto [—po, tio]-

Now, it is clear that Theorem directly follows from the Proposition 1.8

The strategy of the proof is as follows. Assume that we have a disc in the moduli space
over u = 0, then we have to prove that the local structure of the moduli space close to the
disc is the one of a 1 dimensional manifold.

The analytical framework for Legendrian contact homology of embedded Legendrians was
established in [EES05a]. However, over 0, our Aq is émmersed. Moreover, one learns that
the Banach manifolds used in [EES05a] allow only variations of the candidate maps from
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punctured discs for pseudo-holomorphic curves that are tangent to the Lagrangian projection
along the boundaries of the disc. To model the clasp move, one has to define a vector field
(called V' called clasping vector field, see Appendix |[A.1.1)) that is pointing in the normal

direction along the boundary. And so, to set-up the analytical framework, one has to

(1) extend the set-up of [EES05a] to include immersed Legendrians,
(2) thicken the relative Banach manifolds to account for the normal variation given by
the clasping vector field V.

These two tasks are done in the Appendix [A|so that the proofs of [EES05a] apply verbatim
to this new set-up and contain no analytical innovation. Here, we sketch the main strategy
of proof, deferring details to later sections of the Appendix [A]l

Proof. Fix ;= 0 and consider uy to be a J-holomorphic map from a punctured disc that is
asymptotic to the double point s corresponding to the clasping chord and with boundary on
Lo =IIp(Ag). That is, u is a zero of a Banach section

.FQ:W[)—>57

where W is the Banach manifold of so called candidate maps, and Jj is locally modelled by
the Cauchy-Riemann operator d;;. The proof of the surjectivity of DFy follows verbatim
from those in [EES05a] as all the strategies achieving this result concentrate close to the
exceptional positive puncture that is not asymptotic to s. The proof of this fact is a simpler
version of the one in Appendix and so we omit it.

We model the clasp move (A,),er in the Lagrangian projection (see Definition using
a so-called clasping vector field V' (see Appendix . On the Banach manifold side, this
"thickens” our source Banach manifold W to

W, =N B R,

an affine Banach fibre bundle of candidate maps for the .J,-holomorphic curves (see Definition
A.11)), where W, = p~*(p) describes the set of maps with boundary on L, = IIp(A,,). Let

F:N—=E
be the section of affine Banach bundles so that
Fu Wy —= €&

is the section corresponding to the operator d;, ;(¥,(-)). We want to prove that F, is a
family of sections so that DF, is a family of Fredholm operators that is C' in the u variable,
that is

(4'3) |\IJ—M oF,o0®, — F0| < OO(U) and |Duu]:u - DUO‘FO| < Ol(ﬂ))

where C; are continuous functions that vanish at g = 0. The proof of the inequalities
follow by expressing variations of all the first-order variations of ¥_, o F, 0 ®, up to order 1
in the coordinate . This is shown in Lemma [A.T5 Therefore, we obtain that D,,J, must
be surjective for p small enough, as surjectivity is an open condition.

We care about moduli spaces 9t;(w) that are expected to be one-dimensional mani-
folds with boundary. Note that there is a unique smooth structure compatible with all
Cl-structures on a one-dimensional topological manifold. That means that it is enough to
obtain a C''-structure.

For this, we need to use the infinite-dimensional version of the inverse function theorem,
which requires the quadratic estimate and a uniform bound on right inverses.
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Lemma 4.9 (Floer’s Picard lemma). Let X,Y be Banach spaces and let F': X — Y be a
continuous map. We write
F(x) = F(0) + L(x) + N(x),

where L(z) = (DoF')(x) is the linearization of F' and we suppose that there is a continuous
G:Y — X and a constant C' such that

(1) Lo G == [dy,

(2) [|GN(x) = GN(y)|| < C([[z[| + llyIDllz = yl| for all x,y € B(O,r),

(3) ||GF(0)|| < £, where e = min(r, z5).
Then there exists a unique o € Im(G) N B(0,¢) such that F(a) = 0. Moreover, we have
that ||af| < 2[|GF(0)[]

In our case, F' is the operator given by the section F expressed in local coordinates of
our Banach manifolds. Note that the first assumption of Picard’s Floer Lemma is equivalent
to the non-stationary transversality (that we comment on in Appendix [A.3). The third

assumption is obviously satisfied since we start with ug so that d;;u = 0.

Lemma 4.10. There is a constant Cy > 0 so that the non-linear term N of F in a neigh-
bourhood of w,, satisfies

IN (0, o) = N(w, o) [[1 < Cn([[0]l2 + o] + [[wl]2 + | ([0 = w[l2 + [0 = 1)

for all variations v and w.

Proof. Follows almost verbatim the proof of [EES05al, Lemma 8.16], which uses the properties
of the geometric set-up, expressing the delbar operator in Jacobi fields, reformulating the
problem into a multivariable calculus one. U

To obtain the constant C' in the Floer’s Picard Lemma, we require also the uniform
estimate (in ) on the right inverses G . In the case of gluing, these are more challenging to
obtain as the asymptotic weights interfere with the estimation. In our case, the clasp move
happens in the compact part of the curve, and so we can dismiss the influence of the weights
completely. What is more, one can find an explicit formula for approximate right inverses

as the path of linearisations is C! in x4 by Lemma |A.15]

Lemma 4.11. Let T, : X — Y be a C'-family of surjective Fredholm operators and let
K : X =Y be the derivative of T,, at u = 0. Then there exists a family of bounded operators
G, so that

(1) T,0G, =1,
(2) there is an po > 0 and a constant C' so that for all |u| < o
(4.4) |Gl < C.

Proof. The derivative yields that for every ¢ > 0 there is a g > 0 so that for all |u| < po
(T — To) — pK|| <e
Let Gq be the right inverse to Tj, then
1T,Go — (1+ K Go)| < e
Now, choose jip small enough so that ||uKGo|| < 1, thus

7= Y (1) (K Gy
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satisfies (1 + uKGy)Z = 1. The Banach space X splits as X = X’ @ ker T, for every p and
denote 7, : X — X' the canonical projection. Denote G, = m, 0 GoZ. Let G, be any family

of right inverses of T},, denote G, = 7, o éu-
Let G, and G/, be two maps, then

IT,G), — T,G,]| < e implies ||7,G), —m,G,|| < C'e

for some constant C’ > 0. To see this, it is enough to realise that 7), om, o G, = T,G, and
T, om, o0 G; = TMG:L and that, on the compact interval [—pyg, io], the continuous function
|7,|| attains a maximum.

Finally, by elementary inequalities and the sum of geometric series, we obtain the uniform
bound

IGoll _ _
T— mollK[11Gol

Gl e

Gl < N1Gy = Gl + IGL]] < C'e + _
' S g 1 — pl[K]][|Goll

C

O

Lemma 4.12 (Implicit function theorem). Let us assume that the Lemma holds. Then
fore < 2, the zero set F~1(0)NB(0,¢) is a smooth submanifold of dimension dim(ker(DoF))
diffeomorphic to the e-ball in ker(DyF).

This finishes the proof for words w containing letters s,. The claim for words w not
containing the letter s, follows from the enhanced transversality Lemma O

APPENDIX A. BANACH MANIFOLD SET-UP FOR IMMERSED LEGENDRIANS

The proof of the floor-crossing follows closely the foundational results in [EES05a] and
[EES05¢]. There is very little analytical innovation; the proof strategies and computations
are standard and most likely non-surprising for the experts in the field. In this section,
we will explain how to modify the foundational setup of [EES05a] so that it can deal with
immersed Legendrians. The original work of [EES05a] constructs the domain-dependent
metrics using the fact that one works with Legendrian embedding. More specifically, this
assumption has an impact on the construction of Banach manifold charts and, consequently,
all the analytical results that follow. Nevertheless, once one redefines the domain-dependent
metrics appropriately, the proofs found in [EES05a] and [EES05¢] follow verbatim. We will
thus not reprove the key results as Fredholm property, transversality, and gluing, but we will
show how to pose our problem so that the established analytical machinery can be used.

The task is then to prove that our setup is sufficiently regular in the variable u, the clasp
move parameter. For that, we will have to write down the expansion of all the trivializations
of Banach fibre bundles in the p variable with respect to metrics that depend as well on the
4 variable, which will require some technical details.

Before we dive into the lengthy construction, let us outline the structure of the argument;

e Construct a suitable metric § that is used to import the local model of the clasp move
to P using the Weinstein neighbourhood theorem and variation along the clasping
vector field V/,

o Define the family of metrics g, and the corresponding almost complex structures J,
so that some geometric properties are satisfied, and later necessary for our analytical
setup,
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e Define the appropriate metrics on the domain and target of a map ug : D,, — P,
eliminating the dependence on the Legendrian. Here, we will comment on why such
a change is only cosmetic.

e Using the map wug : D,, — P as the centre of our future Banach manifold charts,
we define a domain-dependent extension of the vector field V. We prove that this
extension satisfies the boundary condition (this is why the domain-dependence is
necessary).

e We will define the thickening A/ and expand the trivialisations in the pu-variable
providing us with some regularity results.

Let us remark that our analytical problem is an order of magnitude simple than gluing.
The reason is that the clasp move enters the analysis only in the compact part of the domain
eliminating the difficulties with the asymptotic weights.

A.1. Geometric preliminaries.

A.1.1. Normal bundle identification and the metric §. Here, we recall identification from
Section 5.2. of [EES05a]. Let A be a closed manifold, and = : T*A — A be its cotangent
bundle. Let g be a metric on A. Cosider the bundle T'w : T(T*A) — T*A. Then for each
q € Aand p € T; A we have a splitting T(,0)(TA) = TA@ker T'r into horizontal and vertical
vectors respectively. Writing A for the zero section of T'(T*A), the splitting reads

TA(T*A)=H, &V, =TA® T"A.

Define J, an almost complex structure by J,HH = V. Here the horizontal vectors are of form
h € T,A and the action of J, on h is given as

(A1) Joh = g(h,-) € T*A.

Definition A.1. Let g be a Riemannian metric on A. We say that a Riemannian metric g
on T*A is Kéahler along the zero section if
L4 Q‘A =49,
e A is totally geodesic submanifold of 7*A when embedded as zero section and the
geodesics in A are exactly those in metric g,
e if v is a geodesic in A and X a vector field in v*(7*A), then X is Jacobi if and only
it J,X is Jacobi.

Note that this metric always exists and can be explicitly constructed from ¢ and its
curvature tensor R, see Section 5.2 of [EES05a] for details.

A.1.2. Metric g in flat chart and the clasping vector field V. We can choose the metric g on A
so that ¢ is flat in the neighbourhood of the endpoints of the clasping chord. This assumption
simplifies the metric § considerably. Now for the details; Therefore, the Christoffel symbols
of g vanish. The covariant derivative of g on T*A then looks like

The splitting into the vertical and horizontal subspace under this connection then looks like

Vigp) = span{0;-} = TyA,  H,yp) = span{0;} = T;A



32 FILIP STRAKOS
The Sasakian almost complex structure J, on T*A characterised by J(V) = H can be
expressed in the coordinates as
Jaj* = —gkjak, JOJ = g]kak*
Now the metric g is just the product metric since the curvature term vanishes

G)IX,Y) = gp) (XY + g*(0)(XV, YY),
where ¢*(p)(p,v) = g(p)(u#,v*) for p,v € TrA, where # : T*A — TA is defined by
a() = g(a#,.) for any a € T*A. Dually, define the map b : TA — T*A by w’(-) = g(w,-)
for any w € T'A and recall that for all o, 3 € T*A and v, w € T'A it holds that

g (W w’) = g(v,w),  g*(a,B) = g(a®, %),

where ¢g* denotes the dual metric to g. Furthermore, in the splitting H &V = TA®T*A the
Sasakian almost complex acts like the following block antidiagonal operator

y= [g Oﬂ |
Now, we compute that the Sasakian almost complex structure is compatible with g,
G)(IX, JY) = gp)(JX)", (JY)™) + ¢"(p)(JX)", (JY)Y),

=g(p)(JX", IY") + g (p)(JX", JYT),
= g(p)(—(X")", —=(Y")") + g () (X, (Y 1)),
=g ()X, YY) + g(p) (X" YT,
= g(v)(X,Y).

Let V be the Levi-Civita connection of the metric § on T*A.

Lemma A.2. The Sasakian almost complex structure J, is convariantly constant with respect
to g, that is
VJ=0.

Proof. We derive the identity out of the local expression for J. Note that the product metric
g is also flat since g is and so all the Christoffel symbols must vanish. Therefore,
Va.0s = 0,

for all o, 8 € {1,2,...,n,1%,2* ..., n*}. Moreover, let G = (g;;) and G~' = (¢g) be the
matrix of the Riemannian metric and its inverse, then

1=G"'aG,
0=V (G HG+ G 'Vy (G) =V, (G HG +0,
so Vo, g = 0. Now, finally,
Vo.J0; = Vo, (9ix0k) = Vo, (9:1) 0k + 9jxVa, (O) = 0,
Vo J0j+ = Vo,(—g"0) = —Va,(9") 0 — §"V 5,00 = 0.
[

Lemma A.3. The bundle T*A is Kdhler on T*U, where U is the subset of A where the
metric g is flat.
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Proof. We have shown that the Sasakian almost complex structure J is compatible with §
and that it is covariantly constant. It is left to prove that w(X,Y) = g(JX,Y) is a closed
form, which is obvious since w is the standard exact symplectic form on T*A. 0

A

To make the notation less cumbersome we adopt a slight abuse of notation and denote V
by V.

Now, we explain how we use this special flat model to import the local model of the clasp
move (see Section [2]) to the Lagrangian projection.

Let V' be a vertical vector field defined on A supported on the neighbourhood where ¢ is
flat and IIp(A) is embedded. This means that it can be extended to a small neighbourhood
of ITp(A) so that it looks constant on the cotangent fibres close to the zero section. We abuse
the notation and denote this extension to a vector field on IIp(7T*A) with V. Let us note
that in the neighbourhood, where the metric g is flat, the exponential map with respect to
the metric g of the vector field V' in time p looks like a translation by p in the direction of
V', in local coordinates;

bu(q:p) = (¢ p + 1V (q))-

Let p : A — R be the plateau function defining the clasp move. Let us consider a form
dp € T*A, then we get a gradient VIp € T'A using the metric g on A as dp = g(V9p,-). We
identify V9p with its image under the embedding T'A into T'(T*A) as horizontal vectors.

Definition A.4.

L = i(exph (279%) ).
where we exponentiate J,V9p along the zero section of T'A with respect to the metric § on
TA. We define A, as the lift of L, into P x R.

In local coordinates, L, looks like a graph of pidp over the zero section giving the immersed
exact Lagrangian L. Therefore, L, is still an exact immersed Lagrangian. One can observe
that the following Lemma holds.

Lemma A.5. The family of immersed ezact Lagrangians L, lift to a clasp move as defined

in Section [2.01.

A.1.3. Family of metrics g,. Let g, be the metric on A given as the restriction of the metric
g onto A,. This is possible since L, is embedded on the support of the variation and does
not change around the immersed parts for p small. This is the same as a metric induced by
a diffeomorphism ¢_, : L, — L as the pull-back

Iu = -9
Now, construct g, on T*A as in Section 5.2 of [EES05a] and we denote by V* their Levi-

Civita connection. Furthermore, we construct the almost complex structures J, on P so
that g, is Kahler along L,. Then it follows from Lemma 5.6 in [EES05a] that

(A.2) V%LJ#X;L - JHV%LXM
for T, tangent to L, along L,. This is a foundational identity crucial for the construction of
all the Banach manifold charts that in the end allows us to elegantly express the O 7, using
Jacobi fields.

Unfortunately, when dealing with the variation u, of Jy-holomorphic curves ug : (Dy, j) —
(P, Jp), one needs the variation vector field V' to satisfy boundary conditions of being .J,-
holomorphic along the boundary, which are impossible to satisfy with a single vector field
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V. Thus, we are forced to define a domain-dependent extension V,,(¢, q) of the restriction of
V' to L, so that V,(¢,q) is holomorphic along L,. This will be made more precise in what
follows.

A.1.4. Cauchy-Riemann equation in the product. Let (D,,, j,wo) and (P, J,w) be symplectic
manifolds with tame almost complex structures. We consider the symplectic product (D,, X
P, wy @ w) with the almost complex structure .J = j @ J. Observe that a (j, .J)-holomorphic
map ug : D,, — P induces a map

iig : Dy — Dy X P,

In particular, the image of g in D,, x P is an embedded submanifold and so any vector field
in T'lg(D,,) can be extended to a vector field in T'D,,, & T'P. In particular, the equation

diioj=JoTu
translates to du o j = J o du.
Note that, by construction, we have the canonical splitting

@ (T Dy, ® TP) 2 TD,, ® u*TP,

We have to make the set-up graphical to be able to define the extension of V' from the
boundary to the interior of D,,. This is impossible in non-graphical context as images might

not be embedded.

Lemma A.6. Let u,(() = expio(c)(uV(uo(C))) for ¢ € dD,,. Denote 0. = du, - 8, and

d, = du,, - 0;. There exists a p-family of cut-off functions o, supported in the neighbourhood
of the boundary component where V(u,(C)) is supported, and a p-family of functions f, so

that f(¢) =0 for ¢ € 0D, éTfM =0, and étfu = 1. Moreover, the vector field defined as

Vul6 10 = (V(l©)) + FulO LTV (,(0))) au(€)
satisfies the following two conditions for all ( € OD,,;

(A.3) VilGun(€)) = V(uu(C)),
(A.4) VHVU(C q) + Ju o VHVL(C g) 0 = 0.

Proof. Let ( = 7 + jt be conformal structure near the boundary of 0D,, so that 7 is the
direction tangent to the boundary 0D,,. Then it is enough to prove that

vguWBTVM(C?uM(C)) + Jyu o Vgu#-atvu@a “u(C)) =0 for all ( € 9D,,.

The existence of the families o, and f, is obvious, in conformal coordinates f,(¢) =t. The
proof follows from direct computation and assumptions on the families;

V5 ValCun0)0) = (T4, + 4o V4, ) - Vilda(€))
= a(Q)(V4V + 08OV + FuQVS T4V + LTV
—Oufy VIV + [T VAV J,Jf) +d.a, (v A V)

+ B (LY = 1OV V)
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O

A.1.5. Family of metrics on the pull-back bundle. Here we construct a neighbourhood of the
boundary 0D,, and a domain-dependent family of metrics on the pull-back bundle u*(T'P)
so that the family of metrics is constant near the boundary and the partial derivatives of the
family are uniformly bounded.

We diverge from the set-up of [EES05al, Section 5.3]. In particular, we are not constructing
a family of metrics in P (that uses the embedding property of A, the Legendrian lift to
the contactisation P x R). Instead of the geometric approach, we formulate the problem
more virtually and construct a domain-dependent family of metrics on the pull-back bundle
(T Dy, x TP). The sought family of metrics will be the product metric of the family of
metrics on the domain from [EES05a] and the metrics constructed below.

Recall, that we denote by h a background metric on P. Denote by N, the image of
DA in P under the composition II o t. We choose r small enough so that the metric § on
T*A is injective. Now, let N,(u) = ug'(N,), this forms a neighbourhood of the boundary
0D,,. The boundary 9D,, decomposes into components 9;D,,, spanning from the puncture
p; to the puncture p;,;. For each 9;D,, consider Q; = (Ilp o ¢)"*(u(9;D,,)) a subset of the
zero section of DfA, denote by ¢’ the push-forward of the metric § under the map IIp o«
restricted to D?Q; and write N7 (u) for the components of the set u™ (IIpoc(D}Q;)) that have
non-empty intersection with @;. If the sets N/(u) are not pair-wise disjoint outside of the
asymptotic neighbourhoods Uj_, E;[1], then choose r smaller to contain all the intersections
in the respective asymptotic neighbourhoods. Let G be the space of Riemannian metrics on
P. There is a smooth function ¢? : D,, — G so that

h if ¢ & UjLo N} (u),
9°(CQ) =1¢ if ¢ € UjLo Nz (u) \ UL £5[1],
Grw I C=T1+it € ULy Ejl],

where gi +it is asymptotic family of metrics constructed as follows; assume that the lines R
and 7R map to the components @;, and @,

gﬁ: L = g% for ¢ in a neighbourhood of 0,

¢’ i = ¢’ for t in a neighbourhood of 1,

the family of metrics interpolates in between ¢’ La = ¢ and 7 L = ¢ in t so that
the derivatives with respect to the coordinates 7,t are uniformly bounded,

e and, as we approach the boundary of the asymptotic neighbourhood with the compact
part of the domain the neighbourhoods N%O(u) and N%l (u) become disjoint and we

interpolate in between them to make ¢g° smooth.

Repeat the construction above for every p to obtain the family of the metrics g7 ().

A.1.6. Modification of the standard set-up is cosmetic. First let us recall some details from
[EES05¢]. We wish to construct a structure of Banach manifold of the space Wh(b; k)
consisting of pairs of maps

(u, f): (D,0D,,) = (P,R)
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satisfying following two conditions;
(A.5) (u, £)(¢) € L, for all € 0D,y;

(A.6) /8 (0;(u),v)ds = 0, for all v € CY(OD,,, T**' D,, @ u*(TP)).
D,

We denote by F' the extension of f : dD,, — R into F : D,, — R. The construction of the
C'-chart around some (u, f) goes via exponentiation of the elements the tangent space at

(u, f),
U Ty, pyWae(b; 6) = Wa (b k),

U(0)(¢) = expli()” (v(¢).
where T(,, /)W, (b; k) consists of all v € Hy (D, u*(T'P)) so that
(A7) U(C) S Tu(()L C Tu(()P for all ( € D,

(A.8) /8 (V v,w)ds = 0 for all w € CQ(OD,,, u*(TP)),
Dm

denoting V ;v = Vv + .J o Vv o j, where V is the connection on u*(TP) given by the point-
wise dependent metric g?(F(9). This is well-defined only in some 7-ball around (u, f) where
1 depends continuously on the minimal injectivity radius of the metrics g% for 0 < o < 1.
Note that this construction depends on the extension F'.

Remark A.7. The choice of a family of metrics in section induces an analytical set-up
which is almost identical to the one of [EES05¢] and [EES05al, so we use notation established
there with one important difference. Instead of choosing a smooth function p : PxR — [0, 1]
which yields a (P x R)-dependent family of metrics g” on P, we defined a family of domain-
dependent metrics g% on the bundle u*(T'P). We eliminated this dependence carefully so
that the analytic package of [EES05¢] can still be used. All the proofs of [EES05¢] translate
verbatim into this slightly more general setup. This is possible since, in the crucial steps, the
dependence of the family of metrics on the lift in P xR is purely of convenience. Nevertheless,
for the sake of completeness, we cover some of the crucial steps below.

Gluing: In [EES05¢]| asymptotic neighbourhood of the punctures on the disc has canonical
neighbourhoods E;[0] conformally equivalent to [0, 4+00), x [0, 1], and a complex structure so
that ¢ = 7+t for ¢ € E;[0]. To be able to glue J-holomorphic curves together, one changes
the asymptotic coordinates on E;[0] near negative asymptotics to (—oo, 0] x [0, 1] using the
conformal equivalence

T+t — —7 +i(1 —t).

Then to construct the approximate solution one uses the domain-dependent family of metric
¢”F"(@) to define the approximate solution on the interpolating region. Compare with Section
4.3. in [EES05¢|. Note that here, the dependence on the lift F' gives us a globally defined
prescription of how the metrics change under the conformal equivalence of the asymptotic
neighbourhoods F;[0]. Therefore, in our more general set-up, we need to keep track of which
boundary component gets mapped to the lower or upper sheet, which is the reason for the
introduction of the sets ); above.

Fredholm problem: In Section 4.1. of [EES05¢], there one writes out the linearization of
the d;; at (u, f) in the form

_ _ 1 ~
DA y;lv] = V0 = §J o (VyJ)odyu=V;,v+ Ku,
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where v is the tangent space of the Banach manifold of candidate maps W.y. Then one
realises that for DO 77 to be Fredholm, it is enough to prove that K is a compact opera-
tor. That is true, provided we have h a smooth matrix-valued function with all derivatives
bounded satisfying Kv = h(v) - du - v. The derivatives of h depend on the metric g7, which
we constructed carefully to retain this control.

Transversality: In Section 4.2. of [EES05c], one can achieve transversality by perturbing
J near special regular oriented curves close to one distinguished positive puncture. Here,
the linearization reads

DéJJ‘[U,)\] = 5J7jv + Kv + KS7

where the term Kg describing the variation of J does not depend on ¢°.

A.2. Banach manifold charts.

A.2.1. Banach manifolds V,WW, and N . In this section, we first recall the construction of
the Banach manifold Vs, from [EES05¢|. Then we will follow with a modified construction
of the Banach manifold W, (the original construction can be found in Section 3.1.2 of
[EES05¢]). We have to alter the former construction to mitigate the dependence on the lift
to the contactisation P xR. Then, we define the Banach manifold A/, which is a ”thickening”
of W given via the variation of VW along the vector field V' defined in Section ??7. In the end,
we describe the Banach bundles induced by the variation of the almost complex structures
j and J and the invariance of the clasp move on thereof.

Denote by Ha (D,,, RY) the Sobolev space of functions that have k derivatives (possibly
in the sense of regular distributions) in weighted L?-space with weight function exp(e|7|) in
the asymptotic local models. Let us recall the construction of the Banach manifold V,, from
[EES05¢, Section 3.1].

Lemma A.8 (Lemma 3.1 of [EES05d]). Let M, N > 0 be big enough and n a metric on
RY so that P is a totally geodesic submanifold. Fix b =by,... b, an ordered set of double
points of L C P and a reference function fy, : Dy, — RY that is constantly equal to b; in a
neighbourhood E;[M] of p; € D,, for every j. on Dy,. Then there is a C*-Banach manifold
Vo o(b; k) consisting of the continuous maps u : D,, — P C RN so that

u — fb & 7‘[275(Dm,RN).

In addition, the tangent space of T, V2 (b; k) at any u € Vs (b k) is canonically isomorphic
to the space Ha (D, u*(TP)) with C* local coordinate map around u being

Hoe(Dp, u*(TP)) = Vo (b k),
v (¢ expy g (v(0)))-

Definition A.9. Define W, (b; k, J) as the subset of elements u € V,(b; k) fulfilling the
boundary condition of u and an L2-vanishing condition on the trace of du:

(A.9) u(C) € L, for all ¢ € 0D,y;
(A.10) /a (01;,u,v)ds = 0, for all v € C(OD,,, T**'*D,, @ u*(TP)).
Dm

Lemma A.10. For M > 0 big enough. The set Wy (b, J) is a closed C*-submanifold
of Vo (b; k) with a tangent space at u isomorphic to a closed subspace of Ha (D, u*(T'P))
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consisting of v satisfying the following conditions;
v(C) € Tue)L, for all ¢ € OD,,,
/aD (Vjj.0,w)ds =0, for allw € Cy(OD,,, T*' D,,, @ u*(TP)),

with

Vv =Yv+JoVuvo j,
where V is the Levi-Civita connection given by the projection from the pull-back bundle
u*(T'D,, x T'P) of the connection induced by the domain-dependent metric g,. given by the
maps u and t. In addition, the local C'-coordinate chart around u € Wy .(b; k, J) is given by
(A.11) O TWs (byk, J) = Wy (b k, J)
(A.12) Q[v](¢) = expife) (v(C))
on an 0-ball around w, where § > 0 depends continuously of the injectivity radius of the
metrics gy = g(<)(C) ® g°(C) for any C € Dy.

Proof. The proof follows from the proof of [EES05al Proposition 5.9] translated to our no-
tation and so we omit the details. 0J

Note that the variations v giving rise to the tangent space T, W, (b; x, J) must be tangent
to the Lagrangian projection L along the boundary. Nevertheless, the vector field V' defining
the clasp move is pointing in the normal direction. And so, we need to define a ”thickening”
of the Banach manifold W (b; k, J) to account for the variation along V. To make our
set-up fit into the foundational analytical set-up, we will first construct affine Banach fibre
bundles accounting for variations of the geometric data and then we construct the thickening.

Let us denote &; ((b; x, J) the Banach bundle over W; ((b; k, J), where the 0, ;_-operator
takes values. This can be identified with the bundle of complex anti-linear maps

T* Dy, — @ (T Dy, x TP)

with appropriate weighted Sobolev norm. In particular, the fibre over u € Wy (b; &, J)
consists of elements

A € Hi(Dyy, Hom™ (T D,,, @* (T D,, ® TP)))

satisfying an L?-vanishing boundary condition
(A.13) / (A, W) for all W € CO(8Dyn, T*' D,y @ @*(T'Dy, © TP)).
&Dm

Note that the symbol Hom%! refers to the (J, j.)-complex anti-linear maps. Denote II, be
the parallel transport along the unique geodesic from @(¢) to @, = ®[v](¢) in the metric ¢g*".
Let A be a smooth path of sections of @(7TD,, & TP). We set

J)\:H;\10JOH)\

To describe how the almost complex structure changes along the variation. And to trivialise,
observe that we can write

Jy = J(l + SA)_l(l — S)\) for S, = (J+ J)\)_l(J)\ — J)
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It is a standard argument (see [EES05¢, Section 3.2.1. and 3.2.2.]) that the following map
sends (.J, jx)-complex anti-linear maps to (J*, j.)-complex anti-linear maps

B : Hi(Dy, Hom® (T D,,, @* (T D,, ® TP))) = Hy. (D, Hom* (T D,,, @* (T D,, ® TP)))
Ars (1 - SMHAQ +7)
and v = (Jux + Ju) " (Uur — Jn)- To obtain the trivializations of the target & .(b) we choose
paths v(s) as above. And so the d-operator gives rise to a section;
F: WQ’G(b) — 51,e(b)'
A.2.2. Thickening Ny (b).
Definition A.11. Define N, (b; k, J) C Wh(b; K, J) xR, C Vs (b; k) as follows; for every
u € Wh(b;k,J) and 1 € R define the splitting
Ty Nae(b; i, J) = TN (b; 5, J) & TeNs (b 5, J),
where TIN5 (b &, J) = TW, c(b; K, J) and TN, (b; k, J) = R, and a map
(A.14) U T Wa(bsk, J) = Vo (b; k),

(A.15) o, 1)(¢) = expin ey [y (v(0)).

To simplify the notation, we adopt the following abuse of notation ¥[v, u](¢) = u,(().

Lemma A.12. There are constants po, M > 0 so that Na(b;k,J) is a C'-Banach affine
fibre bundle with horizontal tangent space canonically identified with a subspace of maps of
Ho (D, u, (T Dy X TP)) satisfying the following moving boundary conditions

(A.16) vu(C) € T o)Ly for all ¢ € 0Dy,
(A.17) /8 (V gt W) = 0, for all w, € CY(ADy, T @' (T Dy, x TP)).
Dm

Moreover, v, = I,y (v) and U is a C'-map of Banach manifolds, which is C*-with respect
to the p-coordinate.

Proof. First, let us check the boundary conditions. We have that

05,5 [0, 1)(¢) = X2 (O) + JuXI(C),

where J, is the metric induced by g, and X*(() is a Jacobi field of g*" at time s = 1 along

the geodesic v(s) = expiir((g))(s(ﬂuvv({ ))) starting at u(¢) given by the initial conditions

[(XF(OI0) = Fruu(C), and [V, XF(()](0) = Vo, (v v).
For X, substitute ¢ for 7 in the initial conditions. Now, as in [EES05a, Lemma 5.12], one
finds that the second boundary condition holds if and only if V J,.j Uu vanishes along the
boundary. This is obvious in our case as we constructed our metrics g, and subsequently
the almost complex structures J, so that equation (A.2) is satisfied.

In the variation along the normal direction V, we have to show that d;, ;u,(¢) = 0 for
¢ € dD,,, however, as above, this is equivalent to V,, ;V,(¢) = 0 for ( € dD,,. That is
follows from the construction of V', see Lemma [A.6]

Now, we will use the infinite dimensional implicit function theorem for maps with com-
plemented image (see [Lan06, Corollary 5.5]). And so, we need to prove that there exists a
neighbourhood of the origin in T;, , N> so that the map D, ,V : T, , N> . — T, Vs is injective
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and has closed image. The rest of the proof is standard and follows analogously to [EES05al,
Section 5].
O

Remark A.13. Note that we constructed the immersion ¢ : (DA, Js.s) — (P, Jp) so that
¢ is a (Jsas, Jp)-holomorphic map, in particular, it depends on Jp. This forces us to fix
the almost complex structure during the clasp move. That is we use only the auxiliary
complex structures J, that come from the variation in the p direction. In other words, the
derivatives % and a% do not commute in general. This choice is a key step in enhancing the
transversality considerations.

A.3. Non-stationary transversality. Here we discuss the fact that our problem is trans-
verse and the transversality arguments from [EES05¢] apply.

We have a smooth section 0 : Ny (b) = & (b).

Lemma A.14 (Non-stationary transversality). Let A be a chord generic unobstructed Leg-
endrian immersion with a clasping chord s of length 0, let (w, i1, jr, J) € Nae(b) such that
0yj.uy = 0. Denote by A, the clasped Legendrian.

(1) Let Ja fam be the space of admissible families almost complex structures to A, around
J, then the linearization D3y, at (u,p,jx,J) is surjective.

(2) Assume that w is not an exceptional disk and let L jom be the space of admissi-
ble families of Legendrian immersions around A,, then the linearization Da]’jm at
(u, p, jr, J) is surjective.

Proof. Proof of both points almost verbatim follows from the proof of [EES05¢, Lemma 4.5]
and [EES05a, Theorem 7.12]. Nevertheless, the details of the non-stationary transversality
in Theorem 7.12 were left out for notational reasons since no new thought is needed to finish
the proof. And so, we will include a rough sketch of the proof in our case for completeness.

Let us concentrate on the second point, that is j, and J are fixed and we are varying
the family A,. First, one constructs Ham(A, ;) a linear space of admissible perturbations
a: P — R so that

e a has support close to IIp(A,),

e there is a small ball for each of the double points of IIp(A) so that a is real analytic
there,

e the differential of a vanishes at the double points and also it sends them to zero.

Moreover, the balls and support are required to be uniformly bounded. So that, for a fixed
i, A, remains admissible after the perturbation of A by the Hamiltonian vector field induced
by a. Then one fibers tivially those spaces over a small interval parametrised by u as

pHam(A,) = Ham(A, p)
o
and defines a perturbed thickening ./\fz,e,p Ham(A,) Dy as a Banach bundle over pH am(A,) its
tangents space given as
Tt Noepramn,) = TiuptjoN2e ® pHam(A,)

One also has to fiber &, the target of the d-operator, over pH am(A,) analogously. And
so, one obtains a section Ogm : Ng,e,pgam(/\u) — 51767pHam(Au). We denote the projection
onto pHam(A,) by pr. One seeks to prove that (Opem,pr) is transverse to the zero-section,
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that is DO is surjective. Since we are working with spaces with L%inner product, we
can translate the former statement to the vanishing of the annihilator of the image of the
linearization. The elements of the annihilator are represented by anti-holomorphic elements
through an integration of parts argument.

It turns out, that it is enough to work in a very small neighbourhood of the unique
marked positive double-point. Note that the family A, does not move any double-points
and so we can take this ball uniformly small in the family. Because we have one special
positive puncture ¢* (that does not map to the clasping chord s since A is unobstructed)
we can not have a branched cover appearing and so, it is enough to prove the transversality
in the complement of exceptional disks. Then, one chooses balls around pre-images of c¢*
under u. There is only finite number of them because of the asymptotic estimates on the
rate of convergence of u towards ¢*. Now, in the clasping family, those preimages are not
moved around since they lie outside of the asymptotic neighbourhood of the clasping chord.
This allows us to complete the proof using the same local considerations using the Schwartz
reflection principle as in [EES05al, Lemma 7.12].

O

A.4. Stationary transversality. Having the non-stationary transversality is not enough
to reason that at g = 0 the linearization of the restriction of the d-operator to the fiber over
p =0 of Ny (b) is surjective. One could rephrase the former in the smoothness properties
of the moduli spaces as follows: the moduli space 9t(b,s) is a 1-dimensional manifold by
the non-stationary transversality. Still, the projection onto R parametrizing the clasping
parameter p could have = 0 as a critical value. Showing the stationary transversality at
this point yields that (b, s) is diffeomorphic to the collection of intervals close to pu = 0.

A.4.1. Variation of the geometric data. By [EES05al, Lemma 5.4] we have

3i5(a,0) = 9ij(Q) + D pspeAZNQ), Gii+(0,0) = 9i5(q), Gije( Z ps9;x(q)TE,,
s,t=1 s,k=1
where
A?]t Z gkr FT ( ) + Risjt(Q)‘
k=1

We know that in local coordinates ®,(p,q) = (¢,p + pdp). We have defined g,(q,p) =
§o®,(q,p), therefore, by straightforward computation §,(q, p) = g(q,p) + uE(q) + 1*Q(q),
where

= > (19sp(q) + ps0ip(q)) ATI(q), Esej = 0, Eij(q Z 9sp(q)gi1(q)TE (q).
Satzl St 1
Qi;(q Z dp(q) - ALN(q), Qirj(q) = Qij=(q) =0
s,t=1

Note that the operators F amd () have their support contained in the support of p. Moreover,
that g, (q) = 97" (¢) — ng~ (O E(q)g~"(q) + O(1?).
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DO | —

5, ] = ; e (&gu,w + Osuse = aéguﬁe)

@ 1 fe% -1
=I5, + Pla ; (9 ’ (aeEgg + 04, — 36Ege) — Es (@%,55 + 0pGu.se — 359#,56» + O(1?)
= ng + MECI;B’Y + O(M2>

The Sasakian almost complex structure compatible with g is expressed in the local coordi-
nates as

J(0j+) = —g" (Or + pals(0)05 ), J(35) = g (q)Op + g (q) (erzfs(q)@z +prva§s(Q)F};(Q)8t*>'

Thus, the Sasakian almost complex structure that arises from g, has the following expression
in the same local coordinates;

Ju(05) = = > g8 (O + Y (p + pdp)ilr 1l (q)0sr)

7,8

—1 .
= J(05) = 1Y Efy (O +pilis(0)0s) + g% (20 + (Op - Tig(q) + PrBri(0))0s:)) + O(1)
k
= J(0;:) + pEj + O(1?)
A.4.2. Second variation along the clasping parameter.

Lemma A.15. The operator aym(uu) has the Taylor expansion at u = 0 equal to
_ _ _ , 1
(A.18) 01,.5(uy) = 055(u) + u(Vy;V +Vyd - du-jn — §J£VJ - 07(u)) + O(p?).

In particular, the family of operators (0, ;(u,)), is continuous in .
Moreover,

(A.19) D,,0,, [0, A, 7] = Du0y,[v, Ay + pK[v, A, 4] + O(1?),

where K[v,0,0] : Hoe — Hi, s a compact operator. In particular, the family (Duua]wj)u is
a Ct-family in p of Fredholm operators with derivative at 0 with respect to p equal to K.

Corollary A.16. The clasp move induces a continuous path in Fredholm operators, and so
does not change the index of the problem.

Proof. The computation of the linearization of the 0 jj-operator almost verbatim coincides
with the computation in [EES05¢, Section 3.5].

Duué[v, A, K]

is the linearization in variations with respect to the vector field v, variation of the clasping
family A, in the space of admissible families of Legendrian immersions, and variation in the
conformal structure k. We will need to expand the total linearization as linearisation of the
problem over the fibre over ;1 = 0 plus a polynomial in p with coefficients being operators
independent of .

Variation in v: Under the trivializations above, we can write

(A.20) 9y5(u) = (1= Sxu) "My o I pa, () (duy, + Jx i 0 duy, 0 ),
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where Jy ;, = 11, () Jullmm,, (w0)- Recall,
Ju=J + pE’ + 0(1?),
Now, (1 —Sy,)"' =1+ Sy, + O(N?) and one obtains
1
Syp = —)\ijuvD%vJu +0O(\?),

1
- _)EJ#(VU + 1V vy o) Ty + OV,

1

= —AE(JVvJ + 1(B/VyJ + IV, E? 4+ IV, ,J)) + O(\?) + A\O(11?),
1

= A5 IV + A B [v] + AO(p?) + O(N?).

We want to write the first-order approximation of I1_,Vg4,,,II,v in p at 0 in Riemannian
normal coordinates. Let () = exp, (1V), denote X (1) = Vgy, Il v and Y (p) = H_, X (p1).
Then X (0) =Y (0) = V4.,V and

D
@X(N) = Vi) Vau,nI1v,
= Vvﬂ./(u)du”.nnuv + vduu'ﬁvﬁ(u)nﬂv + R(’}/, du“ . 77)1—[#1),
D
D X(0) = Ve + Vawy Vv o+ R(V.du 1) v

Let us denote
Bywys =Vv,wv+Vy,Vyv+ RV, w)v.

Then Y (1) = VaunV + pBv.aune + O(1?). And so,
Iy ollpe,y, . (dexp,,, (ALyv) - 1) = v (duy, - 1+ AVay, o1l + O(A\)
=du N+ pVaunV + AV aunv + ABy gy
+ AO(1%) + O(N).
Now, observe that for an endomorphism E and a vector field y it holds that
II_,E — Ell_., = eV,E + O(e?),
and so we compute similarly to the identity above that
H—MVOH—D%HW ,,J/\,p(deXPu# (ML) - jn) =
— T, (JMHHMU dexp, (A1) - i+ AVt - dexp, (ATT,v) jn> O
= JIL i, odexp,, (AL v) - jn — pVyJ - dexp, (AL v) - jn
+AVan_ .y o - I pyvdexp,, (ALl v) - jn
= NV (Va7 ) - dexp,, (AL ) - jn + XO(i?) + O(Y)
= J(du - jn) + pJVaujnV + AV ayjnv + At By gu.jno — Vv J - du - jn — AV gy.nV
+ AV, J - du - 1+ pAV oy - ViV + AMiVyy o - du - jn + O(p?) + AO(1?) + O(\?).
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Finally, compare the expansions above to define the operator S;[v] and conclude that

_ _ 1 _
(A.21) D,,0;,;[v,0,0] = Vv — §J(VUJ)8JJ-U + S [v] + O(u?),
(A.22) = Dy[v,0,0] + pK;[v] + O(u?).
Variation of A, in admissible families of Legendrian immersions: Let A € R describe the
variation of Ay in the space of admissible Legendrian immersions that

e outside of the clasping chart looks like variations through admissible Legendrian
embeddings,

e keeps the clasping self-intersection point a self-intersection point,

e does not introduce any new self-intersection points.

For details, see the construction in [EESO5al, Section 5.4]. This yields a domain dependent
family of difeomorphisms
@S : Dpy x P — D, x P,
Cr (G 9))

and realise that @y, = ® o ®, is a domain-dependent family of diffecomorphisms so that
®, ,(A,) is an admissible family of Legendrian immersions. Note that for ¢ and A sufficiently

small, we have that <I>§\ odP,=®,0 <I>§\ since the metric is flat near the clasping region and
the diffeomorphism can be modelled as a flow of a domain-dependent vector field. Similarly
to the above, we trivialise

01(u) = (1 = Sx) Ty DO (A5 () + J © dBS () © )
Write ®§ = id + AYy + O(\?). Then as above,
(1=Sx,) ' =148\, +0),
Sxu = _)‘;Ju(ﬁyf Ju) +O(N%),

= AL ULy ) + N+ O) + O(N).

Therefore, we can compute that

Dy, 010, A, 0] = —;J(£Y§J><du — Jduj) + <§2Y§>d< + J(in)dc 0 j + pk [\ + O(?),

= DO[0, \, 0] + pK o[\ + O(1?).
Variation of conformal structure x: In our trivialisation this corresponds to

afu,j(uu) =(1- SM)_ln—uV(duu + J o duy, 0 j(1+ey)(1— EV)_l)(l + 57)_1
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Similarly to the computations above one obtains
= 1
0y5(u) = (1— uiJVvJ)(du N+ 1V V)

(- M;JVVJ)(J(du (1 = ) + TV w1 V) + Vo d - du- (1 — e7)
+e0(1?) + O(e?),

D, 8015[0,0,7] = =0;5(u) 0y = ((VauV + IVawjonV + Vv - du - jym) + O(p?)
= D.,85;(0,0,7] 4+ pkKsly] + O(4?)

Variation of A along the family A,: We will express the operator 5] 7,,Uu in the local
trivialisations as the variation of 9;;u, that is

5‘]#’.7'”.“ = (1 - S/—")ilH*}LV(duu + J e} duu O])

Analogously to the above, we obtain that
(1= 8,07 = 1= ST (Ly ) + O(2)
and that
0y, jtp = 055 (w) + t(VaunV + JVaujnV + Vv J - du - jn — ;JEVJ - 05(u)) + O(p?),

_ _ |
= (9J,j(u) + ,U/(VJJV + Vv dJ - du - n — §Jﬁvj . aJJ(u)) + O(/ﬁ),

As we mentioned earlier, it is important to separate the variations of the Legendrian and
the almost complex structure. And so, we should perform the same computation as the
above for A being a parameter in the almost complex structures. We will consider of only
the variation with respect to J since the Taylor expansion of the other directional derivatives
can be obtained by an argument analogous to the above.

Variation of the almost complex structure J: We vary the almost complex structure J
through the ones for whom I1p(A) is admissible. Especially, close to the double points the
almost complex structure does not change. Note that the construction of the immersion ¢
and the associated metric g’ depends on J and so we are forced to change it along the
variation. Fortunately, we perform the clasp move sufficiently close to the double points
where the almost complex structure J and so the metric g’ does not change. We thus can
assume that the variation of the almost complex structure J is given by a one-parametric
family of diffeomorphisms

®*: D, x P— D, x P
that act as the identity on D,, and

e ®* acts as the identity on small neighbourhoods of the double-points,

e in the complement of those neighbourhoods the Lagrangian projection IIp(A,) is
a submanifold and so has a small normal neighbourhood. There ® interpolates
in between S) 5y ! close to the zero-section and the identity far enough along the
normal fibres.

Then the variation of the almost complex structure J is given as

Jau =D®* o J, 0 DO,
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In our trivialisation,
Oy () = (1= S3) "' D, DB NP (1) + Iy, d® (1) )-
Let us denote ®* = id + \Yy + O(\?)By computation analogous to the above we obtain
I = L1425, + ON\?))

1
Sap = )\JM(—§£YAJM) + 0O\
Therefore,
- 1
Du, 05,10, 2,0 = =5 T (L33, T) (D) + Sx(Ds ) + paA] + O(1%),

= D00, \, 0] + pK4[\] + O(1?).
O

A.5. Enhanced transversality and marked points on the boundary. The goal of this
section is to prove that the clasp move does not influence the rigid curves without a puncture
at the clasping chord.

Lemma A.17. Let n > 1 be the dimension of the Legendrian submanifold and let w be a
word in Reeb chords that does not contain s, and dim M, (w) = 0. Then there is po > 0 so
that v« M u0.u0] = [—1os fo] s a local diffeomorphism.

The proof of this proposition is standard and follows the proof of [EES05D, Proposition
4.10]. It follows from the following two lemmas, whose proofs we include for completeness.

Lemma A.18 (Corollary 9.22 in [EES05h]). No rigid J-holomorphic disk in P without a
puncture at s, maps any boundary point to s,,.

This Lemma can not hold for knots, limiting our results about the clasp move to higher
dimension.

Proof. Fix an arbitrary point p, on L,. Let (, be a marked point on the boundary of D,,.
Define the evaluation map

eV¢, Z./\/’275(C) — LM‘
The evaluation map is smooth and transverse to p, since for any direction, one can construct
a variational vector field, thus spanning 7, L,. Define

Nae(€; s Go) = evg, (pp),

a closed submanifold of Na(c) of codimension equal to dim L. Observe that the tangent
space of Ny(c;py, o) is spanned by the vector fields satistying the standard boundary
conditions and moreover that they vanish at (5. One can define a new Banach manifold
parametrised over the boundary of D,, with standard trivialisations

Noclesp) = U MNaelespp, Go).
€D,

Let #H(p) be the space of suitable Hamiltonians so that the induced Hamiltonian diffeomor-
phisms fix p. One can see that the proof of transversality follows through as (; lies in the
compact part of the curve. This yields a locally regular moduli space, denoted with 9,(c; p).
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Therefore, we have a Baire set of admissible clasp moves L, so that the assumption of the
Lemma is satisfied. Else, the transversality and the Fredholm property implies that

dim9M,,(c; p) = ind DT,

where I' : Mo (c) — Hi. is the section given by the perturbed 0 operator. Fixing u the
section looks in trivialisation as

' Rx W2,e(c;p> — HLE’

the first coordinate describes the variation of (, along the boundary and the evaluation cuts
out a codimension dim L submanifold out of the second factor, so the dimension formula
yields

dim M, (c,p) =dim M, (c) —dimL+1=0—-n+1 <0,

which can not generically occur. 0

Lemma A.19 (proof of Lemma 4.4 in [EES05b]). There is d > 0 so that no rigid disk
without the clasping chord as a puncture maps any boundary point B(s,,d).

Proof. For contradiction, let v; — (vl,...,vY) be a limiting sequence of rigid curves so that

one of the limit curves intersects all balls B(s,, d), which means that either the curve breaks
at s or that it has a boundary point mapping to s.

The second case is ruled out by Lemma as
> ind v, = indv; =0,
K

and no rigid v’ can generically touch s, therefore, the broken sequence must contain a curve
of negative formal dimension.

There are no ghosts in the limit, and so Stokes’ inequality obstructs the possibility of s
being a positive puncture with other negative punctures. We have shown in the proof of
Lemma that there can not be any disk with no negative puncture having s as the only
positive puncture. This concludes the proof. 0

APPENDIX B. EKHOLM’S FLOW TREES

Here we will explain the Ekholm’s flow tree technology (see [EkhQT7]). This section does
not contain any new results and should not be perceived as a complete survey of the topic.
The aim is to explain the flow-tree technology sufficiently so that a reader not familiar with
such techniques can read and understand the proof of Lemma [3.6]

Let A be a closed Legendrian embedding in J'(R™) = T*R™ x R (with the standard contact
form dz — ydzx), where x are the coordinates on the base R", y are the coordinates on the
cotangent fibre, and 2 describes the contactization direction. Let ITg : J'(R") — R™ x R be
the so-called projection

(x,y,2) — (z,2).
We say that the set I1z(A) is the front of A. It is a stratified set, where each strata is a smooth
manifold. The top-dimensional stratum is a smooth n-dimensional manifold (possibly with
corners). We will call these sheets S. The lower-dimensional loci can be collected to a
so-called singular set. For our methods to work, we need to assume that we work with a
Legendrian submanifold has simple singularities of its front (for details see [EKh07, Section
2.2]). In our case, the front has only cusp singularities that are simple.
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Let U; be open sets of R™ and f; : U; — R be functions locally parametrising the sheet S;
over U;. Say that U; and U; overlap, then we define the so-called local difference function

fij - fz - fj‘

The critical points of the local difference function correspond to Reeb chords starting at
the sheet S; and ending at the sheet ;.

Now, the flow trees are trees in the base R", where the edges are negative gradient flow-
lines of local difference functions so that the vertex is (generically) either

e critical point of the local difference function (we denote these with a full circle). See
Py, and P;-vertices in Figure |16}

e a point, where three trajectories of three local difference functions meet, and which is
not a point in the projection of the singular set. See vertex Yy in Figure |16 (denoted
with a circle).

e a point, where three trajectories of three local difference functions meet, and which
is a point in the projection of the singular set. See vertex Y; in Figure (16| (denoted
with a circle).

e a point, that is in the projection of the singular set. See vertex F in Figure
(denoted with a circle).

e in general, we have to allow more vertices (S-vertex), but these do not appear in the
computations of this paper, and so we leave them out (for details see [Ekh07, Remark
3.8])

Note that different edges can be flow-lines of different difference functions. We require that
the indices of the local difference functions adjacent to the Yy, Y7, and P;-vertices satisfy the
relations as in Figurdl6] In the upper part, we draw the lift of the flow-tree into the front
projection: the polygon coloured light blue, the sheets in grey, and the Reeb chords in dark
blue. In the lower part of the figure, we draw the corresponding flow-tree in the base. Note
that the Pj-vertex is a combination of a Yy-vertex, where one of the outgoing trajectories is
a constant trajectory (ghost) over a Py-vertex.

The spaces of flow-trees have the same expected dimension formula as the spaces of pseudo-
holomorphic curves, and the same Stokes bound on the quantity substituting area applies to
the flow-trees. For the flow tree to be rigid, it has to lie in the appropriate intersections of the
stable and unstable manifolds of the local difference functions. This means that a rigid tree
can a priori contain a trajectory that is not rigid; however, the interaction with a different
sheet (through P, Yy, or Y; vertex) rigidifies the trajectory. We will draw the flow tree as the
superposed polygons in the front projection that are the lift from the base. Note that along
the flow, this polygon should have decreasing action along the fibres of R” x R — R™. This
action can be zero in one of the admissible vertices, else it is not an example of a flow-tree
(this happens frequently in the presence of intersecting sheets).

Let ¥(a;b) be a space of flow trees with a positive vertex at a and a negative punctures
at Reeb chords b = b; ... ;. The dimension of this space is dim T(a;b) = |a| — XF, |bi| — 1.
There is a bijection of rigid flow trees and the space of rigid pseudo-holomorphic curves in
T*R™ with positive puncture asymptotic to the double point corresponding to a, negative
punctures asymptotic to the double points b;’s, and the boundary mapping to the Lagrangian
projection L = I1p(A) (see [EKhO7, Theorem 1.1]):

T(a;b) 4= M(a; b).
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fa1

FI1GURE 16. Vertices generically appearing in the flow-trees. Note that the
pictures for P;, Y, and Y; can be inverted along the vertical axis. The blue
full dots denote the projection of Reeb chords that are denoted with blue line
segments. The non-full dots represent some extraordinary point in the base.

We use this bijection to compute the differential of the Chekanov-Eliashberg algebra of the

k-clef spheres in Lemma [3.6
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