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In this thesis we study a variety of problems in Geometric Relativity concerned with the notion
of mass and its positivity, and with developing a metric geometry approach to comparison of
spacetimes.

Paper I is concerned with the positive mass theorem for asymptotically anti-de Sitter initial
data sets. We suggest a new coupled system of partial differential equations, which yields a
proof of this result whenever it is solvable. Similar to some previous approaches, our system
involves the generalized Jang equation but is arguably simpler from an analytic and geometric
perspective. We establish the existence of geometric solutions to the generalized Jang equation
for a given warping factor with suitable asymptotics.

In Paper II we give a new proof of the positive mass theorem for three dimensional
asymptotically Euclidean manifolds. Using the minimal Green function of the Laplace operator,
we define a several parameter family of vector fields which can be employed to derive a family
of geometric inequalities, using integration by parts. We show that these inequalities can be
used to prove the positive mass theorem and several other geometric inequalities.

In Paper III we propose a new definition of ADM mass for asymptotically Euclidean
manifolds which allows for metrics of low regularity. Our definition is inspired by the definition
of mass for weakly regular asymptotically hyperbolic manifolds of Gicquaud and Sakovich.
Under suitable asymptotic assumptions we show that our weak ADM mass is well defined,
finite, coordinate invariant, and that it agrees with the classical notion of ADM mass when the
metric is smooth.

In Paper IV we construct uniform Temple charts for spacetimes equipped with weak temporal
functions. We prove that these charts are bi-Lipschitz and that causality is encoded by a weak
temporal function and the associated null distance within a uniform Temple chart. Related to
this, we prove a Lorentzian isometry theorem generalizing an earlier result of Sakovich and
Sormani. These results will be used in our future work to define a notion of spacetime intrinsic
flat convergence in the Lorentzian setting.
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1. Introduction

The central objects of study in Mathematical General Relativity are space-
times. Roughly speaking, a spacetime is a model of all events in our universe,
which are specified by a time and a place. Formally, a spacetime is a pair
(Nn+1,h) where Nn+1 is manifold of dimension n+1 ≥ 2 and h is a so called
Lorentzian metric. It is common to study spacetimes satisfying the Einstein
equations:

Rich−Scalh h
2

+Λh = T . (1.1)

Here, Rich and Scalh are the Ricci and scalar curvatures respectively of the
metric h, Λ is referred to as the cosmological constant and T is the so called
stress-energy tensor. The tensor T describes how mass and energy are dis-
tributed at different times and places while the Einstein equations (1.1) de-
scribe how the curvature of the universe (the left hand side) is determined by
its mass and energy content (the right hand side).

The spacetime (N,h)

Figure 1.1. A spacetime curving due to a massive body. The trajectory of the body is
at the same time determined by the curvature of the spacetime.

As in any physical theory, it is standard to ask "given data about the present,
what can be said about the future?". Such problems are in general referred
to as Cauchy problems or initial value problems. There is more than one way
to formulate this question rigorously in Mathematical General Relativity. One
formulation involves a so called initial data set, which is a triple (Mn,g,k) that
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consists of a smooth manifold Mn, a Riemannian metric g and a symmetric
(2

0

)
tensor field k. The Riemannian manifold (Mn,g) is interpreted as the "initial
position" of the universe while the tensor k is thought of as the "initial ve-
locity". The Cauchy problem of Mathematical General Relativity amounts to
finding a spacetime (Nn+1,h) satisfying the Einstein equations and an embed-
ding ι : Mn ↪→ Nn+1 such that ι∗h = g and such that the second fundamental
form of the manifold ι(Mn)⊂ Nn+1 is ι∗k.

An embedded initial data set (M,g)
with second fundamental form k

The spacetime (N,h)
Future pointing
unit normals

(M,g)

Figure 1.2. An initial data set (Mn,g,k) embedded in a spacetime (Nn+1,h).

For a Cauchy problem to be a reasonable physical model, it is important that
the problem be well-posed. In this context, one needs to understand for what
initial data sets (Mn,g,k) the following are true.

• There exists a solution to the Cauchy problem.
• Solutions to the Cauchy problem are unique.
• Solutions to the Cauchy problem are "continuous in the initial data".

To highlight the significance of the above, we note that if the there is no so-
lution to the Cauchy problem, then one can make no predictions and if there
are more than one solution then one does not know which prediction to trust.
The third point above says that if we want more accurate predictions of the
future, then it suffices to have a more accurate model and sufficiently precise
measurements of the present.

Due to the Cauchy problem being a central subject in the field of Mathemat-
ical General Relativity, these questions have been extensively studied and the
progress in this area is due to many people. That being said, a very impor-
tant figure in the field was Yvonne Choquet-Bruhat. The first very general
results showing that a spacetime can be constructed from an initial data set
were proven by Choquet-Bruhat in 1952 [31] and subsequently generalized
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by Choquet-Bruhat and Geroch [24]. To give a fair and complete view of this
topic is outside the scope of this introduction, we refer the reader to the text
by Ringström [55] and the references therein for further reading.

Since Mathematical General Relativity is a theory of gravity, the most im-
portant physical quantities that one would like to study are mass and energy.
This thesis consists of four papers which try to address the following questions
in the field.

• How can the mass of a spacetime be defined and what properties should
the mass have?

• Is the mass of a physically reasonable spacetime non-negative?
• How can spacetimes be compared, and is it possible to define a notion

of convergence for spacetimes?

To give some context to the above questions, recall that the Einstein equations
relate the mass and energy content of the universe to the curvature. So the
first question might be understood as follows: "knowing only the geometry of
a spacetime, is it possible to calculate the energy content?". This turns out to
be a surprisingly difficult question to answer even the most commonly used
notions of mass in Mathematical General Relativity are not non-negative for
any obvious reason, giving rise to the second question above. Lastly, a tool
for comparing spacetimes is needed in order to study questions such as "Do
solutions to the Cauchy problem depend continuously on the initial data?" and
"Does the mass depend continuously on the spacetime in some reasonable
topology?".

We are not the first to be interested in these questions. The goal of this in-
troduction to the thesis is to briefly review relevant theory, to give overview of
previous work and to indicate how the work of this thesis fits into this larger
body of knowledge.
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2. Preliminaries

2.1 Spacetimes
A Lorentzian manifold is a pair (Nn+1,h) where Nn+1 is a connected n+1 ≥ 2
dimensional smooth manifold and h is a symmetric

(2
0

)
tensor field h of signa-

ture (−,+, . . . ,+), called a Lorentzian metric. The most common example of
a Lorentzian manifold is Minkowski space.

Example 2.1. Minkowski space, Mn+1, is the manifold Rn ×R, where the
metric η is given by

η =−dt2 +
n

∑
i=1

dx2
i ,

where t and x1, . . . ,xn are the usual coordinates on R and Rn respectively.

2

t

x
η = -dt  + dx2 2

Figure 2.1. An illustration of 2-dimensional Minkowski space, M1+1.

A point p ∈ N is a representation of a time and place that a particle could
inhabit. A curve γ : I ⊂ R→ Nn+1 represents the history of a particle moving
in the universe. The metric h determines what curves γ̇ represent physically
reasonable particles. In general, we use the following terms.

Definition 2.2. Let v ∈ T Nn+1 be a tangent vector, let γ : I ⊂ R→ Nn+1 be a
differentiable curve and let Σ ⊂ Nn+1 be a hypersurface.

• We say that a vector v is timelike if h(v,v)< 0, it is null if h(v,v) = 0, it
is causal if h(v,v)≤ 0 and lastly that it is spacelike if h(v,v)> 0.

• The curve γ is causal/null/spacelike or timelike if γ̇(t) is always such.
• The hypersurface Σ is called spacelike if every tangent vector v ∈ T Σ is

spacelike.
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A future pointing
causal curve

a possible path
A null curve,

for light

q 

p 

A spacelike hypersurface

A future pointing
unit normal

A spacelike
tangent vector

The event q lies in
the causal future of

the point p

Figure 2.2. An illustration of the concepts in Definition 2.2.

A causal tangent vector v ∈ T Nn+1 represents a direction in which a particle
slower than (or as fast as) light might move, while a null vector represents a
direction that light might move in. By definition, a tangent vector v ∈ T Nn+1

is causal iff −v is causal. Keeping Minkowski space in mind, one is tempted
to say that one of the vectors v and −v represents movement into the future
and the other into the past. When such a distinction can be made continuously
and globally, we say that a Lorentzian manifold is time-orientable.

Definition 2.3. A spacetime is a time-orientable Lorentzian manifold.

To summarize, a spacetime is a collection of points for which there is a notion
of "particles moving as fast as or slower than light" and a notion of "particles
moving into the future or past". A curve γ : I ⊂ R → Nn+1 such that γ̇(t) is
causal and future pointing for all t represents the history of a physical particle
moving slower than (or as fast as) light.

In Mathematical General Relativity, one often talks about events in space-
times being able to influence each other. We say that p ≤ q, meaning that p
could influence q, if there exists a future pointing causal curve γ from p to q.
In physical terms, this means that it is possible to send a signal from the event
p and for someone to receive it at q. If p ≤ q or q ≤ p, the points p and q are
said to be causally related. The information about what events can and cannot
influence each other is referred to as the causal structure of the spacetime.
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2.2 Initial data sets
In classical mechanics, a system can have a certain energy or momentum or
angular momentum and so on, at a certain instant of time. Similarly, physical
quantities of spacetimes are often calculated at the level of so called initial
data sets.

Definition 2.4. By an initial data set we mean a triple (Mn,g,k) where Mn is
an n-dimensional manifold, g is a Riemannian metric and k is a symmetric

(2
0

)
tensor field.

Recall that in the context of the initial value problem of Mathematical General
Relativity, the Riemannian manifold (Mn,g) is interpreted as an "initial posi-
tion" of the universe while the tensor k is thought of as an "initial velocity". A
natural way to construct an initial data set is to let (Nn+1,h) be a spacetime,
let Mn ↪→ Nn+1 be any spacelike hypersurface, let g be the induced metric and
let k be the second fundamental form, as in the following example.

(R     ,h      )n+1

(R ,δ,0)n
ν

ν

ν

t

Mink

Figure 2.3. An illustration of the initial data set (Rn,δ ,0) as a spacelike slice in
Minkowski space.

Certain types of initial data sets model special systems in special spacetimes.
Asymptotically Euclidean initial data sets model the initial conditions of an
isolated system in a vacuum of a non-expanding universe. These may have
very wild behaviour inside of a compact set K ⊂ M but resemble (Rn,δ ,0)
more as one approaches infinity.

(M,g,k)

Figure 2.4. An illustration of an asymptotically Euclidean initial data set (Mn,g,k).
Outside of a compact set, it looks very much like (Rn,δ ,0).
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Formally, we say that a Riemannian manifold (Mn,g) is asymptotically Eu-
clidean if there is a diffeomorphism Φ : M \K → Rn \BR defined outside of
a compact set K ⊂ M such that in the coordinates of Φ, the components gi j
tend to δi j at infinity. An initial data set (Mn,g,k) is called asymptotically
Euclidean if (Mn,g) is an asymptotically Euclidean manifold and in the coor-
dinates of the diffeomorphism Φ, the components ki j tend to zero at infinity.

A special case of asymptotically Euclidean manifolds and initial data sets
are the asymptotically Schwarzschildean ones. These are asymptotically Eu-
clidean manifolds respectively initial data sets that strongly resemble the ex-
terior of an isolated non-rotating black hole in a vacuum.

tΣ

Ω

Figure 2.5. An illustration of a spacelike hypersurface Σ in the Schwarzschild space-
time. The gray region represents the interior of a black hole. The dotted surface
represents Schwarzschild space, an initial data set.

Apart from the asymptotically Euclidean ones, we highlight the so called
asymptotically hyperbolic manifolds and asymptotically anti-de Sitter initial
data sets. These are initial data sets modelled on the initial data set (Hn,b,0)
consisting of hyperbolic space (Hn,b) equipped with the tensor k = 0. The
initial data set (Hn,b,0) is a spacelike hypersurface in anti-de Sitter space.

(R x H  , h      )n

(H ,b,0)n
ν

ν

ν

t

AdS

Figure 2.6. The initial data set (Hn,b,0) as a space like slice in anti-de Sitter space.

These can be similarly defined in terms of coordinates at infinity. An asymp-
totically anti-de Sitter initial data set models an isolated system sitting in a
vacuum of an expanding universe.
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2.3 Mass in Mathematical General Relativity
We will now focus on the most important physical quantities in the Mathe-
matical General Relativity, namely the mass and the energy. Perhaps the most
commonly encountered notion of mass in the field is the eponymous ADM
mass of an asymptotically Euclidean manifold, given by Arnowitt, Deser, and
Misner [4, 5, 6, 7].

The definition of the ADM mass can be derived using a Hamiltonian formal-
ism, see for example Chruściel [25]. Exactly how the mass is defined for an
initial data set depends on what type of initial data set is being dealt with.
Michel [52] gives a general argument for how an "ADM style" mass of an
initial data set (Mn,g,k) can be defined by comparing it with a model initial
data set (Mn

0 ,g0,k0) seen as a slice of some model spacetime (N0,h0). It is
possible to view the model slice (Mn

0 ,g0,k0) as a sort of "lowest energy state"
and the ADM mass then becomes a measure of how far a given initial data set
(Mn,g,k) differs from this lowest energy state.

2

(M  ,g  )n

(M, g)n

Φ Φ

00

Figure 2.7. A representation of a "coordinate chart at infinity", comparing the initial
data set (Mn,g,k) to the reference (Mn

0 ,g0,k0).

In classical mechanics, there is a notion of a local energy density of the gravi-
tational field which can be integrated in order to recover the mass of any given
part of a system. In general relativity, the situation is not as simple and there is
no notion of a local energy density of an initial data set (Mn,g,k) which can be
integrated to yield the total mass of a system. In fact the standard definitions
of mass in Mathematical General Relativity are made to detect the total mass
of isolated systems such as black holes, galaxies or stars that are thought to be
alone in an universe which is otherwise empty.

In order to describe these definitions we will focus on the following two quan-
tities coming from the stress-energy tensor T in the Einstein equations, namely
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the energy density µ and the current density J, given by

µ =
1
2
(
Scalg−nΛ+ trg(k)2 −|k|2g

)
,

J = divg k−d trg k.
(2.1)

In the case of asymptotically Euclidean manifolds (Mn,g), the cosmological
constant is Λ = 0 and we think of the tensor k as simply being 0, so that the
current density vanishes J = 0 and the energy density satisfies 2µ = Scalg. As
mentioned, this is not a local energy density that may be integrated as in clas-
sical mechanics. Nevertheless, we can interpret this in the following way. If
we think of an asymptotically Euclidean manifold (M,g) as a perturbation of
the slice (Rn,δ ,0) in Minkowski space, which is "the lowest energy state", it
is natural to relate the energy of this slice to the deviation of the energy density
µ from that of Euclidean space. Since 2µ = Scalg, and since g is asymptotic to
δ , it seems that a good approximation to the energy density µ can be obtained
by considering the linearization of the scalar curvature Scalg as a function of
the metric g, about the metric δ .

We will now formalize this intuitive approach in the special case of Rieman-
nian manifolds (Mn,g), following the argument presented by Michel [52].

Let (Mn
0 ,g0) be a reference manifold, for example Euclidean space (Rn,δ )

or hyperbolic space (Hn,b). Let (Mn,g) be a Riemannian manifold and sup-
pose for the sake of simplicity that Mn = Mn

0 . In this context, we say that g is
asymptotic to g0 if g−g0 tends to zero at infinity. This can be used to define
asymptotically Euclidean and asymptotically hyperbolic manifolds. We have
the following equality

Scalg = Scalg0 +DScal |g0(e)+Q(g,g0), (2.2)

where e := g−g0 and Q(g,g0) represents terms that are quadratic in g−g0 and
its derivatives and DScal |g0 is the linearization of the scalar curvature at the
metric g0. Equation (2.2) can be thought of as a first order Taylor expansion of
the scalar curvature with a second order error term. Integrating (2.2) against
a function V : Mn

0 → R to be determined, over a domain Ω ⊂ Mn
0 and with

respect to the volume form of the metric g0, one finds∫
Ω

V
(
Scalg−Scalg0 −Q(g,g0)

)
dµg0 =

∫
Ω

V DScal |g0(g−g0)dµg0 . (2.3)

Note that the right hand side here we are integrating the linearization of the
scalar curvature, as promised. Applying the divergence theorem in the right
hand side of (2.3) one obtains a boundary term and the resulting expression
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looks as follows.∫
Ω

V
(
Scalg−Scalg0 −Q(g,g0)

)
dµg0

=
∫

∂Ω

(
V (divg0(g)−d trg0(g))− e(∇g0V, ·)+(trg0 e)dV

)
(νΩ)dµg0

+
∫

Ω

⟨e,(DScal |g0)
∗(V )⟩g0 dµg0 .

(2.4)

Here, (DScal |g0)
∗ is the formal adjoint of DScal |g0 . If V (Scalg−Scalg0) ∈

L1(Mn
0) and if g−g0 falls of quickly enough so that V Q(g,g0) ∈ L1(Mn

0), then
the integral in the left hand side above converges to an integral over all of Mn

0
if one chooses larger and larger domains Ω ⊂ Mn

0 that exhaust Mn
0 . If ad-

ditionally V ∈ N := ker((DScal |g0)
∗) then the second integral on the right

hand side above vanishes identically, and all that is left of the integral of the
linearization of the scalar curvature is a so called "flux integral at infinity".

All in all, under the above described conditions, one can define the mass func-
tional as a linear map Mg,g0 : N → R given by

2(n−1)ωn−1Mg,g0(V )

:= lim
k→∞

∫
∂Ωk

(
V (divg0(e)−d trg0(e))− e(∇g0V, ·)+ trg0(e)dV

)
(νΩk)dµg0 .

where {Ωk}∞
k=1 is any increasing sequence of domains that exhausts Mn

0 . In
particular, we see from (2.4) that the choice of domains {Ωk}∞

k=1 that exhaust
Mn

0 does not influence Mg,g0 . The constant 2(n− 1)ωn−1 is inserted for nor-
malization.

To compute Mg,g0 one needs to understand the kernel N = ker((DScal |g0)
∗).

The formal adjoint of DScal |g0 can be computed (see [52, Section 4]) and is
given by

(DScal |g0)
∗(V ) := Hessg0 V +(∆g0V )g0 −V Ricg0 .

When (Mn,g) is asymptotically Euclidean, the background manifold (Mn
0 ,g0)

is nothing but Euclidean space (Rn,δ ). Since Euclidean space is flat, its Ricci
curvature vanishes: Ricδ = 0 and so it follows that N is given by those func-
tions V : Rn → R satisfying

Hessδ V +(∆δV )δ = 0.

It can be shown that the set of functions satisfying the above are precisely the
affine functions V = c+ bixi. We will refer to the quantity Mg,δ (1) as the
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ADM mass1 of (Mn,g), it is given by

mADM(g) :=
1

2(n−1)ωn−1
lim
k→∞

∫
∂Ωk

(
divδ (e)−d trδ (e)

)
(νΩk)dµδ . (2.5)

The quantities Mg,δ (xi), i = 1, . . . ,n, are usually referred to as the components
of the ADM center of mass, if the ADM mass of (Mn,g) is non-zero, then the
components of the center of mass of (Mn,g) are given by

Ci
ADM(g) =

Mg,δ (xi)

2(n−1)ωn−1mADM(g)

= lim
k→∞

1
2(n−1)ωn−1mADM(g)

∫
∂Ωk

(
xi(divδ (e)−d trδ (e))

− e(∂i, ·)+ trδ (e)dxi)(νΩk)dµδ .

In the above derivation there is no mention of the chart at infinity Φ, but in
general the functional Mg,g0 might a priori depend on Φ.

When the manifold (Mn,g) is asymptotically hyperbolic, the background man-
ifold (Mn

0 ,g0) is hyperbolic space (Hn,b). We use the model of hyperbolic
space where the underlying manifold is Rn and the hyperbolic metric b is
given in geodesic coordinates by b = dr2+sinh(r)2σ , where σ is the standard
round metric on the unit sphere Sn−1. In this case, the space N is

N = span{V0 = cosh(r),V1 = x1 sinh(r), . . .Vn = xn sinh(r)},

and the mass functional is in this case given by

Hg(V ) := Mg,b(V )

= lim
k→∞

1
2(n−1)ωn−1

∫
∂Ωk

(
V (divb(e)−d trb(e))

− e(V, ·)+ trb(e)dV
)
(νΩk)dµb.

(2.6)

We refer the reader to Chruściel and Herzlich [27] for the definition and proofs
of important properties of the mass functional in this setting. We also refer the
reader to Paper I and Sakovich [58] and the references therein for a more thor-
ough discussion about the history of this notion of mass.

The purpose of the above discussion is not only to give an overview of where
the expression for the ADM mass in Mathematical General Relativity comes
from, but also to highlight the following essential ingredients for showing that
the ADM mass is well defined.

1It is in fact more appropriate to call this invariant at infinity the ADM energy, since it represents
the first component of the energy-momentum vector, whose length is the ADM mass, see [42].
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• It is necessary that the scalar curvature Scalg is defined, for it is the
object being linearized.

• It is necessary that V (Scalg−Scalg0) ∈ L1(Mn
0) and that g− g0 → 0 at

infinity sufficiently quickly, so that we may take a limit when choosing
larger and larger domains Ω to integrate over.

• It is important to show that the mass does not depend on the choice of a
chart Φ : Mn \K → Mn

0 \K0 used to compare the metric g to g0.

Other notions of mass
The ADM formalism is not the only way to define a notion of mass for initial
data sets and Riemannian manifolds. There is a definition of mass involving
the Ricci tensor of (Mn,g) which has been shown to agree with the ADM mass,
see Huang [37], Miao and Tam [51] and Herzlich [35]. For an asymptotically
Euclidean Riemannian manifold (Mn,g) this so called Ricci version of the
ADM mass is defined as

mR(g) :=
−1

(n−1)(n−2)ωn−1
lim
k→∞

∫
Ωk

Gg(rDr,νΩk)dµδ , (2.7)

where {Ωk} is once again an increasing sequence of pre-compact open sets
that exhaust Rn. We refer the reader to Huang [37], Miao and Tam [51] and
Herzlich [35] and the references therein for an overview of the history and
properties of this notion of mass.

We would also like to mention that there are ways of defining mass for Rie-
mannian manifold (Mn,g) that are not directly related to the scalar curvature.
For example, Huisken [38] defines a notion of isoperimetric mass by compar-
ing the volume of large geodesic spheres in (Mn,g) to the volume of spheres
in (Rn,δ ) of the same radius.

Mass for metrics of lower regularity
The above presented derivation of the ADM mass can be made rigorous. Some
of the first results that establish the well-definedness and coordinate invariance
of the mass are by Chruściel [25] and Bartnik [8]. For different classes of
asymptotically Euclidean manifolds, they showed that the limit in (2.5) defin-
ing the ADM mass exists, is independent of the choice of domains {Ωk}∞

k=1
and independent of the choice of a chart Φ at infinity.

In recent years, metrics of low regularity have become an increasingly im-
portant area of study in Mathematical General Relativity. In the context of
spacetimes, understanding such metrics would allow one to study metrics with
geometric singularities such as for example impulsive gravitational waves, see
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[44]. Consequently it is important to define a notion of mass for such low
regularity metrics.

The first steps in this direction were made by Bartnik [8], extending the notion
ADM mass to asymptotically Euclidean manifolds of local regularity W 2,p

loc ,
for p > n. More recently, Lee and LeFloch [43] have defined a notion of mass
for metrics of local regularity W 1,n

loc ∩C0 which extends the classical definition
in (2.5).

It is natural to ask: how regular does the metric g have to be in order for
the ADM mass to be defined? An obvious difficulty here is that if the metric g
has only one derivative, then the scalar curvature Scalg is no longer defined as
a function though it may be defined as a distribution, see for example by Lee
and LeFloch [43] and Hafemann [34].

Inspecting the definition of the mass functional in (2.5) and (2.6), one can
see that the integrand is defined when g ∈ W 1,2

loc ∩ L∞
loc and g−1 ∈ L∞

loc. In
the case of asymptotically hyperbolic manifolds, Gicquaud and Sakovich [33]
have shown that in this regularity it is still possible to define the mass func-
tional, which under some additional assumptions turns out to be coordinate
invariant.

Related to the above, in Paper III we address the following questions for
asymptotically Euclidean manifolds.

• Can the ADM mass be defined when the only local assumption on the
metric is that g ∈W 1,2

loc ∩L∞
loc and g−1 ∈ L∞

loc ?
• Can the scalar curvature be given a reasonable distributional definition

as in Lee and LeFloch [43] and Gicquaud and Sakovich [33], which can
be used to show well-definedness of the ADM mass in this setting?

• Is this definition of the ADM mass independent of the choice of coordi-
nates at infinity Φ?
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2.4 The positive mass theorem
We recall that in the Einstein equations (1.1), the tensor T in the right hand
side describes the distribution of matter in the universe at different times and
places. Not every distribution of matter is physically reasonable. For example,
we would like to rule out any distribution of matter that implies the existence
of particles moving faster than light. A condition on the stress energy tensor
T that achieves this is the so called dominant energy condition. In most phys-
ically motivated matter models this condition is satisfied and so it is standard
to assume. On an initial data set (Mn,g,k) which is embedded in a spacetime,
the dominant energy condition can be stated in terms of the metric g and the
second fundamental form k. It amounts to the inequality µ ≥ |J|g where

µ =
1
2
(
Scalg−nΛ+ trg(k)2 −|k|2g

)
,

J = divg(k)−d trg(k),

are the energy density and the current density mentioned in the previous sec-
tion. The positive mass conjecture can informally be stated as follows.

Conjecture 2.5. If a complete initial data set (Mn,g,k) has well-defined mass
and satisfies the dominant energy condition µ ≥ |J|g , then its mass is non-
negative and is equal to zero if and only if Mn embeds in the model spacetime
(N0,h0) as a spacelike slice with the induced metric g and the second funda-
mental form of the embedding equal to k.

So, even though the ADM mass is a quantity that can be defined for mani-
folds (Mn,g), the appropriate hypothesis for the positive mass theorem should
in general be phrased for initial data sets (Mn,g,k). This conjecture can be
more easily understood in a special case. Given an asymptotically Euclidean
manifold (Mn,g), the initial data set (Mn,g,0) will automatically be asymptot-
ically Euclidean as well. In this case the dominant energy condition takes the
form Scalg ≥ 0, which is a condition on the manifold (Mn,g). Thus Conjec-
ture 2.5 has the following specialization, called the Riemannian positive mass
conjecture for asymptotically Euclidean manifolds.

Conjecture 2.6. If a complete asymptotically Euclidean manifold (Mn,g) has
well-defined mass and non-negative scalar curvature Scalg ≥ 0, then mADM(g)≥
0 with equality if and only if (Mn,g)∼= (Rn,δ ).

We note that the Conjecture 2.6 says that if an asymptotically Euclidean man-
ifold (Mn,g) satisfies Scalg ≥ 0 and mADM = 0, then (Mn,g)∼= (Rn,δ ) which
is nothing but the slice t = 0 in Minkowski space, consistent with the conclu-
sion of Conjecture 2.5.
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A landmark result in this area is that of Schoen and Yau [61], where the au-
thors proved Conjecture 2.6 in dimension n = 3 using variational techniques
from the theory of minimal surfaces. Independently, Witten [67] proved Con-
jecture 2.6 in all dimensions n ≥ 3 under the topological assumption that the
manifold (Mn,g) is spin. Subsequently, Schoen and Yau [62] have proven the
more general Conjecture 2.5 for 3-dimensional asymptotically Euclidean ini-
tial data sets (M3,g,k) by reducing it to Conjecture 2.6, using the so called
Jang equation reduction argument, which we discuss below.

Since then, a lot of attention has been directed to Conjecture 2.5 and related
results. The Jang equation reduction argument of Schoen and Yau [62] has
been generalized to dimensions 3 ≤ n ≤ 7 by Eichmair [29] and the varia-
tional techniques employed by Schoen and Yau in [61] have been generalized
by Eichmair, Huang, Lee and Schoen [30] to the case of initial data sets of
dimensions 3 ≤ n ≤ 7.

Recently some new methods for proving Conjecture 2.5 have been introduced,
such as for example level set methods. In particular Bray, Khuri, Kazaras, and
Stern [11] and Hirch, Kazaras, and Khuri [36] proved the positive mass theo-
rem using level sets of linearly growing harmonic functions and their gener-
alizations. Agostiniani, Mazzieri and Oronzio [1] give a proof of the positive
mass theorem for asymptotically Euclidean Riemannian manifolds by produc-
ing a monotone quantity along the level sets of a Green function of the mani-
fold (M3,g).

Furthermore, the classes of initial data sets considered have been extended.
For example, Lesourd, Unger and Yau [45] showed that the positive mass
theorem holds for asymptotically Euclidean manifolds which have other ad-
ditional ends. There are proofs of the positive mass theorem under weaker
regularity assumptions on the metric g, see for example Lee and LeFloch [43]
for a proof when (Mn,g) is spin and Hafemann [34] for a proof where the
spin assumption is replaced by the assumption that the metric g is smooth out-
side of a compact set. Furthermore, the positive mass theorem for so called
asymptotically hyperboloidal and asymptotically anti-de Sitter initial data sets
has been studied as well. We refer the reader to Sakovich [58], Paper I and
Lundberg [46] and the references therein for a more thorough discussion of
the history of this subject.

Traditionally, positive mass theorems for non-spin manifolds (Mn,g) include
the assumption that the dimension satisfies 3 ≤ n ≤ 7. This restriction comes
from the regularity theory of minimal surfaces and related objects such as
MOTS. The result of Paper I is obtained under this assumption as well. Re-
cently there have been a number of important break troughs which has re-
sulted in relaxing the assumption that 3 ≤ n ≤ 7. Most notably Chodosh,
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Mantoulidis and Shulze [22] and Chodosh, Mantoulidis and Wang [23] have
been able to prove that minimal surfaces are generically smooth in ambient
dimension ≤ 11. Bi, Hao, He, Shi and Zhu [9] have used these results to prove
the positive mass theorem for asymptotically Euclidean manifolds in dimen-
sions 3 ≤ n ≤ 19 without assuming the manifold (Mn,g) is spin. Moreover,
using a technique of Lesourd, Unger and Yau [45], Brendle and Wang [14]
proved the positive mass theorem for asymptotically Euclidean manifolds in
all dimensions n ≥ 3, also without assuming that (Mn,g) is spin.

Below, we give an overview of the so-called Jang equation reduction argument
which was first employed by Schoen and Yau [62] to reduce the positive mass
theorem for 3-dimensional asymptotically Euclidean initial data sets (M3,g,k)
to the positive mass theorem for 3-dimensional asymptotically Euclidean man-
ifolds (M3,g). As mentioned, this argument has subsequently been extended
by Eichmair [29] to asymptotically Euclidean initial data sets (Mn,g,k) of di-
mension 3 ≤ n ≤ 7. This technique has also been used to prove the positive
mass theorem for the so called asymptotically hyperboloidal initial data sets.
The original argument of Sakovich [58] in dimension 3 is adapted to dimen-
sions 4 ≤ n ≤ 7 by Lundberg [46].

We also give a brief overview of the method used by Robinson [56] to prove
the black-hole uniqueness theorem of Israel [40]. The method of Robinson
has recently inspired several new results in the field, see for example the work
of Cederbaum, Cogo, Leandro, and Paolo dos Santos [18], Cederbaum, Cogo,
and Fehrenbach [17], Cederbaum and Miehe [20], and Cederbaum and León
Quirós [19].

The Jang equation reduction argument

(M, g)n

(Γ, g = g + df  )
n

(M x R, g + dt  )n 2

2

f

Figure 2.8. An illustration of a graphical deformation of (Mn,g) by the graphing
function f : Mn → R in the product space (Mn ×R, g̃ = g+dt2).
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Supposing that Conjecture 2.6 is known and that an asymptotically Euclidean
initial data set (Mn,g,k) satisfying the dominant energy condition µ ≥ |J|g is
given, one can ask if it is possible to deform the given initial data set into a Rie-
mannian manifold (Mn

,g) with the same mass as (Mn,g) and with Scalg ≥ 0?
The deformation considered by Schoen and Yau [62] is a graphical one, given
(Mn,g,k) one asks: how should the function f : Mn →R be chosen so that the
graph Γ = {(p, f (p)) : p ∈ Mn} ⊂ Mn ×R, equipped with the induced metric
g := g+d f 2 satisfies Scalg ≥ 0?

Schoen and Yau proved the so called Schoen-Yau identity which is an expres-
sion for the scalar curvature Scalg of the metric g = g+d f 2.

Scalg = 2(µ − J(w))+ |A− k|2g +2|q|2g −2divg q

+(HΓ)2 − (trΓ k)2 +2k(ν ,ν)(HΓ − trΓ k)+2ν(HΓ − trΓ k).
(2.8)

Here, µ and J are the energy and current density, w is a vector defined in terms
of ∇ f and satisfies |w|g ≤ 1, A is the second fundamental form of the graph
Γ ↪→ Mn ×R, q is a one form defined in terms of ∇ f and the difference A− k,
HΓ is the mean curvature of the graph Γ ⊂ M ×R and lastly trΓ k is the trace
of the tensor k along Γ. We note that if HΓ = trΓ k, then:

Scalg = 2(µ − J(w))+ |A− k|2g +2|q|2g −2divg q. (2.9)

The dominant energy condition implies that the first term above is non-negative,
the second and third terms are squares and hence also non-negative. The re-
maining term is a divergence term and therefore referred to as "almost non-
negative". All in all, if the graphing function f in Figure 2.4 is chosen so
that HΓ = trΓ k, then the graph (Γ,g) has "almost Scalg ≥ 0". The equality
HΓ = trΓ k can be written in terms of the graphing function f : Mn → R and
the tensor k from the initial data set (Mn,g,k) and amounts to the following
prescribed mean curvature equation on (Mn,g).(

gi j − ∇i f ∇ j f
1+ |∇ f |2

)(
Hessi j f√
1+ |∇ f |2

− ki j

)
= 0. (2.10)

The above equation is the eponymous Jang equation, which was introduced
by Jang [41] to study which initial data sets might be embedded as spacelike
slices in Minkowski space. Schoen and Yau [62] rediscovered and employed
this equation in the following way.

Suppose that the initial data set (M3,g,k) is asymptotically Euclidean and that
f : M3 → R is a solution to (2.10). Inspecting the definition of the ADM
mass (2.5), one sees that mADM(g) is defined by the behaviour of the metric
g near infinity. If f tends to zero sufficiently quickly, then roughly g+ d f 2

asymptotes to g. This can be made precise and if f falls off fast enough then
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the graph (Γ,g) is asymptotically Euclidean as well and moreover (Γ,g) and
(Mn,g) have the same ADM mass. Due to the "almost non-negativity" of
Scalg, the positive mass theorem for asymptotically Euclidean manifolds can
be used to show that

mADM(g) = mADM(g)≥ 0.

Furthermore, if mADM(g) = 0, then mADM(g) = 0 as well and moreover it
follows that (Γ,g) ∼= (R3,δ ). A change of perspective now gives the desired
embedding into the Minkowski spacetime as follows.

(M, g)n

(Γ, g ) = (R  ,δ)
n n

(M x R, g + dt  )n 2

(M, g)n

(R ,δ)
n

(R x R, δ - dt  )n 2

f f

Figure 2.9. An illustration of a graphical embedding of (Mn,g) in Minkowski space.

In the left part of Figure 2.4, we view (Γ,g) = (Rn,δ ) as a graph over (Mn,g)
in the product space (Mn ×R,g+ dt2). Equivalently we can view (Mn,g) as
a graph over (Rn,δ ) in the product space (Rn ×R,δ − dt2), as in the right
part of Figure 2.4. But this is exactly what it means to view Mn as a graph
in Minkowski space. That the metric g is indeed the induced metric for this
embedding is due to the equality

g = g−d f 2 = δ −d f 2 = (δ −dt2)|Mn .

Lastly, the Schoen-Yau identity (2.9) implies that the second fundamental form
of the embedding (Mn,g) ↪→ (Γ×R,g−dt2) above is nothing but the desired
second fundamental form k. In this way, solving the Jang equation (2.10) on
(Mn,g,k) not only shows that mADM(g)≥ 0, but also provides the embedding
of (Mn,g,k) as a spacelike slice in Minkowski space in the case when the mass
vanishes. We have omitted certain important technical details in this discus-
sion but the above is the main idea of the Jang equation reduction argument.
For more details, see Schoen and Yau [62], Eichmair [29] and Sakovich [58].

A refinement of the positive mass theorem for asymptotically Euclidean initial
data sets (M3,g,k) satisfying the dominant energy condition is the so called
Penrose inequality:

mADM(g)≥
√

A(Ω)

16π
, (2.11)
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where Ω ⊂ M is a hypersurface modelling the event horizon of a black hole,
with equality if and only if (M3,g,k) can be embedded as a spacelike slice in
the Schwarzschild spacetime. For more details, see Mars [48] and the refer-
ences therein.

(M,g,k)

Ω

Figure 2.10. An illustration of an asymptotically Euclidean initial data set (Mn,g,k)
with a boundary representing a black hole.

In the case of asymptotically Euclidean manifolds (k = 0), this inequality has
been proven by Huisken and Ilmanen [39] and by Bray [10] but the general
case is still open. The possibility of adapting the Jang equation reduction argu-
ment to prove this so called spacetime Penrose inequality has been discussed
by Malec and O’Murchadha [47], with the conclusion that a substantial mod-
ification of the method is needed.

tΣ

Ω

Figure 2.11. An illustration of a spacelike hypersurface Σ in the Schwarzschild space-
time. The gray region represents the interior of a black hole.

In an attempt to adapt the Jang equation reduction in this setting, Bray and
Khuri [12] pointed out that the Schwarzschild spacetime is a warped product,
while the classical Jang equation argument always gives rise to an embedding
in a non-warped product space. Consequently their suggestion was to modify
the Jang equation so that the reduction is carried out in a warped product set-
ting instead.

The idea is as follows, one considers the Jang graph (Γ,g := g+ u2dt2) in
the warped product space Mn ×u R, defined as the Riemannian manifold con-
sisting of Mn×R equipped with the metric g̃ := g+u2dt2 and where u : Mn →
(0,∞) is a function to be determined.
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Just like in the classical Jang equation reduction argument, one requests that
the graph (Γ,g) has (almost) non-negative scalar curvature.

(M, g)n

(Γ, g = g + u df  )
n

(M x R, g + u dt  )n 2

2

f

2

2

Figure 2.12. An illustration of a graphical deformation of (Mn,g) in the warped prod-
uct space Mn ×u R.

In terms of the graphing function f and the warping factor u, Bray and Khuri
[12, 13] derive the generalized Schoen-Yau identity which in turn motivates
the so called generalized Jang equation:(

gi j − u2∇i f ∇ j f
1+u2|∇ f |2

)(
uHessi j f +ui f j + fiu j√

1+u2|∇ f |2
− ki j

)
= 0. (2.12)

If this equation is satsified, then Scalg is "almost non-negative". Still it is nec-
essary to relate the mass of the initial data (Mn,g,k) to that of the graph (Γ,g).
Addressing this issue, Bray and Khuri [12, 13] proposed several coupled sys-
tems of partial differential equations involving f and u which when solved,
would yield a proof of the spacetime Penrose inequality. In the spherically
symmetric case, one of these coupled system reduces to a single ODE, es-
tablishing the spacetime Penrose inequality in this special case, see Bray and
Khuri [12] further details.

Somewhat similar to the spacetime Penrose inequality in spirit is the positive
mass conjecture for asymptotically anti-de Sitter initial data sets. The Rie-
mannian case (k = 0) has been proven by Chruściel and Herzlich [27] under
a spin assumption and by Anderson, Cai and Galloway [2] and Chruściel and
Galloway [26] without the spin assumption, but instead imposing rather re-
strictive asymptotic conditions at infinity. Regarding the general case, unlike
the positive mass theorem for asymptotically hyperboloidal initial data sets
discussed above, this inequality cannot be established using the classical Jang
equation reduction argument, since the anti-de Sitter spacetime is a warped
product spacetime.
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Similar in spirit to the systems of Bray and Khuri [12, 13], Cha and Khuri [21]
propose a coupled system involving the generalized Jang equation that when-
ever solvable reduces the positive mass theorem for anti-de Sitter initial data
sets to the Riemannian case. We refer the reader to Cha and Khuri [21] and to
the introduction of Paper I for more details. The results of Paper I contribute
to this area of research in the two following ways.

• First, we give a rigorous analysis of the existence and properties of so-
lutions to the generalized Jang equation for asymptotically anti-de Sitter
initial data sets.

• Second, we provide a new reduction argument involving a coupled sys-
tem that is simpler than that of Cha and Khuri [21] and which if solved
would reduce the positive mass theorem for asymptotically anti-de Sitter
initial data sets to the Riemannian case.

The vector field method of Robinson
We give an overview of the so called vector field method of Robinson [56],
that was originally used to give a simple proof of the static vacuum black hole
uniqueness theorem of Israel [40].

We recall that a spacetime (Nn+1,h) is vacuum if it satisfies the Einstein equa-
tions when the stress energy tensor vanishes: T = 0, which is the case if and
only if the Ricci curvature of the spacetime is zero: Rich = 0. A spacetime is
static if it admits a timelike Killing vector field X that is irrotational. Roughly
speaking, this means that X defines a flow whose integral curves are future
pointing timelike curves and along which the metric h does not change and
that the hypersurfaces of the resulting foliation are spacelike. Sánchez [60]
has shown that if the flow defined by the vector field X is complete and if
the manifold Nn+1 is simply connected, then the spacetime splits as a warped
product as follows:

Nn+1 = Mn ×R, h =−u2dt2 +g, (2.13)

where u : Mn → R is a function and (Mn,g) is a Riemannian manifold.

Vacuum spacetimes model "empty universes" and static spacetimes model
"universes that do not evolve". Thus, a static vacuum spacetime represents an
empty universe in which there is no evolution. Related to this, one of the cen-
tral questions in Mathematical General Relativity is "What does a static vac-
uum spacetime look like?". Two examples of such spacetimes are Minkowski
space and the Schwarzschild spacetime, the latter of which models the exterior
region of a black hole, see Figure 2.4.
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Israel [40] proved that any 4-dimensional static vacuum spacetime (N3+1,h)
which is asymptotic to the Schwarzshild spacetime, is in fact isometric to the
Schwarzschild spacetime, see also see also Bunting and Masood-ul Alam [15].
Subsequently, Robinson [56] gave a short proof of the result of Israel [40] us-
ing a method which we outline below.

The condition Rich = 0 is equivalent to the function u in (2.13) satisfying

∆
gu = 0, Hessg u = uRicg .

We assume that u is not identically a constant, that M3 has a boundary given
by ∂M = {u = 0} and that there is a constant W0 > 0 such that |∇u|2 ≡W0 on
∂M. The last condition ensures that the boundary ∂M represents the surface of
a black hole. Since (N3+1,h) is asymptotically Schwarzschildean, it follows
that u → 1 at infinity. Moreover since u is harmonic, it cannot attain an interior
local maximum or minimum and so u : M3 → (0,1).

(M ,g)3∂M

∇u

Figure 2.13. A Riemannian manifold (M3,g) with a black hole boundary given by
∂M = {p ∈ M : u(p) = 0}.

For the function u as above, Robinson [56] introduces a vector field for the
function u of the form

Z := F(u)
∇(|∇u|2)

u
+G(u)|∇u|2∇u,

for F,G : (0,1) → R are functions to be determined and finds a family of
functions F and G, parametrized by c,d ∈ R such that d ≥ 0 and c ≥−d, for
which divg(Z) ≥ 0. For this family, an application of the divergence theorem
yields

0 ≤
∫

M
divg(Z)dµg = lim

x→1

∫
{u=x}

g(ν{u=x},Z)dµg −
∫

∂M
g(ν∂Ω,Z)dµg,

(2.14)
for any choice of the parameters as described above. In the view of |∇u|2 ≡W0
on ∂M, Robinson [56] obtains∫

∂M
g(ν∂Ω,Z)dµg = 8πdW 1/2

0 − (6d −2c)W 3/2
0 S0,
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where S0 is the area of the surface ∂M. As for the remaining integrals on the
right hand side of (2.14), Robinson [56] showed that

lim
x→1

∫
{u=x}

g(ν{u=x},Z)dµg =
π(c+d)

2m
,

where m is the ADM mass of the asymptotically Schwarzschildean spacetime
(N3+1,h). We note that the parameters c,d must satisfy d ≥ 0 and c ≥−d. All
in all, for this set of parameters one arrives at the inequality

π(c+d)
2m

≤ 8πdW 1/2
0 − (6d −2c)W 3/2

0 S0.

Specifically, in the case when −c = d = 1 one obtains

W0S0 ≤ π, (2.15)

and in the case when d = 0, c = 1, one gets

π

4m
≤W 3/2

0 S0. (2.16)

Recalling that u is harmonic, one can integrate divg(∇u) = 0 from {u = 0} to
{u = 1}, similar to the above computation and infinity. One then obtains the
identity W 1/2

0 S0 = 4πm. This combined with (2.16) yields

π ≤ S0W0. (2.17)

Together the inequalities (2.15) and (2.17) imply that equality in (2.14) holds
when c = −1 and d = 1. Consequently, for this choice of parameters we
have divg(Z) = 0, which can be used to show that the vector field Z is spher-
ically symmetric and that the underlying manifold (M3,g) is isometric to
Schwarzschild space.

The purpose of Paper II is to use this method to give a conceptually simple
proof that reproduces several known geometric inequalities in Riemannian ge-
ometry and to use these geometric inequalities to give a proof of the positive
mass theorem. We emphasize the following steps in the above argument.

1. The key ansatz is to define a several parameter family of vector fields
Z in terms of a geometrically defined function such as the function u as
described above.

2. Imposing a lower bound on divg(Z) and applying the divergence theorem
yields a several parameter family of geometric inequalities.

3. Analysing the cases of equality in these inequalities one obtains rigidity
statements for the underlying manifold (Mn,g).
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2.5 Distance functions and comparison of spacetimes
The need for comparing spacetimes in Mathematical General Relativity is mo-
tivated by questions such as:

• Is our spacetime well-approximated by cosmological models?
• Can spacetimes with different topology (e.g. Minkowski space and a

Schwarzschild spacetime with small mass) be compared?
• Can singular and smooth spacetimes be compared?
• Are geometric inequalities that hold for physically reasonable space-

times such as the positive mass theorem and the Penrose inequality sta-
ble?

In particular, we recall that the positive mass theorem (see Conjecture 2.5)
for asymptotically Euclidean initial data sets (Mn,g,k) states that if the domi-
nant energy condition is satisfied, then mADM(g)≥ 0 and mADM(g) = 0 if and
only if (Mn,g) is a spacelike slice of Minkowski space with second funda-
mental form k. Therefore it is natural to ask: "If an initial data set (Mn,g,k)
has small mass, does it mean that (Mn,g,k) is close to a slice in Minkowski
space?".

To formulate this rigorously one needs a notion of distance between initial data
sets. In the case of Riemannian manifolds (Mn,g), there are many reasonable
notions of distance between spaces, such as the Gromov-Hausdorff distance,
the metric measure distance and the Intrinsic Flat distance to name a few,
see Sakovich and Sormani [59, Section 2] for further details. The main idea
underlying all of these notions of distance is that Riemannian manifolds are
converted into metric spaces, possibly with some additional structure, which
are then compared using one of the above mentioned notions of distance for
metric spaces.

However, initial data sets come equipped with a tensor k as well. Since this
tensor is really carrying information about the extrinsic geometry of (Mn,g)
inside a spacetime, it seems natural to compare initial data sets not by com-
paring them directly, but by comparing the spacetimes that they give rise to.
The difficulty here is that spacetimes are not natural metric spaces, so tools
like the Gromov-Hausdorff distance cannot be directly applied. For example,
the Lorentzian distance function in the definition below (see [53, Section 2.9])
is not a true metric distance.

Definition 2.7. Let γ : [a,b] → N be a future causal curve. The Lorentzian
length of γ is defined as

Lh(γ) :=
∫ b

a
|h(γ̇, γ̇)|1/2dt.
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The Lorentzian distance dh : N ×N → [0,∞] is defined as

dh(p,q) :=

{
supLh(γ) if p ≤ q
0 otherwise

,

where the supremum is taken over all future causal curves γ : [0,1]→ N such
that γ(0) = p and γ(q) = 1.

In this situation, a natural approach would be to convert spacetimes into met-
ric spaces in a suitable way and apply one of the notions of distance between
metric spaces above. It turns out that a conversion of a spacetime into a metric
spacetime can be achieved given a time function and using the null distance
introduced by Sormani and Vega [64]. We briefly review this construction.

In Minkowski space there is an intuitive notion of "time", namely the coor-
dinate t (see Example 2.1), but in general there may not be a unique notion
of time. However it is natural to request that any reasonable notion of time
should be increasing for physical particles, leading to the following definition.

Definition 2.8. Let τ : N → R be a function. We say
• τ is a generalized time function if it strictly increasing along future

causal curves,
• τ is a time function if it is a continuous generalized time function.

In general, time functions are not smooth as the following example shows.

Example 2.9. A "canonical" time function is the cosmological time function
defined by Andersson, Galloway and Howard [3]:

τh(q) := sup
γ:[0,1]→N

γ future causal
γ(1)=q

Lh(γ).

Roughly speaking, τh measures the time elapsed "since the big bang". The
cosmological time function is called regular if it takes values in (0,∞).

In [3] it is shown that the cosmological time function τh is locally Lipschitz
with gradient |∇hτh|h = 1 almost everywhere. An earlier approach to convert-
ing spacetimes into metric spaces that was based on replacing the Lorentzian
metric h by the Riemannian metric hR := h+2dτ2

h using a cosmological time
function τh, see Sormani [63]. However this approach would only apply in the
case when τh is smooth, so it has not been pursued further. Instead Sormani
and Vega [64] went on to define the so called null distance, which we will now
describe.
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Not any two points p,q ∈ N can be connected by a causal curve, only causally
related ones. But one can nevertheless connect any two points using piecewise
causal curves [64, Lemma 3.5], which are curves that "zig-zag" forward and
backward in time.

Definition 2.10. Let γ : [a,b]→ N be a curve into a spacetime (Nn+1,h). We
say that γ is piecewise causal if there are points a = s0 < s1 < .. . < sm = b
such that each curve γ|[si−1,si], i = 1, . . . ,m is causal.

p

q

Figure 2.14. A piecewise causal curve connecting points in a spacetime.

In a connected Riemannian manifold (Mn,g), two points p,q ∈ M can be con-
nected by many different curves and the distance between them is given by the
infimum of the length of such curves. The idea underlying the null distance
d̂τ is similar once the length to a piecewise causal curve has been defined.
The following definition of Sormani and Vega [64] has been inspired by the
Manhattan distance.

Definition 2.11. [64, Definition 3.2] Let (Nn+1,h) be a spacetime, let τ : N →
R be a generalized time function and let γ : [a,b]→ N be a piecewise causal
curve. The null length of γ with breaks at s0,s1, . . . ,sm is given by

L̂τ(γ) :=
m

∑
i=1

|τ(si)− τ(si−1)|,

The null distance between p,q ∈ N is defined as

d̂τ(p,q) := inf
γ:[0,1]→N

L̂τ(γ),

where the infimum is taken over all piecewise causal curves γ : [0,1]→R such
that γ(0) = p and γ(1) = q.
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Example 2.12. In Minkowski space (R×Rn,η), the null distance with respect
to the time function τ = t is given by

d̂t((t1, x⃗1),(t2, x⃗2)) = max(|t1 − t2|, |⃗x1 − x⃗2|).

The following properties of the null distance have been established by Sormani
and Vega [64].

Theorem 2.13. Let (Nn+1,h) be a spacetime, let τ : N → R be a generalized
time function and let p,q ∈ N.

• d̂τ is symmetric, semidefinite and satisfies the triangle inequality.
• d̂τ induces the manifold topology if and only if d̂τ is definite and τ is

continuous on N with respect to the manifold topology.

Thus in order for d̂τ to be a true metric distance, one just has to show that it is
definite:

d̂τ(p,q) = 0 =⇒ p = q.

This is not true for all generalized time functions τ , thus it is common to make
some additional assumptions on the time function.

Definition 2.14. Let τ : N → R be a generalized time function. We say that τ

is a temporal function if ∇τ exists on all of N and h(∇τ,∇τ)< 0 always. We
say that τ is a weak temporal function if for all p ∈ N there is a neighbourhood
U ⊂ N of p, a Riemannian metric g on U and a constant C > 0 such that for
all p,q ∈U such that p ≤ q:

C−1dg(p,q)≤ τ(q)− τ(p)≤Cdg(p,q), (2.18)

where dg : U ×U → [0,∞) is the Riemannian distance function of g on U .

We note the following corollary of the results of Sormani and Vega [64], and
Burtcher and Heveling [16, Proposition 2.11].

Corollary 2.15. Let (Nn+1,h) be a spacetime and let τ : N → R be a weak
temporal function. Then τ is locally Lipschitz and d̂τ is a definite distance
function that induces the manifold topology.

Suppose that two spacetimes (Nn+1
1 ,h1) and (Nn+1

2 ,h2) are equipped with
weak temporal functions τ1 and τ2. We could potentially define the distance
between these spacetimes by computing the Gromov-Hausdorff distance be-
tween the converted metric spaces (N1, d̂τ1) and (N2, d̂τ2). However the fol-
lowing example of Sakovich and Sormani [59, Example 5.1] illustrates that
this approach may sometimes fail.
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Example 2.16. Let a > b > 0 be real numbers and let (N1,h1) and (N2,h2) be
the spacetimes defined by N1 = [0,a]× [0,b], N2 = [0,b]× [0,a] and h1 = h2 =
−dt2 +dx2.

a

b

t

x

a

b

t

x

Figure 2.15. (N1,h1) and (N2,h2) together with future pointing causal curves.

The cosmological time functions (see Example 2.9) of the spacetimes (N1,h1)
and (N2,h2) are given by τh1(t,x) = τh2(t,x) = t, and the null distances are:

d̂τhi
((t1,x1),(t2,x2)) = max(|t1 − t2|, |x1 − x2|), i = 1,2.

If we now define the "spacetime Gromov-Hausdorff distance" between (N1,h1)
and (N2,h2) by

dS−GH((N1,h1),(N2,h2)) := dGH((N1, d̂τh1
),(N2, d̂τh2

)),

where dGH denotes the Gromov-Hausdorff distance between metric spaces, it
turns out that dS−GH((N1,h1),(N2,h2)) = 0. Indeed, the map φ : (N1, d̂τh1

)→
(N2, d̂τh2

) given by φ(t,x) = (x, t) is an isometry of metric spaces, which im-
plies that dGH((N1, d̂τ1),(N2, d̂τ2)) = 0. However, there is no Lorentzian isom-
etry between the spacetimes (N1,h1) and (N2,h2), as their causal curves are
very different, see Figure 2.16.

The issue in this example appears to be related to the fact that when replacing
(Ni,hi) by (Ni, d̂τhi

), we neglect their causal structures. Consequently, one can
argue that an appropriate notion of distance on a spacetime should be capable
of encoding the causal structure. Luckily this can be achieved by combining
together the null distance d̂τ and its associated time function τ .

Recalling Example 2.12, we see that p ≤ q if and only if d̂t(q, p) = t(q)− t(p)
holds in Minkowski spacetime. Moreover Sormani and Vega showed [64,
Lemma 3.11] that for a generalized time function τ : N → R and any p,q ∈ N
it holds

p ≤ q =⇒ d̂τ(p,q) = τ(q)− τ(p),

and that the converse holds when (Nn+1,h) is a warped product space [64,
Lemma 3.24]. The inverse implication is not always true, see [57, Examples
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2.1 and 2.2] for counterexamples. In general, given a spacetime (Nn+1,h)
equipped with a generalized time function τ , we say that the null distance
encodes causality if

∀p,q ∈ N : p ≤ q ⇐⇒ d̂τ(p,q) = τ(q)− τ(p). (2.19)

Sakovich and Sormani [57, Theorem 4.1] proved that if a spacetime, (Nn+1,h),
has a proper locally anti-Lipschitz time function, τ , then (2.19) holds. This
result was subsequently extended by Burtscher and García-Heveling [16] and
by Galloway [32] using other global hypotheses on (Nn+1,h) and τ . Moreover
Sakovich and Sormani showed that causality is always locally encoded when
τ is a generalized anti-Lipschitz time function [57, Theorem 1.1]. Namely, for
all p ∈ N there is a neighbourhood U of p such that for all q ∈U :

p ≤ q ⇐⇒ d̂τ(p,q) = τ(q)− τ(p) and

q ≤ p ⇐⇒ d̂τ(q, p) = τ(p)− τ(q).

A key ingredient in the proofs of Sakovich and Sormani [57] is a special type
of coordinate charts introduced by Temple [66], which are useful for the lo-
cal study of the causal structure. These coordinate charts are constructed by
choosing a future timelike geodesic η satisfying η(0) = p, and parametrizing
a tubular neighbourhood of η using outgoing null geodesics.

p

η(t)t

x

Figure 2.16. Graphical illustration of a Temple chart about a point in a spacetime.

Any chart Φp about a point p ∈ N as above is referred to as a Temple chart
about the point p. A key property of such a chart is that on its image Im(Φp)
one can define the optical function ωp as

ωp(Φp(t,x1, . . . ,xn)) := t.

The optical function ωp serves as an indicator function of the causal future of
the point p in the image Im(Φp) . Sakovich and Sormani showed [57, Lemma
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3.6] that for all q ∈ Im(Φp): ωp(q)≥ 0 ⇐⇒ p ≤ q.

The purpose of Paper IV is to show that Temple coordinate charts can be
constructed locally uniformly. We then apply these results to and that on a
spacetime equipped with a weak temporal function

• the causality is locally encoded by the time function and the associated
null distance,

• our uniform Temple charts form a bi-Lipschitz atlas.

We also prove a Lorentzian isometry theorem, stating that a time function and
null distance preserving bijection between spacetimes is in fact a Lorentzian
isometry.
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3. Summary of papers

3.1 Summary of Paper I
Paper I is also part of the licentiate thesis [49]. In Paper I we study asymptotically-
anti de Sitter initial data sets (Mn,g,k). In Theorem 6.2 of Paper I, we suggest
a new coupled system which if solved would give a proof of the positive mass
theorem for asymptotically anti-de Sitter initial data sets.

Theorem 3.1. If there are globally defined functions f ,u : Mn → R such that(
gi j − u2∇i f ∇ j f

1+u2|∇ f |2

)(
uHessi j f +ui f j + fiu j√

1+u2|∇ f |2
− ki j

)
= 0,

∆
gu = nu,

(3.1)

where g = g+ d f 2, f ,u satisfy f = O(e−(τ+1)r), u = cosh(r)+O(e−(τ−1)r).
Then the positive mass theorem for the initial data set (Mn,g,k) holds.

For reasons which are outlined in Remark 6.1 in Paper I, one does not expect
that a globally defined solution to the above system exists. In fact, in all pre-
vious applications of the Jang equation reduction argument the solution might
only be defined outside of a compact set, see for example [62], [29] and [58].

Nevertheless, the above result serves as a proof of concept. The system in
(3.1) features the same generalized Jang equation as in [12, 13] and [21] but a
different equation for the warping factor. Since the reduction that we propose
proceeds in just one step, the reduction appears to be simpler from an ana-
lytical perspective and the proposed coupled system is arguably more natural
from a geometric point of view.

To further motivate the above result, in Theorem 5.1 of Paper I we show that
when a suitable warping factor u : Mn → R is given, there always exists a
geometric solution to the generalized Jang equation.

Theorem 3.2. Suppose that (Mn,g,k) is an asymptotically anti-de Sitter initial
data of dimension 3 ≤ n ≤ 7 and that a warping factor u = cosh(r)+O(1) is
given. Then there is a geometric solution to the generalized Jang equation.

Roughly speaking, a geometric solution to the generalized Jang equation con-
sists the boundary Σ := ∂E of an open subset of the warped product space
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E ⊂ Mn ×u R. We show that Σ consists of graphical components and cylindri-
cal components, all of which have prescribed mean curvature HΣ = trΣ k. The
graphing function of the graphical components of Σ satisfies the generalized
Jang equation (2.12).

(M, g)n

(M x R, g + u dt  )n 22

E

∂E

∂E

Figure 3.1. A geometric solution to the generalized Jang equation.

In the construction of this geometric solution, the graphing function is shown
to satisfy all conditions necessary for Theorem 6.2, except being globally de-
fined. Thus what is left in order to prove the positive mass theorem for asymp-
totically anti-de Sitter initial data sets in dimensions 3 ≤ n ≤ 7 is to analyse
the second equation in (3.1), and to show that the coupled system can in fact
be solved. Furthermore one would have to show that the argument in the proof
of Theorem 6.2 of Paper I can be adjusted to account for the lack of a global
solution to (3.1).

In order to prove the existence of a geometric solution, we proceed as in
Schoen and Yau [62] and Sakovich [58]. In Proposition 4.1 of Paper I we
show that the following regularized boundary value problem has a solution on
precompact domains Ω for ε > 0.(

gi j − u2∇i f ∇ j f
1+u2|∇ f |2

)(
uHessi j f +ui f j + fiu j√

1+u2|∇ f |2
− ki j

)
= ε f , on Ω

f = φ , on ∂Ω,

(3.2)

By choosing a sequence of domains {Ωk}∞
k=1 that exhausts Mn, and a sequence

{εk}∞
k=1 ⊂ (0,∞) converging to zero, we show that the graphs of the corre-

sponding solutions fk to (3.2) subconverge to the above described geometric
solution in a suitable sense, see Theorem 5.1 of Paper I.
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There are a few of issues that need to be resolved in order to prove that such
a limit exists. In fact, we have to use the convergence and regularity theory of
C-almost minimizing currents developed by Duzar and Steffen [28] and Eich-
mair [29] in order to construct our geometric solution, which is also a C-almost
minimizing current. The only reason for the dimensional restriction 3 ≤ n ≤ 7
in Paper I is due to the regularity theory of these currents.

In order to show that the geometric solution has a graphical component de-
fined outside of a compact set K ⊂ Mn and to show that the solutions fk do
not "escape to infinity", it is necessary to provide barriers to the generalized
Jang equation. These are sub and super solutions f− and f+ whose existence
ensures that the solutions fk to (3.2) satisfy f− ≤ fk ≤ f+.

(M, g)n
f

t

Figure 3.2. Barriers (in red) for the generalized Jang equation which force a solution
to a regularized boundary value problem to lie between them.

One of the main results of Paper I is Proposition 3.1, which says that such
barriers can be found under very general conditions.

Theorem 3.3. Suppose that (Mn,g,k) is an asymptotically anti-de Sitter initial
data set of order τ > n/2 and dimension n ≥ 3 and that the warping factor
satisfies u = cosh(r) + O1(1). Then there are barriers for the generalized
Jang equation defined outside a compact set.

We note that the barriers we construct are very general and work for all asymp-
totics unlike the previous barriers of [58] and [46], which require that one per-
turbs to the so called Wang’s asymptotics. Due to generality of our result, we
believe that that this barrier construction will have future applications such as
finding a solution to solve the full coupled system (3.1).
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3.2 Summary of Paper II
The main application of the results of Paper II is to give a new proof of the
positive mass theorem for asymptotically Euclidean manifolds in dimension
n = 3, using the vector field method which can be traced back to the work of
Robinson [56].

In Paper II we deduce a several parameter family of geometric inequalities
in terms of a minimal Greens function of the Laplace operator ∆g of a Rie-
mannian manifold (M3,g). This result can be formulated as follows.

Theorem 3.4. Let (M3,g) be a complete, asymptotically Euclidean Rieman-
nian manifold with non-negative scalar curvature Scalg ≥ 0 and vanishing
second homology group H2(M3,Z) = 0. Let G : M3 \ {o} → R be the mini-
mal positive Green function for the Laplace operator ∆g with pole at o ∈ M3.
Suppose that s < t are regular values of u := 4πG , then

4π

∫ t

s
F(x)dx+

[
F(x)

∫
Σx

|∇u|H dσ +

[
G(x)+(λ1 −3)

F(x)
x

]∫
Σx

|∇u|2 dσ

]t

s

≥
∫ t

s

[
(λ2 −λ1)F(x)

x2 − (3−λ1)F ′(x)
x

](∫
Σx

|∇u|2 dσ

)
dx,

where H is the mean curvature of the level set Σx := u−1({x}), the constants
λ1,λ2,α ∈ R satisfy

α(α −1)+λ1α = λ1 −λ2,

and the functions F,G : (0,∞)→ R are given by

F(x) := xα , G(x) := βλ2

{
xα−1

α−1 if α ̸= 1
0, if α = 1

.

The condition that the second homology group of M3 vanishes ensures that
the level sets of the function u are connected. Such topological conditions are
common whenever one uses level set methods like the above one, see for ex-
ample [1, 54, 68, 50]. By defining a vector field Z in terms of the function u
and by bounding its divergence from below, an application of the divergence
theorem yields Theorem 3.4. The vector field Z that we use is irregular at the
critical points of the function u and so the divergence theorem cannot be ap-
plied immediately. To address this we also prove a "singular" version of the
divergence theorem adapted to our setting, see Theorem 3.4 of Paper II.

By specializing the constants λ1,λ2 and α , we are able to prove Theorem
4.2 of Paper II. This gives a new proof of the result of Munteanu and Wang
[54, Corollary 3.2], under certain mild additional hypotheses. We prove the
following.
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Theorem 3.5. With (M3,g) and u : M3 \ {o} → R as in Theorem 3.4, the
function u satisfies ∫

Σx

|∇u|2 dσ ≤ 4πx2,

for every regular value x ∈ (0,∞) of u.

Using this inequality and Theorem 3.4 we are able to construct a one parameter
family of monotone quantities defined in terms of the function u.

Theorem 3.6. With (M3,g) and u : M3 \ {o} → R as in Theorem 3.4, the
quantity Fα defined by

Fα(x) := 4π(α +1)xα+1 + xα

∫
Σx

|∇u|H dσ − (α +3)xα−1
∫

Σx

|∇u|2 dσ ,

is non-decreasing for any choice of α ∈ R\ (−2,0).

When (M3,g) is asymptotically Schwarzschildean, we show that

lim
x→0

x−α−2Fα(x) = 4παm,

where m is the ADM mass of the manifold (M3,g). This allows us to show
that for any α ≤−2, the monotonicity of the quantity Fα implies the positive
mass theorem for asymptotically Schwarzschildean manifolds (M3,g) satisfy-
ing the conditions in Theorem 3.4. Moreover we show that the monotonicity
of the quantity F−2 implies that any asymptotically Schwarzschildean man-
ifold (M3,g) satisfying the conditions of Theorem 3.4 and with zero mass is
isometric to (R3,δ ).

We show that Theorem 3.6 can be used to deduce the monotonicity of some
of the monotone quantities appearing in [1], [50] and [68]. More generally,
we argue that the above method is an effective and conceptually clear way to
generate monotone quantities on Riemannian manifolds.
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3.3 Summary of Paper III
In Paper III we define a notion of mass for asymptocially Euclidean Rieman-
nian manifolds with metrics g of local regularity W 1,2

loc ∩L∞
loc. In the classical

case, the ADM mass of an asymptotically Euclidean initial data set is given by

mADM(g) :=
1

2(n−1)ωn−1
lim
k→∞

∫
∂Ωk

n

∑
i, j=1

(
∂gi j

∂x j −
∂gii

∂x j

)
ν

Ωk
j dµδ .

When the metric g is only known to satisfy g ∈ W 1,2
loc ∩L∞

0 , the above defini-
tion becomes problematic. One issue is that the integrand could be ill-defined
on ∂Ωk, since the smooth boundaries of the domains Ωk have n-dimensional
Hausdorff measure zero. Similarly to Gicquaud and Sakovich [33], we re-
solve this using cutoff functions. For a suitable sequence of compactly sup-
ported locally Lipschitz functions {χα}∞

α=1, we define the weak ADM mass
with respect to the chart Φ and the sequence {χα}∞

α=1 as the following limit:

mW(g,Φ,{χα}∞
α=1)

:=
1

2(n−1)ωn−1
lim

α→∞

∫
Rn\BR

n

∑
i, j=1

(
∂gi j

∂x j −
∂gii

∂x j

)(
−∂ χα

∂x j

)
dµδ ,

(3.3)

Roughly speaking, integrating against the gradient of a cut-off function can be
interpreted as a mollified version of integrating against a unit normal on the
boundary of a domain.

As mentioned in the end of Section 2.3 of this introduction, a crucial hypothe-
sis for showing the well definedness of the ADM mass is that the scalar curva-
ture Scalg ∈ L1(Mn,g) is well defined. When g ∈W 1,2

loc ∩L∞
loc, this might not be

the case. Roughly speaking, we remedy this by treating the scalar curvature
as a distribution, similar to that of Lee and LeFloch [43, Definition 2.1], see
Definition 3.2 of Paper III.

Gicquaud and Sakovich [33, Remark 4.7] discuss different possible defini-
tions of the scalar curvature in a low regularity setting. Using either of these
definitions of integrable distributional scalar curvature and assuming an ap-
propriate fall of condition on g− δ , we show that the weak ADM mass in
(3.3) is well defined, finite and independent of the choice of cutoff functions
{χα}∞

α=1, see Theorem 3.9 of Paper III.

Theorem 3.7. If (Mn,g) is W 1,2-asymptotically Euclidean manifold of order
τ ≥ (n−2)/2 and has integrable distributional scalar curvature, then the weak
ADM mass mW(g,Φ) is well defined and independent of the choice of cutoff
functions.
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Furthermore, in Theorem 3.11 of Paper III we prove that under conditions in
which the classical ADM mass in (2.5) is well-defined, so is the weak ADM
mass in (3.3) and in this case they agree.

Theorem 3.8. If (Mn,g) is a C1-asymptotically Euclidean manifold of order
τ > (n− 2)/2 such that Scalg ∈ L1(Mn,g), then the weak and the classical
ADM mass agree:

mW(g,Φ) = mADM(g,Φ).

Having shown that our weak ADM mass is a well defined generalization of
the classical ADM mass, we show that it is coordinate invariant. For this we
use a result of Bartnik [8, Corollary 3.2], which says that if g is asymptotically
Euclidean with respect to the two coordinate charts Φ and Φ̃, then the tran-
sition function Φ̃−1 ◦Φ can be decomposed into an isometry and an "almost
identity", of the Euclidean space (Rn,δ ). Similar to Bartnik [8], at this stage
we need to assume that g is W 1,p-asymptotically Euclidean for some p > n.

In Proposition 3.16 and Proposition 3.18 of Paper III we show that the weak
ADM mass in (3.3) is invariant under isometries and under almost identities
of Euclidean space. Combining these results we obtain the following.

Theorem 3.9. If (Mn,g) is W 1,p-asymptotically Euclidean of order τ ≥ n−2
2

with respect to the two charts Φ and Φ̃, then the weak ADM mass is well
defined with respect to Φ if and only if it is well defined with respect to Φ̃, in
which case the two masses agree:

mW(g,Φ) = mW(g,Φ̃).

Finally, we turn to the Ricci version of the ADM mass studied by Miao and
Tam [51] and Herzlich [35], for g ∈ C3

loc. We show that it can also be given
a weak formulation, more specifically, we give a definition of a Ricci ver-
sion of the weak ADM mass for metrics g ∈ W 2,2

loc . For a suitable sequence of
compactly supported functions {χα}∞

α=1 ⊂ W 1,∞
loc and a chart at infinity Φ we

define

mRW
(
g,Φ,{χα}∞

α=1
)

:=
−1

(n−1)(n−2)ωn−1
lim

α→∞

∫
Rn\BR

Gg(rDr,−Dχα)dµδ .

We prove that the weak Ricci version of the ADM mass is well defined and
independent of choice of cutoff functions {χα}∞

α=1, see Theorem 4.5 of Paper
III, and that it agrees with the weak ADM mass, see Theorem 4.6 of Paper III.

As a corollary of our results, we conclude that when g ∈ C3
loc, then the ADM

mass, the Ricci version of the ADM mass and their respective weak versions
all agree and are independent of the choice of chart at infinity.
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3.4 Summary of Paper IV
Paper IV is also part of the licentiate thesis [49]. The first major result of Paper
IV is the following theorem, establishing the existence of uniform Temple
charts and generalizing [57, Theorem 3.4], see also Temple [66].

Theorem 3.10. Let (Nn+1,h) be a spacetime and let p ∈ N. Then there is a
neighbourhood Up of p such that for each q ∈Up, there exists a Temple chart
Φq,ηq : Wq → N that covers Up:

Up ⊂ Φq,ηq(Wq). (3.4)

Here each ηq satisfies ηq(0) = q and is a member of a smooth collection of
timelike geodesics foliating a neighborhood of p and perpendicular to a fixed
spacelike hypersurface, Σp, that contains p.

Any neighbourhood Up with the properties described in Theorem 3.10 is called
a uniform Temple neighborhood and any of its Temple charts satisfying (3.4)
is called a uniform Temple chart. Uniform Temple neighbourhoods resemble
uniformly normal neighbourhoods of Riemannian Geometry. Just like uni-
formly normal neighbourhoods are useful in the local analysis of Riemannian
manifolds, uniform Temple charts are useful in the local analysis of space-
times because they capture the local causal structure. As a consequence of
the above result, we have the following result (cf. [57, Theorem 1.1], [16,
Theorem 1.4], [32, Theorem 3]).

Theorem 3.11. Let p be a point in a spacetime (Nn+1,h) equipped with a
weak temporal function τ : N → R. Then there is a neighbourhood U ⊂ N of
the point p such that

∀q,q′ ∈U : q ≤ q′ ⇐⇒ d̂τ(q,q′) = τ(q′)− τ(q).

This result says that if the time function τ is weak temporal then causality
is always locally encoded, even though it might not be encoded globally, see
[57, Examples 2.1 and 2.2] for counterexamples. We apply Theorem 3.11 to
prove Theorem 4.8 of Paper IV, namely that a spacetime (Nn+1,h) equipped
with a weak temporal function satisfying |∇hτ|h = 1 can be recovered from
the metric space (N, d̂τ) and the time function τ .

Theorem 3.12. Suppose that a pair of spacetimes, (Nn+1
i ,hi), i = 1,2, with

n ≥ 2, have weak temporal functions, τi : Nn+1
i → R, such that |∇giτi|gi = 1

almost everywhere. If a bijection, F : N1 → N2, preserves time and preserves
distances:

τ1(p1) = τ2(F(p1)), d̂τ1(p1, p2) = d̂τ2(F(p1),F(p2)), for all p1, p2 ∈ N,

then F is a diffeomorphism and a Lorentzian isometry.
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Previously, Sakovich and Sormani [57, Theorem 1.3] proved Theorem 3.12
under the hypothesis that d̂τ encodes causality globally as in (2.19). Here, we
are able to remove this additional hypothesis that d̂τ encode causality globally
by using our uniform Temple charts.

Roughly speaking, Theorem 3.12 tells us that any time and null distance pre-
serving bijection is a Lorentzian isometry. This in particular can be used to
prove definiteness of intrinsic spacetime distances, cf. [59, Section 5]. Note in
that in order to define the intrinsic flat distance between spacetimes, these need
to be equipped with an integral current structure, see Sormani and Wenger [65]
for details. In this regard we have the following theorem.

Theorem 3.13. The uniform Temple charts constructed in the proof of Theo-
rem 3.10 above form a bi-Lipschitz atlas on Nn+1.
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4. Svensk sammanfattning

Denna avhandling består av fyra artiklar inom differentialgeometri, allmän
relativitet, och geometrisk analys där frågor rörande mass-begrepp och deras
positivitet, samt utvecklingen av metrisk teori för jämförelse av rumtider be-
handlas.

Artikel I
I Artikel I studerar vi asymptotiskt anti-de Sitter initialdata (Mn,g,k). I Sats
6.2 i Artikel I föreslår vi ett nytt kopplat system som, om lösbart, skulle ge ett
bevis av satsen om positiv massa för asymptotiskt anti-de Sitter initialdata.

Av skäl som redogörs för i Anmärkning 6.1 i Artikel I finns det emellertid
inte anledning att förvänta sig att en globalt definierad lösning till systemet
i (3.1) alltid existerar. I alla tidigare tillämpningar av reduktionsargumentet
baserat på Jangs ekvation har lösningarna i allmänhet endast varit definierade
utanför en kompakt mängd, se till exempel [62], [58] och [46]. Trots detta tjä-
nar vårat resultat som en viktig indikation av metodens tillämpningsområden.
Systemet i (3.1) innehåller samma generaliserade Jangekvation som i [12, 13]
och [21], men en annan ekvation för krökningsfaktorn. Eftersom den reduk-
tion vi föreslår genomförs i ett enda steg så verkar den enklare ur en analytisk
synvinkel, och det föreslagna kopplade systemet kan dessutom sägas vara mer
naturligt ur ett geometriskt perspektiv.

Som ytterligare motivation för resultatet ovan visar vi i Sats 5.1 i Artikel I att
det i dimension 3 ≤ n ≤ 7, givet en lämplig krökningsfaktor u : Mn →R, alltid
existerar en geometrisk lösning till den generaliserade Jangekvationen. Grovt
sett utgörs en geometrisk lösning av randen Σ = ∂E till en öppen delmängd
E ⊂ Mn ×u R. Vi visar att Σ består av endast grafiska och cylindriska kompo-
nenter, och att alla dessa har föreskriven medelkrökning HΣ = trΣ k, samt att
graf-funktionen för de grafiska komponenterna av Σ uppfyller den generalis-
erade Jangekvationen (2.12).

I konstruktionen av denna geometriska lösning visar vi att graf-funktionen för
de grafiska komponenterna av Σ uppfyller samtliga villkor som krävs i Sats
6.2, med undantag för att vara globalt definierad. För att erhålla ett bevis för
satsen om positiv massa för asymptotiskt anti-de Sitter initialdata i dimension-
erna 3 ≤ n ≤ 7 återstår därför att analysera den andra ekvationen i (3.1) samt
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att visa att det kopplade systemet verkligen kan lösas. Därutöver krävs att ar-
gumentet i beviset av Sats 6.2 i Artikel I modifieras så att det även omfattar
situationen där någon global lösning till (3.1) inte finns.

För att visa existensen av en geometrisk lösning följer vi i huvudsak samma
strategi som Schoen och Yau [62] samt Sakovich [58]. I Proposition 4.1 i Ar-
tikel I visar vi att en följd av regulariserade randvärdesproblem (se (3.2)) kan
lösas på kompakta domäner. Vi visar sedan att graferna till de motsvarande
lösningarna till (3.2) konvergerar till en geometrisk lösning i lämplig mening,
se Sats 5.1 i Artikel I.

Det finns ett antal tekniska svårigheter som måste hanteras för att visa att en så-
dan gräns verkligen existerar. I synnerhet behöver vi använda konvergens- och
regularitetsteorin för C-nästan minimerande strömmar, utvecklad av Duzaar
och Steffen [28] samt Eichmair [29], för att konstruera vår geometriska lös-
ning, som också visar sig vara en C-nästan minimerande ström. Det enda
skälet till dimensionsbegränsningen 3 ≤ n ≤ 7 i Artikel I kommer från regu-
laritetsteorin för dessa strömmar.

För att visa att den geometriska lösningen har en grafisk komponent definierad
utanför en kompakt mängd och för att säkerställa att lösningarna inte "flyr mot
oändligheten", måste man konstruera barriärer för den generaliserade Jangek-
vationen. Dessa utgörs av sub- och superlösningar som tvingar lösningarna till
randvärdesproblemet (3.2) att förbli emellan dem.

Ett av huvudresultaten i Artikel I är Proposition 3.1, där vi visar att sådana
barriärer kan konstrueras under mycket allmänna antaganden. Detta skiljer
sig från de barriärer som tidigare konstruerats i [58] och [46] där man måste
perturbera till så kallade Wangs asymptotiker. Denna allmänna karaktär gör
att vår barriärkonstruktion skulle kunna få ytterligare tillämpningar i framti-
den, exempelvis för att finna en lösning till det hela kopplade systemet (3.1).

Artikel II
Vi ger ett nytt bevis för satsen om positiv massa för asymptotiskt Euklidiska
mångfalder i dimension n = 3. Vi gör detta med hjälp av en så kallad vektor-
fältsmetod, som kan spåras tillbaka till Robinsons arbete [56], med vilken vi
härleder en flerparametrig familj av geometriska olikheter uttryckta i termer av
den minimala Greenfunktionen G till Laplaceoperatorn ∆g på en Riemannsk
mångfald (M3,g), se Sats 3.7 i Artikel II.

Genom att definiera ett vektorfält Z i termer av G erhålls Sats 3.7 i Artikel
II som en konsekvens av divergenssatsen. Det vektorfält Z som vi använder är
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emellertid oregelbundet vid de kritiska punkterna för Greenfunktionen G och
därför kan divergenssatsen inte tillämpas direkt. För att hantera detta bevisar
vi även en singulär version av divergenssatsen anpassad till vår situation, se
Sats 3.4 i Artikel II.

Genom att specialisera parametrarna i vår familj av geometriska olikheter kan
vi därefter bevisa Sats 4.2 i Artikel II. Detta ger ett nytt bevis av ett resultat av
Munteanu och Wang [55, Corollary 3.2], under vissa milda ytterligare anta-
ganden. Med hjälp av denna olikhet och Sats 3.7 i Artikel II konstruerar vi en
enparametrig familj {Fα}α /∈(−2,0) av monotona storheter definierade i termer
av G . När (M3,g) är asymptotiskt Schwarzschildsk visar vi att

lim
x→0

Fα(x) = 4πmα,

där m är ADM massan för mångfalden (M3,g). Detta tillsammans med att
storheterna {Fα}α /∈(−2,0) är monotona tillåter oss att bevisa satsen om positiv
massa för asymptotiskt Euklidiska mångfalder, se Sats 1.5 i Artikel II.

Vi visar också att resultaten i Artikel II kan användas för att på nytt härleda
några av de monotona storheter som förekommer i [1], [50] och [68]. Mer
allmänt argumenterar vi för denna vektorfältsmetod metod är ett effektivt och
begripligt sätt att generera monotona storheter på Riemannska mångfalder.

Artikel III
I Artikel III introducerar vi ett massbegrepp för asymptotiskt Euklidiska Rie-
mannska mångfalder vars metrik g har lokal regularitet W 1,2

loc ∩ L∞
loc. I det

klassiska fallet ges ADM-massan för asymptotiskt Euklidiska initialdata av
formeln i (2.5). När metriken g ligger i en låg regularitetsklass blir denna def-
inition problematisk. Ett av problemen är att integranden kan vara odefinierad
på randen ∂Ωk.

På samma sätt som Gicquaud och Sakovich [33] hanterar vi detta genom
att använda avskärningsfunktioner. För en lämplig följd av kompakt stödda,
lokalt Lipschitz funktioner {χα}∞

α=1 definierar vi den svaga ADM-massan
med avseende på ett koordinatsystem vid oändligheten Φ och på följden
{χα}∞

α=1 som:

mW(g,Φ,{χα}∞
α=1)

:=
1

2(n−1)ωn−1
lim

α→∞

∫
Rn\BR

n

∑
i, j=1

(
∂gi j

∂x j −
∂gii

∂x j

)(
−∂ χα

∂x j

)
dµδ ,

Grovt sett kan integration mot gradienten av en avskärningsfunktion tolkas
som en mollifierad version av integration mot en enhetsnormal till randen av
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en domän. Som nämnt i slutet av Avsnitt 2.3 i denna sammanfattning är ett vik-
tigt antagande för att visa att ADM-massan är väldefinierad att skalärkröknin-
gen Scalg ∈ L1(Mn,g) är väldefinierad. När g ∈ W 1,2

loc ∩ L∞
loc behöver detta

emellertid inte vara fallet. Grovt sett hanterar vi detta genom att betrakta
skalärkrökningen som en distribution, på liknande sätt som Lee och LeFloch
[43, Definition 2.1], se Definition 3.2 i Artikel III.

Gicquaud och Sakovich [33, Remark 4.7] diskuterar olika möjliga definitioner
av skalärkrökning i låg regularitet. Med utgångspunkt i en definition av inte-
grerbar distributionell skalärkrökning som liknar dessa, och under antagandet
att g−δ uppfyller ett lämpligt avtagningsvillkor, visar vi att den svaga ADM-
massan i (3.3) är väldefinierad, ändlig och oberoende av valet av avskärnings-
funktioner se Sats 3.9 i Artikel III.

Vidare bevisar vi Sats 3.11 Artikel III, som säger att under antaganden som
garanterar att den klassiska ADM-massan är väldefinierad, så är den svaga
ADM-massan i (3.3) också väldefinierad och att de i detta fall sammanfaller.

Efter att ha visat att vår svaga ADM-massa utgör en väldefinierad generaliser-
ing av den klassiska ADM-massan visar vi därefter att den är koordinatinvari-
ant. För detta använder vi oss utav ett resultat av Bartnik [8, Corollary 3.2],
som säger att om (Mn,g) är asymptotiskt Euklidisk med avseende på två koor-
dinatsystem vid oändligheten Φ,Φ′, då kan övergångsavbildningen Φ′ ◦Φ−1

uttryckas som en sammansättning av en isometri och en "nästan identitet" av
Euklidiskt rum (Rn,δ ). I likhet med Bartnik [8] behöver vi i detta steg anta
att g är W 1,p-asymptotiskt Euklidisk för något p > n.

I Proposition 3.16 och Proposition 3.18 i Artikel III visar vi att den svaga
ADM-massan i (3.3) är invariant under isometrier och under nästan-identiteter
av Euklidiskt rum. Genom att kombinera dessa resultat bevisar vi att den svaga
ADM-massan är koordinatinvariant.

Slutligen vänder vi oss till Ricci versionen av ADM-massan som studerats
av Miao och Tam [50] samt Herzlich [35] i fallet då g ∈ C3

loc. Vi visar att
även denna kan ges en svag formulering. Vi introducerar en Ricci version av
den svaga ADM-massan för metriker g som endast uppfyller g ∈W 2,2

loc . För en
lämplig följd av kompakt stödda funktioner {χα}∞

α=1 ⊂ W 1,∞
loc och ett koordi-

natsystem vid oändligheten Φ definierar vi

mRW
(
g,Φ,{χα}∞

α=1
)

:=
−1

(n−1)(n−2)ωn−1
lim

α→∞

∫
Rn\BR

Gg(rDr,−Dχα)dµδ .

Vi visar att den svaga Ricci-versionen av ADM-massan är väldefinierad och
oberoende av valet av avskärningsfunktioner, se Sats 4.5 i Artikel III, samt
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att den sammanfaller med den svaga ADM-massan, se Sats 4.6 i Artikel III.
Som en följd av våra resultat drar vi slutsatsen att när g ∈ C3

loc så samman-
faller ADM-massan, Ricci-versionen av ADM-massan och deras respektive
svaga versioner, och att de alla dessa är oberoende av valet av koordinater vid
oändligheten.

Artikel IV
Det första huvudresultatet i Artikel IV är ett bevis för att Temple koordinater
kan konstrueras lokalt uniformt på en rumtid (Nn+1,h). Detta generaliserar
[57, Sats 3.4], se även Temple [66]. Vi visar nämligen att för varje punkt
p ∈ N så finns det ett område Up kring p sådant att för alla q ∈ Up finns det
ett Temple-koordinatsystem centrerat i q och som täcker Up.

En sådan omgivning Up kallas för en uniform Temple-omgivning, och varje
av dess Temple-koordinatsystem som täcker Up kallas ett uniformt Temple-
koordinatsystem. Uniforma Temple-omgivningar kan ses som den Lorentziska
motsvarigheten till uniformt normala omgivningar i Riemannsk geometri. På
samma sätt som uniformt normala omgivningar är användbara vid lokal analys
av Riemannska mångfalder, är uniforma Temple-kartor användbara vid lokal
analys av rumtider eftersom de fångar den lokala kausalstrukturen. Som en
följd av resultatet ovan bevisar vi att kausalitet är lokalt kodat av svagt tem-
porala tidsfunktioner τ och det associerade null-avståndet d̂τ (trots att det inte
nödvändigtvis är det globalt; se [57, Exempel 2.1 och 2.2] för motexempel),
se Sats 4.6 i Artikel IV (jfr [57, Sats 1.1], [16, Sats 1.4], [32, Sats 3]).

Vi tillämpar Sats 4.6 i Artikel IV för att bevisa Sats 4.8 i Artikel IV, nämli-
gen att en rumtid (Nn+1,h) försedd med en svagt temporal tidsfunktion τ som
uppfyller |∇hτ|2h = 1 kan återhämtas från det metriska rummet (N, d̂τ) till-
sammans med tidsfunktionen τ . Detta har tidigare bevisats av Sakovich och
Sormani [57, Sats 1.3] under antagandet att kausalitet är globalt kodat. Med
hjälp av våra uniforma Temple-koordinatsystem eliminerar vi detta ytterligare
antagande om global kausal kodning.

Detta resultat kan i synnerhet användas för att visa definithet hos intrinsiska
rumtidsavstånd, jfr [59, avsnitt 5]. Till exempel, för att det så kallade intrinsic
flat distance ska kunna definieras mellan rumtider så måste rumtiderna vara
försedda med en integral ström-struktur, se Sormani och Wenger [65] för de-
taljer. I detta avseende bevisar vi att de uniforma Temple-koordinatsystemen
som vi konstruerar utgör en bi-Lipschitz atlas på Nn+1.
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