
FLOOR CROSSING FOR LEGENDRIAN CLASP MOVE

FILIP STRAKOŠ

Abstract. We investigate the effect of the clasp move of Legendrian submanifolds of di-
mension 2 and higher on the moduli spaces of pseudo-holomorphic curves that contribute
to the differential of the Chekanov-Eliashberg algebra. As an application, we compute the
Chekanov-Eliashberg algebra differential of twist spheres Λk of dimension greater than 1.
Moreover, we construct an infinite family of Legendrians T (Λ, k) from any horizontally dis-
placeable Legendrian Λ in P × R, such that the Chekanov-Eliashberg algebra of T (Λ, k)
admits an augmentation, while T (Λ, k) has no exact embedded Lagrangian filling of vanish-
ing Maslov class in the symplectization of P × R for sufficiently large k.
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1. Introduction

Let (P, dη) be an exact symplectic manifold and P ×R be its contactisation. We call the
canonical projection ΠP : P ×R→ P the Lagrangian projection and we consider embedded
Legendrian submanifolds Λ of P × R so that their Lagrangian projection L = ΠP (Λ) is an
exact closed immersed Lagrangian with transverse self-intersections. The intersection points
of L correspond to the Reeb chords of Λ of the Reeb vector field of the contact form α = dz−η.
We denote the set of the Reeb chords R(Λ). The Chekanov-Eliashberg algebra (A(Λ), ∂) is
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Figure 1. Representation of the (un)clasp move at a Reeb chord in the front
projection of a Legendrian knot if read from left to right (vice versa).

a tensor algebra over Z2 of the vector space spanned by the elements of R(Λ) with grading
determined by the Conley-Zehnder index of the chords and differential counting the pseudo-
holomorphic polygons in P with boundary on L. Note that the stable tame isomorphism
class of A(Λ) is a Legendrian isotopy invariant, see [Che02],[EES05a],[EES05b],[EES05c].

In this paper, we will investigate the change of the differential ∂ under the (un)clasp move,
a specific regular homotopy through Legendrian immersions. Let us give a brief description
of this move (for more details see Section 2). The action a(c) =

∫
c∗α of the Reeb chord c

corresponds to the length of the projection of c onto the z-coordinate. Let us assume that
Λ has a Reeb chord s0 of action 0, meaning Λ is an immersed Legendrian with a transverse
self-intersection point s0. We construct a family of immersed Legendrians Λµ so that the
family coincides with Λ everywhere except for a small neighbourhood of the self-intersection
and so Λµ is a Legendrian embedding for all µ except for µ = 0. In the family Λµ, we realise
the self-intersection s0 of Λ0 by contracting a Reeb chord sµ of Λµ, where the sheets with
the end-points of sµ locally pass through each other along the clasp move. For µ > 0, we say
that Λµ was obtained by a clasp move of Λ−µ centred at sµ. Conversely, Λ−µ is obtained by
performing an unclasp move on Λµ centered at s−µ. Figure 1 illustrates the move from left
to right; the reverse direction corresponds to the unclasp move.

In general, the (un)clasp move might produce a loose Legendrian out of a non-loose one
and vice versa. As an immediate corollary of this fact, the h-principle for loose Legendrians
(see [Mur19]) yields, in Section 3.1, bounds on the higher-dimensional Legendrian unknotting
number for Legendrian spheres in terms of the self-linking of its Lagrangian projection. And
so – in contrast to its smooth equivalent for knots – the higher-dimensional Legendrian
unknotting number of Legendrian spheres can attain only a finite number of values for a
fixed Thurston-Bennequin invariant, see Proposition 3.2.

An augmentation of A(Λ) is a degree 0 map of differential graded algebras
ε : (A(Λ), ∂)→ (Z2, 0),

where Z2 is concentrated in degree 0. We denote with Aug(Λ) the set of augmentations of
A(Λ). The clasp move of connected Legendrian knots was studied in [PR19]. There, one
considers the immersed Lagrangian cobordism Σ in the symplectization of P ×R induced by
the clasp move from Λ−µ to Λµ. Counting certain Ekholm’s flow-trees [Ekh07], one defines
the so-called immersed cobordism map, and one obtains an algebraic subset IΣ of Aug(Λµ).
Note that IΣ might not, in general, coincide with Aug(Λµ). In this paper, we describe how
the contributions to the differential of Chekanov-Eliashberg algebra of Λ−µ (of dimension at
least two) change under the clasp move. This means that we understand the full change of
Aug(Λ−µ) to Aug(Λµ). It is unknown to the author how the inclusion IΣ ⊂ Aug(Λµ) and the
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Figure 2. Illustration of the floor-crossing changing the clasping puncture
from positive to negative.

variety Aug(Λ−µ) relate to each other. Our methods rely on a certain genericity condition
for J-holomorphic curves (see Section A.5) that fail in the case of Legendrian knots, and so
the full effect of the clasp move on the augmentation variety remains open for dim Λµ = 1.

Let us summarise the effect that the clasp move has on the contributions to the differential
of Chekanov-Eliashberg algebra before and after the clasp move; new contributions are
coming from the curves with possibly multiple positive punctures asymptotic to the clasping
chord, and the old curves with a negative puncture asymptotic to the clasping chord stop
contributing.

More precisely, fix µ. Let w be a word in Reeb chords of Λµ containing exactly one letter
a, possibly several letters sµ, and possibly several letters bi distinct from a and sµ. We abuse
the notation and denote the Reeb chord of Λµ and the corresponding intersection point of Lµ

with the same symbol. Let Mµ(w) denote the moduli space of pseudo-holomorphic polygons
in P with boundary on Lµ and with boundary punctures are asymptotic to the letters of w
in the order prescribed by w. Where all elements of Mµ(w) have

• exactly one positive puncture asymptotic to a,
• negative punctures asymptotic to bi,
• negative (positive) puncture asymptotic to sµ if µ is positive (non-positive).

Moreover, the order of letters in w determines counterclockwise the order of boundary punc-
tures in the domain of the polygon. Consult Section 4.1 for more details and Figure 2 for
illustration. We can proceed with the statement of the main theorem of this paper.

Theorem 1.1 (Floor-crossing). Let n > 1 be the dimension of the Legendrian Λ, µ > 0,
and w be a word of the Reeb chords of Λ±µ so that dimMµ(w) = 0, then the moduli spaces
M−µ(w) and Mµ(w) of rigid curves are compact and diffeomorphic.

Observe that (un)linking is an obvious example of the (un)clasp move for disconnected
Legendrians. Here, Theorem 1.1 follows from [Avd25, Lemma 3.19], where the pseudo-
holomorphic curves are counted in the symplectization. The main point is that even though
changing the sign of the asymptotic does not fit into any standard analytic framework in
the symplectization, the Fredholm index of the problem in the Lagrangian projection does
not change as µ varies. One can then relate the curves in the symplectization and in the
Lagrangian projection via the lifting procedure of [DR16b]. The proof of [Avd25] relies
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heavily on the fact that for unlinking, the Lagrangian projection does not change, which is
obviously untrue under the clasp move of connected Legendrians.

When dealing with pseudo-holomorphic discs of multiple positive boundary punctures, one
can a priori expect the boundary of the moduli spaces to degenerate so that contributions
interact with the string topology of the Legendrian, see [CL07], [Ng10], [Duk24], [Avd25].
We rule out these contributions in Section 4.1.

The Lagrangian projections Lµ do not change too much, and so we prove the floor-crossing
considering the count of pseudoholomorphic curves in P with boundary on L0, the Lagrangian
projection of the immersed Legendrian Λ0 representing the instance of the (un)clasp move
when the action of the Reeb chord that we contract vanishes. The proof follows to a major
extent the analytical set-up of [EES05a], however, we have to modify it a bit since the original
set-up uses the assumptions of the Legendrian being embedded in several key constructions.
After that, the proof boils down to the fact that the Cauchy-Riemann equation on disks with
boundary punctures mapping the boundary on the Lagrangian projection of Legendrians
forming the (un)clasp move produces a continuous path in the space of Fredholm operators
of certain regularity, which substitutes the argument of the invariance of the Lagrangian
projection of [Avd25, Lemma 3.19].

As an application of Theorem 1.1, we generalise the computation of Chekanov-Eliashberg
algebra of twist knots from [Mey99], see Figure 3, to arbitrary dimension.

Proposition 1.2. Let n ≥ 1 and k be a natural number. The Chekanov-Eliashberg al-
gebra A(Λk) of (n + 1)-dimensional Legendrian k-twist sphere Λk in R2n+3 has precisely
one augmentation ε for k > 2. Moreover, the linearised Legendrian contact homology has
Poincaré-Chekanov polynomial

PΛk
(t) =

∑
j

tj dim LCHε
j (Λk) = t−k + tn+1 + tn+k.

For references on Legendrian twist knots, see [Mey99], [EFM01], [ENV13].

... ...
... ...

Λ(k, l)unknot

l k

Reidemeister Move I clasp move

kl

Figure 3. Meyer’s examples of Legendrian twist knots Λ(k, l) in the front projection.

We say that a Legendrian Λ in P ×R is fillable if Λ = ∂LΛ of a cylindrical exact embedded
Lagrangian LΛ with Maslov class 0 in the symplectization R×P×R. The filling LΛ induces an
augmentation εLΛ of A(Λ). We say that the augmentation εLΛ is a geometric augmentation.
If there exists a Hamiltonian isotopy ϕt

H in P so that ϕ1
H(ΠP (Λ)) and ΠP (Λ) are disjoint, we

say that Λ is horizontally displaceable. Using the Seidel-Ekholm-DimitroglouRizell isomor-
phism, see [DR16b], and the duality long-exact sequence of linearised Legendrian homology
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of horizontally displaceable Legendrian, see [EES09], provide examples of non-geometric aug-
mentations of Legendrian knots. To the best of the author’s knowledge, the only examples
of non-geometric augmentations of Legendrians of arbitrary dimension were produced in
[Gol23], using the results on the spinning construction, and so importing the results from
the low-dimensional case to arbitrary dimension. Nevertheless, this approach restricts the
possible topological type of the Legendrian to be a product of spheres. Using the ambi-
ent Legendrian surgery, see [DR16a], we are now able to produce plenty of non-geometric
augmentations; what is more, we produce classes of Legendrians that are not loose but not
fillable in arbitrary topological type of arbitrary dimension n > 1.

Corollary 1.3. Let n be an odd number, k a natural number, P an exact symplectic mani-
fold of dimension 2n with finite geometry at infinity, and Λ ⊂ P × R be a closed embedded
horizontally displaceable Legendrian so that its Chekanov-Eliashberg algebra admits an aug-
mentation. Then, there is a class of Legendrians T (Λ, k) so that the following conditions
are satisfied.

• All T (Λ, k) are diffeomorphic to Λ.
• Both Λ and T (Λ, k) have the same rotation class and the same Thurston-Bennequin

invariant.
• For k > 2, all T (Λ, k) are mutually Legendrian non-isotopic and none of them is

Legendrian isotopic to Λ.
• None of T (Λ, k) is loose.
• For k > 2, none of T (Λ, k) admits a single augmentation coming from embedded

exact Lagrangian filling in R× P × R of Maslov class 0.

Acknowledgements. The author thanks his supervisors Frédéric Bourgeois and Lúıs Diogo
for their patience with his first steps involving pseudo-holomorphic curves and for their
helpful advice during this project. The author is grateful to Russell Avdek and Milica
Dukić for conversations about the pseudo-holomorphic curves with multiple positive ends
and words of encouragement. Finally, the author thanks Georgios Dimitroglou-Rizell and
Tobias Ekholm for the conversations about their work.

Structure of the paper. In Section 2 we construct the local model of the higher-dimensional
clasp-move and prove lemmas controlling basic properties of the clasping chord and provide
a contact topological proof of a standard result from differential topology.

In Section 3, we prove the main applications of this paper. Namely, if we obtain a loose
Legendrian performing a clasp move, we obtain bounds on Legendrian unknotting number
in Section 3.1. For non-loose Legendrians, we provide a generalisation of Legendrian twist
spheres from a particular presentation of a Legendrian unknot to arbitrary dimension in
Section 3.2 and compute their Chekanov-Eliashberg algebra.

In Section 4 we prove the main result of this paper, that is Theorem 1.1. We start with
uniform compactness in Section 4.1, and then sketch the proof of implicit function theorem
in Section 4.2.

The details of the Banach manifold set-up and the geometric set-up necessary are included
in the Appendix A. Appendix B includes a user’s guide to Ekholm’s flow trees necessary for
computations in Section 3.2.
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2. Clasp move

To construct the twist knot, we had to change one overcrossing to an undercrossing. This
change is called the clasp move and was first studied in the Legendrian context by Pan and
Rutherford in [PR19], see Figure 1. The trace of the clasp move is an example of an exact
immersed Lagrangian cobordism with one transverse self-intersection. Here we generalise
the clasp move to an arbitrary dimension.

2.0.1. The local model of the clasp move. Let Λ be a two-sheeted (non-compact disconnected)
Legendrian submanifold of J1(Rn) with one sheet being the zero section and the other sheet
parametrized as the one-jet graph of the quadratic form

h(x) = −(x2
1 + . . . + x2

r) + (x2
r+1 + . . . + x2

n).
There is a unique Reeb chord s of action 0 above the origin corresponding to the critical
point of index r. Consult Figure 4 for illustration.

We introduce a plateau function ρ : Rn → R to locally shift the zero section up, or down,
to resolve the intersection point when µ = 0. So, we define the front projection of the local
model Λµ via the parametrising functions of the upper and lower sheet, respectively,

hu(x) = h(x),
hl(x) = µρ(x),

where ρ is a plateau function that interpolates in between 0 and 1, ρ(x) = 1 for ||x|| < ε,
and ρ is supported on the disc ||x|| < 3ε centered at the projection of the self-intersection
point.

The local model contains a Reeb chord for every point of the base over which the tangent
planes are parallel, that is, when the following two vectors in Rn+1 are co-linear

(∇h,−1) = (µ∇ρ,−1).
This happens over the origin, where we obtain a Reeb chord sµ of action µ. As we might
observe in Figure 4 for L−, for big values of |µ|, one might introduce new Reeb chords.
Equivalently, if the differential of ρ was not chosen carefully enough.

Lemma 2.1. There is a choice of ρε : Rn → R and µ0 > 0 so that no new Reeb chords of Λ
are introduced during the clasp move Lµ = L + µdρε for all |µ| < µ0.

Proof. The new chord would be created when the normal lines to the sheets over the same
point were co-linear. That is, ∇h = µ∇ρ for some λ ̸= 0. We can construct ρ so that
the interior of the support of ∇ρ is Aε, the annular region ε < ||x|| < 3ε in Rn. So that
the maximal ||∇ρ|| is attained along the locus ||x|| = 2ε. Moreover, as we move along the
rays from the origin, the direction of ∇ρ is constant, but its norm depends on the radial
coordinate.

Now, for simplicity, we assume that ||∇h|| ̸= 0 except at the origin. Consider the graphs

Γf =
{ (∇f(x),−1)
||(∇f(x),−1)|| : x ∈ Aε

}
⊂ Aε × Sn+1

for f = h, µρ. Note that any Reeb chord over Aε will be the intersection of these two graphs.
As the direction is the same on the radial coordinate, we see that we can retract the graphs
onto the graphs Γ′ over the (n − 1)-sphere ||x|| = 2ε, without the danger of introducing
new intersection points, so now Γ′

h, Γ′
µρ ⊂ Sn−1 × Sn+1. Note that the graph Γ′

µρ is just
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Front projection

Λ−µ : z = −µρε

Λ1 : z = x2
i

Λ0 : z = 0
Λ1 : z = x2

i

Λµ : z = µρε

Λ1 : z = x2
i

z z

Figure 4. Illustration of the local model for r + 1 ≤ i ≤ n. The objects with
index one are blue and the object with index zero are red.

Sn−1 × (0, . . . , 0,−1) for µ = 0. And as |µ| grows, the distance of the points of Γ′
µρ from

(0, . . . , 0,−1) grows. Finally, Γ′
h does not hit the point (0, . . . , 0,−1). Therefore, there exists

a (n + 1)-disk of points in Sn+1 that have strictly smaller distance than any point in Γ′
h,

which provides us with our bound µ0. We can embed in this disk as we please without
intersecting the Γ′

h.
Observe, that this proof applies as well to the set-up when we have multiple sheets

h1, . . . , hk that might intersect each other. Then we would take the minimum distance
over all the points of Γ′

h1 ∪ . . . Γ′
hk

. □

Definition 2.2. We call (Λµ)|µ|<µ0 the clasp-move of Λ centered at the chord sµ, which we
call sµ the clasping chord.
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Lemma 2.3. The action and the Conley-Zehnder index of the clasping chord can be expressed
as follows:

a(sµ) = |µ| and CZ(sµ) =

r + m(u)−m(l), if µ > 0,

(n− r) + m(l)−m(u), if µ < 0.

Here, m denotes the Maslov potential of the sheets in the local model. The upper sheet and
lower sheet are denoted with u and l, respectively. In particular, for µ > 0,

CZ(sµ) = n− CZ(s−µ),(2.1)
|sµ| = (n− 2)− |s−µ|,(2.2)

where for a Reeb chord c the grading is defined as |c| = CZ(c)− 1.

Proof follows from [EES05b, Lemma 3.4].

Corollary 2.4. The Thurston-Bennequin invariant of Λ ⊂ R2n+1 does not change under
clasp move if n is even. Moreover,

tb(Λµ) = tb(Λ−µ) + 2(−1)
(n−2)(n−1)

2 (−1)|s−µ|+1, when n is odd.

Proof. We know that
tb(Λ) = (−1)n

2 +1 1
2χ(Λ)

when n is even (see [EES05b, Proposition 3.2]). As clasp move does not change the topo-
logical type of Λ, it can not change the Thurston-Bennequin invariant.

Now, if n is odd, by [EES05b, Proposition 3.3], we have:

tb(Λ) = (−1)
(n−2)(n−1)

2
∑

c∈R(Λ)
(−1)|c|.

So,

tb(Λµ)− tb(Λ−µ) = (−1)
(n−2)(n−1)

2 ((−1)(n−2)−|s−µ| − (−1)|s−µ|),

= (−1)
(n−2)(n−1)

2 (−1)|s−µ|((−1)(n−2) − 1),

= −(−1)
(n−2)(n−1)

2 2(−1)|s−µ|,

= 2(−1)
(n−2)(n−1)

2 (−1)|s−µ|+1.

□

Lemma 2.5. The clasp move does not change the rotation class.

Proof. The clasp move produces a regular homotopy through Legendrian immersions. The
rotation class is an invariant up to regular homotopy through Legendrian immersions. For
more details, see Section 3.3 in [EES05b]. □

The following lemma uses the higher-dimensional version of the Legendrian clasp move to
reprove a smooth differential topological statement.

Lemma 2.6 (see [Wu58]). Any two embeddings of Mn a smooth closed n-manifold into
R2n+1 are smoothly isotopic if n > 1.
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The standard proof strategy involves first proving that the two embeddings are isotopic
through immersions, then one modifies the path of immersions so that it passes through
embeddings except for a finite number of instances. Finally, if necessary, one modifies this
path through immersions using a local model, introducing an auxiliary instance when the
path fails to pass through embeddings. The Whitney trick then finishes the proof. We use
the clasp move to construct the local model and control the sign of the intersection.

Proof. Obviously, any two continuous maps Mn → R2n+1 are continuously homotopic. By
Whitney Immersion theorem, this continuous homotopy can be upgraded to a regular homo-
topy H : Mn×I → R2n+1 through immersions. Unfortunately, we are one codimension short
to use the Whitney embedding theorem. Consider the trace of H in R2n+2. By a standard
general position argument, this can be made into an immersion Mn × I → R2n+2 with P
finite set of transverse self-intersection points. Recall the Whitney invariant, as algebraic
intersection number of H

IW (H) =
∑
p∈P

IH(p) ∈

Z, if n + 1 even,
Z2, if n + 1 odd.

By Whitney, H is an isotopy if IW (H) = 0. But H can be modified via the surgery of a
Whitney disk carefully so that the surgered manifold is again a trace of family of smooth
maps Mn → R2n+1. Each surgery eliminates two intersection points (with different sign, if
defined).

In case n + 1 is odd and the cardinality of P is even, we are done and we have an isotopy.
In case n + 1 is even, split P = P+ ∪ P− into P+ the self-intersection points contributing

to IW (H) with positive integer, similarly for P−. If the cardinalities of P+ and P− are the
same, then we are done.

The rest of cases will be tackled by introducing a new self-intersection point (of correct
sign). This will be done using contact topology. First choose a neighbourhood of a point and
isotope this neighbourhood so that it looks like a plane. Then, rotate the plane so that it is an
open subset of a Legendrian plane in R2n+1. Then perform the higher-dimensional equivalent
of the Reidemeister I move in R2n+1, consult Figure 5 for low-dimensional examples. Now,
we will define two regular homotopies Σ±

t , that vary through Legendrian embeddings except
for t = 0. Fix the Maslov potential on the lowest sheet to be 0.

We construct the Σ+ move as the concatenation of several moves (for low-dimensional
example see Figure 6):

(1) introduce a small bump on the lowest sheet, this move is an isotopy and so the value
of IW does not change,

(2) move the top side of the bump upwards, until we clasp the sheet of Maslov potential
0 with the other sheet with Maslov potential 0, this is a regular homotopy with
precisely one transverse self-intersection point that appears at t = 0.

Similarly, the Σ− move is given by composition (see Figure 6)
(1) introduce a small negative bump on the sheet with Maslov potential 1, this move is

an isotopy and so the value of IW does not change,
(2) move the bottom side of the bump downwards, until we clasp the sheet of Maslov

potential 1 with the sheet with Maslov potential 0 below. That is again a regular
homotopy with precisely one transverse self-intersection point that appears at t = 0.
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Figure 5. The front projection of the Reidemeister I move of a Legendrian
knot on the left. On the right, the front projection of a higher-dimensional
equivalent of the first Reidemeister move for a 2-dimensional Legendrian in
R5.

Σ+
0 Σ+

ε
Σ+

−2ε Σ+
−ε

Σ−
0 Σ−

+εΣ−
−2ε Σ−

−ε

Figure 6. Slices of the clasp moves introducing the additional double point
of correct sign

To finish the proof, we have to prove that the moves Σ± produce the correct sign of the
contribution by the point p± they introduce. We can view the trace of Σ± as an exact
immersed Lagrangian in R2n+2 with a single intersection point. It was observed in [EES05b,
Proposition 3.2] that the Thurston-Bennequin invariant of the Legendrian lift of Σ± to R2n+3

is equal to IW (Σ±) and that the contribution of the intersection point is equal to

IH(p±) = (−1)
n(n−1)

2 (−1)|s±|,

where s± is the Reeb chord coming from the intersection point p±. Now, there is an obvious
extension of [PR19, Proposition 8.3] to higher dimension stating that the grading

|s±| = m(upper sheet before clasping)−m(lower sheet before clasping)
is equal to the difference of the Maslov potential of the sheets that we clasped. To conclude,
we point out that |s+| = 0− 0 = 0 and |s−| = 1− 0 = 1. Note that

(n− 1)n
2 ≡ 0 (mod 2) ⇐⇒ n ≡ 0 or 1 (mod 4).
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So, for n ≡ 1 (mod 4), the auxiliary point p± has the correct sign. In the other case, when
n ≡ 3 (mod 4), the ±-notation above has to be flipped. □

3. Applications

3.1. Legendrian Unknotting Number and Loose Legendrians. As we have shown in
Lemma 2.6, there is no smooth knotting of embeddings of Sn in R2n+1 for n > 1, and so
there can not be any smooth unknotting number. However, we can restrict our attention
to Legendrian embeddings as the clasp move provides us with a Legendrian model for the
crossing change. We call the Legendrian lift of the Whitney immersion Sn → R2n the
Legendrian unknot Λun.
Definition 3.1. Let Λ be a Legendrian n-sphere in R2n+1. Define the (Legendrian) un-
knotting number U(Λ) of Λ as the minimal number of clasp moves or unclasp moves up to
Legendrian isotopy one needs to perform on Λ to obtain the Legendrian unknot in R2n+1. If
it is impossible to modify Λ by (un)clasp moves to the unknot, we define U(Λ) =∞.

We will see that the unknotting number is bounded both from above and below by the
self-intersection information of its Lagrangian projection for all the Legendrian spheres with
finite unknotting number. Moreover, the clasp move can produce loose Legendrians and,
using the h-principle results on the loose Legendrian embeddings, one can show that for a
very negative Thurston-Bennequin invariant, the value of the unknotting number provides
an obstruction to a Legendrian sphere being loose.

In [Mur19, Proposition A.4], we learn that there is only one formal Legendrian isotopy
class of Λ, for each pair of values of tb and rot, where Λ a Legendrian submanifold in R2n+1

for n odd and Λ is a stably parallelizable manifold. In particular, all spheres are stably
parallelizable, and so, we denote those formal Legendrian isotopy classes with ℓ(tb, rot).
Proposition 3.2. For n ≡ 1 (mod 4) and for any Legendrian sphere Λ so that rot(Λ) =
rot(Λun) = 0, we have thatU(Λ) =∞, if tb(Λ) is even,

m ≤ U(Λ) ≤M, if tb(Λ) = 2k − 1,

where

m =

|k| if Λ is not loose,
|k + 1| otherwise.

M =

|k|+ 2 if Λ is not loose,
|k + 1|+ 1 otherwise.

In particular, if U(Λ) > |k + 1|+ 1 and tb(Λ) = 2k− 1, then Λ can not be loose. Finally, no
Legendrian of tb = −1 has U = 1.

The proposition implies that for every odd Thurston-Bennequin invariant the unknotting
number has only 3 possible values, except for tb = −1, where there are only two possible
values. For better understanding of the bounds see Figure 7.
Proof. Take any Legendrian embedding of a sphere Λ choose an arbitrary point in the front
projection which is not on a cusp-edge. Now, perform locally a higher-dimensional equivalent
of the Reidemeister I move, and then clasp the upper sheet with the lower one as in the move
Σ− in the proof of Lemma 2.6. Call the composition of the previous two moves a loose clasp
(and its inverse a loose unclasp). To see that the loose clasp move produces a loose chart,
see [Sen23, Example 10.14].
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k

U(Λ)

|k|

|k + 1|+ 1

0−1

|k|+ 2

|k + 1|

Figure 7. Plot of the possible bounds m and M from Proposition 3.2.

In Lemma 2.3 we learn that the loose clasp move around s−µ of any grading preserves
the parity of tb and so, Legendrian spheres of even tb can not be clasped to the Legendrian
unknot, so for those, we have defined U(Λ) =∞.

Assume that tb(Λ) = 2k − 1. Now, the loose clasp around Reeb chord of even grading
decreases the tb by 2 since |s−µ| = 0 and (n−2)(n−1)

2 ≡ 0 (mod 2). Thus, the minimal lower
bound on the necessary number of clasp moves must be |k|. Therefore, performing a loose
clasp on the unknot Λun, we obtain a loose Legendrian sphere isotopic to ℓ(−3, 0). Now, any
Legendrian sphere of rotation number 0 falls into one of these two categories:

• loose, in which case isotopic to ℓ(2k − 1, 0) and so, isotopic to ℓ(−3, 0) after |k + 1|
loose clasps,
• not loose, in which case, we perform |k|+ 1 loose clasps to decrease the tb enough to

be able to isotope to ℓ(−3, 0).
To get from ℓ(−3, 0) to unknot we have to unclasp, this explains the +1 contribution to the
bound M . □

Remark 3.3. Surprise
• The assumption n ≡ 1 (mod 4) assures that the loose clasp decreases tb invariant.

For n ≡ 3 (mod 4), one obtains an analogous statement and proof, where the loose
clasp will increase tb invariant, and we will work with ℓ(1, 0) instead of ℓ(−3, 0).
• So far, n was assumed to be odd. This assumption is significant since there are,

in general, two classes of loose Legendrians for every pair of Thurston-Bennequin
invariant and the rotation class if n is even. As commented in [Mur19, Appendix],
we do not know how to distinguish these two classes.

The unknotting number is very difficult to compute; nevertheless, one could define an un-
obstructed unknotting number, where one forbids the regular homotopy through Legendrian
immersions to pass through embedded loose Legendrians.

Question 3.4. Is there a method coming from the J-holomorphic curves count on a con-
nected, immersed, Lagrangian with cylindrical ends over embedded Legendrians providing
us with a bound from below on the unobstructed unknotting number?
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3.2. Twist Spheres. We will define a class of Legendrian spheres Λu
k in R2n+3 isotopic to

the Legendrian unknot in R2n+3 for n ≥ 1. Then, we will perform a clasp move along a
specific chord of Λu

k to produce a Legendrian sphere Λk. This will generalise the construction
of twist knots in R3 (see Figure 3).

First, we take the Legendrian strand ending with a Reeb chord so that the front projection
is as in Figure 8 in R2 with coordinates x1, z. That is, we start with opened-up Legendrian
unknot of tb = −1 and rot = 0, then we perform a Reidemeister I move. After that, we
modify the sheets of Maslov potential 1 to create two Reeb chords in between them, s0 and
s1. Then, perform k very small Reidemeister I moves close to the lower end of s0. Having this
one-dimensional front, we rotate the front around the axis given by the line which contains
the Reeb chord bounding the Legendrian strand from the right in x1, x2, . . . , xn+1, z (for
details see [Gol14, Section 2]). Since the tangent vector to the Legendrian strand is flat at
the endpoints, the tangent plane to the rotated front is perpendicular to the z-axis, keeping
the centre Reeb chord and proving that the higher-dimensional spin creates an embedded
Legendrian (n+1)-sphere. This would not be true if the slope at the endpoints of the strand
were non-zero. We obtain an Sn Morse-Bott family of Reeb chords for each chord in the front

k

Figure 8. Clef k-sphere

projection except for the Reeb chord that coincides with the axis of rotation. We choose a
Morse function on Sn with precisely two critical points and perturb the Morse-Bott families.
Say that the lowest sheet has the Maslov potential equal to 0. Then, we find the shortest
chord s0, which is the chord starting on the sheet with Maslov potential k + 1 on the top
of the k-times iterated Reidemeister I move and ending on the sheet of Maslov potential 1.
This iterated Reidemeister I move makes the Lagrangian projection look like a gluing of two
reflected G clefs, see the lower right part of Figure 9. Note that the chord s0 corresponds
to the self-intersection in the centre of Figure 9. We call this particular presentation of
Legendrian unknot the k-clef unknot Λu

k .

Definition 3.5. The Legendrian (n + 1)-sphere Λk in R2n+3 that is obtained by the clasp
move of Λu

k centered at s0 is called the k-twist sphere.

For an example of the front projection of Λk ⊂ R5 in R3 see Figure 10.
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Figure 9. Reeb chord creation close to the Reidemeister I (RMI) moves.
The upper part shows the RMI in the front projection, and the lower part
shows RMI in the Lagrangian projection. We can observe the creation of the
intersection points in the Lagrangian projection.

Λk

Figure 10. Front of twist spheres Λk ⊂ R5. Most of the sheets are rotated
about the vertical axis. Two purple sheets exchange the vertical position along
the rotation.

Lemma 3.6. The k-clef sphere has Reeb chords of the following grading

|s0
(k+1)1[i]| = i− (k + 1), |s1

11[i]| = i, |t0
m1[i]| = |r0

m1[i]| = i−m,

|c1
02[i]| = i + 2, |c0

01| = 0, |g1
01[i]| = i + 1, |h1

01[i]| = i + 1,

|f 0
01[i]| = i, |f 1

01[i]| = i + 1, |f 0
12[i]| = i, |f 1

12[i]| = i + 1,

|d0
01[i]| = i, |d1

01[i]| = i + 1, |e0
01[i]| = i, |e1

01[i]| = i + 1,

|d0
12[i]| = i, |d1

12[i]| = i + 1, |e0
12[i]| = i, |e1

12[i]| = i + 1,

for i = 0, n and 0 ≤ m ≤ k.
Moreover, the Chekanov-Eliashberg algebra of the k-clef sphere has the differential given

on generators as follows:
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The minimal part
∂c0

01 = ∂s0
(k+1)1[0] = 0

∂r0
m1[0] = ∂t0

m1[0] =

r0
(m+1)1[0] + t0

(m+1)1[0], if m < k,

s0
(k+1)1[0], if m = k.

∂f 0
m(m+1)[0] = 0 and ∂f 1

m(m+1)[0] = 1 + f 0
m(m+1)[0] for m = 0, 1

∂s1
11[0] = ∂e0

12[0] = ∂e0
01[0] = ∂d0

01[0] = ∂d0
12[0] = r0

11[0] + t0
11[0]

∂g1
01[0] = d0

12[0] + d0
01[0]

∂h1
01[0] = f 0

01[0] + f 0
12[0]c0

01[0]
∂d1

01[0] = c0
01 + e0

01[0] + s1
11[0]f 0

01[0] + (t0
11[0] + r0

11[0])f 1
01[0],

∂d1
12[0] = 1 + e0

12[0] + f 0
12[0]s1

11[0] + f 1
12[0](t0

11[0] + r0
11[0]).

∂c1
02[0] = g1

01[0] + h1
01[0] + e1

01[0] + e1
12[0] + f 1

12[0]e0
01[0] + e0

12[0]f 1
01[0] + f 0

12[0]d1
01[0] + d1

12[0]f 0
01[0]

+ f 1
12[0]t0

11[0]f 1
01[0] + f 1

12[0]r0
11[0]f 1

01[0].

The maximal part:
∂s0

(k+1)1[n] = ∂f 0
01[n] = ∂f 0

12[n] = 0

∂r0
m1[n] = ∂t0

m1[n] =

r0
(m+1)1[n] + t0

(m+1)1[n], if m < k,

s0
(k+1)1[n], if m = k.

∂f 1
m(m+1)[n] = f 0

m(m+1)[n] for m = 1, 2
∂e0

m(m+1)[n] = ∂d0
m(m+1)[n] = r0

11[n] + t0
11[n] for m = 1, 2

∂e1
m(m+1)[n] = e0

m(m+1)[n] + d0
m(m+1)[n]

∂g1
01[n] = d0

01[n] + d0
12[n]

∂h1
01[n] = f 0

01[n] + f 0
12[n]c0

01

∂d1
01[n] = e0

01[n] + s1
11[n]f 0

01[0] + s1
11[0]f 0

01[n] + (t0
11[0] + r0

11[0])f 1
01[n] + (t0

11[n] + r0
11[n])f 1

01[0]
∂d1

12[n] = e0
12[n] + f 0

12[0]s1
11[n] + f 0

12[n]s1
11[0] + f 1

12[n](t0
11[0] + r0

11[0]) + f 1
12[0](t0

11[n] + r0
11[n])

∂c1
01[n] = g1

01[n] + h1
01[n] + e1

01[n] + e1
12[n]

+ f 1
12[n]e0

01[0] + f 1
12[0]e0

01[n] + e0
12[n]f 1

01[0] + e0
12[0]f 1

01[n]
+ f 0

12[0]d1
01[n] + f 0

12[n]d1
01[0] + d1

12[n]f 0
01[0] + d1

12[0]f 0
01[n]

+ f 1
12[n](t0

11[0] + r0
11[0])f 1

01[0] + f 1
12[0](t0

11[0] + r0
11[0])f 1

01[n] + f 1
12[0](t0

11[n] + r0
11[n])f 1

01[0]

If k = 0, then t0
11[i] + r0

11[i] = s0
11[i] in the formulas above.

Proof. First, we identify all the Reeb chords of the clef sphere before the rotation, see Figure
11. The labels in the notation xa

cb correspond to: a is the Morse index of the difference
function of the local height functions, c is the Maslov potential of the starting sheet of the
Reeb chord, b is the Maslov potential of the sheet where the Reeb chord ends. Now,

• the chord c1
02 is the unknot Reeb chord that we start with (see the left-most part of

Figure 8),
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• the chords g1
01 and h1

01 are the Reeb chords created by the big RMI move (see the
part of Figure 8 that is second from the left),
• the chords xa

cb for x ∈ {d, e, f, s} come from the arrangement of the slopes of the
front (see the part of Figure 8 that is third from the left),
• the chords xa

cb for x ∈ {t, r} come from the small iterative RMI moves (see the part
of Figure 8 that is the last from the left).

s0
(k+1)1

t0
11 t0

21 t0
k1

r0
11r0

21r0
k1

g1
01 d0

01 e1
01 e0

01

d0
12

e1
12

e0
12

d1
12

d1
12

f 1
01 f 0

01

f 1
12

f 0
12

s1
11

c1
02

h1
01

c0
01

Figure 11. Reeb chords of the clef sphere. Note that this figure is strictly
diagrammatic. The top-most and the bottom-most sheets have much bigger
slopes in reality.

We perturb out the Morse-Bott loci, the Reeb chords x corresponding to the critical point
of index i will be denoted with x[i]. We determine the grading of the Reeb chords of Λu

k , via
the formula

|xa
cb[i]| = i + a + b− c− 1,

where x is a letter representing a labelling of a Reeb chord, i = 0, n is the index of the critical
point of the Morse function used for the perturbation of the Morse-Bott loci and 0 ≤ m ≤ k.

We organise the Morse-Bott perturbation so that the minima are close to each other and
are separated from the maxima by a hyperplane in Rn+1×R. This immediately implies that
no Reeb chords with i = n can contribute to the differential of a Reeb chord with i = 0.

To compute the contributions to the differential of the Chekanov-Eliashberg algebra, we
will use Ekholm’s flow trees as the rigid flow trees are in bijective correspondence with rigid
pseudo-holomorphic curves; for a brief overview, see Appendix B, and for details, see [Ekh07].

As the Legendrian sphere was defined via spinning construction of the front around a
sphere Sn, we define an ”angular slice” of this Legendrian to be an intersection with the ray
given fixed values of all the angles giving us the higher-dimensional spherical coordinates



FLOOR CROSSING FOR LEGENDRIAN CLASP MOVE 17

used for spinning. This gives us a half-plane R≥0 × Rz in Rn+1 × Rz, there the front of the
sphere coincides with the one-dimensional front.

Now, we will explain that the flow-tree contributions of the Reeb chords corresponding
to the minima of the Morse-Bott perturbation can be seen in the one-dimensional front
corresponding to one angular slice. This is because there is a bijection of rigid flow trees.

Note that the Morse-Bott loci of the Reeb chord form a system of concentric spheres
Sn in the base Rn+1. Before the Morse-Bott perturbation, the Morse-Bott loci have index
either 0 or 1 with their trajectories of the local difference functions parallel to the radial
direction emanating from the origin. We can easily arrange the perturbation of the Morse-
Bott locus to be such that for different local parametrizing functions, the radial trajectories
after perturbation intersect the Morse-Bott loci of all other difference functions transversally.

The bijection is given by projection onto one angular slice, as any trajectories leaving
the perturbed Morse-Bott locus intersect the Morse-Bott loci of other sheets transversally
at a point in the stable manifold of the minimum, inducing a unique and so rigid flow-line
to the minimum. The bijection sends the flow-trees of the angular slice with a P1-vertex
(which is a Y0-vertex with a ghost edge leading to a P0-vertex, see Figure 16) to flow trees,
where this vertex is substituted with a Y0-vertex and the trajectory contained in the former
Morse-Bott locus leading to the P0-vertex is uniquely determined by the intersection of the
radial trajectory with this locus. This means that the ghosts in the angular slice trees are
substituted by trajectories in the Morse-Bott loci when lifted to the higher-dimensional front,
see Figure 12. The bijection also substitutes the P0-vertex in the angular slice for a Y0-vertex
and with a P0-vertex at the Morse-Bott minimum and edge ending at an E-vertex.

The differential of the Chekanov-Eliashberg algebra of Λu
k is computed as follows:

∂s0
(k+1)1[0] = 0

This is because there is no other chord of lower grading.

∂r0
m1[0] = ∂t0

m1[0] =

r0
(m+1)1[0] + t0

(m+1)1[0], if m < k,

s0
(k+1)1[0], if m = k.

We prove the first identity, the second one follows from a symmetric argument. The index
of the critical point representing the Reeb chord t0

m1[0] is 0 and so the only possibility is to
split the Reeb chord along a sheet that it intersects with combination of P0 vertex going to
Y0 vertex along a trajectory of length 0. In between the sheets with Maslov potential m and
m + 1, there is a unique trajectory going to the edge. In between the sheet 1 and m + 1,
there is a unique trajectory going to the minimum in between those two sheets, which is the
chord r0

(m+1)1[0] or s0
(k+1)1[0] depending on the Maslov potential.

The contribution t0
(m+1)1[0] is given by a Y1-vertex at the singular edge, the lower part in

between sheets of Maslov potential m + 2 and m + 1, the lower in between the sheets of
Maslov potential m + 1 and 1.

∂s1
11[0] = t0

11[0] + r0
11[0]

The Morse index of the chord is 1 and both emanating trajectories are rigid. The trajectory
going towards the axis of rotation loses energy at the intersection locus of sheets with Maslov
potential 1. This intersection is not an edge and so the tree is not admissible. When following
the other trajectory, Y1 splitting along the singular edges in between the sheets with Maslov
potential 1 and 2 of the small Reidemeister move yields the first contribution. Moreover,
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P1

Y0

P0

P1 :

P0Y0

P0

E

[0]

P0 :

Y0

P00

[0]

Figure 12. The bijection of flow trees of the whole Legendrian (left) and the
angular slice (right). The black vertical edge corresponds to the projection of
the singular locus of the front projection of the front to the base. The vertical
blue lines correspond to the trajectories created by the perturbation of the
Morse-Bott locus. The circles correspond to the image of vertices in the base,
and the full circles correspond to the P -type vertices.

one has one obvious contribution via going to the minimum in between the sheets of Maslov
potential 1, which is the chord t0

11[0].

∂f 0
m(m+1)[0] = 0 and ∂f 1

m(m+1)[0] = 1 + f 0
m(m+1)[0] for m = 0, 1

This is obvious as f 0[0] are minima with no intermediate sheets to split at and f 1 are of
Morse index 1. The contributions are given by two trees each of them with two vertices.
One tree of two P0 vertices and the other tree of one P0 vertex and one E vertex.

∂c0
01 = 0

The chord is represented by a minimum and there are no intermediate sheets to interact
with.

∂e0
12[0] = ∂e0

01[0] = ∂d0
01[0] = ∂d0

12[0] = r0
11[0] + t0

11[0]
The contribution comes from splitting the minimal chord along the sheet with Maslov

potential 1 with a Y0 vertex and a ghost trajectory, and then flowing to the minimum in
between sheets of Maslov potential 1 along one edge and to the singular edge locus of the
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front along the other edge. The t0
11[0] contribution comes from a tree with Y1-vertex along

the edge of the sheet with Maslov potential 1 and 2 as in ∂s1
11[0].

∂e1
m(m+1)[0] = e0

m(m+1)[0] + d0
m(m+1)[0] for m = 0, 1.

The Morse index of e1
m(m+1) is too big to have a rigid ghost splitting. Thus the only two

contributions can come from the only two rigid trajectories.
∂g1

01[0] = d0
12[0] + d0

01[0]
The Morse index of the chord is 1 and so taking the radial trajectory towards the axis of

rotation, we arrive at the minimum d0
01[0] along a rigid trajectory, which yields the d0

01[0]
contribution. Now, taking the opposite trajectory, we arrive at the edge, where we perform
a Y0-vertex splitting along the sheet of Maslov potential 1. The lower part of the tree follows
to the edge in between the sheet of Maslov potential 0 and the intermediary sheet of Maslov
potential 1. The upper part of the tree after splitting flows to the minimum representing
d0

12[0].
∂h1

01[0] = f 0
01[0] + f 0

12[0]c0
01[0]

This is analogous to the previous case, with one difference. That is, instead of the edge
vertex, we will have a P0-vertex since we flow with a unique trajectory to the minimum
representing c0

01, yielding the quadratic term.

∂d1
01[0] = c0

01 + e0
01[0] + s1

11[0]f 0
01[0] + (t0

11[0] + r0
11[0])f 1

01[0],
∂d1

12[0] = 1 + e0
12[0] + f 0

12[0]s1
11[0] + f 1

12[0](t0
11[0] + r0

11[0]).

We will comment on the first differential. First two contributions come from obvious
trees ending with a P0-vertex. The first two quadratic terms come from a tree that is a
path with P0,P1, and P0 in this order. The last term comes from a tree with P1-vertex and
then a Y1-vertex as in the differential of s1

11[0]. The second differential follows by analogous
argument.

∂c1
02[0] = g1

01[0] + h1
01[0] + e1

01[0] + e1
12[0]

+ f 1
12[0]e0

01[0] + e0
12[0]f 1

01[0] + f 0
12[0]d1

01[0] + d1
12[0]f 0

01[0]
+ f 1

12[0]t0
11[0]f 1

01[0] + f 1
12[0]r0

11[0]f 1
01[0].

First eight contributions are coming from trees (isomorphic to a path with three vertices).
First four have P0-vertex at c1

02[0], P1-vertex at the respective chords, followed by the E-
vertex. The quadratic terms are given by trees with P0-vertex at c1

02[0], P1-vertex at the
respective chord, ending with P0-vertex at the respective chord. The first cubic contributions
is given by a tree isomorphic to a path with four vertices. Starting with P0-vertex at c1

02[0],
then two P1-vertices at the f -chords, and ending with a P0-vertex at t0

11[0]. The last cubic
contribution differs by a Y1-vertex as in the differential of ∂s1

11[0].

The differential of Reeb chords corresponding to the maximum (denoted with [n]) is more
involved and uses the additional rotation dimensions.

• Constant terms: If there is a constant contribution to the differential of c[0], then
there is no contribution to the differential of c[n] because of the grading shift. The
only negatively graded Reeb chords are the r[0], t[0]-chords and the s0[0]-chord. And
for those, it is impossible to obtain the constant term even after the degree shift by n
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because we enumerated all possible single positive puncture trees in the computation
of their differential in the [0]-case.
• Linear terms: The term c0

01 can not contribute to any linear term of the differential
of the [n]-chords. Either the grading is too big, or it is impossible to find a rigid
intersection of flow-lines. The rest of the linear terms are going to be preserved
with the n-grading shift since there is a bijection of flow-trees realising the linear
contributions to the [0]-chords and the linear contributions of the [n]-chords, see
Figure 13.

Y0

E

P0

E

P1

P0

Y1

E

P0
c0[0] c0[n]

[0][0] [n] [n]

c1[0]∃!

∃!
∃!

P0Y1

E

P0

Y0
E

c1[n]

c0[n]
c0[0]

Y0
P0

E

Y0
P0

E

0

P1 E

Y1
P0

E

Y0

Y1

E

P0
E

P0

∃!
∃!

Figure 13. Bijection of the flow trees comparing the trees contributing to the
differential of some c[0] and c[n]. Here the notation ci denotes the Reeb chords
of the one-dimensional front given by a critical point of the local difference
function of index i. The bijection for trees with positive puncture at c0 is
analogous with slightly more complicated trees.

• Quadratic terms: Only quadratic differential contribution to a differential of a [0]-
chord containing the chord c0

01 is the contribution f 0
12[0]c0

01 to ∂h1
01[0]. Note that there

is a point p that is the intersection of the rigid radial trajectory flowing to f 0
12[n] and

the singular edge of the sheets of Maslov potential 1 and 2. Now, ∂h1
01[n] contains a

contribution f 0
12[n]c0

01 that is given by first flowing along the unstable manifold of the
critical point of index n + 1 representing h1

01[n] to the point p. There we perform a
rigid Y0-vertex and flow to f 0

12[n] along the upper branch, and to c0
01 along the lower

branch that is the unique trajectory passing through p. All other quadratic terms
contain only chords coming from Morse-Bott families.

Any tree representing a quadratic differential must contain a Y0-vertex, note that
P1-vertex contains a Y0-vertex and a ghost. This Y0 vertex must be performed at the
[n]-part, otherwise the contribution would not have the correct grading due to the
degree shift of the positive puncture. This intersection is going to be the intersection
of the radial trajectory and an Morse-Bott unstable manifold. This means that for
every contribution c[0]d[0] of ∂a[0] one obtains two contributions c[n]d[0] and c[0]d[n]
of ∂a[n].
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P1

Y0

P0

P0

∃!

∃!

Y0

∃!

P0

P0

P0

Y0
Y0

P0

P1

∃!
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P0

f 1
12[n]t0

11[0]f 1
01[0] f 1

12[0]t0
11[n]f 1

01[0] f 1
12[0]t0

11[0]f 1
01[0]

Figure 14. Here, we find some of the trees representing cubic contributions
to ∂c1

02[n]. This figure depicts the projection of the relevant rigid trajectories
of 3 difference functions in between 4 sheets to the base. The circle loci denote
the former Morse-Bott loci and the radial trajectories denote the trajectories
in the angular slices. The locus drawn in black depicts the resulting flow-tree.

• Cubic terms: Here, a similar statement for trees with two Y0-vertices in the [n]-part
could be written. However, the statement would be quite involved because of the
interaction of four sheets. Therefore, it is faster to explicitly find the trees. We do
so for some of the contributions; the rest is analogous, see Figure 14.

□

3.3. Floor-crossing and Chekanov-Eliashberg algebra. The following lemma shows
the utility of the floor-crossing in computation of Chekanov-Eliashberg algebra under the
clasp move. Once one computes the differential of the original Legendrian before the clasp
move one can obtain the differential of the Legendrian after the clasp move extremely easy
if certain grading assumption is satisfied.

Lemma 3.7. Let Λ−µ be a (n+1)-dimensional Legendrian and the clasping chord has grading
|s−µ| = −(k + 1). We denote (A(Λµ), ∂µ) the Chekanov-Eliashberg algebra of Λµ. Denote by

M = max{|c| : c ∈ R(Λ−µ)}.
Let Λµ be the Legendrian obtained via the clasp move centered around s−µ as in Definition
2.2 and let (A(Λµ), ∂µ) be its Chekanov-Eliashberg algebra. If M < n+k, then the differential
∂µ is obtained from ∂−µ substituting s−µ by 0 and defining ∂sµ = 0.

Proof. Lemma 2.3 implies that |sµ| = n + k and Lemma 2.1 imply that the grading of all
other Reeb chords of Λµ was left unchanged and at most M . Thus sµ can not be in the
image of ∂µ. Moreover, a(sµ) = |µ| is the smallest of all Reeb chords of Λµ and so ∂µsµ = 0.

Using the floor-crossing, see Theorem 1.1, and the correspondence of rigid flow-trees and
rigid J-holomorphic curves from [Ekh07], we know that the differential of Λk can not obtain
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any new terms, since the grading of sµ is too big. Therefore, the differential ∂µ is given
by the same expressions on generators as ∂−µ, except for the contributions containing s−µ,
which will not contribute to the differential ∂µ. □

Proof of Proposition 1.2. We can arrange so that the top sheet of Maslov potential k + 1
and the sheet of Maslov potential 1 are arbitrarily close. Then perform the clasp move with
Λ−µ = Λu

k and Λµ = Λk, at the chord s−µ = s0
(k+1)1[0]. Lemma 3.7 implies that the only

defining formula for the differential of Λk that is going to change is ∂r0
k1[0] = ∂t0

k1[0] = 0.
Now, considering the equation

ε ◦ ∂ = 0
one learns via a straight-forward computation that A(Λk) has a unique augmentation ε
vanishing on all generators except for

ε(f 0
01[0]) = ε(f 0

12[0]) = ε(s1
11[0]) = ε(c0

01) = 1.

Therefore, Λk can not be loose. Since the differential is given explicitely, we can linearise it,
and a straight-forward linear-algebra computation yields the resulting Poincaré-Chekanov
polynomial. □

Proof of Corollary 1.3. Take a generic point of Λ that is not an endpoint of a Reeb chord.
There are two options

• there is a Darboux ball centered at p so that p is a point on the singular locus of the
front projection of Λ the Lagrangian projection ΠP (Λ),
• if the previous option is not possible, take a small neighbourhood around p and

perform a small Reidemeister I move to introduce a singular edge of the local front
projection.

Therefore, we can perform the cusp-connected sum of Λ and a small Λk that we place in a
Darboux ball close to the point p. Let us define

T (Λ, k) = Λ#Λk.

The fisrt property is obvious as we perform a connected sum of M with standard sphere
Sn. The results of [DR16a, Section 4.5.1] imply that the rotation (Maslov) class does not
change since we perform a cusp connected sum of two spheres and the result is a sphere and
so simply connected. And since n + 1 is even, we know (see [EES05b, Proposition 3.2]) that

tb(Λ) = (−1)
n+1

2 +1 1
2χ(Λ).

The results in [DR16a] imply the following. Let ε : A(Λ) → Z2 and ε′
k : A(Λk) → Z2 be

augmentations. We know that the augmentations ε and ε′
k induce an augmentation

εk : A(T (Λ, k))→ Z2,

and so T (Λ, k) can not be loose. On the level of linearised Legendrian contact homology,
surgery yields a short exact sequence of chain complexes

0→ (Z2⟨s⟩, 0)→ (C•(T (Λ, k)), ∂εk)→ (C•(Λ), ∂ε)⊕ (C•(Λk), ∂ε′
k)→ 0.

As |s| = n, we obtain that, for • ̸= n + 1, n,

LCHεk
• (T (Λ, k)) = LCHε

•(Λ)⊕ LCH
ε′

k• (Λk).
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Thus, dim(LCHεk
n+k(T (Λ, k))) = dim(LCHε

n+k(Λ)) + 1. As all Poincaré-Chekanov polyno-
mials of T (Λ, k) share this property for all the augmentations of the Chekanov-Eliashberg
algebra of T (Λ, k), we obtain the third statement.

Note that as Λ is horizontally displaceable, some small normal neighbourhood of Λ is
horizontally displaceable as well, and so T (Λ, k) is horizontally displaceable.

Finally, for the sake of contradiction assume that εk = εL is a geometric augmentation
induced by an embedded exact Lagrangian filling L of Tk = T (Λ, k). The Seidel-Ekholm-
Dimitroglou Rizell isomorphism relates the linearised Legendrian contact cohomology and
relative homology of the filling (see [DR16b]);

LCH•
εL

(Tk;Z2) ∼= H(n+1)−•(L;Z2),
here n + 1 is the dimension of the Legendrian and note that the right-hand side is supported
in non-negative degrees 0 ≤ • ≤ n+2, which forces LCH•

εL
(Tk;Z2) to vanish for n+1 < • or

• < −3. The duality long exact sequence of Legendrian contact homology for horizontally
displaceable Legendrians was established in [EES09] and reads;

· · · → H•+1(Tk;Z2)→ LCHn−•
ε (Tk;Z2)→ LCHε

•(Tk;Z2)→ H•(Tk;Z2)→ · · · .

Thus, for • < −1 or n < •, observe that we obtain a contradiction as
0 ∼= H•+1(L;Z2) ∼= LCHn−•

εL
(Tk;Z2) ∼= LCHεL

• (Tk;Z2),
and this can not be satisfied for k > 2 and • = −k, n + k. □

4. Floor-crossing

4.1. Uniform Compactness. Let Λ be a closed embedded Legendrian submanifold of P×R
so that its set of Reeb chords is finite. Let µ > 0 be a real number. Let s−µ be a fixed Reeb
chord of Λ so that it is a clasping chord for a clasp move (Λµ)|µ|<µ0 providing us with a
1-parametric family of Legendrians Λµ. By Lemma 2.1, there is a natural bijection of the
sets of the Reeb chords R(Λµ) and R(Λ−µ). We abuse the notation and denote the image
and preimage with the same letter, except for the chord sµ. Write wµ for a word in Reeb
chords of Λµ for µ fixed so that

w = ab1sµb2 . . . bp−1sµbp,

where
• a is called the exceptional positive letter,
• bi are possibly empty words in Reeb chords distinct from a and sµ for all 0 < i ≤ p.

Let Ḋm denote a disk with m-boundary punctures, where m = ℓ(w), where ℓ denotes the
number of letters in w. We denote by Mµ(w) the space of pseudo-holomorphic curves

uµ : (Ḋm, ∂Ḋm)→ (P, Lµ)
so that each uµ ∈Mµ(w) has an exceptional positive puncture asymptotic to a and negative
punctures asymptotic to all of the other letters of w. More precisely, these curves solve the
equation

duµ + Jµ ◦ duµ ◦ j = 0
for an almost complex structure Jµ on P defined in Appendix A.1.3 and j a conformal
structure on Ḋm. The punctures are ordered along the boundary counterclock-wise in the
same way as in the word w with the letter a being always the first letter. See Figure 2 for
illustration. Similarly, denote by M−µ(w) the moduli space of pseudo-holomorphic curves
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that have (possibly multiple) positive punctures; precisely one positively asymptotic to the
exceptional letter a and the rest of the positive punctures asymptotic to the chord s−µ as
many times as s−µ appears in the word w in the same order and position as in the word
with chords labeled with positive µ. Note, that there is no configuration where sµ is both
a negative and positive puncture. In that case, our proof of compactness breaks down; see
Remark 4.7.

The expected dimension of the moduli space follows from [EES05a, Section 6] and reads;

(4.1) dimM(a1, . . . , aj; b1, . . . , bk) = (1−j)n+
j∑

r=1
CZ(ar)−

k∑
r=1

CZ(br)+max{0, j +k−3},

where
• n is the dimension of the Legendrian,
• j is the number of positive punctures,
• k is the number of negative punctures.

Now, Lemma 2.3 yields that dimM−µ(w) = dimMµ(w) for all w.
For each fixed µ > 0 the moduli space Mµ(w) was proven to be a compact metric space (see

[EES05a]) when the disks have precisely one positive puncture using the standard Gromov
compactness approach. We will extend this point-wise result to a compactness of the family
Mµ(w). For interval I, let

MI(w) =
⋃
µ∈I

Mµ(w).

Fix µ0 > 0 and define M(0,µ0] as the sequential compactification, that is all the possible
limits of sequences of Jk-holomorphic curves uk ∈Mµk

(w) where µk → 0, where we denoted
Jk = Jµk

. In the limit, the action of sµ goes to zero, thus, we might obtain broken ghost
bubbles in the limit. These are components of the broken configuration of symplectic area
equal to 0.

For disks u ∈M−µ with multiple positive punctures, one can import most of the standard
arguments proving Gromov compactness results from the single positive punctured case,
however, there is a class of so-called pinched configurations that one has to consider as a
possible limit.

Definition 4.1. Let Ḋm be a disc with m boundary punctures. Let γ be a curve γ(s) :
[0, 1] → Ḋm so that γ(s) ∈ ∂Ḋm for s = 0, 1 and γ(s) ∈ intḊm for s ∈ (0, 1) and so there
is a positive puncture in each component of Ḋm \ γ([0, 1]). And let φt : Ḋm → Ḋm be a
family of continuous maps that contract the curve γ and so that φt is a diffeomorphism for
t ∈ [0, 1). We say that a (J∞, j∞)-holomorphic curve u is a pinched configuration if there is
a (J0, j0)-holomorphic curve u′ and a sequence k →∞ so that (Jk, φ∗

tk
j)-holomoprhic curves

uk = u′ ◦ φtk
converge to u in Gromov topology as tk → 1.

For example, see Figure 15.
As above, we define M[−µ0,0). Here, one has to prove that
• For µ > 0 fixed, the pinched configurations do not appear in the broken limits M−µ.
• The neither pinched configurations nor ghosts appear in the limit as µk → 0.

We can consider a configuration of punctures on the boundary of the disk so that multiple
consecutive punctures are asymptotic to s∗,the double point corresponding to the Reeb chord
sµ, then a bigger portion of the curve might enter the ball Bh

r (s∗) in the clasping region,
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γ

Figure 15. Example of a pinched configuration

where h is a metric on P (with finite geometry at infinity) compatible with ω and the almost
complex structure J . We can prevent this by shrinking the ball so that it does not intersect
the complement of the image of the asymptotic neighbourhood of the puncture. The key
step in the proof of the following lemma is to realise, that the radius of the ball is bounded
from below. That provides us with the information of how many times the curve leaves the
neighbourhood.

Lemma 4.2. Let r > 0 be a radius small enough so that Br(s∗) contains only local model of
the clasp move, that is, only two transversely intersecting Lagrangians L0 and L1. For this
r and any word w and every u ∈Mµ(w) it holds that u−1(∂Br) ∩ ∂Ḋ has at least 2k-points
for k the number of punctures asymptotic to s∗.

Proof. Step 1: Fix µ ̸= 0 and let uk → u∞ be given as an uniform limit of elements in Mµ.
Then for all k <∞ there is a point pk ∈ [pj, pj+1] such that pk ̸∈ u−1(Br).

For the sake of contradiction assume that there is k <∞ so that for all points p ∈ [pj, pj+1]
the points are in the pre-image u−1

k (Br). Clearly, u([pj, pj+1]) = s∗, otherwise, there is a point
p distinct from s∗ on the component of the boundary joining pj and pj+1, call image of this
curve γ. This means that γ starts at s∗ and follows the Lagrangian L0 (or L1) in Brk

(s∗) and
before it ends at s∗ it follows the Lagrangian L1 (or L0) in Brk

(s∗) with no corner in between.
Since γ is continuous, then u(p) would have to lie on both L0 and L1, which is impossible
since (L0 ∪ L1) \ {s∗} is disconnected. And so, γ has to leave and enter the neighbourhood
Br(s∗). But this implies u∞([pj, pj+1]) = s∗ since u∞ is a uniform limit. Therefore, the
component of u∞ containing [pj, pj+1], denoted uc, must be constant, thus Area(uc) = 0.

Now, if all s∗-punctures are positive, then the constant component can not have a negative
puncture. If it had a negative puncture asymptotic to an intersection point b different from
s∗, then u would have to escape the neigbourgood of s∗ and so could not be constant. If the
negative puncture were s∗, then uc would have to have at least two positive punctures and
so Area(uc) ≥ µ > 0.

If all s∗-punctures are negative, then the positive puncture must be distinct from s∗ because
of action reasons. But then the curve must leave a neighbourhood of s∗ and so can not be
constant.

Step 2: Let µk → 0 for µk ̸= 0, and uk → u∞ be a uniform limit for uk ∈Mµk
. Then for

all k ≤ ∞ there is a point pk ∈ [pj, pj+1] such that pk ̸∈ u−1(Br).
Let µk → 0. By uniform convergence, if u∞([pj, pj+1]) ∈ Br(s∗), then for k big enough

uk([pj, pj+1]) ∈ Br(s∗). Consequently, we already obtain a ghost breaking for µk ̸= 0, which
was precluded in Step 1. □
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Lemma 4.3. There is a ℏ > 0 so that for every word w all u ∈ MI(w), for I = [0, µ0) or
I = (−µ0, 0], satisfy

Area(u) ≥ kℏ,

where k is the number of letters of w coinciding with s∗.

Proof. Let r > 0 be the radius of Br(s∗) as in Lemma 4.2. We can assume that there is a
constant C > 0 that depends on the explicit plateau function realizing the clasp move so
that

(L0 ∪ L1) ∩B r
C

(s∗)
are real analytic. This means that there is a sphere S on L0 so that S = L0 ∩ ∂B r

2C
(s∗)

so that its neighbourhood is analytic. Now, denote with θ the angle in between Lagrangian
planes L0 and L1, then for all R satisfying

R <
r

2C
cos θ

a ball of radius R centered at a point q of S intersects only the sheet L0 and not the other
sheet L1.

Again thanks to Lemma 4.2, we know that we can choose asymptotic charts on the domains
of the pseudo-holomorphic disks, so that the preimage u−1(Br(s∗)) is not going to contain
a non-compact section of these charts. Now, the fact that the boundary condition is real
analytic, we can double our J-holomorphic curve. Assume that our J-holomorphic curve
u : R× [0, 1]→ Cn maps the upper line of the domain onto the Lagrangian L0,

u((R× {1}) ∩ u−1(BR(q))) = L0 ∩BR(q),
the other boundary condition analogously. Because the Lagrangian is real analytic and the
u is a holomorphic curve we use the Schwartz reflection principle and extend the curve to
its double

ud(τ + it) =

u(τ + it) for 0 ≤ t ≤ 1,

−ū(τ + i(2− t)) for 1 < t ≤ 2.

To see that the double is holomorphic (thus smooth by elliptic regularity) we refer the reader
to [EES05a, Lemma 6.2]. Note that we can fix the almost complex structure and background
metric in Br(s∗) to be the standard Hermitian pair.

Area(ud) =
∫
R×[0,1]

(ud)∗ω = 1
2

∫
R×[0,1]

|∂τ ud|+ |∂tu
d| dτ ∧ dt

Now, a straightforward computation yields that
(|∂τ ud|+ |∂tu

d|)(τ + i(2− t)) = (|∂τ u|+ |∂tu|)(τ + it)
and the symmetry of the domain now implies Area(ud) = 2Area(u).

Now the monotonicity lemma used for double ud whose image contains q and on the
interior of the strip intersects the ball BR(q) yields the estimate Area(ud) ≥ C ′′R2. Finally,
this yields

Area(u) ≥ C ′′

2 R2 = ℏ.

The proof is finished once one observes that for every puncture asymptotic to s∗ we have
one such q as above. □
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Lemma 4.4. There is µ0 > 0 so that for all |µ| < µ0, only finitely many words w can be
realised in the clasp move by a pseudo-holomorphic curve:

• either having all the punctures asymptotic to s∗ negatively,
• or having all the punctures asymptotic to s∗ positively.

Proof. Let M be the biggest action of a Reeb chord of Λµ, then any curve with k positive
punctures asymptotic to s∗ has area
(4.2) M + k|µ| ≥ Area(u) ≥ kℏ,

where the second inequality follows from Lemma 4.3. Choose |µ| < ℏ, then inequality (4.2)
is satisfied only for finitely many 0 ≤ k. Proof for k negative punctures follows similarly via
the inequality M ≥ kℏ. □

Corollary 4.5. The pinched pseudo-holomorphic curves are not a part of the compactifica-
tion of curves M−µ(w) with multiple positive punctures for fixed µ > 0 small enough.
Proof. Assume that we have a limit of pseudo-holomorphic curves that converges to a pinched
configuration, then we can choose µ = a(sµ) strictly smaller than ℏ that we obtained in
Lemma 4.3. As pinched component has k positive punctures at sµ area is at most kµ by
Stokes’. Thus, we obtain a contradiction

kℏ ≤ Area(upinch) = ka(sµ) < kµ.

□

Corollary 4.6. Ghosts do not appear in the limit as µk → 0.
Proof. This follows by Step 2 of Lemma 4.2. □

Remark 4.7. Note that the assumption that the J-holomorphic curve in our moduli spaces
can have only one sign of the asymptotic marker at all punctures asymptotic to the clasping
chord is crucial in the proofs above. Otherwise, one can not, in general, prevent the ap-
pearance of ghosts and pinched configurations leading to beautiful connections with string
topology, see [CL07], [Ng10], [Duk24], [Avd25].
4.2. Analytic sketch. At this point, we know that M[−µ0,0)(w) and M(0,µ0](w) can be com-
pactified. However, it is not obvious that these are 1 dimensional manifolds with boundary
and that the compactifications match over µ = 0 and give rise to a moduli space, which is a
1 dimensional manifold.
Proposition 4.8. For µ0 > 0 denote

M[−µ0,µ0](w) = M[−µ0,0) ∪M(0,µ0] and p : M[−µ0,µ0](w)→ [−µ0, µ0],
where p(u) = µ if u ∈Mµ(w). There is a µ0 > 0 so that if dimMµ(w) = 0 for all |µ| ≤ µ0,
then the projection map p is a local diffeomorphism onto [−µ0, µ0].

Now, it is clear that Theorem 1.1 directly follows from the Proposition 4.8.
The strategy of the proof is as follows. Assume that we have a disc in the moduli space

over µ = 0, then we have to prove that the local structure of the moduli space close to the
disc is the one of a 1 dimensional manifold.

The analytical framework for Legendrian contact homology of embedded Legendrians was
established in [EES05a]. However, over 0, our Λ0 is immersed. Moreover, one learns that
the Banach manifolds used in [EES05a] allow only variations of the candidate maps from
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punctured discs for pseudo-holomorphic curves that are tangent to the Lagrangian projection
along the boundaries of the disc. To model the clasp move, one has to define a vector field
(called V called clasping vector field, see Appendix A.1.1) that is pointing in the normal
direction along the boundary. And so, to set-up the analytical framework, one has to

(1) extend the set-up of [EES05a] to include immersed Legendrians,
(2) thicken the relative Banach manifolds to account for the normal variation given by

the clasping vector field V .
These two tasks are done in the Appendix A so that the proofs of [EES05a] apply verbatim
to this new set-up and contain no analytical innovation. Here, we sketch the main strategy
of proof, deferring details to later sections of the Appendix A.
Proof. Fix µ = 0 and consider u0 to be a J-holomorphic map from a punctured disc that is
asymptotic to the double point s corresponding to the clasping chord and with boundary on
L0 = ΠP (Λ0). That is, u is a zero of a Banach section

F0 :W0 → E ,

whereW0 is the Banach manifold of so called candidate maps, and F0 is locally modelled by
the Cauchy-Riemann operator ∂̄J,j. The proof of the surjectivity of DF0 follows verbatim
from those in [EES05a] as all the strategies achieving this result concentrate close to the
exceptional positive puncture that is not asymptotic to s. The proof of this fact is a simpler
version of the one in Appendix A.3 and so we omit it.

We model the clasp move (Λµ)µ∈R in the Lagrangian projection (see Definition A.4) using
a so-called clasping vector field V (see Appendix A.1.1). On the Banach manifold side, this
”thickens” our source Banach manifold W to

Wµ → N
p−→ R,

an affine Banach fibre bundle of candidate maps for the Jµ-holomorphic curves (see Definition
A.11), where Wµ = p−1(µ) describes the set of maps with boundary on Lµ = ΠP (Λµ). Let

F : N → E
be the section of affine Banach bundles so that

Fµ :Wµ → E
is the section corresponding to the operator ∂̄Jµ,j(Ψµ(·)). We want to prove that Fµ is a
family of sections so that DFµ is a family of Fredholm operators that is C1 in the µ variable,
that is
(4.3) |Ψ−µ ◦ Fµ ◦ Φµ −F0| ≤ C0(µ) and |DuµFµ −Du0F0| ≤ C1(µ),
where Ci are continuous functions that vanish at µ = 0. The proof of the inequalities 4.3
follow by expressing variations of all the first-order variations of Ψ−µ ◦Fµ ◦Φµ up to order 1
in the coordinate µ. This is shown in Lemma A.15. Therefore, we obtain that DuµFµ must
be surjective for µ small enough, as surjectivity is an open condition.

We care about moduli spaces MI(w) that are expected to be one-dimensional mani-
folds with boundary. Note that there is a unique smooth structure compatible with all
C1-structures on a one-dimensional topological manifold. That means that it is enough to
obtain a C1-structure.

For this, we need to use the infinite-dimensional version of the inverse function theorem,
which requires the quadratic estimate and a uniform bound on right inverses.



FLOOR CROSSING FOR LEGENDRIAN CLASP MOVE 29

Lemma 4.9 (Floer’s Picard lemma). Let X, Y be Banach spaces and let F : X → Y be a
continuous map. We write

F (x) = F (0) + L(x) + N(x),
where L(x) = (D0F )(x) is the linearization of F and we suppose that there is a continuous
G : Y → X and a constant C such that

(1) L ◦G = IdY ,
(2) ||GN(x)−GN(y)|| ≤ C(||x||+ ||y||)||x− y|| for all x, y ∈ B(0, r),
(3) ||GF (0)|| ≤ ε

2 , where ε = min(r, 1
5C

).
Then there exists a unique α ∈ Im(G) ∩ B(0, ε) such that F (α) = 0. Moreover, we have
that ||α|| ≤ 2||GF (0)||.

In our case, F is the operator given by the section F expressed in local coordinates of
our Banach manifolds. Note that the first assumption of Picard’s Floer Lemma is equivalent
to the non-stationary transversality (that we comment on in Appendix A.3). The third
assumption is obviously satisfied since we start with u0 so that ∂̄J,ju = 0.
Lemma 4.10. There is a constant CN > 0 so that the non-linear term N of F in a neigh-
bourhood of uµ satisfies

||N(v, µv)−N(w, µw)||1 ≤ CN(||v||2 + |µv|+ ||w||2 + |µw|)(||v − w||2 + |µv − µw|)
for all variations v and w.
Proof. Follows almost verbatim the proof of [EES05a, Lemma 8.16], which uses the properties
of the geometric set-up, expressing the delbar operator in Jacobi fields, reformulating the
problem into a multivariable calculus one. □

To obtain the constant C in the Floer’s Picard Lemma, we require also the uniform
estimate (in µ) on the right inverses G . In the case of gluing, these are more challenging to
obtain as the asymptotic weights interfere with the estimation. In our case, the clasp move
happens in the compact part of the curve, and so we can dismiss the influence of the weights
completely. What is more, one can find an explicit formula for approximate right inverses
as the path of linearisations is C1 in µ by Lemma A.15.
Lemma 4.11. Let Tµ : X → Y be a C1-family of surjective Fredholm operators and let
K : X → Y be the derivative of Tµ at µ = 0. Then there exists a family of bounded operators
Gµ so that

(1) Tµ ◦Gµ = 1,
(2) there is an µ0 > 0 and a constant C so that for all |µ| < µ0

(4.4) ||Gµ|| < C.

Proof. The derivative yields that for every ϵ > 0 there is a µ0 > 0 so that for all |µ| < µ0

||(Tµ − T0)− µK|| < ϵ.

Let G̃0 be the right inverse to T0, then
||TµG̃0 − (1 + µKG̃0)|| < ϵ.

Now, choose µ0 small enough so that ||µKG̃0|| < 1, thus

Z =
∞∑

n=0
(−1)nµn(KG̃0)n
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satisfies (1 + µKG̃0)Z = 1. The Banach space X splits as X = X ′ ⊕ ker Tµ for every µ and
denote πµ : X → X ′ the canonical projection. Denote G′

µ = πµ ◦ G̃0Z. Let G̃µ be any family
of right inverses of Tµ, denote Gµ = πµ ◦ G̃µ.

Let Gµ and G′
µ be two maps, then

||TµG′
µ − TµGµ|| < ϵ implies ||πµG′

µ − πµGµ|| < C ′ϵ

for some constant C ′ > 0. To see this, it is enough to realise that Tµ ◦ πµ ◦Gµ = TµGµ and
Tµ ◦ πµ ◦ G′

µ = TµG′
µ and that, on the compact interval [−µ0, µ0], the continuous function

||Tµ|| attains a maximum.
Finally, by elementary inequalities and the sum of geometric series, we obtain the uniform

bound

||Gµ|| ≤ ||Gµ −G′
µ||+ ||G′

µ|| < C ′ϵ + ||G̃0||
1− µ||K||||G̃0||

≤ C ′ϵ + ||G̃0||
1− µ0||K||||G̃0||

= C

□

Lemma 4.12 (Implicit function theorem). Let us assume that the Lemma 4.9 holds. Then
for ε < 2

5C
, the zero set F −1(0)∩B(0, ε) is a smooth submanifold of dimension dim(ker(D0F ))

diffeomorphic to the ε-ball in ker(D0F ).

This finishes the proof for words w containing letters sµ. The claim for words w not
containing the letter sµ follows from the enhanced transversality Lemma A.17. □

Appendix A. Banach Manifold set-up for immersed Legendrians

The proof of the floor-crossing follows closely the foundational results in [EES05a] and
[EES05c]. There is very little analytical innovation; the proof strategies and computations
are standard and most likely non-surprising for the experts in the field. In this section,
we will explain how to modify the foundational setup of [EES05a] so that it can deal with
immersed Legendrians. The original work of [EES05a] constructs the domain-dependent
metrics using the fact that one works with Legendrian embedding. More specifically, this
assumption has an impact on the construction of Banach manifold charts and, consequently,
all the analytical results that follow. Nevertheless, once one redefines the domain-dependent
metrics appropriately, the proofs found in [EES05a] and [EES05c] follow verbatim. We will
thus not reprove the key results as Fredholm property, transversality, and gluing, but we will
show how to pose our problem so that the established analytical machinery can be used.

The task is then to prove that our setup is sufficiently regular in the variable µ, the clasp
move parameter. For that, we will have to write down the expansion of all the trivializations
of Banach fibre bundles in the µ variable with respect to metrics that depend as well on the
µ variable, which will require some technical details.

Before we dive into the lengthy construction, let us outline the structure of the argument;
• Construct a suitable metric ĝ that is used to import the local model of the clasp move

to P using the Weinstein neighbourhood theorem and variation along the clasping
vector field V ,
• Define the family of metrics ĝµ and the corresponding almost complex structures Jµ

so that some geometric properties are satisfied, and later necessary for our analytical
setup,
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• Define the appropriate metrics on the domain and target of a map u0 : Dm → P ,
eliminating the dependence on the Legendrian. Here, we will comment on why such
a change is only cosmetic.
• Using the map u0 : Dm → P as the centre of our future Banach manifold charts,

we define a domain-dependent extension of the vector field V . We prove that this
extension satisfies the boundary condition (this is why the domain-dependence is
necessary).
• We will define the thickening N and expand the trivialisations in the µ-variable

providing us with some regularity results.
Let us remark that our analytical problem is an order of magnitude simple than gluing.

The reason is that the clasp move enters the analysis only in the compact part of the domain
eliminating the difficulties with the asymptotic weights.

A.1. Geometric preliminaries.

A.1.1. Normal bundle identification and the metric ĝ. Here, we recall identification from
Section 5.2. of [EES05a]. Let Λ be a closed manifold, and π : T ∗Λ → Λ be its cotangent
bundle. Let g be a metric on Λ. Cosider the bundle Tπ : T (T ∗Λ) → T ∗Λ. Then for each
q ∈ Λ and p ∈ T ∗

q Λ we have a splitting T(q,0)(TΛ) = TΛ⊕ker Tπ into horizontal and vertical
vectors respectively. Writing Λ for the zero section of T (T ∗Λ), the splitting reads

TΛ(T ∗Λ) = Hq ⊕ Vq = TΛ⊕ T ∗Λ.

Define Jg an almost complex structure by JgH = V . Here the horizontal vectors are of form
h ∈ TqΛ and the action of Jg on h is given as

(A.1) Jgh = g(h, ·) ∈ T ∗
q Λ.

Definition A.1. Let g be a Riemannian metric on Λ. We say that a Riemannian metric ĝ
on T ∗Λ is Kähler along the zero section if

• ĝ|Λ = g,
• Λ is totally geodesic submanifold of T ∗Λ when embedded as zero section and the

geodesics in Λ are exactly those in metric g,
• if γ is a geodesic in Λ and X a vector field in γ∗(T ∗Λ), then X is Jacobi if and only

if JgX is Jacobi.

Note that this metric always exists and can be explicitly constructed from g and its
curvature tensor R, see Section 5.2 of [EES05a] for details.

A.1.2. Metric ĝ in flat chart and the clasping vector field V . We can choose the metric g on Λ
so that g is flat in the neighbourhood of the endpoints of the clasping chord. This assumption
simplifies the metric ĝ considerably. Now for the details; Therefore, the Christoffel symbols
of g vanish. The covariant derivative of ĝ on T ∗Λ then looks like

∇(aidqi) = (∂j(ai)− Γi
jkai)dqj ⊗ dqk = ∂j(ai)dqj ⊗ dqk.

The splitting into the vertical and horizontal subspace under this connection then looks like

V(q,p) = span{∂j∗} ∼= T ∗
q Λ, H(q,p) = span{∂j} ∼= TqΛ
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The Sasakian almost complex structure Jg on T ∗Λ characterised by J(V ) = H can be
expressed in the coordinates as

J∂j∗ = −gkj∂k, J∂j = gjk∂k∗ .

Now the metric ĝ is just the product metric since the curvature term vanishes
ĝ(v)(X, Y ) = g(p)(XH , Y H) + g∗(p)(XV , Y V ),

where g∗(p)(µ, ν) = g(p)(µ#, ν#) for µ, ν ∈ T ∗
p Λ, where # : T ∗Λ → TΛ is defined by

α(·) = g(α#, ·) for any α ∈ T ∗Λ. Dually, define the map ♭ : TΛ → T ∗Λ by w♭(·) = g(w, ·)
for any w ∈ TΛ and recall that for all α, β ∈ T ∗Λ and v, w ∈ TΛ it holds that

g∗(v♭, w♭) = g(v, w), g∗(α, β) = g(α#, β#),
where g∗ denotes the dual metric to g. Furthermore, in the splitting H⊕V = TΛ⊕T ∗Λ the
Sasakian almost complex acts like the following block antidiagonal operator

J =
[
0 −#
♭ 0

]
.

Now, we compute that the Sasakian almost complex structure is compatible with ĝ,
ĝ(v)(JX, JY ) = g(p)((JX)H , (JY )H) + g∗(p)((JX)V , (JY )V ),

= g(p)(JXV , JY V ) + g∗(p)(JXH , JY H),
= g(p)(−(XV )#,−(Y V )#) + g∗(p)((XH)♭, (Y H)♭),
= g∗(p)(XV , Y V ) + g(p)(XH , Y H),
= ĝ(v)(X, Y ).

Let ∇̂ be the Levi-Civita connection of the metric ĝ on T ∗Λ.

Lemma A.2. The Sasakian almost complex structure Jg is convariantly constant with respect
to ĝ, that is

∇̂J = 0.

Proof. We derive the identity out of the local expression for J . Note that the product metric
ĝ is also flat since g is and so all the Christoffel symbols must vanish. Therefore,

∇̂∂α∂β = 0,

for all α, β ∈ {1, 2, . . . , n, 1∗, 2∗, . . . , n∗}. Moreover, let G = (gij) and G−1 = (gij) be the
matrix of the Riemannian metric and its inverse, then

1 = G−1G,

0 = ∇̂∂α(G−1)G + G−1∇̂∂α(G) = ∇̂∂α(G−1)G + 0,

so ∇̂∂αgij = 0. Now, finally,
∇̂∂αJ∂j = ∇̂∂α(gjk∂k∗) = ∇̂∂α(gjk)∂k∗ + gjk∇̂∂α(∂k∗) = 0,

∇̂∂αJ∂j∗ = ∇̂∂α(−gkj∂k) = −∇̂∂α(gkj)∂k − gkj∇̂∂α∂k = 0.

□

Lemma A.3. The bundle T ∗Λ is Kähler on T ∗U , where U is the subset of Λ where the
metric g is flat.
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Proof. We have shown that the Sasakian almost complex structure J is compatible with ĝ
and that it is covariantly constant. It is left to prove that ω(X, Y ) = ĝ(JX, Y ) is a closed
form, which is obvious since ω is the standard exact symplectic form on T ∗Λ. □

To make the notation less cumbersome we adopt a slight abuse of notation and denote ∇̂
by ∇.

Now, we explain how we use this special flat model to import the local model of the clasp
move (see Section 2) to the Lagrangian projection.

Let V be a vertical vector field defined on Λ supported on the neighbourhood where g is
flat and ΠP (Λ) is embedded. This means that it can be extended to a small neighbourhood
of ΠP (Λ) so that it looks constant on the cotangent fibres close to the zero section. We abuse
the notation and denote this extension to a vector field on ΠP (T ∗Λ) with V . Let us note
that in the neighbourhood, where the metric g is flat, the exponential map with respect to
the metric ĝ of the vector field V in time µ looks like a translation by µ in the direction of
V , in local coordinates;

ϕµ(q, p) = (q, p + µV (q)).
Let ρ : Λ → R be the plateau function defining the clasp move. Let us consider a form

dρ ∈ T ∗Λ, then we get a gradient ∇gρ ∈ TΛ using the metric g on Λ as dρ = g(∇gρ, ·). We
identify ∇gρ with its image under the embedding TΛ into T (T ∗Λ) as horizontal vectors.
Definition A.4.

Lµ = ι̂
(

expĝ
Λ(µJ∇gρ)

)
,

where we exponentiate Jg∇gρ along the zero section of TΛ with respect to the metric ĝ on
TΛ. We define Λµ as the lift of Lµ into P × R.

In local coordinates, Lµ looks like a graph of µdρ over the zero section giving the immersed
exact Lagrangian L. Therefore, Lµ is still an exact immersed Lagrangian. One can observe
that the following Lemma holds.
Lemma A.5. The family of immersed exact Lagrangians Lµ lift to a clasp move as defined
in Section 2.0.1.
A.1.3. Family of metrics ĝµ. Let gµ be the metric on Λ given as the restriction of the metric
ĝ onto Λµ. This is possible since Lµ is embedded on the support of the variation and does
not change around the immersed parts for µ small. This is the same as a metric induced by
a diffeomorphism ϕ−µ : Lµ → L as the pull-back

gµ = ϕ∗
−µg.

Now, construct ĝµ on T ∗Λ as in Section 5.2 of [EES05a] and we denote by ∇µ their Levi-
Civita connection. Furthermore, we construct the almost complex structures Jµ on P so
that ĝµ is Kähler along Lµ. Then it follows from Lemma 5.6 in [EES05a] that
(A.2) ∇µ

Tµ
JµXµ = Jµ∇µ

Tµ
Xµ,

for Tµ tangent to Lµ along Lµ. This is a foundational identity crucial for the construction of
all the Banach manifold charts that in the end allows us to elegantly express the ∂̄Jµ using
Jacobi fields.

Unfortunately, when dealing with the variation uµ of J0-holomorphic curves u0 : (D0, j)→
(P, J0), one needs the variation vector field V to satisfy boundary conditions of being Jµ-
holomorphic along the boundary, which are impossible to satisfy with a single vector field



34 FILIP STRAKOŠ

V . Thus, we are forced to define a domain-dependent extension Vµ(ζ, q) of the restriction of
V to Lµ so that Vµ(ζ, q) is holomorphic along Lµ. This will be made more precise in what
follows.

A.1.4. Cauchy-Riemann equation in the product. Let (Dm, j, ω0) and (P, J, ω) be symplectic
manifolds with tame almost complex structures. We consider the symplectic product (Dm×
P, ω0 ⊕ ω) with the almost complex structure J̃ = j ⊕ J . Observe that a (j, J)-holomorphic
map u0 : Dm → P induces a map

ũ0 : Dm → Dm × P,

ζ 7→ (ζ, u0(ζ)).
In particular, the image of ũ0 in Dm×P is an embedded submanifold and so any vector field
in T ũ0(Dm) can be extended to a vector field in TDm ⊕ TP . In particular, the equation

dũ ◦ j = J̃ ◦ T ũ

translates to du ◦ j = J ◦ du.
Note that, by construction, we have the canonical splitting

ũ∗(TDm ⊕ TP ) ∼= TDm ⊕ u∗TP.

We have to make the set-up graphical to be able to define the extension of V from the
boundary to the interior of Dm. This is impossible in non-graphical context as images might
not be embedded.

Lemma A.6. Let uµ(ζ) = expĝ
u0(ζ)(µV (u0(ζ))) for ζ ∈ ∂Dm. Denote ∂̂τ = duµ · ∂τ and

∂̂t = duµ · ∂t. There exists a µ-family of cut-off functions αµ supported in the neighbourhood
of the boundary component where V (uµ(ζ)) is supported, and a µ-family of functions fµ so
that f(ζ) = 0 for ζ ∈ ∂Dm, ∂̂τ fµ = 0, and ∂̂tfµ = 1. Moreover, the vector field defined as

Vµ(ζ, uµ(ζ)) =
(

V (uµ(ζ)) + fµ(ζ)Jµ∇µ

∂̂τ
V (uµ(ζ))

)
αµ(ζ)

satisfies the following two conditions for all ζ ∈ ∂Dm;
Vµ(ζ, uµ(ζ)) = V (uµ(ζ)),(A.3)
∇µVµ(ζ, q) + Jµ ◦ ∇µVµ(ζ, q) ◦ j = 0.(A.4)

Proof. Let ζ = τ + jt be conformal structure near the boundary of ∂Dm so that τ is the
direction tangent to the boundary ∂Dm. Then it is enough to prove that

∇µ
duµ·∂τ

Vµ(ζ, uµ(ζ)) + Jµ ◦ ∇µ
duµ·∂t

Vµ(ζ, uµ(ζ)) = 0 for all ζ ∈ ∂Dm.

The existence of the families αµ and fµ is obvious, in conformal coordinates fµ(ζ) = t. The
proof follows from direct computation and assumptions on the families;

∇µ

Jµ,jVµ(ζ, uµ(ζ))(∂τ ) =
(
∇µ

∂̂τ
+ Jµ ◦ ∇µ

∂̂t

)
· Vµ(ζ, uµ(ζ))

= α(ζ)
(
∇µ

∂̂τ
V + ∂̂τ fµ(ζ)Jµ∇µ

∂̂τ
V + fµ(ζ)∇µ

∂̂τ
∇µ

∂̂τ
V + Jµ∇µ

∂̂t
V

− ∂̂tfµ · ∇µ

∂̂τ
V + fµJµ∇µ

∂̂t
∇µ

∂̂τ
JµV

)
+ ∂̂τ αµ

(
V + fµ(ζ)Jµ∇µ

∂̂τ
V

)
+ ∂̂tαµ

(
JµV − fµ(ζ)∇µ

∂̂τ
V

)
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□

A.1.5. Family of metrics on the pull-back bundle. Here we construct a neighbourhood of the
boundary ∂Dm and a domain-dependent family of metrics on the pull-back bundle u∗(TP )
so that the family of metrics is constant near the boundary and the partial derivatives of the
family are uniformly bounded.

We diverge from the set-up of [EES05a, Section 5.3]. In particular, we are not constructing
a family of metrics in P (that uses the embedding property of Λ, the Legendrian lift to
the contactisation P × R). Instead of the geometric approach, we formulate the problem
more virtually and construct a domain-dependent family of metrics on the pull-back bundle
ũ∗

0(TDm × TP ). The sought family of metrics will be the product metric of the family of
metrics on the domain from [EES05a] and the metrics constructed below.

Recall, that we denote by h a background metric on P . Denote by Nr the image of
D∗

rΛ in P under the composition Π ◦ ι. We choose r small enough so that the metric ĝ on
T ∗Λ is injective. Now, let Nr(u) = u−1

0 (Nr), this forms a neighbourhood of the boundary
∂Dm. The boundary ∂Dm decomposes into components ∂jDm spanning from the puncture
pj to the puncture pj+1. For each ∂jDm consider Qj = (ΠP ◦ ι)−1(u(∂jDm)) a subset of the
zero section of D∗

rΛ, denote by gj the push-forward of the metric ĝ under the map ΠP ◦ ι
restricted to D∗

rQj and write N j
r (u) for the components of the set u−1(ΠP ◦ι(D∗

rQj)) that have
non-empty intersection with Qj. If the sets N j

r (u) are not pair-wise disjoint outside of the
asymptotic neighbourhoods ⋃m

j=0 Ej[1], then choose r smaller to contain all the intersections
in the respective asymptotic neighbourhoods. Let G be the space of Riemannian metrics on
P . There is a smooth function gσ : Dm → G so that

gσ(ζ) =


h if ζ ̸∈ ⋃m

j=0 N j
r (u),

gj if ζ ∈ ⋃m
j=0 N j

r
2
(u) \ ⋃m

j=0 Ej[1],
gj

τ+it if ζ = τ + it ∈ ⋃m
j=0 Ej[1],

where gj
τ+it is asymptotic family of metrics constructed as follows; assume that the lines R

and iR map to the components Qj0 and Qj1

• gj
τ+it = gj0 for t in a neighbourhood of 0,

• gj
τ+it = gj1 for t in a neighbourhood of 1,

• the family of metrics interpolates in between gj
τ+it = gj0 and gj

τ+it = gj1 in t so that
the derivatives with respect to the coordinates τ, t are uniformly bounded,
• and, as we approach the boundary of the asymptotic neighbourhood with the compact

part of the domain the neighbourhoods N j0
r
2

(u) and N j1
r
2

(u) become disjoint and we
interpolate in between them to make gσ smooth.

Repeat the construction above for every µ to obtain the family of the metrics gσ
µ(ζ).

A.1.6. Modification of the standard set-up is cosmetic. First let us recall some details from
[EES05c]. We wish to construct a structure of Banach manifold of the space W2,ϵ(b; κ)
consisting of pairs of maps

(u, f) : (D, ∂Dm)→ (P,R)
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satisfying following two conditions;
(u, f)(ζ) ∈ L, for all ζ ∈ ∂Dm;(A.5) ∫

∂Dm

⟨∂̄J(u), v⟩ds = 0, for all v ∈ C0
0(∂Dm, T ∗0,1Dm ⊗ u∗(TP )).(A.6)

We denote by F the extension of f : ∂Dm → R into F : Dm → R. The construction of the
C1-chart around some (u, f) goes via exponentiation of the elements the tangent space at
(u, f),

Ψ : T(u,f)W2,ϵ(b; κ)→W2,ϵ(b; κ),

Ψ(v)(ζ) = expρ(F (ζ))
u(ζ) (v(ζ)),

where T(u,f)W2,ϵ(b; κ) consists of all v ∈ H2,ϵ(D, u∗(TP )) so that
v(ζ) ∈ Tu(ζ)L ⊂ Tu(ζ)P for all ζ ∈ ∂D,(A.7) ∫

∂Dm

⟨∇̄Jv, w⟩ds = 0 for all w ∈ C0
0(∂Dm, u∗(TP )),(A.8)

denoting ∇̄Jv = ∇v + J ◦ ∇v ◦ j, where ∇ is the connection on u∗(TP ) given by the point-
wise dependent metric gρ(F (ζ)). This is well-defined only in some η-ball around (u, f) where
η depends continuously on the minimal injectivity radius of the metrics gσ for 0 ≤ σ ≤ 1.
Note that this construction depends on the extension F .
Remark A.7. The choice of a family of metrics in section A.1.5 induces an analytical set-up
which is almost identical to the one of [EES05c] and [EES05a], so we use notation established
there with one important difference. Instead of choosing a smooth function ρ : P×R→ [0, 1]
which yields a (P ×R)-dependent family of metrics gρ on P , we defined a family of domain-
dependent metrics gσ on the bundle u∗(TP ). We eliminated this dependence carefully so
that the analytic package of [EES05c] can still be used. All the proofs of [EES05c] translate
verbatim into this slightly more general setup. This is possible since, in the crucial steps, the
dependence of the family of metrics on the lift in P×R is purely of convenience. Nevertheless,
for the sake of completeness, we cover some of the crucial steps below.

Gluing: In [EES05c] asymptotic neighbourhood of the punctures on the disc has canonical
neighbourhoods Ej[0] conformally equivalent to [0, +∞)τ× [0, 1]t and a complex structure so
that ζ = τ + it for ζ ∈ Ej[0]. To be able to glue J-holomorphic curves together, one changes
the asymptotic coordinates on Ej[0] near negative asymptotics to (−∞, 0]× [0, 1] using the
conformal equivalence

τ + it 7→ −τ + i(1− t).
Then to construct the approximate solution one uses the domain-dependent family of metric
gρ(F (σ)) to define the approximate solution on the interpolating region. Compare with Section
4.3. in [EES05c]. Note that here, the dependence on the lift F gives us a globally defined
prescription of how the metrics change under the conformal equivalence of the asymptotic
neighbourhoods Ej[0]. Therefore, in our more general set-up, we need to keep track of which
boundary component gets mapped to the lower or upper sheet, which is the reason for the
introduction of the sets Qj above.

Fredholm problem: In Section 4.1. of [EES05c], there one writes out the linearization of
the ∂̄J,j at (u, f) in the form

D∂̄J,j[v] = ∇̄J,jv −
1
2J ◦ (∇vJ) ◦ ∂J,ju = ∇̄J,jv + Kv,
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where v is the tangent space of the Banach manifold of candidate maps Wϵ,b. Then one
realises that for D∂̄J,j to be Fredholm, it is enough to prove that K is a compact opera-
tor. That is true, provided we have h a smooth matrix-valued function with all derivatives
bounded satisfying Kv = h(v) · du · v. The derivatives of h depend on the metric gσ, which
we constructed carefully to retain this control.

Transversality: In Section 4.2. of [EES05c], one can achieve transversality by perturbing
J near special regular oriented curves close to one distinguished positive puncture. Here,
the linearization reads

D∂̄J,j[v, λ] = ∂̄J,jv + Kv + KS,

where the term KS describing the variation of J does not depend on gσ.

A.2. Banach manifold charts.

A.2.1. Banach manifolds V,W, and N . In this section, we first recall the construction of
the Banach manifold V2,ϵ from [EES05c]. Then we will follow with a modified construction
of the Banach manifold W2,ϵ (the original construction can be found in Section 3.1.2 of
[EES05c]). We have to alter the former construction to mitigate the dependence on the lift
to the contactisation P×R. Then, we define the Banach manifold N , which is a ”thickening”
ofW given via the variation ofW along the vector field V defined in Section ??. In the end,
we describe the Banach bundles induced by the variation of the almost complex structures
j and J and the invariance of the clasp move on thereof.

Denote by H2,ϵ(Dm,RN) the Sobolev space of functions that have k derivatives (possibly
in the sense of regular distributions) in weighted L2

ϵ -space with weight function exp(ϵ|τ |) in
the asymptotic local models. Let us recall the construction of the Banach manifold V2,ϵ from
[EES05c, Section 3.1].

Lemma A.8 (Lemma 3.1 of [EES05c]). Let M, N > 0 be big enough and η a metric on
RN so that P is a totally geodesic submanifold. Fix b = b1, . . . , bm an ordered set of double
points of L ⊂ P and a reference function fb : Dm → RN that is constantly equal to bj in a
neighbourhood Ej[M ] of pj ∈ Dm for every jκ on Dm. Then there is a C1-Banach manifold
V2,ϵ(b; κ) consisting of the continuous maps u : Dm → P ⊂ RN so that

u− fb ∈ H2,ϵ(Dm,RN).

In addition, the tangent space of TuV2,ϵ(b; κ) at any u ∈ V2,ϵ(b; κ) is canonically isomorphic
to the space H2,ϵ(Dm, u∗(TP )) with C1 local coordinate map around u being

H2,ϵ(Dm, u∗(TP ))→ V2,ϵ(b; κ),
v 7→ (ζ 7→ expη

u(ζ)(v(ζ))).

Definition A.9. Define W2,ϵ(b; κ, J) as the subset of elements u ∈ V2,ϵ(b; κ) fulfilling the
boundary condition of u and an L2-vanishing condition on the trace of ∂̄u:

u(ζ) ∈ L, for all ζ ∈ ∂Dm;(A.9) ∫
∂Dm

⟨∂̄J,jκu, v⟩ds = 0, for all v ∈ C0
0(∂Dm, T ∗0,1Dm ⊗ u∗(TP )).(A.10)

Lemma A.10. For M > 0 big enough. The set W2,ϵ(b; κ, J) is a closed C1-submanifold
of V2,ϵ(b; κ) with a tangent space at u isomorphic to a closed subspace of H2,ϵ(Dm, u∗(TP ))



38 FILIP STRAKOŠ

consisting of v satisfying the following conditions;

v(ζ) ∈ Tu(ζ)L, for all ζ ∈ ∂Dm,∫
∂Dm

⟨∇̄J,jκv, w⟩ds = 0, for all w ∈ C0
0(∂Dm, T ∗0,1Dm ⊗ u∗(TP )),

with
∇̄J,jκv = ∇v + J ◦ ∇v ◦ jκ,

where ∇ is the Levi-Civita connection given by the projection from the pull-back bundle
u∗(TDm × TP ) of the connection induced by the domain-dependent metric gpr given by the
maps u and ι̂. In addition, the local C1-coordinate chart around u ∈ W2,ϵ(b; κ, J) is given by

Φ : TuW2,ϵ(b; κ, J)→W2,ϵ(b; κ, J)(A.11)
Φ[v](ζ) = expgpr

u(ζ)(v(ζ))(A.12)

on an δ-ball around u, where δ > 0 depends continuously of the injectivity radius of the
metrics gpr = g(κ)(ζ)⊕ gσ(ζ) for any ζ ∈ Dm.

Proof. The proof follows from the proof of [EES05a, Proposition 5.9] translated to our no-
tation and so we omit the details. □

Note that the variations v giving rise to the tangent space TuW2,ϵ(b; κ, J) must be tangent
to the Lagrangian projection L along the boundary. Nevertheless, the vector field V defining
the clasp move is pointing in the normal direction. And so, we need to define a ”thickening”
of the Banach manifold W2,ϵ(b; κ, J) to account for the variation along V . To make our
set-up fit into the foundational analytical set-up, we will first construct affine Banach fibre
bundles accounting for variations of the geometric data and then we construct the thickening.

Let us denote E1,ϵ(b; κ, J) the Banach bundle over W2,ϵ(b; κ, J), where the ∂̄J,jκ-operator
takes values. This can be identified with the bundle of complex anti-linear maps

T ∗Dm → ũ∗(TDm × TP )

with appropriate weighted Sobolev norm. In particular, the fibre over u ∈ W2,ϵ(b; κ, J)
consists of elements

A ∈ H1,ϵ(Dm, Hom0,1(TDm, ũ∗(TDm ⊕ TP )))

satisfying an L2-vanishing boundary condition

(A.13)
∫

∂Dm

⟨A, W ⟩ for all W ∈ C0
0(∂Dm, T 0,1Dm ⊗ ũ∗(TDm ⊕ TP )).

Note that the symbol Hom0,1 refers to the (J, jκ)-complex anti-linear maps. Denote Πv be
the parallel transport along the unique geodesic from ũ(ζ) to ũµ = Φ[v](ζ) in the metric gpr.
Let λ be a smooth path of sections of ũ(TDm ⊕ TP ). We set

Jλ = Π−1
λ ◦ J ◦ Πλ

To describe how the almost complex structure changes along the variation. And to trivialise,
observe that we can write

Jλ = J(1 + Sλ)−1(1− Sλ) for Sλ = (J + Jλ)−1(Jλ − J).
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It is a standard argument (see [EES05c, Section 3.2.1. and 3.2.2.]) that the following map
sends (J, jκ)-complex anti-linear maps to (Jλ, jκ′)-complex anti-linear maps
β : H1,ϵ(Dm, Hom0,1(TDm, ũ∗(TDm ⊕ TP )))→ H1,ϵ(Dm, Hom0,1(TDm, ũ∗(TDm ⊕ TP )))

A 7→ (1− Sλ)A(1 + γ)
and γ = (jκ + jκ′)−1(jκ′ − jκ). To obtain the trivializations of the target E1,ϵ(b) we choose
paths γ(s) as above. And so the ∂̄-operator gives rise to a section;

F :W2,ϵ(b)→ E1,ϵ(b).

A.2.2. Thickening N2,ϵ(b).

Definition A.11. Define N2,ϵ(b; κ, J) ⊂ W2,ϵ(b; κ, J)×Rµ ⊂ V2,ϵ(b; κ) as follows; for every
u ∈ W2,ϵ(b; κ, J) and µ ∈ R define the splitting

T(u,µ)N2,ϵ(b; κ, J) = T h
uN2,ϵ(b; κ, J)⊕ T v

µN2,ϵ(b; κ, J),
where T h

uN2,ϵ(b; κ, J) = TuW2,ϵ(b; κ, J) and T v
µN2,ϵ(b; κ, J) = R, and a map

Ψ : TuW2,ϵ(b; κ, J)→ V2,ϵ(b; κ),(A.14)

Ψ[v, µ](ζ) = expgpr,µ(ζ)
expu(ζ)(µV (ζ))(ΠµV (v(ζ))).(A.15)

To simplify the notation, we adopt the following abuse of notation Ψ[v, µ](ζ) = uµ(ζ).

Lemma A.12. There are constants µ0, M > 0 so that N2,ϵ(b; κ, J) is a C1-Banach affine
fibre bundle with horizontal tangent space canonically identified with a subspace of maps of
H2,ϵ(Dm, u∗

µ(TDm × TP )) satisfying the following moving boundary conditions
vµ(ζ) ∈ Tuµ(ζ)Lµ, for all ζ ∈ ∂Dm,(A.16) ∫

∂Dm

⟨∇Jµ,jκvµ, wµ⟩ = 0, for all wµ ∈ C0
0(∂Dm, T ∗0,1 ⊗ u∗

µ(TDm × TP )).(A.17)

Moreover, vµ = ΠµV (v) and Ψ is a C1-map of Banach manifolds, which is C2-with respect
to the µ-coordinate.

Proof. First, let us check the boundary conditions. We have that
∂̄Jµ,jκΨ[v, µ](ζ) = Xµ

τ (ζ) + JµXµ
t (ζ),

where Jµ is the metric induced by ĝµ and Xµ
τ (ζ) is a Jacobi field of gpr at time s = 1 along

the geodesic γ(s) = expgpr(ζ)
uµ(ζ) (s(ΠµV v(ζ))) starting at u(ζ) given by the initial conditions

[Xµ
τ (ζ)](0) = ∂τ uµ(ζ), and [∇sX

µ
τ (ζ)](0) = ∇∂τ (ΠµV v).

For Xt substitute t for τ in the initial conditions. Now, as in [EES05a, Lemma 5.12], one
finds that the second boundary condition holds if and only if ∇Jµ,j vµ vanishes along the
boundary. This is obvious in our case as we constructed our metrics ĝµ and subsequently
the almost complex structures Jµ so that equation (A.2) is satisfied.

In the variation along the normal direction V , we have to show that ∂̄Jµ,juµ(ζ) = 0 for
ζ ∈ ∂Dm, however, as above, this is equivalent to ∇Jµ,jVµ(ζ) = 0 for ζ ∈ ∂Dm. That is
follows from the construction of V , see Lemma A.6.

Now, we will use the infinite dimensional implicit function theorem for maps with com-
plemented image (see [Lan06, Corollary 5.5]). And so, we need to prove that there exists a
neighbourhood of the origin in Tu,µN2,ϵ so that the map Du,µΨ : Tu,µN2,ϵ → TuV2,ϵ is injective
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and has closed image. The rest of the proof is standard and follows analogously to [EES05a,
Section 5].

□

Remark A.13. Note that we constructed the immersion ι : (D∗
rΛ, JSas) → (P, JP ) so that

ι is a (JSas, JP )-holomorphic map, in particular, it depends on JP . This forces us to fix
the almost complex structure during the clasp move. That is we use only the auxiliary
complex structures Jλ that come from the variation in the µ direction. In other words, the
derivatives ∂

∂µ
and ∂

∂γ
do not commute in general. This choice is a key step in enhancing the

transversality considerations.

A.3. Non-stationary transversality. Here we discuss the fact that our problem is trans-
verse and the transversality arguments from [EES05c] apply.

We have a smooth section ∂̄ : N2,ϵ(b)→ E1,ϵ(b).

Lemma A.14 (Non-stationary transversality). Let Λ be a chord generic unobstructed Leg-
endrian immersion with a clasping chord s of length 0, let (u, µ, jκ, J) ∈ N2,ϵ(b) such that
∂̄J,jκuµ = 0. Denote by Λµ the clasped Legendrian.

(1) Let JΛ,fam be the space of admissible families almost complex structures to Λµ around
J , then the linearization D∂̄J,jκ at (u, µ, jκ, J) is surjective.

(2) Assume that u is not an exceptional disk and let LΛ,fam be the space of admissi-
ble families of Legendrian immersions around Λµ, then the linearization D∂̄J,jκ at
(u, µ, jκ, J) is surjective.

Proof. Proof of both points almost verbatim follows from the proof of [EES05c, Lemma 4.5]
and [EES05a, Theorem 7.12]. Nevertheless, the details of the non-stationary transversality
in Theorem 7.12 were left out for notational reasons since no new thought is needed to finish
the proof. And so, we will include a rough sketch of the proof in our case for completeness.

Let us concentrate on the second point, that is jκ and J are fixed and we are varying
the family Λµ. First, one constructs Ham(Λ, µ) a linear space of admissible perturbations
a : P → R so that

• a has support close to ΠP (Λµ),
• there is a small ball for each of the double points of ΠP (Λ) so that a is real analytic

there,
• the differential of a vanishes at the double points and also it sends them to zero.

Moreover, the balls and support are required to be uniformly bounded. So that, for a fixed
µ, Λµ remains admissible after the perturbation of Λ by the Hamiltonian vector field induced
by a. Then one fibers tivially those spaces over a small interval parametrised by µ as

pHam(Λµ) =
⋃
µ

Ham(Λ, µ)

and defines a perturbed thickening N2,ϵ,pHam(Λµ) by as a Banach bundle over pHam(Λµ) its
tangents space given as

T(u,µ,J,jκ)N2,ϵ,pHam(Λµ) = T(u,µ,J,jκ)N2,ϵ ⊕ pHam(Λµ)

One also has to fiber E1,ϵ, the target of the ∂̄-operator, over pHam(Λµ) analogously. And
so, one obtains a section ∂̄ham : N2,ϵ,pHam(Λµ) → E1,ϵ,pHam(Λµ). We denote the projection
onto pHam(Λµ) by pr. One seeks to prove that (∂̄ham, pr) is transverse to the zero-section,
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that is D∂̄ham is surjective. Since we are working with spaces with L2-inner product, we
can translate the former statement to the vanishing of the annihilator of the image of the
linearization. The elements of the annihilator are represented by anti-holomorphic elements
through an integration of parts argument.

It turns out, that it is enough to work in a very small neighbourhood of the unique
marked positive double-point. Note that the family Λµ does not move any double-points
and so we can take this ball uniformly small in the family. Because we have one special
positive puncture c∗ (that does not map to the clasping chord s since Λ is unobstructed)
we can not have a branched cover appearing and so, it is enough to prove the transversality
in the complement of exceptional disks. Then, one chooses balls around pre-images of c∗

under u. There is only finite number of them because of the asymptotic estimates on the
rate of convergence of u towards c∗. Now, in the clasping family, those preimages are not
moved around since they lie outside of the asymptotic neighbourhood of the clasping chord.
This allows us to complete the proof using the same local considerations using the Schwartz
reflection principle as in [EES05a, Lemma 7.12].

□

A.4. Stationary transversality. Having the non-stationary transversality is not enough
to reason that at µ = 0 the linearization of the restriction of the ∂̄-operator to the fiber over
µ = 0 of N2,ϵ(b) is surjective. One could rephrase the former in the smoothness properties
of the moduli spaces as follows: the moduli space M(b, s) is a 1-dimensional manifold by
the non-stationary transversality. Still, the projection onto R parametrizing the clasping
parameter µ could have µ = 0 as a critical value. Showing the stationary transversality at
this point yields that M(b, s) is diffeomorphic to the collection of intervals close to µ = 0.

A.4.1. Variation of the geometric data. By [EES05a, Lemma 5.4] we have

ĝij(q, p) = gij(q) +
n∑

s,t=1
psptA

i,j
s,t(q), ĝi∗j∗(q, p) = gij(q), ĝij∗(q, p) =

n∑
s,k=1

psgjk(q)Γk
is,

where

Ai,j
s,t(q) =

n∑
k,r=1

gkr(q)Γk
is(q)Γr

jt(q) + Risjt(q).

We know that in local coordinates Φµ(p, q) = (q, p + µdρ). We have defined gµ(q, p) =
ĝ ◦ Φµ(q, p), therefore, by straightforward computation ĝµ(q, p) = g(q, p) + µE(q) + µ2Q(q),
where

Eij(q) =
n∑

s,t=1
(pt∂sρ(q) + ps∂tρ(q))Ai,j

s,t(q), Ei∗j∗ = 0, Eij∗(q) =
n∑

s,t=1
∂sρ(q)gjk(q)Γk

is(q).

Qij(q) =
n∑

s,t=1
∂tρ(q) ∂sρ(q) · Ai,j

s,t(q), Qi∗j∗(q) = Qij∗(q) = 0.

Note that the operators E amd Q have their support contained in the support of ρ. Moreover,
that g−1

µ (q) = g−1(q)− µg−1(q)E(q)g−1(q) +O(µ2).
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Γα
βγ[µ] = 1

2
∑
δ,ϵ

gαδ
µ

(
∂ϵgµ,δβ + ∂βgµ,δϵ − ∂δgµ,βϵ

)

= Γα
βγ + 1

2µ
∑
δ,ϵ

(
gαδ

(
∂ϵE

g
δβ + ∂βEg

δϵ − ∂δE
g
βϵ

)
− Eg−1

αδ

(
∂ϵgµ,δβ + ∂βgµ,δϵ − ∂δgµ,βϵ

))
+O(µ2)

= Γα
βγ + µEΓ

αβγ +O(µ2)
The Sasakian almost complex structure compatible with ĝ is expressed in the local coordi-
nates as

J(∂j∗) = −gkj(∂k +pkΓr
ks(q)∂s∗), J(∂j) = gjk(q)∂k∗ +gls(q)

(
prΓr

js(q)∂l +prpvΓr
js(q)Γv

lt(q)∂t∗

)
.

Thus, the Sasakian almost complex structure that arises from gµ has the following expression
in the same local coordinates;
Jµ(∂j∗) = −

∑
k

gkj
µ (∂k +

∑
r,s

(p + µdρ)kΓr
ks[µ](q)∂s∗)

= J(∂j∗)− µ
∑

k

Eg−1

kj (∂k + pkΓr
ks(q)∂s∗) + gkj(2∂k + (∂kρ · Γr

ks(q) + pkEΓ
rks(q))∂s∗)) +O(µ2)

= J(∂j∗) + µEJ
j +O(µ2)

A.4.2. Second variation along the clasping parameter.

Lemma A.15. The operator ∂̄Jµ,j(uµ) has the Taylor expansion at µ = 0 equal to

(A.18) ∂̄Jµ,j(uµ) = ∂̄J,j(u) + µ(∇J,jV +∇V J · du · jη − 1
2JLV J · ∂J,j(u)) +O(µ2).

In particular, the family of operators (∂̄Jµ,j(uµ))µ is continuous in µ.
Moreover,

(A.19) Duµ ∂̄Jµ,j[v, λ, γ] = Du∂̄J,j[v, λ, γ] + µK[v, λ, γ] +O(µ2),

where K[v, 0, 0] : H2,ϵ → H1,ϵ is a compact operator. In particular, the family (Duµ ∂̄Jµ,j)µ is
a C1-family in µ of Fredholm operators with derivative at 0 with respect to µ equal to K.

Corollary A.16. The clasp move induces a continuous path in Fredholm operators, and so
does not change the index of the problem.

Proof. The computation of the linearization of the ∂̄J,j-operator almost verbatim coincides
with the computation in [EES05c, Section 3.5].

Duµ ∂̄[v, λ, κ]
is the linearization in variations with respect to the vector field v, variation of the clasping
family Λµ in the space of admissible families of Legendrian immersions, and variation in the
conformal structure κ. We will need to expand the total linearization as linearisation of the
problem over the fibre over µ = 0 plus a polynomial in µ with coefficients being operators
independent of µ.

Variation in v: Under the trivializations above, we can write
(A.20) ∂̄J,j(u) = (1− Sλ,µ)−1Π−µV ◦ Π−DΦµ(λv)(duµ + Jλ,µ ◦ duµ ◦ j),
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where Jλ,µ = ΠΠµV (λv)JµΠΠµV (λv). Recall,

Jµ = J + µEJ +O(µ2),

Now, (1− Sλ,µ)−1 = 1 + Sλ,µ +O(λ2) and one obtains

Sλ,µ = −λ
1
2Jµ∇DΦµvJµ +O(λ2),

= −λ
1
2Jµ(∇v + µ∇∇V v)Jµ +O(λ2),

= −λ
1
2(J∇vJ + µ(EJ∇vJ + J∇vEJ + J∇∇V vJ)) +O(λ2) + λO(µ2),

= −λ
1
2J∇vJ + λµ E1[v] + λO(µ2) +O(λ2).

We want to write the first-order approximation of Π−µ∇duµ·ηΠµv in µ at 0 in Riemannian
normal coordinates. Let γ(µ) = expu(µV ), denote X(µ) = ∇duµ·ηΠµv and Y (µ) = Π−µX(µ).
Then X(0) = Y (0) = ∇du·ηV and

D

dµ
X(µ) = ∇γ̇(µ)∇duµ·ηΠµv,

= ∇∇γ̇(µ)duµ·ηΠµv +∇duµ·η∇γ̇(µ)Πµv + R(γ̇, duµ · η)Πµv,

D

dµ
X(0) = ∇∇V du·η v +∇du·η∇V v + R(V, du · η) v.

Let us denote
BV,w,v = ∇∇V w v +∇w∇V v + R(V, w) v.

Then Y (µ) = ∇du·ηV + µBV,du·η,v +O(µ2). And so,

Π−µV ◦ Π−DΦλΠµV v
(dexpuµ

(λΠµV v) · η) = Π−µV (duµ · η + λ∇duµ·ηΠµV v +O(λ2))
= du · η + µ∇du·ηV + λ∇du·ηv + λµBV,du·η,v

+ λO(µ2) +O(λ2).

Now, observe that for an endomorphism E and a vector field y it holds that

Π−ϵyE − EΠ−ϵy = ϵ∇yE +O(ϵ2),

and so we compute similarly to the identity above that

Π−µV ◦Π−DΦλΠµV v
Jλ,µ(dexpuµ

(λ Πµv) · jη) =

= Π−µV

(
Jλ,µΠΠ−µλv dexpuµ

(λ Πµv) · jη + λ∇Π−µvJ · dexpuµ
(λ Πµv) · jη

)
+O(λ2)

= JΠ−µV ΠλΠµV vdexpuµ
(λΠµV v) · jη − µ∇V J · dexpuµ

(λΠµV v) · jη

+ λ∇λΠ−µV vJ · Π−µV dexpuµ
(λΠµV v) · jη

− λµ∇V

(
∇λΠ−µV vJ

)
· dexpuµ

(λΠµV v) · jη + λO(µ2) +O(λ2)

= J(du · jη) + µJ∇du·jηV + λJ∇du·jηv + λµJBV,du·jη,v − µ∇V J · du · jη − λµ∇du·jηV

+ λ∇vJ · du · jη + µλ∇vJ · ∇du·jηV + λµ∇∇V vJ · du · jη +O(µ2) + λO(µ2) +O(λ2).
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Finally, compare the expansions above to define the operator S̄1[v] and conclude that

Duµ ∂̄J,j[v, 0, 0] = ∇̄v − 1
2J(∇vJ)∂J,ju + µS̄1[v] +O(µ2),(A.21)

= Du[v, 0, 0] + µK1[v] +O(µ2).(A.22)

Variation of Λµ in admissible families of Legendrian immersions: Let λ ∈ R describe the
variation of Λ0 in the space of admissible Legendrian immersions that

• outside of the clasping chart looks like variations through admissible Legendrian
embeddings,
• keeps the clasping self-intersection point a self-intersection point,
• does not introduce any new self-intersection points.

For details, see the construction in [EES05a, Section 5.4]. This yields a domain dependent
family of difeomorphisms

Φζ
λ : Dm × P → Dm × P,

ζ 7→ (ζ, Φζ
λ)

and realise that Φλ,µ = Φζ
λ ◦ Φµ is a domain-dependent family of diffeomorphisms so that

Φλ,µ(Λµ) is an admissible family of Legendrian immersions. Note that for µ and λ sufficiently
small, we have that Φζ

λ ◦ Φµ = Φµ ◦ Φζ
λ since the metric is flat near the clasping region and

the diffeomorphism can be modelled as a flow of a domain-dependent vector field. Similarly
to the above, we trivialise

∂̄J,j(u) = (1− Sλ,µ)−1Π−µV DΦζ
−λ(dΦζ

λ(uµ) + J ◦ dΦζ
λ(uµ) ◦ j)

Write Φζ
λ = id + λY ζ

λ +O(λ2). Then as above,

(1− Sλ,µ)−1 = 1 + Sλ,µ +O(λ2),

Sλ,µ = −λ
1
2Jµ(LY ζ

λ
Jµ) +O(λ2),

= −λ
1
2(J(LY ζ

λ
J) + µE2[λ] +O(µ2)) +O(λ2).

Therefore, we can compute that

Duµ ∂̄J,j[0, λ, 0] = −1
2J(LY ζ

λ
J)(du− Jduj) + ( d

dζ
Y ζ

λ )dζ + J( d

dζ
Y ζ

λ )dζ ◦ j + µK2[λ] +O(µ2),

= D∂̄[0, λ, 0] + µK2[λ] +O(µ2).

Variation of conformal structure κ: In our trivialisation this corresponds to

∂̄Jµ,j(uµ) = (1− Sµ)−1Π−µV (duµ + J ◦ duµ ◦ j(1 + ϵγ)(1− ϵγ)−1)(1 + ϵγ)−1
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Similarly to the computations above one obtains

∂̄J,j(u) = (1− µ
1
2J∇V J)(du · η + µ∇du·ηV )

+ (1− µ
1
2J∇V J)(J(du · j(1− ϵγ)η) + µ(J∇du·j(1−ϵγ)V ) +∇V J · du · j(1− ϵγ))

+ ϵO(µ2) +O(ϵ2),
Duµ ∂̄J,j[0, 0, γ] = −∂̄J,j(u) ◦ γ − µ(∇du·ηV + J∇du·jγηV +∇V J · du · jγη) +O(µ2)

= Duµ ∂̄J,j[0, 0, γ] + µK3[γ] +O(µ2)

Variation of Λ along the family Λµ: We will express the operator ∂̄Jµ,juµ in the local
trivialisations as the variation of ∂̄J,ju, that is

∂̄Jµ,juµ = (1− Sµ)−1Π−µV (duµ + J ◦ duµ ◦ j).
Analogously to the above, we obtain that

(1− Sµ)−1 = 1− 1
2µJ(LV J) +O(µ2),

and that

∂̄Jµ,juµ = ∂̄J,j(u) + µ(∇du·ηV + J∇du·jηV +∇V J · du · jη − 1
2JLV J · ∂J,j(u)) +O(µ2),

= ∂̄J,j(u) + µ(∇J,jV +∇V J · du · jη − 1
2JLV J · ∂J,j(u)) +O(µ2),

As we mentioned earlier, it is important to separate the variations of the Legendrian and
the almost complex structure. And so, we should perform the same computation as the
above for λ being a parameter in the almost complex structures. We will consider of only
the variation with respect to J since the Taylor expansion of the other directional derivatives
can be obtained by an argument analogous to the above.

Variation of the almost complex structure J : We vary the almost complex structure J
through the ones for whom ΠP (Λ) is admissible. Especially, close to the double points the
almost complex structure does not change. Note that the construction of the immersion ι̂
and the associated metric gpr depends on J and so we are forced to change it along the
variation. Fortunately, we perform the clasp move sufficiently close to the double points
where the almost complex structure J and so the metric gpr does not change. We thus can
assume that the variation of the almost complex structure J is given by a one-parametric
family of diffeomorphisms

Φλ : Dm × P → Dm × P

that act as the identity on Dm and
• Φλ acts as the identity on small neighbourhoods of the double-points,
• in the complement of those neighbourhoods the Lagrangian projection ΠP (Λµ) is

a submanifold and so has a small normal neighbourhood. There Φλ interpolates
in between Sλ,µS−1

0 close to the zero-section and the identity far enough along the
normal fibres.

Then the variation of the almost complex structure J is given as
Jλ,µ = DΦλ ◦ Jµ ◦DΦ−λ.
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In our trivialisation,
∂̄Jλ,µ,j(uµ) = (1− Sλ,µ)−1DΦ−µDΦ−λ(dΦλ(uµ) + Jλ,µdΦλ(uµ)j).

Let us denote Φλ = id + λYλ +O(λ2)By computation analogous to the above we obtain
Jλ,µ = Jµ(1 + 2Sλ,µ +O(λ2))

Sλ,µ = λJµ(−1
2LYλ

Jµ) +O(λ2)

Therefore,

Duµ ∂̄Jµ,j[0, λ, 0] = −1
2J(LYλ

J)(∂J,ju) + Sλ(∂J,ju) + µK4[λ] +O(µ2),

= D∂̄[0, λ, 0] + µK4[λ] +O(µ2).
□

A.5. Enhanced transversality and marked points on the boundary. The goal of this
section is to prove that the clasp move does not influence the rigid curves without a puncture
at the clasping chord.

Lemma A.17. Let n > 1 be the dimension of the Legendrian submanifold and let w be a
word in Reeb chords that does not contain sµ and dimMµ(w) = 0. Then there is µ0 > 0 so
that p : M[−µ0,µ0] → [−µ0, µ0] is a local diffeomorphism.

The proof of this proposition is standard and follows the proof of [EES05b, Proposition
4.10]. It follows from the following two lemmas, whose proofs we include for completeness.

Lemma A.18 (Corollary 9.22 in [EES05b]). No rigid J-holomorphic disk in P without a
puncture at sµ maps any boundary point to sµ.

This Lemma can not hold for knots, limiting our results about the clasp move to higher
dimension.

Proof. Fix an arbitrary point pµ on Lµ. Let ζ0 be a marked point on the boundary of Ḋm.
Define the evaluation map

evζ0 : N2,ϵ(c)→ Lµ.

The evaluation map is smooth and transverse to pµ since for any direction, one can construct
a variational vector field, thus spanning TpµLµ. Define

N2,ϵ(c; pµ, ζ0) = ev−1
ζ0 (pµ),

a closed submanifold of N2,ϵ(c) of codimension equal to dim L. Observe that the tangent
space of N2,ϵ(c; pµ, ζ0) is spanned by the vector fields satisfying the standard boundary
conditions and moreover that they vanish at ζ0. One can define a new Banach manifold
parametrised over the boundary of Dm with standard trivialisations

N2,ϵ(c; pµ) =
⋃

ζ0∈∂Ḋm

N2,ϵ(c; pµ, ζ0).

Let H(p) be the space of suitable Hamiltonians so that the induced Hamiltonian diffeomor-
phisms fix p. One can see that the proof of transversality follows through as ζ0 lies in the
compact part of the curve. This yields a locally regular moduli space, denoted with Mµ(c; p).
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Therefore, we have a Baire set of admissible clasp moves Lµ so that the assumption of the
Lemma is satisfied. Else, the transversality and the Fredholm property implies that

dimMµ(c; p) = ind DΓ,

where Γ : N2,ϵ(c) → H1,ϵ is the section given by the perturbed ∂̄ operator. Fixing µ the
section looks in trivialisation as

Γ : R×W2,ϵ(c; p)→ H1,ϵ,

the first coordinate describes the variation of ζ0 along the boundary and the evaluation cuts
out a codimension dim L submanifold out of the second factor, so the dimension formula
yields

dimMµ(c, p) = dimMµ(c)− dim L + 1 = 0− n + 1 < 0,

which can not generically occur. □

Lemma A.19 (proof of Lemma 4.4 in [EES05b]). There is d > 0 so that no rigid disk
without the clasping chord as a puncture maps any boundary point B(sµ, d).

Proof. For contradiction, let vj → (v1
∞, . . . , vN

∞) be a limiting sequence of rigid curves so that
one of the limit curves intersects all balls B(sµ, d), which means that either the curve breaks
at s or that it has a boundary point mapping to s.

The second case is ruled out by Lemma A.18 as∑
k

ind vk
∞ = ind vj = 0,

and no rigid vj can generically touch s, therefore, the broken sequence must contain a curve
of negative formal dimension.

There are no ghosts in the limit, and so Stokes’ inequality obstructs the possibility of s
being a positive puncture with other negative punctures. We have shown in the proof of
Lemma 4.2 that there can not be any disk with no negative puncture having s as the only
positive puncture. This concludes the proof. □

Appendix B. Ekholm’s flow trees

Here we will explain the Ekholm’s flow tree technology (see [Ekh07]). This section does
not contain any new results and should not be perceived as a complete survey of the topic.
The aim is to explain the flow-tree technology sufficiently so that a reader not familiar with
such techniques can read and understand the proof of Lemma 3.6.

Let Λ be a closed Legendrian embedding in J1(Rn) = T ∗Rn×R (with the standard contact
form dz − ydx), where x are the coordinates on the base Rn, y are the coordinates on the
cotangent fibre, and z describes the contactization direction. Let ΠF : J1(Rn)→ Rn ×R be
the so-called projection

(x, y, z) 7→ (x, z).
We say that the set ΠF (Λ) is the front of Λ. It is a stratified set, where each strata is a smooth
manifold. The top-dimensional stratum is a smooth n-dimensional manifold (possibly with
corners). We will call these sheets S. The lower-dimensional loci can be collected to a
so-called singular set. For our methods to work, we need to assume that we work with a
Legendrian submanifold has simple singularities of its front (for details see [Ekh07, Section
2.2]). In our case, the front has only cusp singularities that are simple.
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Let Ui be open sets of Rn and fi : Ui → R be functions locally parametrising the sheet Si

over Ui. Say that Ui and Uj overlap, then we define the so-called local difference function

fij = fi − fj.

The critical points of the local difference function correspond to Reeb chords starting at
the sheet Sj and ending at the sheet Si.

Now, the flow trees are trees in the base Rn, where the edges are negative gradient flow-
lines of local difference functions so that the vertex is (generically) either

• critical point of the local difference function (we denote these with a full circle). See
P0, and P1-vertices in Figure 16.
• a point, where three trajectories of three local difference functions meet, and which is

not a point in the projection of the singular set. See vertex Y0 in Figure 16 (denoted
with a circle).
• a point, where three trajectories of three local difference functions meet, and which

is a point in the projection of the singular set. See vertex Y1 in Figure 16 (denoted
with a circle).
• a point, that is in the projection of the singular set. See vertex E in Figure 16

(denoted with a circle).
• in general, we have to allow more vertices (S-vertex), but these do not appear in the

computations of this paper, and so we leave them out (for details see [Ekh07, Remark
3.8])

Note that different edges can be flow-lines of different difference functions. We require that
the indices of the local difference functions adjacent to the Y0, Y1, and P1-vertices satisfy the
relations as in Figure16. In the upper part, we draw the lift of the flow-tree into the front
projection: the polygon coloured light blue, the sheets in grey, and the Reeb chords in dark
blue. In the lower part of the figure, we draw the corresponding flow-tree in the base. Note
that the P1-vertex is a combination of a Y0-vertex, where one of the outgoing trajectories is
a constant trajectory (ghost) over a P0-vertex.

The spaces of flow-trees have the same expected dimension formula as the spaces of pseudo-
holomorphic curves, and the same Stokes bound on the quantity substituting area applies to
the flow-trees. For the flow tree to be rigid, it has to lie in the appropriate intersections of the
stable and unstable manifolds of the local difference functions. This means that a rigid tree
can a priori contain a trajectory that is not rigid; however, the interaction with a different
sheet (through P1, Y0, or Y1 vertex) rigidifies the trajectory. We will draw the flow tree as the
superposed polygons in the front projection that are the lift from the base. Note that along
the flow, this polygon should have decreasing action along the fibres of Rn × R→ Rn. This
action can be zero in one of the admissible vertices, else it is not an example of a flow-tree
(this happens frequently in the presence of intersecting sheets).

Let T(a; b) be a space of flow trees with a positive vertex at a and a negative punctures
at Reeb chords b = b1 . . . bk. The dimension of this space is dimT(a; b) = |a| −∑k

i=1 |bi| − 1.
There is a bijection of rigid flow trees and the space of rigid pseudo-holomorphic curves in
T ∗Rn with positive puncture asymptotic to the double point corresponding to a, negative
punctures asymptotic to the double points bi’s, and the boundary mapping to the Lagrangian
projection L = ΠP (Λ) (see [Ekh07, Theorem 1.1]):

T(a; b) 1−1←−→M(a; b).
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Figure 16. Vertices generically appearing in the flow-trees. Note that the
pictures for P1, Y0 and Y1 can be inverted along the vertical axis. The blue
full dots denote the projection of Reeb chords that are denoted with blue line
segments. The non-full dots represent some extraordinary point in the base.

We use this bijection to compute the differential of the Chekanov-Eliashberg algebra of the
k-clef spheres in Lemma 3.6.
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