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1 Introduction

AdS/CFT is a duality mapping strongly coupled Conformal Field Theories (CFTs) to weakly
coupled gravitational systems in asymptotically Anti-de Sitter (AdS) spacetimes, providing
computational access to previously intractable non-perturbative regimes. Concurrently, the
conformal bootstrap program leverages symmetry constraints, unitarity bounds, and crossing
relations to delineate the landscape of consistent quantum field theories without recourse
to traditional perturbative methods, see for instance [1, 2].

The synergy between holographic techniques and bootstrap methods has yielded particu-
larly significant insights into the structure of gravitational theories. In particular, there have
been several advances in understanding how to study correlation functions in CFTs, with
or without supersymmetry, in the holographic regime and as an expansion in large central
charge, or large N. In particular, it is possible to use this approach to study holographic
four-point functions. Starting with the seminal paper [3], there has been a lot of progress
in understanding how to extend these results to higher order in the large N expansion. An
important methodological insight in this context has been the mapping of the singularities
of the correlator in the regime in which the conformal cross ratio v — 0, or equivalently
z — 1, is compared to the CFT data [4-6]. Remarkably, in the first few orders in the large
N perturbation theory the singularities are controlled by the CFT data at the leading order,
which makes it possible to completely reconstruct the correlator at order N=* [6, 7].

The main obstacle to overcome to push this program further, is the appearance of higher-
trace operators in the Operator Product Expansion (OPE), which start contributing to the
singularity structure at order N~ and higher. However, at any given loop order in the
large N expansion, there is a term completely controlled by the CFT data of double-trace
operators at leading orders. Although this term does not control the full singularity structure



of the correlator, it provides interesting information about the full perturbation theory and
on the respective holographic AdS loop amplitude.

In this paper, we study this term in the context of [3] and focus on its effect to the
anomalous dimension of double-trace operators.! We restrict ourselves to a specific kinematic

limit, which corresponds to the large spin ¢ limit of the anomalous dimension. In particular,
logh—2¢
OZgQAO

in the large spin limit, where Ay is the conformal dimension of the external operators in

we note that at any given perturbative order N~2% the anomalous dimension goes as

the four-point function.? In this context, this behavior has not yet been observed, but it
appeared for weakly coupled CFTs [10, 11] and in the study of higher-trace operators [12, 13].

One of the objectives of this paper is to elucidate properties of the AdS amplitudes in
connection to CFT features. This connection is made explicit through Witten diagrams, which
provide the computational framework to evaluate AdS scattering amplitudes. These diagrams
are the AdS analogue of Feynman diagrams in flat spacetime, but with crucial differences
that reflect the geometry of AdS space and the holographic nature of the correspondence.
The sum over all possible Witten diagrams for a given process reconstructs the complete
CFT correlation function, providing an ecixplicit realization of the holographic principle in
which bulk physics emerges from boundary correlations.

This correspondence reveals that the analytic structure of CFT correlation functions
directly encodes the pole structure of AdS scattering amplitudes, which becomes even
more transparent through the Mellin transform representation. The relationship becomes
particularly illuminating in the flat space limit, where AdS scattering amplitudes approach
their Minkowski counterparts. In this limit, the conformal cross-ratios approach kinematic
invariants of flat space scattering, and the conformal block expansion reproduces the partial
wave expansion of scattering amplitudes.

More specifically, we addressed the interplay between the contribution due to the most
singular term of the four point function® and the corresponding AdS loop amplitude. We
interpret the correction to the anomalous dimension of the double-trace operators as the
correction due to the introduction of a new field in AdS at low twist, as expected from an
effective field theory point of view. In particular, the all-loop resummation of the anomalous
dimension on the CFT side exactly matches this interpretation.

Another aspect that we analyzed is the Mellin respresentation of the most singular term.
Similarly to [8, 9], we found an interesting interpretation in terms of consecutive unitarity
cuts of the amplitude. We have shown this correspondence by inspecting the flat space limit
of the Mellin amplitude and its genuine flat space computation.

We list here some aspects that would be interesting to investigate in the future.

e The same analysis can be carried out in generic cases, for instance where there is no Zo
symmetry. The appearance of intermediate operators source another term in the double
discontinuity which modifies the anomalous dimension of double-trace operators, see
for instance [14]. It will be interesting to see how this modifies the large spin behavior

'Tn the case of N' =4 SYM, a similar setup has been studied in [8, 9].

2Unless differently specified we consider Ap = 2.

3This wording will become clear later, but with this we mean the term containing the highest power of
logv.



of the anomalous dimension of double-trace operators and how to interpret it in the
holographic context.

e It will be interesting to gain a better understanding of the behavior of higher-trace
operators. Their study has recently attracted attention [12, 15-17],providing new
information about their spectrum. An interesting direction is to explore how their
large-spin behavior relates to that of double-trace operators, for large enough twist
and order in the large N expansion, and to clarify their interplay. A natural arena for
such an analysis is provided by supersymmetric theories, where protected operators
determine a larger fraction of the double discontinuity. Some studies along these lines
are reported in [18-21].

The paper is organized as follows. In section 2 we begin with general definitions and
notations, and provide a review of relevant results from the literature, which also serve as a
testing ground to illustrate our methodology. We finish the discussion of the CFT side with
section 3, where we present our results for the corrections to the anomalous dimensions of
double-trace operators at higher orders in the large N expansion and the resummation of part
of it. Section 4 is devoted to the construction of the Mellin amplitude and to the interpretation
of the CFT results obtained previously. The flat space limit and its interpretation in terms
of cuts of the amplitude is presented in section 5.

2 Generalities

In this paper, we will focus on the study of the four-point function of identical scalar
operators with conformal dimension Ay in four dimensions d. Conformal symmetry fixes
its functional form to be

1

(O(x1)O0(x2)O(23)O(24)) = W

G(u,v), (2.1)
where we have defined xgj = (z; —x;)? and G is a function of conformal invariant cross-ratios

2 .2 2 .2
TiHT Ti4T
u= 223 =z, v="282 = (1-2)(1-2). (2.2)
L1324 L1324
Invariance of the correlator under the exchange of any two operators translates in a set of
crossing symmetry relations for G, which, for 1 < 3, reads

Glu,v) = (“)AO G(v,u) . (2.3)

v

Finally, G admits an expansion in conformal blocks [22]

g(u) U) = Z aA,ng,Z(ua U) )

A

gae(u,v) = ZZ_E  (kass(2)raea(2) =2 6 2) (2.4)

nsle) = ahafy (5.5 551 |



where A and ¢ indicate the conformal dimension and spin of the operators exchanged in the
OPE of O x O with OPE coefficient fooo, ,, such that an, = f(%OOA .
To consider the simplest yet non-trivial setup, we study a large N theory with a Z»

symmetry. Holographically, this can be thought as a theory in AdS with only a quartic

1

~z- Under these assumptions, the operators

interaction, where the bulk coupling scales as ~
exchanged in the O x O OPE are

OxO0=1+[00],0+---, (2.5)
with [00],,, double-trace operators of schematic form
[00], =00"0,, ---0,,0. (2.6)

In fact, the Zo symmetry forbids O, as well as any multi-trace operators built from an odd
number of O, from appearing in the --- in (2.5).* In the strict N — oo limit, only the
identity and the double-trace operators appear in the OPE. When subleading % corrections
are included, these operators acquire corrections to their dimensions and OPE coefficients
and additional multi-trace operators, with an even number of O insertions, can begin to
appear in the OPE.

To see how this structure emerges more concretely, we begin by considering the large
N expansion of the correlator

1 1
g(u> ’U) = g(()) (U, U) + mg(l) (U, U) + ﬁg@) (ua U) +ee (27>

where the leading term G(®) corresponds to Generalized Free Field (GFF) theory. This can
be simply computed from Wick contractions and matches the contributions of disconnected
AdS Witten diagrams

Ap
GO =14+ ylo 4 (Z) . (2.8)

By expanding this expression in conformal blocks according to (2.4), we can directly see the
existence of double-trace operators and read their free dimensions and OPE coeffiecients [3]

AY) =200 + 20+,
© 20+ 1)(2A@+2n+£—2)0Ao_10AO,1 (2.9)
an,é - (AO o 1)2 n n+l+1>
where by Bose symmetry only ¢ even are allowed and we have defined
2 _
oA _ “(A+n)l'2A+n—-1) (2.10)

" T(n+ DI2(AT(RA+2n—1)

4Moreover, we can exclude the presence of the stress tensor T by assuming that its self coupling with
the scalars is much stronger than the gravitational coupling. This also removes from the --- in (2.5), any
double-trace operators of the schematic type [T7T7].



As anticipated, at large N these operators develop an anomalous dimension v and corrections
to their three-point functions due to interactions

(1) (2)

gt gl
Ang =280 +2n+ L+ T+ L4
(0) “(1% a(Q% =
n, n,
an,l:an7g+N2+N4 + .-

Plugging this expansion in (2.4), we can isolate for each G (%) the contributions from double-
trace operators. As an example we report the explicit expression for the first two orders

1

0
g = Z yLo+n (afj} + 5@53277(:2 <log(u) + 8n)> G280 +2n+0,0(U, V), (2.12a)
n,l

1
@ _ N, h0+0) (@ 1 0 @ ( 9 )> Ung e < 9 )
g Z U { <an’£ + 5,0t logu + o + 5 logu + n

1) 1)\ 2 0 H? B
+ ga;,é (%ﬁ@) (log2(u) +2log U% + 8nZ> }92A0+2n+£,é,

where, to make manifest the leading small u© dependence, we have redefined the blocks

A—¢

gA,f(Zaz) =u 2 gA,Z(Z7 2) . (213>

If we specify to an AdS theory with only a quartic interaction, it is known [3] that at

5

order in N~2 only double-trace operators with ¢ = 0 get corrections.” Up to an overall

coefficient,® these corrections are

1 (280 —1)(n+1)(2A0 +n—3)(Ap +n—1)
0= T Ao — 1)(200 + 20— 3)(2A0 + 20 — 1)

alh = 3on(ahald). (2.140)

(2.14a)

) _
0=

)

So far, we have relied on the explicit expansion in conformal blocks to extract operator
dimensions and OPE coefficients. However, there exists a powerful alternative technique
— eventually the only viable approach for accessing higher-order corrections in the 1/N
expansion — which is the Lorentzian inversion formula [4] (LIF). The power of the LIF
lies in the fact that it encodes OPE data in a function ¢(A,¢), known as OPE coefficient
density, which depends not on the full correlator, but only on its singular behavior as z — 1.
Technically, this is realized by expressing ¢(A, ) not in terms of G(z, z), but rather in terms
of its double discontinuity (dDisc), defined as the difference between the Euclidean correlator
and its two analytic continuations around z = 1

dDisc [G(z, 2)] = G(2, 2) — %gO(z, 7 - %gO(z, 7). (2.15)

5This result can also be explicitly verified by expanding in blocks G() given by the corresponding Witten
diagram, ie g(l) ~ DAOAOAOAO .
SWe fixed the overall coefficient by demanding that 75}3 = 1. This can be achieved by a re-parametrization

of N.



For the correlator of identical operators in 4d, the OPE coefficient density is

1+(-1)° z)?

(A ) = kA+e/ dzdz%gHgA 3(z,2) dDisc[G(z, 2)] , (2.16)

with ko = m. Crucially, the dimensions and OPE coefficients of the exchanged
operators are then encoded, respectively, in the poles and residues of ¢(A,¢)

. _ap,yg
Algri* c(A0) = A_A (2.17)

The function ¢(A, ¢) inherits from G in (2.7) a large N expansion, such that (2.17) can be
expressed, order by order, in terms of corrections to the OPE data in (2.11)

c(A E)—%O’%Jrl Tt + o + L Bt
RRmr h ] e M =
IR |
+ o) + © 4o
(T_Tn )2 T —Tn

where we have expressed everything in terms of the twist 7 = A — £ and 7, = 2Ap + 2n.7
To apply the LIF we will first rewrite the correlator in terms of its crossed-channel version.
In other words, instead of using G directly in (2.16), we substitute

-7 Ao _
(1_2)(1_2)) G(1— 21— 3). (2.19)

With this transformation, the only relevant terms with non-vanishing dDisc are

e (152 (52 e

dDisc [log" (1 — 2)] = 2n*n(n — 1)log" (1 — z) + lower powers of log(1 — Z),

G(z,2) = (

where A < 0 and notice that for a single log(1 — z) dDisc is zero. Given these results,
it is straightforward to verify that the disconnected OPE data in (2.9) are reproduced
by considering only the constant term in G(?). Upon crossing, this term becomes (%)AO,
which is the only singular contribution and thus the only one with a non-vanishing double
discontinuity. Moving on to the O(N~2) correction, we need to analyze the singular behavior
of G (v,u) defined in (2.12a). To do so, it is important to understand the behavior of
each conformal block as v — 0

’U—>

~ 0 ~
Gonp+ontee(u,v) = f(u,v) + f(u,v)logv, (2.21)

where both f(u,v) and f(u,v) admit a Taylor expansion around small v and v. Thus, each
individual block diverges at most logarithmically. However, summing over an infinite tower of
spins can potentially change this behavior. At order 1/N?, only double-trace operators with

"In our example, all the terms containing ’y and a being non zero only for £ = 0 do not produce any pole.



spin zero acquire anomalous dimensions, so no logarithmic enhancement from the large-spin
tail is expected. As a result, we expect

Ao
<z) GW (v, u) ~ v™ (f1(u)logu + fa(u)logv + f3(u)logulogv + fi(u)) . (2.22)
Since dDisc[logv] = 0, it may seem that no singular terms survive and the Lorentzian

inversion formula fails to reproduce the correct 1/N? OPE data in (2.14a). This apparent
contradiction is resolved by noting that the inversion formula is only guaranteed to reproduce
the correct OPE data for non truncated in spin v, ¢. In our case, 71(12 and aS} are NONZero
only for ¢ = 0. For similar reasons, at the next order, the only term in G2 (v,u) surviving

the double-discontinuity is
1 0, ( _
guAO log? 0> aly (7 {0) 20" G +2n0(v, u) (2.23)
n

Notice that this term is fully determined by the OPE data at the previous order and, quite
remarkably — as we will soon see — it is sufficient to completely fix 71(52 1(122

In the remainder of this section, we will carefully go through the procedure to extract
the OPE data at order N~* from c(A, /), as in (2.18), by plugging (2.23) into (2.16) and

evaluating the resulting inversion integral. We will then show that this reproduces the

and a

results previously obtained in [6]. Since here and in the following, we will focus on the
lowest-twist double-trace operators, ie at n = 0, we can simplify (2.16) by expanding in
collinear blocks [4, 23, 24] and work with

_ 1 175
iy = [ 9E / 9 i o (2) dDiisc [6(2, 2)] g (2.24)
0o z 0z
where we have defined h = 7 and h = %% and by [],n, we denote the projection onto the

term of order 2" in the Taylor expansion around z = 0. At order N~%, the only term with
non-vanishing dDisc is (2.23) and if we set Ap = 2 and select the 22 term we get

1
dDisc [8# log? vy al ) (1) Gasan.o(v. u>] = s(2)logz + (2),

z2
s(2) =Y smz(l—2)", sm=qmnm —3672(j+1)8T (m+1)? 1
m=0 ];O T2 (—j+mt DI (j+mt3) &8¢

Plugging this expression into the inversion integral, we can first focus on the z-integral

dZ —h_h p . F(p+1)
/?Z z 0IOg z = _W (226)

Comparing with (2.18), we see that extracting aéog'y(()? requires considering only the log z

part, as it is the only term that produces a double pole in the inversion formula. In formulae,
this means we can write

1 dz N
Yoi = _4(1(())/22k2ﬁ’€2ﬁ(z)3(z) (2.27)
0.0



where the 4 comes from the fact that h = 5. To make manifest the dependence of h or

. . o - . . _ . 1—3
equivalently of the spin / it is convenient to rewrite s(Z) as an expansion of powers of ~=*

s(z) = i Sk (1 ; Z)k : (2.28)

k=0

where §; are simply related to s,,, for instance
S0 = So, §1 = —s9+ 81, S9 =589 — 281+ S9. (2.29)

In this way, the integrals become trivial and we obtain

2 _ Y5 F((k +1)T'(h—k—1) (2.30)
k

To. 72(h — D)hD(h+k+1)

9

An advantage of this representation is that it makes the large spin behavior manifest. Indeed,
each term in the sum behaves at large “conformal spin” J? = h(h — 1) = ({ + Ap +n) (¢ +
Ap+n—1),ie. J> = (£+2)({+1) for the lowest twist, as J =472 for J > 1. More explicitly

2) J—oo 6(1 181 961 360 1 743041)

(@) Jooo, Dy 2 2 R 2.31
o, AT s T T AT T st 38 B (2.31)

in accordance with [6]. Similarly we can extract the correction to the OPE coefficient
integrating ¢(2)

Go0 Jooo, 6 (1 591 1048 1
i

—— 2.32
+10J2+ 35 J4 ( )

3 Higher orders

3.1 Anomalous dimensions

At order 1/N?, the contribution in (2.23) captures the full double discontinuity of the

(2) (2)

correlator and therefore determines both 7024 and ag completely. At higher orders this is no

longer the case: dDisc receives contributions not only from tree-level data, and in general
fixing the corrections at order 1/N?* requires knowledge of the full set of OPE data at order

1/N 2(r=1) Nevertheless, there is always a universal part of the correlator that depends only
on the leading OPE coefficients aﬁ% and tree-level anomalous dimensions 71(117())7

a non-vanishing dDisc. This contribution is the higher-order analogue of (2.23), namely

which produces

A

0 1 ~
oor] u?log" v > a0 (V) 0" Gasan 0 (v, u) (3.1)
n

where we have set Ap = 2. While this does not reproduce the full dDisc, we will see that
these “leading-log” contributions still control a specific part of the OPE data. To distinguish
the data extracted by inverting only this partial contribution from the full result, we will
denote them with a *



To see how this mechanism works, let us first project onto the leading-twist sector. Then,
similarly to the x = 2 case, we find

: 1 K K, N~
dDisc [2'%'”2 log™ v} alh(750)"v 94+2n,0(vau)1

22 (32)
= 212k (k — 1)1og"2(1 — %) (s(“)(i) log z + t(")(g)) 4.

The appearance of the log z term produces double poles, which can be directly identified
with the contributions to &*)(h,h) of the schematic form

! 04 (0) = (1) o (5
e (ot + Saate). 3
from which we can extract 4(%). Proceeding order by order, we find

~(3) J—oo 6 1
Yoo —— i (log J +vE) + 2576 (924(log J + vg) — 899) + - - -, (3.4)

where vg is the Euler-Mascheroni constant. In addition, for k = 3, the analysis of the simple
pole yields the correction to the OPE coefficient as well

Ao Josoo, 6

o 71 (logJ +~vE)+---. (3.5)

A remarkable feature of these results is the appearance of log J, unlike the results at previous
order. This is significant for two reasons. First, from the inversion formula, terms of the
form log"~2.J can only arise from the integration of log®" 2(1 — %), which are completely
encoded in (3.2). It follows that the log J part of 43) exactly matches the corresponding
piece of the full anomalous dimensions, and more generally

2 (k) (%)
70! logm72 J y

(3.6)

with an analogous statement for the OPE coefficients. Second, this behavior could have been
anticipated from the structure of the correlator and in particular its behavior under crossing
symmetry. In fact, when expanded in conformal blocks, G (u,v) contains a contribution
of the form

1 ~
G (u,v) > Julogu Y agyy daes(u,v). (3.7)
¢
At large ¢, or rather large J, this contribution leads to [25]

0) log J _
10%“2“8,3794+J,J(U7U) ~ logulog® v. (3.8)
7

This log v originates exclusively from the log J term and, upon crossing, provides precisely
the contribution required to reproduce the a(®(y1))31log®ulogv structure in (3.1).8 For

log J
J2
operators due to a ¢* interaction. These operators indeed start to enter the OPE at 1/N* and mix with

8A similar behavior can be observed in the tree-level anomalous dimensions of quadrupole-trace

double-trace operators starting from twist 8 for Ap = 2.



the same reason at higher order we expect log"~2.J. Starting from x = 4, however, the
situation becomes more subtle because the residue of the double pole contains not only the
new correction to the anomalous dimension but also contributions proportional to lower-order
data. Concretely, at kK = 4, as follows from (3.3), the relevant structure is

NOBRELY c(),e (3.9)

Nevertheless, using the explicit results of (2.31) and (2.32), one sees that the second term

cannot generate log? .J. Hence any log? J produced by the inversion formula at this order must
come entirely from 'Ay(()i,) . And by the same logic as above, this contribution coincides with the
corresponding piece of the full anomalous dimension. In general, we can therefore state that

the residue of the double pole coming from (3.2) provides the leading large-J behavior of ’y[()'})

. 3 5(“) 5(@ 5(”)
"}/(()72%10g’{ 2J<}4+§6+38+”' 4+ (3.10)

where we can explicitly evaluate it for any . By doing this for sufficiently many values of
Kk, we can determine the general sequence to be

6(_1)H+1
I'(k—1)"~

_1\k k—1
=225 (-0(3) ).

oy = m (1 —7(§>K+7(§;>K> .

Reinstating the factors of 1/N, this series can actually be resummed in x, giving the leading
large J contribution to the leading twist anomalous dimension 7y, = ¢

1
Te(N) ~ 1[— ol ¥, 2 (J‘Jz - ?’52J‘s)z3’2)

5%”) _

N* Ji s
(3.12)
4 _1 448 _ _8_ 6561 ___s1
—JS<J N2—§J 5NZ +ﬁj 35N2> 4

Here the powers of J can be recognized as precisely the tree level anomalous dimensions
77(:()) defined in (2.14a),

(1 _ 4 m_38 (1 _ 81 3.13
70,0 ) 71,0 5 72,0 35 ( )
This observation leads us to a compact general formula
1 fnm
VN~ 51D (3.14)

,0
n,m J4+2n+2m+%

with coefficients f,, independent of N. In the next section, we will interpret this result
from an effective field theory point of view.

,10,



AX,,L =2Ao + 2n

Figure 1. Spectral decomposition of bubble diagrams as a sum over tree-level scalar exchanges.

3.2 Interpretation as a scalar exchange in AdS

To understand how an effective description emerges, let us return to the case x = 2. In this
situation, the one-loop bubble diagram can be decomposed, via the spectral representation
of [26], into a sum over tree-level scalar exchanges x,,, with dimension 2A + 2n, as illustrated
in figure 1. At this order, using the appropriate OPE coefficients and setting A, =4 + 2n,
one recovers the result for 78’22 in (2.31), where the exchange of the scalar of dimension
4 + 2n contributes starting from 1/J4t2". At higher order in 1/N, we would like to push
this analogy further and formulate an effective field theory at large spin. The idea is to
not consider explicit loop computations and instead promote each of the scalars y, to
dynamical fields in AdS with shifted dimensions A, = 4+ 2n + ﬁ’y,(f()) At large spin,
the anomalous dimension of leading-twist double-trace operators induced by the exchange
of an AdS scalar takes the form [27]

1 Qf%OXnF(AO)ZF(AXn)

TR (a0 - 2 (3) o

Focusing for simplicity on the case n = 0, and substituting the large-N expansion of the
OPE coeflicient and the shifted dimension, one immediately reproduces the leading log J
term multiplying 1/J4

3 I OWNONG (—1)~ 10g”72 J
a7 HZ::Z zr 40,0 (Vo,o) ECES (3.16)

where we have used 78718 =1 and a(()?()) = 2. Similar logic applies for n > 1. In this case,

the expression in (3.15) does not fully determine the coefficient of the 1/J4t2" term, but
it does fix the universal contribution corresponding to

136+ DT+ )1
NY 2n+1)T'(2n+4) J4+2”+77(L1,())/N2 .

(3.17)

3.3 Subleading twist

So far our analysis has focused on the leading-twist operators, but the same procedure can
be applied to double-trace operators with higher twists. As an illustration, consider the
case n = 1. By extracting the 23 contribution from dDisc, one finds at large spin, for the

— 11 —



first few orders in 1/N,

48 51
1) =~ (1+ +>

Nz 5J2
~(3) 48 383
71,@"’1]410g‘](1+25e]2+'” R (3.18)
@) 8 o 8817 )
Ni & 7i og J(S—i— e + + ,

where we have omitted terms suppressed by lower powers of logJ and in this case J? =
L+ 3)(¢+ 2).

It is important to mention that starting from twist eight, the anomalous dimensions
extracted from the double poles of the inversion formula may not coincide directly with
those of the pure double-trace operators. In fact, at 1/N* order and beyond, quadrupole
and higher-trace operators also appear in the OPE and mix with double traces of the same
classical dimensions.? As a result, what is obtained from the double-pole structure is an
average anomalous dimension over all such operators, and a proper diagonalization of the
mixing problem would be required to isolate the individual contributions.

4 Mellin space

An alternative and particularly powerful representation of correlation functions is provided
by Mellin space. In this formulation, correlation functions acquire a simple analytic structure
in terms of Mellin variables, which supports their interpretation as scattering amplitudes
in AdS and closely parallels that of flat-space amplitudes, to which they reduce in the
appropriate limits [28-33].

Given the definition of the four-point function in (2.1), the corresponding Mellin amplitude
is defined as [28]

i dsd a—24 200 —t\2_ [2A0 — s\ 2. [2A0 — 0\ 2
g(u,v):_‘ (47m‘>2u§v 201"( (; )F( C; )F( 02 )M(s,t), (4.1)

where s, t, & are Mandelstam-like variables satisfying s +t + @ = 4An. In Mellin space,
the crossing-symmetry relations take the form

M(s,t) = M(s,a) = M(t,s). (4.2)
Finally the Mellin amplitude M (s, t) inherits the large N expansion of G(u,v) given in (2.7)

Mtree(s,t) Ml-loop(sa t)
N2 + N4 + .- ,

M(s,t) = (4.3)
where the subscript “tree” denotes the Mellin transform of G, and more generally we denote
by M(,.—1)-100p the Mellin amplitude of G (5) 'While it is well known that the tree-level Mellin
amplitude associated with an AdS ¢* interaction is simply a constant, our aim here is to

9Recall that we define quadrupole-trace operators and in general Q-trace operators as operators with
T = QA@ + 2n.
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construct the higher-loop contributions in such a way that they reproduce the expected
double-trace expansion in (2.12b). For example, at one-loop, reproducing the log? u term

requires a Mellin amplitude of the form!’
oo (1)
Ry (s)
M 100p = >t t<a). 4.4
1-loop mzzot_(QAO‘f‘2m)+(s )+( U) ( )

Substituting this ansatz into (4.1), it is straightforward to check that it leads to the expected
structure

t:2£{(§§—2m [g(z) (u, v)} = yhotm (Am(v) log? u + By (v) logu + C’m(v)) ; (4.5)

where the Lh.s. denotes the residues when G)(u, v) is written in terms of its Mellin amplitude.
In [6] it was shown how to determine the coefficients Rﬁ,? in this particular case and that an
ansatz of this type completely fixes the Mellin amplitude at this order. For higher loops, we
will instead focus on constructing a Mellin amplitude that reproduces only the leading-log

contribution in (3.1), which takes the form

00 (k—1)
() + crossed . (4.6)

ME = v
(k—1)-loop (S: 1) mz::o (t—(2A0 +2m))~~t

Although this is only part of the full solution, it already captures significant physical

information. In what follows, we show how the coefficients Rgif_l) can be derived from

tree-level data and how they reproduce the anomalous dimensions fy(g'}) obtained previously.

4.1 Extracting the Rﬁr’j_l) residues

To determine the residues in (4.6), it is useful to recall the analogue of the conformal block
decomposition for the Mellin amplitude. In the ¢-channel, the polar part takes the form

. > pr,m(sa Tp)
M(s,t) = Xp: an, e, mz::(] T (r 9m) () 2m)’ (4.7)

where the sum over p runs over primary operators O,, with dimension A, and spin £,
exchanged in the O x O OPE, while the sum over m accounts for their descendants. The
functions Qg, (s, 7p) are known as Mack polynomial [30], which can be written as [34]

—20(Ap + 6)(Ap = 1),
4
4ml(Ap = D)l (2572 ) T (Mg — m — B2

pr,m(su Tp) -

)2 Qupm(8:7p) 5 (4.8)

where Qg, m(s,7p) is a polynomial of degree £, in s with Qom(s,7p) = 1.

10 Any regular contribution of the type f(s,t) can in principle be added to this ansatz, the effect being
equivalent to a choice of renormalization scheme. Throughout this work we fix this ambiguity by setting

f(s,t) =0.
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Specializing to the case where O, are the double-trace operators in (2.11)

(1) o @
ag%—F?}’ff—F-..)Q&m (5,2AO+27’L+'Z%—{—’;\%+...>

M(s,t)zz (

O +o (49)
We first expand the Mack polynomial and by using (4.8) it is straightforward to verify that
(1) (2 (1)
T, Tn.e Ve _
Qem (S’ TN TN ) ( ) Qum (8,200 +2n) + O(N %), (4.10)

In our setup, only the spin-zero tree-level anomalous dimension are non vanishing, we can
therefore set £ = 0, and upon further specifying Ap = 2, we obtain

Oy — (77(,,2) (2n + 3)[(2n + 3)2T(m + n + 1)? (4.11)

T NY 20(m 4 1)T(n + 2)0(m + 2n + 3)

Plugging this into (4.9), we find that at order N~2* the Mellin amplitude contains a con-
tribution of the form

—a(()(,]g (%(),12)“ (2n + 3)['(2n + 3)°T(m +n + 1)2 (4.12)
(t— (44 2n+2m))~120(m + 1)r(n +2)4T(m+2n+3)

n (4.6) in order to extract the

M(/ifl)—loop (87 t) 2

This is precisely the term to be compared with M(

residues Rgn U After substituting the explicit OPE data and changing variables m — m —n,

Kk—1)- loop

we finally obtain

e - _$- 3 T 1)
T 2 2n+ D)2 4 3) I (m —n+ DT (m 4+ n+3)

(4.13)

Apart from the case x = 2 this expression cannot be resummed in an explicit closed form.!!

However, in the form given above it becomes particularly convenient to extract the large-m
behavior, which will be relevant in the following. First observe that for m,n large

2m + 2
['(m +1)? _ 1 (m—n>
Im—n+1)(m+n+3) (m+1)(m+2) <2m+2> (4.14)
m

bl

(m+1)(m+2)

x
where we have used the expansion of the binomial coefficient ( ) for large argument.

Expanding then all the other terms, we obtain
m Snnn+2 2

(H_l) ~ - _% ~ __ K-i-? —z2
Ry~ =~ Z ar—272°¢ ~ 4& A2 d:ca:
n=0

3K F<K+3> ,.;;1
= ——" m
922k—3 2 )

1Tt is however possible to get a recursive sequence.

(4.15)
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where we have used = n/y/m. Remarkably, this expression makes manifest the connection
between the residues at order N~2% and the one-loop result

. k+3\ [ —2\*! o
)=o) ()

This factorized structure closely mirrors what happens in flat space, where higher-loop bubble
diagrams can be understood as repeated insertions of the one-loop one. We will return to
this analogy in more detail in section 5.

4.2 Connection to 'Ay(():?

So far, we have showed that the coefficients RT(J;” U are uniquely determined from the tree-level

OPE data. At the same time, in section 3, we have seen that the same information fixes the
leading log J contributions to the anomalous dimensions at each loop order. This strongly
suggests a direct correspondence between the Rg,'f Y terms in (4.6) and the leading large-J
behavior of the anomalous dimensions in (3.9).

As derived in detail in [6], by matching powers of logu and performing a conformal block
decomposition in Mellin space (analogous to (2.12)), one can express the correction to the

anomalous dimension at order N~2* in terms of the corresponding Mellin amplitude

; 2 2 s
(k —1 [ s 2Ap — s —, 0+200 -1, 5
707£)>0 — dSM(/R—l)—loop(S’ 2AO)F(2) F(2> 3F2 < AO, AO 2, 1 y

% —1400
(4.17)
where M(’K_l)_loop(s, 2A0) denotes the Mellin amplitude with the t = 2A» pole subtracted.
For large ¢, or equivalently large conformal spin J, the hypergeometric function admits

the approximation

—l, +2A0 — 1, 2 ['(Ap)? T(Ap)?
F. ’ "2 | 9 —1 2N —
5 2( Ao, Do ) r(2g=2)’ s(s)+ (1) (3)? Ps2ho =),
2 (4.18)
1 3Aps? — s — 352 — 2s
= |1 N
Pils) = 7 ( 12,2 *
At leading order this gives
2
00 s 2 1—\ 2AO*S
w _ TI(Ap)? I'(5) ( 2 )
0,01~ 2mi _iOCOiSM(H—l)—loop(s? QAO) Js + J2A0-2 ) (4'19>

where we have set (—1)¢ = 1, since only even spins are exchanged. From this expression,
it is straightforward to see that the leading log J term can only arise from the part of the

Mellin amplitude we have denoted M(ifl)_loop in (4.6).
; o0 k—1 S 2 M 2
0,1 27 —ico S0 (s — (2Ap + 2m))r—1 Js J2ho—2 ’ ’
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The first term can be evaluated by closing the contour to the right and picking up the pole
at s = 2Ap + 2m. Since each of them contributes a factor J—(20+2m) for the leading
contribution at large spin we can set m = 0. To evaluate the second term, we can close the
contour to the left and since there are no poles, it simply vanishes. We therefore obtain

(k) (—1)” logm_2J (k—1) 4
W S ) gese o Bl (4.21)
(0) (1) (=1)"log" 2T '
= _CLO,O(’YO,O) 21—\(& _ 1) F(QAO) )
where in the second line we have used
K—1 0, () L'(2A0)
Ry = =000 3R a ) (4.22)

Notice that setting Ap = 2, this expression exactly reproduces out previous result in (3.16)
and more generally, it makes manifest the direct correspondence between the leading log J

behavior of the anomalous at (x — 1)-loops and the restricted Mellin amplitude M7 (k—1)-loop"

5 Flat-space limit

A holographic description of the flat-space S-matrix can be obtained by taking the AdS radius
to infinity. In this limit, the bulk dynamics effectively reduce to those of flat spacetime, and
correlators in the boundary CFT are expected to reproduce flat-space scattering amplitudes.
As first emphasized in [28] and later further developed in [31], this relation is most transpar-
ently realized at the level of the Mellin amplitude. Indeed the Mellin variables sij,n admit a
direct interpretation as the kinematic invariants in a scattering amplitude, s;; ~ p; - p;, and
the flat-space amplitude can be obtained by taking them to be large. More concretely

d+3
% 2
M(si5) ~ ——hds s A A (5 = 2} sy > 1, (5.1a)
J d iT R2 J

/\/1“(§ PIIFAVES 5) 0 AdS

NT(35:8:- 1) +i% da R}
A(Sy) = I Larma iy AdS 1b
(SJ) RAd+3 RAdls‘fEH)O ico 27”6!2 e ( 2 S ) (5 )

where Raqg is the radius of AdSg441, AV is a normalization constant and A(S;;) is the flat
space scattering amplitude.
Let us illustrate this by analyzing the one-loop result. For A; = 2, the Mellin amplitude
takes the form
7(%)

_— . 5.2
zm:t—(4+2m)+ crossed (5.2)

Ml—loop(sa t) -

To apply the flat-space limit, we must take s,t > 1 large. In this regime, the m sum is
dominated by terms with m ~ s, > 1, so it can be approximated by an integral. Focusing
on a single channel, one finds

Misoop(t) = 5 VT / dm-"

12With respect to our previous conventions: si2 =t, s13 = s and s14 = .

ml/2

L (5.3)
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where we have used the large m approximation of R%) in (4.16). The integral is divergent,
but it can be regularized as

w2/m

Ay (5.4)

Ml-loop(t) \f/ dm
so that once can first evaluate the integral and then set j = % and w = 0. This yields

3
t>1 27Tm2+/—1t
Mi00p(t) = T 6vE (5.5)

Plugging this result into (5.1b) we get

97 R?
Alloop = ZN‘TSN\/ (5.6)

This should be compared to the corresponding flat-space amplitude, namely the bubble

diagram in five dimensions. A straightforward evaluation of the integral yields

V=T
Al bubble = A 1987 " (5.7)

The two results have exactly the same +/—T behavior, and this comparison fixes the flat-space
coupling to be

12R
At =~ VA . (5.8)

From two loops onward, the flat space amplitude receives contributions from Feynman
diagrams of different topologies, but at each order there is always a contribution from a
chain of (k — 1) bubbles at (k — 1)-loop order. In flat space such diagrams are simple to
compute, as they factorize:

A(i—1)-bubble = (A1-bubble)™ " . (5.9)

Substituting this into (5.1a) predicts a Mellin amplitude of the form

1 r=l k=2 —9x k+3
M(n—l)—bubble(t) ~ W(_t) z N 2 7T(—3) 22 F< 9 )

1 . _ 5_ 3k K—+3
NQH(MI loop( ))H IN 2 4(—1)'{33 2”7‘(2 2I‘< 5 ) ,

(5.10)

with M j00p(t) in (5.5). It is now interesting to interpret this result in light of our expression
for the R,, coefficients. Focusing again on a single channel, we recall that

(5.11)

n 1 REY
M{s—1)100p = N2~k %: (t — (4 + 2m))"1

Using the large-m expansion of the residues given in (4.16), this can be rewritten as

K— (k-1
R B K+3\ [ —2 | (Rm’)
M(n—l)—loop - _GF( D) ) (9\/7_{) N2k ; (t _ tm)’i_l ) (512>
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where we have defined t,, = 4 + 2m. This result should be compared to

(1) k—1

-1 R

(Mytoop(6)*" = (Z - ) ' (5.13)
m —tm

The two structures are evidently not equivalent: expanding the latter produces, in addition

(R'Er%,))ﬁ_l
=t )" 1>

generate lower-order poles,'3 thus contributing to subleading logarithms in position space.

to the diagonal terms also cross terms with m; # m;. However these cross-terms

So as far as the leading log results is concerned we can approximate

K4+3 -2\ 1 1
= —or o= e (Mioop () 5.15
leading log 6 ( 2 ) (9\/7?> Nzn( 1 loop( )) > ( )

and fixing N/ = (27)? this exactly matches the expectation from (x — 1)-bubbles in (5.10).
In this way, we have shown how MP% precisely captures the contribution of bubble-like

R
M

k—1)-loop

diagrams, providing the Mellin-space counterpart of the flat-space factorization property
of bubble diagrams.

This correspondence with flat-space bubble diagrams also clarifies the role of the R,
coefficients. In flat space, the (k — 1)-loop bubble diagrams are the only diagrams that admit
a maximal cut in one channel, obtained by putting all propagators on shell. Concretely,
each propagator is replaced by a delta function,

1
2 2mid (p?) (5.16)

so that the diagram reduces to a product of on-shell phase-space measures. For a chain
of (k — 1) bubbles, this procedure yields

k—1

max Cuty_channel {A(n—l)-loop} X (_T)T . (517)

Remarkably, the same scaling is already encoded in the Mellin amplitude M%, and in
particular in the residues of its (k — 1) poles. In the large-m regime, it is enough to identify
m ~ T/2 in the expansion of R,,, obtaining

RED(m=T/2) x T"T, (5.18)

which exactly reproduces the dependence of the flat-space maximal cut. This observation,
first emphasized in [8], shows that the Mellin-space residues provide a direct counterpart of
flat-space maximal cuts. More conceptually, it highlights that information contained purely
in tree-level data already fixes universal aspects of loop amplitudes, as illustrated in figure 2.

13As an example, consider k£ = 3

(1)y2 1) (1)
(Moo (0)? =Y ((RL) 2y : RV R

t— tm)? ~ t—tm)(t —tn)’ (5.14)

(t—tm)l(t—tn) - (tml—tn) (t—ltm - t—ltn) - 2(m1— n) (t—ltm - t—ltn) '
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Figure 2. Schematic relation between the order-(x — 1) residues of the Mellin amplitude, fully deter-
mined by tree-level anomalous dimensions, and the maximal cut of the (k — 1)-loop bubble diagrams.
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