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Abstract
This paper explores recent progress related to constraint maps. Building on the expo-
sition in [14], our goal is to provide a clear and accessible account of some of the more
intricate arguments behind the main results in this work. Along the way, we include
several new results of independent value. In particular, we give optimal geometric
conditions on the target manifold that guarantee a unique continuation result for the
projected image map. We also prove that the gradient of a minimizing harmonic map
(or, more generally, of a minimizing constraint map) is an A∞-weight, and therefore
satisfies a strong form of the unique continuation principle. In addition, we outline
possible directions for future research and highlight several open problems that may
interest researchers working on free boundary problems and harmonic maps.
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1 Introduction

This article reviews recent developments on Constraint Maps. Extending the exposi-
tion in [14], we discuss several of the more intricate arguments that underlie the results
in [12, 13, 15] and present a few new theorems that we believe are of independent
interest. We conclude by outlining plausible directions for future work and listing
open questions that are likely to interest researchers in free-boundary problems and
harmonic maps.

A constraint map is a critical point of the Dirichlet energy

E[u] =
ˆ

�

|Du|2 dx,

subject to the image constraint u ∈ W 1,2(�; M). Here � ⊂ R
n (n ≥ 1) is a bounded

open set and M ⊂ R
m (m ≥ 2) is a smooth domain whose complement Mc is

compact and connected; following the classical obstacle problem [4], we call Mc the
obstacle. We concentrate on energy–minimising maps with fixed boundary data, since
the problem is already both rich and delicate for this class.

Existence of minimisers with prescribed boundary values follows from the direct
method of the calculus of variations whenever the admissible class is non-empty—for
instance, when the boundary data take values in M and n ≥ 3.1 Uniqueness, however,
generally fails; explicit counterexamples appear even in one dimension (see [38] for a
detailed analysis). Throughout, it is helpful to viewconstraintmaps as parametrizations
of a given geometric object under constraints, a perspective that clarifies both the
similarities and the differences with the scalar obstacle problem (cf. Section 2.5 of
[13]).

The subtle interplay between free boundaries and mapping singularities has been
explored in recent work [12, 13], concentrating on two principal types. The first con-
sists of discontinuity points—singularities that arise from a topological mismatch
between the domain and the target and therefore cannot be removed by small per-
turbations. Such defects lie at the core of harmonic-map theory. The second involves
branch points, which may signal either a genuine singularity in the map’s image or a
singular parametrisation of an otherwise regular image. This phenomenon is reminis-
cent of the classical theory of minimal surfaces.

In order to make the last connection more explicit, let us briefly discuss constraint
maps from the perspective of minimal surface theory, as it played an important his-
torical role in the subject. The main observation is that weakly conformal constraint

1 See Remark 2.9 in [13] for further discussion.
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maps can be considered as parametric minimal surfaces with obstacles. To be more
precise, let us recall the setting of the classical Plateau problem. Let � be a Jordan
curve in Rm (m ≥ 3). We aim at finding the area-minimizing surface spanning �. The
Plateau problem was solved in the early 1930s independently by Douglas and Radó,
see e.g. [8] for a modern exposition. The solutions are given by considering energy-
minimizing parametrizations u from the unit disk D ⊂ R

2 to R
m that are monotone

on the boundary onto � and satisfy the so-called three point condition2. The energy-
minimality under the boundary condition ensures that the parametrizations are weakly
conformal (i.e., |u1| = |u2| and u1 · u2 = 0 a.e., where ui = ∂u

∂xi
, i = 1, 2). Then the

(generalized) surface area A of the image � = u(D) equals its energy (see [8, Page
135]):

A(�) =
ˆ
D

√
|u1|2|u2|2 − (u1 · u2)2 dx = 1

2
E(u,D).

Now let us place an obstacle Mc within � (or, more precisely, consider � that do not
intersect Mc). Tomi [53, 54] andHilderbrandt [28, 29] independently in the early 1970s
studied the above Plateau problem for surfaces constrained to lie outside of int(Mc);
in particular, the surface can lie on the boundary of the obstacle. The solutions are, by
our definition above, energy minimizing weakly conformal constraint maps, and they
also yield parametric minimal surfaces with an obstacle. We also note that minimal
surfaces with obstacles are a classical subject, having been investigated both in the
non-parametric setting [22, 37] and in the setting of sets of finite perimeter [3, 42, 52].

In the 1980s, the theory of Tomi and Hildebrandt was then generalized by Duzaar
and Fuchs in a series of works, see e.g. [10, 11]. There are few new results in the topic
after the 1990s, until recently the authors revitalized the problem in a series of works
[12, 13, 15]. For a more detailed historical recap of the development of this theory we
refer the reader to the introduction of [13] and the expository article [14].

The present note discusses the unique continuation principle (UCP) for constraint
maps and highlights the relevance of these properties to recent results in [14], while
also deriving several partial results of independent interest. As a consequence of the ε-
regularity theory for minimizing constraint maps and the classical unique continuation
principle, one concludes the following theorem.

Theorem 1.1 (Classical UCP [1]) Let u ∈ W 1,2(�; M) be a minimizing constraint
map. If |Du| = 0 on an open subset of � then u is constant in �.

In this paper, we discuss finer UCP for constraint maps. Since ∂ M is smooth,
there is a tubular neighborhoodN (∂ M) of ∂ M where we can define the nearest point
projection � to ∂ M , which is then smooth in N (∂ M). A basic question is whether
the projected image � ◦ u has the UCP, when u is a minimizing constraint map. The
following gives a rather complete answer to this question:

Theorem 1.2 Let u ∈ W 1,2(�; M) be a minimizing constraint map. Suppose that
there is a ball B ⊂ � such that u ∈ N (∂ M) a.e. in B and that |D(� ◦ u)| = 0 on a

2 That is, we prescribe three points on the boundary of ∂D, say (−1, 0), (0, 1), and (1, 0), and also three
points on the image �, say ξ1, ξ2, and ξ3, and ask u(−1, 0) = ξ1, u(0, 1) = ξ2, and u(1, 0) = ξ3.
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set F ⊂ B of positive measure. Denoting by ν the normal to ∂ M pointing towards M,
if

{y + tν(y) : t > 0} ∩ Mc = ∅ for every y ∈ ∂ M, (1.1)

then � ◦ u is constant in �. Furthermore, the conclusion fails in the absence of
condition (1.1).

Remark 1.3 The condition (1.1) holds for instance if our obstacle Mc is convex, but
it also works for certain non-convex obstacles. Note also that u may be non-constant
even though �◦u is constant: for instance, with M = R

m \Bm, it suffices to consider
any map u from the interval [0, 1] into {tω : t ≥ 1}, where �(u) ≡ ω ∈ S

m−1.

There are many other basic questions concerning � ◦ u which are not yet solved;
for instance, it is not known what the optimal regularity of this map is, see Problem
7.2 below and [15].

Our secondmain result concerns instead quantitative versions of theUCP.A natural
way of formulating such a result involves the concept of A∞-weight, cf. Definition 6.1
below. In a nutshell, an A∞-weight is a non-negative function that satisfies a reverse
Hölder inequality with non-increasing supports. The role of A∞-weights in proofs of
UCP results for elliptic PDE is classical, see e.g. [19] for the case of linear elliptic
equations with Lipschitz coefficients. In contrast, when studying constraint maps one
is forced to consider systems of equations with measurable coefficients, since the
term Au(Du, Du) appearing in the Euler–Lagrange system (2.2) is not even bounded
around the singular set of u.

We are aware of only two results concerning UCP for solutions of elliptic PDE
with measurable coefficients. The first such result is the weak Harnack inequality,
which holds for non-negative solutions of scalar elliptic equations both in divergence
and non-divergence form, respectively due to the works of Moser (after De Giorgi
and Nash) and Krylov–Safonov, see e.g. [36, 43]. We note that the non-negativity
assumption is crucial, as the UCP fails already for sign-changing solutions of elliptic
equations with α-Hölder coefficients for any α < 1, see [45]. The second such result is
due to Gehring [21] in the context of quasiregular maps, which are solutions of certain
first-order elliptic systems, see e.g. [32] for a modern PDE-based exposition. In fact,
Gehring’s work pioneered the study of reverse Hölder inequalities and A∞-weights.

Here we prove that minimizing harmonic maps, and more generally minimizing
constraint maps, also give rise to A∞-weights (see Definition 6.1):

Theorem 1.4 Let N ⊂ R
m be a smooth compact manifold without boundary, and let

u ∈ W 1,2(�, N ) be a minimizing harmonic map into N. Then |Du| is an A∞-weight.

Remark 1.5 The same theorem holds if N ⊂ R
m is a sufficiently “well-behaved”

complete manifold with boundary, e.g. if N = M is the complement of a smooth
bounded domain, as in this paper. In general one needs to ask a condition on N
similarly to Luckhaus’ paper [41], i.e. one needs that

lim sup
r→0

{ |x ′ − y′|
|x − y| : dist(x, N ) + dist(y, N ) < r , x ′ ∈ �N (x), y′ ∈ �N (y)

}
= 1,
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where �N (z) = {z′ ∈ N : |z − z′| = dist(z, N )} is the set of nearest point projections
of z in N .

Theorem 1.4 and the previous remark give a strengthening of one of themain results
in [13], in particular Theorem 1.2 therein, and here we give a more streamlined proof
of that result using the theory of A∞-weights.

We conclude this introduction by describing the organization of the paper. In Section
2 we gather some introductory material in order to fix the notation and basic properties
of constraint maps. Then, in Section 3, we discuss the minimizing properties of some
concrete examples of constraint maps with symmetries. In the rest of the paper we
then discuss the UCP in detail, beginning in Section 4 with the UCP for the projected
image and the proof of Theorem 1.2. In Section 5 we explain how the UCP is related to
regularity of constraint maps around their free boundaries, and in Section 6 we prove
the quantitative form of UCP asserted in Theorem 1.4. Finally, in Section 7 we provide
a list of open problems, hoping to invite more people to study this interesting subject.

2 Notation and Terminology

Wemostly follow the notation and terminologies used in [13]. In particular, we denote
by u−1(M) the non-coincidence set, by u−1(∂ M) the coincidence set, and the interface
between these two sets, namely ∂u−1(M), as the free boundary. Since ∂ M will always
be assumed to be smooth, there is a tubular neighborhood N (∂ M) of ∂ M where we
can define the signed distance function ρ to ∂ M (which takes positive values in M)
and the nearest point projection � to ∂ M : on N (∂ M), both ρ and � are smooth. We
also denote the unit normal to ∂ M by ν (pointing towards M) and by A the second
fundamental form of ∂ M .

Throughoutmost of our discussion, u is going to be an energy minimizing constraint
map. However, it is also natural to consider larger classes of constraint maps. The
largest class of maps that we can reasonably consider is the class of weakly constraint
maps [6]: this is the family of maps that are critical points of the Dirichlet energy in
the following sense:

lim inf
v→u,v∈W 1,2(�;M)

E[u] − E[v]
‖u − v‖W 1,2(�)

≥ 0.

Under reasonable conditions on M (which hold for the class of targets we consider
here), one can show that weakly constraint maps are exactly the solutions of the system


u = νu λ,

where λ is a Radon measure such that

0 ≤ λ ≤ (−Au(Du, Du) · νu ) χu−1(∂ M), (2.1)
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cf. [6, Theorem 3.1]. Whenever u ∈ C(� \ �) where � is a null-set, one can verify
that equality holds in the second inequality in (2.1).

The class of weakly constraint maps certainly contains the class of weakly har-
monic maps into ∂ M : these are simply those constraint maps for which u−1(M) = ∅.
However, as soon as n ≥ 3, and even when ∂ M = S

2, there is no partial regularity
theory for such maps [46]. Thus one is forced to work with more restricted classes of
maps. The results of this paper all hold for the following class of maps:

Definition 2.1 (Tangent maps and the classF(�; M).) Let u ∈ W 1,2(�; M) be given,
and define ux0,r (x) := u(x0 + r x) whenever x0 + r x ∈ �.

• Given x0 ∈ �, we call ϕ a tangent map of u at x0 if ux0,rk ⇀ϕ in W 1,2
loc (Rn;Rm)

along a sequence rk ↓ 0.
• We say that u ∈ F(�; M) if the following hold:

(i) u is a weak solution to


u = Au(Du, Du)χu−1(∂ M) in �, (2.2)

where Au(x) is the second fundamental form of ∂ M at u(x).
(ii) Given x0 ∈ � and 0 < r < R < dist(x0, ∂�),

E(u, x0, r) := r2−n
ˆ

Br (x0)
|Du|2 dx ≤ R2−n

ˆ
BR(x0)

|Du|2 dx .

(iii) u is continuous at x0, i.e. x0 /∈ �(u), if and only if

lim
r↓0 r2−n

ˆ
Br (x0)

|Du|2 dx = 0.

(iv) If ϕ is a tangent map of u at x0 ∈ �, then there is a sequence rk ↓ 0 such that
ux0,rk → ϕ in W 1,2

loc (Rn;Rm); moreover, ϕ ∈ F(BR; M) for all R > 0.

Remark 2.2 As we noted before, (i) holds for any weakly constraint map whose dis-
continuity set is of measure zero. Condition (ii) is simply the monotonicity formula
and it is satisfied for maps which are critical points for the Dirichlet energy with
respect to inner-variations. Now (iii) is a qualitative version of the ε-regularity the-
orem. Stationary constraint maps (i.e. maps which are critical points for both inner
and outer variations) satisfy (i)–(iii); the ε-regularity theorem is e.g. a consequence
of [47]. However, the compactness assertion in (iv) is in general false for stationary
maps.

By [10, 41], minimizing constraint maps satisfy conditions (i)–(iv). In fact, since
these conditions are local, the same is true for locally minimizing constraint maps:
We say that u ∈ W 1,2(�; M) is locally minimizing, if for every x ∈ � there is a ball
B ⊂ � centered at x such that

´
B |Du|2 dx ≤ ´

B |Dv|2 dx for all v ∈ W 1,2
u (B; M).

We will come back to the distinction between globally and locally minimizing maps
in the next section.
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The above discussion leads us naturally to the following interesting question:
Is there a class of stationary constraint maps, strictly containing the class of locally
minimizing maps, for which conditions (i)–(iv) hold?
The theory of harmonic maps, see e.g. [40, §3.4], suggests that the class of stable-
stationary maps could be such a class, provided the target satisfies suitable geometric
conditions, which hold e.g. when the target is Sm−1 with m ≥ 4. For harmonic maps
into Sm−1, the definition of stability is clear: one simply requires that

0 ≤ d2

dt2
E
(

u + tφ

|u + tφ|
)∣∣∣∣

t=0
∀φ ∈ C∞

c (�,Rm).

However, even when the obstacle is Bm , constraint maps are in general at most C1,1,
and in particular they are not C2. Thus a novel definition of stability for such maps is
required; see Problem 7.5 in Section 7.

3 On theMinimality of Radial and Equatorial Maps

In [13, §2.4] we provided some examples of radial constraint maps that are locally
minimizing. However, the most interesting question in this regard is whether those
maps are actually globally minimizing. Here we prove that this is indeed the case in
large dimensions, i.e. whenever n ≥ 7. This dimensional restriction is related to the
sharp constant in Hardy’s inequality, which plays an important role in the minimality
of certain harmonic maps into spheres, cf. the classical work [33] as well as [30] for
a simpler approach, which we follow here.

Proposition 3.1 Let n ≥ 7, a ∈ (0, 1), and let u ∈ W 1,2
id (B1; Bc

a) be the radial weak
solution to


u = −|Du|2
a2 uχ{|u|=a} in B1. (3.1)

Then u is the unique minimizing map in W 1,2
id (B1; Bc

a).

Proof Let us recall the sharp Hardy inequality: for every φ ∈ W 1,2
0 ∩ L∞(B1),

(n − 2)2

4

ˆ
B1

φ2

|x |2 dx ≤
ˆ

B1

∣∣∣∣
∂φ

∂r

∣∣∣∣

2

dx, (3.2)

where ∂
∂r is the directional derivative in the direction |x |−1x , and equality holds if and

only if φ = 0. Note that, by [13, Example 2.10], radial weak solutions to (3.1) are
unique3 and they take the form

u(x) = w(|x |) x

|x | , w(r) =
{

a if r ∈ [0, ra]
tar + (1 − ta)r1−n if r ∈ (ra, 1] ,

3 The radial profile solves a 2nd order ODE; see [13] for more details.
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where the parameters ta, ra ∈ (0, 1) can be uniquely determined by the overdetermined
condition on the free boundary. Note in particular that Bra = {|u| = a} and

|Du(x)|2 = (n − 1)a2

|x |2 in Bra \ {0}. (3.3)

Now choose an arbitrary competitor v ∈ W 1,2
id (B1; Bc

a). Then, thanks to the constraint
min{|u|, |v|} ≥ a a.e. in B1, we obtain

ˆ
B1

|u − v|2
|x |2 dx ≥ 2

ˆ
Bra

a2 − u · v

|x |2 dx =: I . (3.4)

Note that I �= 0 implies u �≡ v in B1, as Bra = {|u| = a}. Also, thanks to (3.1) and
(3.3), it follows that

ˆ
B1

|Du|2 − |Dv|2 + |D(u − v)|2 dx = 2
ˆ

B1

Du : D(u − v) dx

= 2

a2

ˆ
Bra

|Du|2u · (u − v) dx

= 2(n − 1)
ˆ

Bra

u · (u − v)

|x |2 dx = (n − 1)I .

(3.5)
Now if I ≤ 0, then (3.5) directly yields that

ˆ
B1

|Du|2 − |Dv|2 dx ≤ −
ˆ

B1

|D(u − v)|2 dx ≤ 0,

so, u is the unique minimizer within the subclass of functions v ∈ W 1,2
id (B1; Bc

a) for
which I ≤ 0.

In contrast, if I > 0 (and hence u �≡ v in B1), then combining (3.5) with (3.4), and
utilizing the Hardy inequality (3.2) with φ = ui − vi ∈ W 1,2

0 ∩ L∞(B1) for every
i = 1, 2 · · · , n, we see that

ˆ
B1

|Du|2−|Dv|2 dx = (n−1)I −
ˆ

B1

|D(u−v)|2 dx ≤
(

n−1− (n − 2)2

4

)
I < 0,

where the last inequality follows from n ≥ 7 and I < 0. (Note that this is the only
place where the dimension comes into play.) Thus, the energy of u is also strictly
minimal among all competitors c ∈ W 1,2

id (B1; Bc
a) satisfying I > 0.

Combining the above observations, we conclude that u is the unique global mini-
mizer within the entire class W 1,2

id (B1; Bc
a), provided that n ≥ 7. ��

We next consider the minimality of equator maps with respect to ellipsoidal obsta-
cles, see [2, 27] for related results in the harmonic map setting.
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Proposition 3.2 Fix n ≥ 7 and a ∈ (0, 1). Let u ∈ W 1,2
id (B1; Bc

a) be the radial
weak solution to (3.1). Then the map (u, 0) is also a unique minimizing map in
W 1,2

(id,0)(B1; Ec
a,λ), where Ea,λ is the (n + 1)-dimensional ellipsoid given by {(y, ξ) :

|y|2 + λ−2|ξ |2 < a2}, provided λ2 ≥ 4(n−1)
(n−2)2

.

Proof The proof here is essentially the same as that of Proposition 3.1. Let V =
(v, ξ) ∈ W 1,2

(id,0)(B1; Ec
a,λ) with v = (v1, · · · , vn), and write U = (u, 0). Then,

instead of (3.4), we have

ˆ
B1

|U − V |2
|x |2 dx ≥

ˆ
Bra

a2 − 2u · v + |V |2
|x |2 dx =: I I .

If λ ≥ 1, then it follows from the constraint |V |2 ≥ |v|2 + λ−2|ξ |2 ≥ a2 that

I I ≥ 2
ˆ

Bra

a2 − u · v

|x |2 dx = I ,

where I is as in (3.4). On the other hand, if 0 < λ ≤ 1, we have |V |2 ≥ λ2|v|2 + ξ2 ≥
λ2a2, whence

I I ≥ 2λ2
ˆ

Bra

a2 − u · v

|x |2 dx = λ2 I .

Note that the computation in (3.5) remains the same for U , V in place of u, v, since it
only involves the system (3.1) that u solves:

ˆ
B1

|DU |2 − |DV |2 + |D(U − V )|2 dx = (n − 1)I .

The rest of the proof is now the same: more precisely, when applying Hardy inequality,
we use the restriction n ≥ 7 when λ ≥ 1, and the restriction λ2 ≥ 4(n−1)

(n−2)2
when

0 < λ ≤ 1. We omit the details. ��

4 Unique Continuation Property of the Projected Image

In this section we study the UCP of the projection map � ◦ u when u is a constraint
map. In particular, we will prove Theorem 1.2.

Recall that � is the nearest point projection onto ∂ M , which is well-defined and
smooth in a tubular neighborhoodN (∂ M) of ∂ M . We begin with the following more
general version of the positive statement in Theorem 1.2.

Proposition 4.1 Let u ∈ W 1,2(�; M) be a weakly constraint map such that u ∈
C(� \ �) for a closed null set � that does not disconnect any open-connected set
in �. Suppose that there is a ball B ⊂ � such that u ∈ N (∂ M) a.e. in B and that
|D(� ◦ u)| = 0 on a set F ⊂ B of positive measure. If M satisfies

{y + tν(y) : t > 0} ∩ Mc = ∅ for every y ∈ ∂ M, (4.1)
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then u = y0 + h ν(y0) in � for some point y0 ∈ ∂ M and a nonnegative harmonic
function h in �. In particular either h > 0 or h ≡ 0.

Note that the assumptions on � are satisfied in particular whenever dimH(�) <

n − 1, see e.g. [31, Theorem IV.4 and p. 107].

Proof By our assumptions and the discussion in Section 2, u satisfies


u = Au(Du, Du)χu−1(∂ M) in � (4.2)

in the weak sense. Hence, by Theorem A.5 in [15], we have |D2u| ∈ L∞
loc(� \ �).

This, combined with Lemma 4.1 in [15] and our assumption that u ∈ N (∂ M) a.e. in
B yields, for each compactly contained open connected set U ⊂ B \ �, a constant
c > 0 such that

|
(� ◦ u)| ≤ c|D(� ◦ u)| in U .

Now, as we assume that |D(� ◦ u)| = 0 on F ⊂ B and that |F | > 0, the classical
UCP due to Aronzjain (see Remark 3 in [1]) applies, therefore |D(� ◦ u)| = 0 in the
maximal open connected set in B \ � containing F . However, since the set B \ �

itself is connected by assumption, and since |D(� ◦ u)| ∈ L2(B), we must have
|D(� ◦ u)| = 0 in B. In other words, we have

� ◦ u = y0 in B, (4.3)

for some y0 ∈ ∂ M . Noting that u = �◦u in u−1(∂ M), it follows from (4.2) and (4.3)
that


u = 0 in B; (4.4)

in particular, B ∩ � = ∅. By (4.3) and (4.4), we must have

u = y0 + hν(y0) in B, (4.5)

for some harmonic function h on B which, because of the constraint u(x) ∈ M a.e.,
satisfies h ≥ 0.

Now, by the strong minimum principle, we must have either h = 0 in B or h > 0
in B. Let us treat these two cases separately.

Claim 1 If h = 0 in B, then u = y0 in �.

Indeed, if h = 0 in B, then (4.5) yields u = y0 in B. Since |D2u| ∈ L∞
loc(� \ �),

(4.2) yields
|
u| ≤ c|Du| in U

for any open set U ⊂ U � � \�, with a constant c depending on U . Thus, u satisfies
the UCP in U , which implies that u = y0 in the connected set � \ � containing B, as
desired.

Claim 2 If h > 0 in B, then it can be extended to a harmonic function in the entire
domain �, and u = y0 + hν(y0) in �.

123



La Matematica             (2026) 5:26 Page 11 of 27    26 

Let V ⊂ � \ � be the maximal open set containing B for which

u(V ) ⊂ {y0 + tν(y0) : t > 0}.

We shall prove that V ∩ � \ � ⊂ V . Then V being both open and (relatively) closed
must be the entire � \ �.

Suppose towards a contradiction that ∂V ∩ (� \ �) �= ∅. Then there is a point
x0 ∈ ∂V ∩ � \ � and, since (4.5) holds in V , by definition of V we must have that
u(x0) ∈ ∂ M . Moreover, since x0 /∈ �, we can find some small δ > 0 for which
u(Bδ(x0)) ⊂ N (∂ M). Since by assumption {y0 + tν(y0) : t > 0}∩ Mc = ∅, we must
have y0 = u(x0). Thus, � ◦ u = y0 in Bδ(x0) ∩ V . This puts us back to our initial
setting, but now with B = Bδ(x0) and F = Bδ(x0) ∩ V . Arguing exactly as in the
derivation of (4.5), we obtain

u = y0 + h̃ν(y0) in Bδ(x0),

for some harmonic function h̃ ≥ 0 in Bδ(x0). However, as u(x0) = y0, we must have
h̃(x0) = 0, which then by the minimum principle implies h̃ = 0 in Bδ(x0). This is a
contradiction to Br (x0) ∩ V �= ∅, proving that V = � \ �.

Recalling that {y0 + tν(y0) : t > 0} ∩ Mc = ∅, we must have u(� \ �) ⊂ M , so
it follows from (4.2) and |�| = 0 that


u = 0 in �.

This in turn implies � = ∅, so V = � and the desired conclusion follows. ��
Building upon the preceding result, the following corollary shows that if � ◦ u

is constant on the boundary of an interior ball, then it remains constant throughout,
provided the obstacle satisfies condition (4.1).

Corollary 4.2 Let u ∈ W 1,2(�; M) be a minimizing constraint map such that u ∈
N (∂ M) a.e. in a ball B ⊂ �, and that � ◦ u = y0 on ∂ B for some point y0 ∈ ∂ M. If
M satisfies (4.1), then u = y0+hν(y0) in � for some non-negative harmonic function
h in �, and either h > 0 or h ≡ 0.

Proof Recall the definition of the signed distance function ρ to ∂ M (which takes
positive values in M), and define ϕ : � → R

m by

ϕ =
{

y0 + (ρ ◦ u)ν(y0) in B,

u in � \ B.

Since M satisfies (4.1) and�◦u−y0 ∈ W 1,2
0 (B;Rm),wededuce thatϕ ∈ W 1,2(�; M)

with supp(ϕ − u) ⊂ B � �: in other words, ϕ is an admissible map. Thus the
minimality of u implies that

ˆ
B

|Du|2 dx ≤
ˆ

B
|Dϕ|2 dx =

ˆ
B

|D(ρ ◦ u)|2 dx .
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Fig. 1 An obstacle which does
not verify (4.1)

Since u = (ρ ◦ u)ν ◦ u + � ◦ u, and as |ν| = 1 and (∇�)ν = 0, we have

|Du|2 = |D(ρ ◦ u)|2 + |(ρ ◦ u)D(ν ◦ u) + D(� ◦ u)|2 = |D(ρ ◦ u)|2 + |(Du)�|2,

where (Du)� is the projection of Du onto T (∂ M), cf. [13, (2.4)].
This implies that |(Du)�| = 0 a.e. in B, and since u ∈ N (∂ M) a.e. in B, we

infer that also D(� ◦ u) = Au(Du)� = 0 a.e. in B (here Ay is an invertible matrix
whenever y ∈ N (∂ M), cf. [13, (2.4) and (2.10)], and we wrote ξ� = (ξ�

α )α and
Ayξ

� = (Ayξ
�
α )α). Note also that the energy minimality of u implies that it is

continuous in � away from a relatively closed set � of Hausdorff dimension at most
n − 3, according to [11]. In particular, � cannot disconnect any open-connected set
in �. Then, the conclusion of the corollary follows from Proposition 4.1. ��

Corollary 4.2 is known in the case of smooth harmonic maps (not necessarily
minimizing) into closed manifolds, see e.g. [39] for n = 2 and [35] for general
dimension. It may be that Corollary 4.2 also holds for sufficiently regular weakly
constraint maps, or for more general obstacles, but we do not pursue this here, leaving
further exploration on this matter to future research, cf. Problem 7.3.

We note that, as asserted in Theorem 1.2, the geometric condition (4.1) on M in
Proposition 4.1 is optimal: the next example shows a situation where there is a ∈ ∂ M
such that the ray {a + tν(a) : t > 0} touches Mc tangentially at some other point
b ∈ ∂ M and the conclusion of the proposition does not hold.

Example 4.3 Let n = 1, m = 2 and consider the obstacle Mc depicted in Figure 1,
which does not satisfy the geometric condition (4.1). Consider as map u : [0, 1] → M
the unit-speed parametrization of the unique minimizing geodesic in M connecting
u(0) and u(1), as depicted. Clearly there is δ > 0 such that u([0, δ]) ⊂ N (∂ M) and
furthermore � ◦ u is constant in [0, δ]. Yet � ◦ u is not constant throughout [0, 1]
and u is not of the form u = y0 + hν(y0) for some y0 ∈ ∂ M and some harmonic (i.e.
affine) function h : [0, 1] → [0,+∞).

Proposition 4.1 and Example 4.3 suggest that, in general, rank one gradients of
constraintmapsmay satisfy theUCP: if u is a regular constraintmapwith rank Du = 1
in a ball B ⊂ �, then rank Du = 1 in an open dense subset of �, and u(�) lies on
a geodesic arc in M . This assertion is true for harmonic maps, see [48, Theorem 3]
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Fig. 2 An obstacle and boundary
data that force rank(Du) to be 1
in some places and 2 in others

and [24], but it (surprisingly) fails for higher rank unless the metric is analytic [34].
Indeed, there are smooth harmonic maps for which rank(Du) = 2 and rank(Du) = 3,
respectively, in two disjoint non-empty open sets. The next example shows that the
UCP property of rank-one gradients fails, in general, for constraint maps.

Example 4.4 Let n = m = 2, and consider an obstacle Mc as in Figure 2; note
that M can be arranged to satisfy (4.1). We take � = B

2 to be the unit disk, we
prescribe boundary conditions as depicted, andwe let u be a correspondingminimizing
constraint map.

More precisely, suppose that the boundary condition maps the arc segment {eiθ :
θ ∈ [−π

2 , π
2 ]} ⊂ S

1 into ∂ M , and also that dist(u|S1, Y ) = 0, where Y is the closed
convex hull of Mc. Since dist(u, Y ) is subharmonic (cf. [13, Lemma 3.2] or Lemma
5.2 below) we infer that dist(u, Y ) = 0 in B2. Then, since u ∈ C1(B2) as n = 2, there
is r0 ∈ (0, 1) such that u(A) ⊂ ∂ M , where A = {reiθ : r ∈ (r0, 1), θ ∈ (−π

4 , π
4 )} is

a suitable annular sector. In particular, in A we necessarily have rank(Du) ≤ 1.
Now suppose that the boundary condition maps the arc segment {eiθ : θ ∈

[ 3π4 , 5π
4 ]} ⊂ S

1 into a non-straight curve in M . Again by continuity of u, we can

find a neighborhood U in B2 of this arc segment such that u(U ) ⊂ M . Since 
u = 0
in int(U ) we have that u is analytic in U and therefore rank(Du) = k in a dense
open subset U ′ of U . Clearly k ∈ {0, 1, 2}; we claim that k = 2. If not, then u(U ′)
is a straight-line [48, Theorem 3], hence by continuity also u(U ) is a straight line,
contradicting our choice of boundary condition.

This discussion shows that, inside its domain, Du has rank 1 in some regions and
rank 2 in others.

5 Unique Continuation and Regularity Around the Free Boundary

This section builds on the analysis in [12, 13] concerning the interplay between free
boundaries and discontinuity points, and serves as motivation for the results in Sec-
tion 6. In order to simplify our exposition, we shall focus on the case of the Dirichlet
energy considered in [13], leaving out the Alt–Caffarelli energy considered in [12];
in fact, the former turns out to be substantially more difficult than the latter when it
comes to the issue we are addressing here.
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The statement of [13, Theorem 1.1] asserts, in lay terms, that if the obstacle Mc is
uniformly convex then there is a universal neighborhood of the free boundary ∂u−1(M)

where u is free of discontinuous points. Moreover, u admits a sharp a priori estimate
there. The proof of this important results combines a set of new ideas, including a
(weaker) version of the results in Section 6 in the present paper.

Let us show how the UCP comes into play in a simple scenario. Since it will play
an important part in our proof, for the reader’s convenience we begin by proving a
more general version of Theorem 1.1, valid for maps in the class of Definition 2.1; the
argument is similar to a part of the proof of Proposition 4.1 in the previous section.

Theorem 5.1 (Classical UCP) Let u ∈ F(�; M), defined in Definition 2.1. If |Du| =
0 in a set of positive measure in � then |Du| = 0 a.e. in �.

Proof Thanks to property (i) in Definition 2.1 we know that u satisfies the Euler–
Lagrange system (2.2), hence

|
u| ≤ c|Du|2

weakly in �, for some constant c > 0; we can choose c as the uniform bound for
all principal curvatures of ∂ M , which is possible as ∂ M is compact and smooth.
Therefore, in any open connected set U ⊂ � in which u is continuous, we deduce
from the regularity theory for elliptic systems that |Du| ≤ CU in U . Therefore we
have

|
u| ≤ cCU |Du|
in U , so the UCP of [1] applies to u.

Now, since by assumption |Du| = 0 on a set B ⊂ � of positivemeasure, we deduce
that |Du| = 0 in the maximal open connected set in � \ � containing B, where � is
the set where u is discontinuous (as in (iii) of Definition 2.1). However, (iii) together
with |Du| ∈ L2(�) imply that dimH � ≤ n − 2, whence � \ � has to be connected.
Thus, |Du| = 0 in � \ �. Since |Du| ∈ L2

loc(R
n) and |�| = 0, the claim follows. ��

We now continue with the following lemma, which is very close to previous results
contained in [12, 13].

Lemma 5.2 Let M be a smooth domain in R
m with convex and compact complement,

and let u ∈ F(�; M) be given. Then dist(u, Mc) is continuous and weakly subhar-
monic in �.

Proof The composition of the convex function dist(·, Mc) with a harmonic vector-
valued function is subharmonic, hence dist(u, Mc) is subharmonic in int({{dist
(u, Mc) > 0}). On the other hand, since u is continuous outside a closed singular
set � with Hn−2(�) = 0, by a capacity argument we conclude that dist(u, Mc) is
subharmonic throughout �.

Since dist(u, Mc) is continuous in � \ �, it suffices to check that dist(u, Mc) van-
ishes continuously on �. With properties (i)–(iv) from Definition 2.1 at our disposal,
the proof for the latter then follows essentially the same line of arguments as that of
Theorem 6.1 in [12]. To keep the discussion self-contained, let us show the argument
here.
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To see that dist(u, Mc) vanishes continuously on �, let us fix a point x0 ∈ �. In
view of (ii) and (iii), there exists a constant ε0 > 0 such that

e := lim
r↓0 r2−n

ˆ
Br (x0)

|Du|2 dx ≥ ε0.

By subharmonicity it follows that dist(u, Mc) ∈ L∞
loc(�), so by the compactness of

Mc we deduce that |u| ∈ L∞
loc(�). Thus, by (ii) and (iv), there exists a tangent map ϕ,

satisfying

R2−n
ˆ

BR

|Dϕ|2 dx = e (5.1)

for every R > 0. In particular, ϕ is 0-homogeneous.
Let rk ↓ 0 be the sequence for which ux0,rk → ϕ in W 1,2(BR;Rm), for any

0 < R < 1/rk . As ϕ ∈ F(BR; M) for every R > 0 by (iv), the above reasoning yields

 dist(ϕ, Mc) ≥ 0 in R

n . Then the 0-homogeneity of ϕ yields that dist(ϕ, Mc) = a
in Rn , for some constant a ≥ 0, as shown e.g. in [12, Lemma 2.6].

If a > 0, then (i) applied to ϕ implies that 
ϕ = 0 in R
n . However, ϕ being a

tangent map of a locally bounded map, it is bounded in the entire space Rn :

‖ϕ‖L∞(Rn) = sup
r>0

‖ϕ‖L∞(B1/r ) = sup
r

lim
k→∞ ‖urk ‖L∞(B1/r )

= sup
r

lim
k→∞ ‖u‖L∞(Brk /r ) ≤ ‖u‖L∞(B1).

Therefore, the Liouville theorem implies |Dϕ| = 0 in R
n . This however contradicts

(5.1).
Thus, dist(ϕ, Mc) = 0 in R

n . Then as ux0,rk → ϕ in L2
loc(R

n;Rm), we have
dist(ux0,rk , Mc) → 0 in L2

loc(R
n), whence for any ε > 0, we can find kε ∈ N large

such that ‖ dist(ux0,rk , Mc)‖L2(B2)
≤ ε for all k ≥ kε. Setting δ = rkε , we deduce

from the local L∞-estimate for weakly subharmonic functions that

‖ dist(u, Mc)‖L∞(Bδ(x0)) ≤ cr
− n

2
k ‖ dist(u, Mc)‖L2(B2δ(x0)) ≤ cε.

As ε > 0 was arbitrary and c > 0 is independent of ε, we conclude that dist(u, Mc)

vanishes continuously at x0 ∈ �, as desired. ��
Given δ > 0 we say that a set E is δ-porous in U if, for every ball Br (x0) ⊂ U ,

we can find a smaller ball Bδr (x) ⊂ Br (x0) \ E . The constant δ is called the porosity
constant.

Theorem 5.3 Let M be a smooth domain in R
m with uniformly convex complement.

Let u ∈ F(�; M) be given, and assume that � ∩ ∂u−1(M) is δ-porous in the closure
of u−1(M). Then u is continuous at any point of � ∩ ∂u−1(M).

Proof Let x0 ∈ � ∩ ∂u−1(M) be given. Consider the tangent map ϕ ∈ F(Rn; M)

of u at x0; the existence of a tangent map follows from property (ii) in Definition
2.1 and the subharmonicity of dist(u, Mc). Since dist(u(x0), Mc) = 0, we must have
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dist(ϕ, Mc) = 0 inRn , i.e., ϕ(Rn) ⊂ ∂ M . Then by properties (iv) and (i) in Definition
2.1, we also have


ϕ = Aϕ(Dϕ, Dϕ) in Rn . (5.2)

Let rk ↓ 0 be a sequence along which ux0,rk → ϕ in W 1,2
loc (Rn;Rm) (the strong

convergence follows from (iv)). By the δ-porosity of � ∩ ∂u−1(M) in the closure of
u−1(M), we find a sequence xk ∈ u−1(M) such that xk ∈ Brk (x0) and Bδrk (xk) ⊂
Brk (x0) ∩ u−1(M) for all k ∈ N. In particular (i) implies that 
u = 0 in Bδrk (xk).

Write ξk := r−1
k (xk −x0) ∈ B1, and assume without loss of generality that ξki → ξ

for some ξ ∈ B1 (with Bδ(ξ) ⊂ B1). Then we deduce from the L2-convergence
of Dux0,rk to Dϕ that 
ϕ = 0 in Bδ(ξ). Comparing this with (5.2), we obtain
Aϕ(Dϕ, Dϕ) = 0 in Bδ(ξ). As Mc is uniformly convex, there is κ > 0 such that
|Ay(ξ, ξ)| ≥ κ|ξ |2 for any ξ ∈ Ty(∂ M) uniformly for all y ∈ ∂ M . Thus, we arrive at

|Dϕ| = 0 in Bδ(ξ).

Since ϕ ∈ F(Rn; M), Theorem 5.1 implies that

|Dϕ| = 0 in Rn . (5.3)

By (5.3), we obtain from property (iv) that |Dux0,rk | → 0 in L2
loc(R

n) as rk ↓ 0.
Recalling that ϕ was an arbitrary tangent map of u at x0, we deduce that |Dux0,r | → 0
in L2

loc(R
n) as r ↓ 0, which in the non-rescaled form yields

lim
r↓0 r2−n

ˆ
Br (x0)

|Du|2 dx = 0.

Recalling property (iii) in Definition 2.1, we conclude that u is continuous at x0, as
desired. ��

With a slightly more careful argument (involving the PDE for the distance map
dist(u, Mc)), we can also extend Theorem 5.3 to free boundary points having pos-
itive density with respect to the non-coincidence set. We should also remark that
all the above analysis goes through for constraint maps with respect to the Alt-
Caffarelli energy [12]. For the latter work, the distance map satisfies a nondegeneracy
condition, which ensures a uniformly positive density for all free boundary points.
Consequently, we obtain full regularity of energy minimizing constraint maps near
the non-coincidence set.

However, the situation changes drastically in the case of the Dirichlet energy we
consider here, as there is no inherent non-degeneracy of the distance map, see for
instance Lemma 9.4 in [13]. Thus, in this case it is unnatural to impose either positive
density or a porosity condition of the free boundarywith respect to the non-coincidence
set. In [13] we overcame the difficulty by establishing a quantitative version of the
UCP, namely Theorem 1.2 therein. In the next section, wewill prove a stronger version
of that result.
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6 Unique Continuation Property and A∞-Weights

We begin by recalling the following standard definition, which the reader can find e.g.
in [23].

Definition 6.1 Let 0 ≤ ω ∈ L1(B4). We say that ω ∈ A∞(B1) if there are constants
C, ε > 0 such that, for any ball B with 2B ⊂ B2, the following hold:

(1) weak reverse Hölder inequality:

(  
B

ω1+ε(x) dx

) 1
1+ε ≤ C

 
2B

ω(x) dx

(2) doubling:
´
2B ω(x) dx ≤ C

´
B ω(x) dx .

As usual, 2B denotes the ball concentric with B but with twice the radius. We call
C, ε the A∞-constants of ω.

It is of course clear from the above definition that weights in A∞ are exactly those
weights which satisfy a (standard) reverse Hölder inequality, i.e. a reverse Hölder
inequality where the balls on the left- and right-hand sides can be chosen to be the
same. One reason for defining A∞-weights as above is that, in applications to elliptic
PDE, condition (1) is often a simple consequence of a Caccioppoli estimate (see
already Corollary 6.5 below), while it is typically the doubling condition (2) that is
much more non-trivial to check.

There are several other equivalent characterizations of A∞-weights, and here we
chose the one which is more natural to verify in applications to PDEs. The following
theorem gives another characterization of A∞-weights:

Theorem 6.2 Let 0 ≤ ω ∈ L1(B4). Then ω ∈ A∞(B1) if and only if either ω = 0 a.e.
or else there are C̃, γ > 0 such that, whenever 2B ⊂ B2, we have

( 
B

ω(x) dx

)(  
B

ω−γ (x) dx

)− 1
γ ≤ C̃ . (6.1)

This result is quantitative in the sense that the constants C̃, γ depend only on C, ε

from Definition 6.1 and on n. Conversely, if (6.1) holds, then the A∞-constants of ω

depend only on C̃, γ and n.

Theorem 6.2 shows that A∞-weights have a very strong, quantitative form of the
UCP: either they vanish or else they detach from 0 (in an integral sense) at a universal
rate. Theorem 6.2 is well-known, see e.g. [7, 23]. To be precise, in these references
the result is stated in a global manner (i.e. for weights defined over Rn), but it is easy
to see that the proofs are local in nature, cf. the appendix in [9].

Using Theorem 6.2, we see that Theorem 1.2 in [13] is in particular implied by the
following:
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Theorem 6.3 Let N ⊂ R
m be a smooth, compact manifold without boundary and

u ∈ W 1,2(B4; N ) be a minimizing harmonic map. Then |Du| ∈ A∞(B1). In fact, if u
is non-constant then there is y0 ∈ B2 and constants 0 < λ < � such that

0 < λ ≤
ˆ

B1(y0)
|Du|2 dx ≤

ˆ
B4

|Du|2 dx ≤ �, (6.2)

and the A∞-constants of |Du| depend only on �,λ, n, N.

The conclusion of Theorem 6.3 holds more generally for suitable manifolds N with
boundary. In Remark 6.10 we will indicate how to modify the proof in this case.

To prove Theorem 6.3 we need a few technical lemmas.We will use without further
comment that minimizing harmonic maps satisfy properties (i)-(iv) in Definition 2.1;
in fact, we also recall that (iii) can be upgraded to the statement that

�(u) =
{

x ∈ � : lim
r→0

E(u, x, r) ≥ ε20

}
(6.3)

for some ε0 = ε0(n, N ) > 0. We will need an additional fundamental property of
minimizing harmonic maps, which is closely related to the compactness property (iv):
they satisfy a Caccioppoli inequality, see e.g. [50, Lemma 1, §2.8].

Lemma 6.4 Let u ∈ W 1,2(B2; N ) be a minimizing harmonic map with
´

B2
|Du|2 dx ≤

�. There is a constant C, depending only on �, n, N, such that, for any ball Br (x0) ⊂
B1, ˆ

Br/2(x0)
|Du|2dx ≤ Cr−2

ˆ
Br (x0)

|u − ux0,r |2dx,

where ux0,r = ffl
Br (x0)

u dx.

As an immediate consequence, we obtain the following corollary, which is well
known to the experts (see e.g. [25, 26] for similar results when the target N is simply
connected):

Corollary 6.5 Let u ∈ W 1,2(B2; N ) be a minimizing harmonic map with
´

B2
|Du|2 dx

≤ �. There is p > 2 and C > 0, depending only on �, n, N, such that, for any ball
Br (x0) ⊂ B1,

(  
Br/2(x0)

|Du|p dx

) 1
p ≤ C

(  
Br (x0)

|Du|2 dx

) 1
2

.

Proof Applying Lemma 6.4 and the Poincaré–Sobolev inequality, we have

( ˆ
Br/2(x0)

|Du|2 dx

) 1
2 ≤ C

( ˆ
Br (x0)

|Du|2∗ dx

)1/2∗
,

where 2∗ = 2n
n+2 < 2. Hence Du satisfies a weak reverse Hölder inequality. By the

general theory of such reverse Hölder inequalities, see e.g. [32, §14], the conclusion
follows. ��
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Corollary 6.5 shows that, to prove Theorem 6.3, we only need to check the doubling
condition.We note in passing that the higher integrability result in Corollary 6.5 yields
the compactness of minimizing harmonic maps, since it forbids energy concentration,
see e.g. [40, §4]. We also remark that it is known from the works [5, 44] that in fact
Du ∈ weak-L3, although we will not need this much deeper fact here.

As a consequence of higher integrability, we obtain:

Corollary 6.6 Let u ∈ W 1,2(B2; N ) be a minimizing harmonic map with
´

B2
|Du|2 dx

≤ �. There are constants θ, C > 0, depending only on �, n, N, such that

ˆ
B1+δ\B1

|Du|2 dx ≤ Cδθ

ˆ
B2

|Du|2 dx

Proof Given B2r (x0) ⊂ B2, by Corollary 6.5 and Hölder’s inequality we have, with
θ = n(p−2)

p > 0,

ˆ
Br (x0)

|Du|2 dx ≤ Cr θ

( ˆ
B2r (x0)

|Du|p dx

) 2
p ≤ Cr θ

ˆ
B2r (x0)

|Du|2 dx .

Covering the annulus B1+δ \ B1 by C(n)δ1−n balls of radius δ ≤ 1
4 , we have

ˆ
B1+δ\B1

|Du|2 dx ≤ Cδθ

ˆ
B1+4δ\B1−2δ

|Du|2 dx ≤ Cδθ

ˆ
B2

|Du|2 dx

as wished. ��
Continuing with the proof of Theorem 6.3, we introduce the following definition

from [13]:

Definition 6.7 Let u ∈ W 1,2(B4, N ) be a minimizing harmonic map. Given �0 ≥ 2,
we set

r�0
u (x) :=

⎧
⎨

⎩
sup

{
r ∈ (0, 2] : E(u, x, r) ≤ ε20

�20

}
if x ∈ B2 \ �(u),

0 if x ∈ B2 ∩ �(u),

to be the critical scale of u at x (depending on �0).

The auxiliary parameter �0 is involved in order to have interior balls with the critical
radius strictly contained in the given domain. This is to make sure that the strong
compactness of energy-minimizing maps holds over such balls, as the compactness
may fail (and the energy concentrates) at the boundary. A compactness argument
shows that �0 can be chosen universally:

Lemma 6.8 Let u be as in Theorem 6.3 and suppose that (6.2) holds. There is �0 =
�0(λ,�, n, N ) ≥ 2 such that �(u) = 1/r�0

u (0) and r�0
u ≤ 1 in B2.
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Proof This is essentially shown in [13, Lemma 4.1], so we just sketch the main points.
First, recalling (6.3), it follows that �(u) = 1/r�0

u (0).
The bound r�0

u ≤ 1 is proved by contradiction: if it were to fail, using the compact-
ness of the family of minimizing harmonic maps with bounded energy, we would find
a minimizing harmonic map u ∈ W 1,2(B3, N ) and points x0, y0 ∈ B2 such that

E(u, x0, 1) = 0, E(u, y0, 1) ≥ λ > 0.

This is a contradiction to the UCP of minimizing harmonic maps. ��
In the rest of this section, we choose �0 so that the conclusion in Lemma 6.8 holds

and, in order to keep the notation simple, we write ru := r�0
u .

The critical scale separates scaleswhere u behaves like a solution to a regular elliptic
system from scales where the energy of u concentrates. One of the main observations
in [13, §4] is that, at the critical scale, the frequency is universally bounded, where we
recall that the frequency is defined as

N (u, x0, r) := r
´

Br (x0)
|Du|2 dx´

∂ Br (x0)
|u − (u)x0,r |2 dHn−1

.

Here we prove the following variant of [13, Lemma 4.2]:

Lemma 6.9 (Frequency bound above the critical scale) Let u be as in Theorem 6.3
and suppose that (6.2) holds. There is N0 = N0(λ,�, n, N ) ≥ 1 such that

N (u, x, r) ≤ N0, whenever x ∈ B1 and ru(x) < r ≤ 1.

Proof If the conclusion were false, we would find a sequence of minimizing harmonic
maps (uk) ⊂ W 1,2(B4, N ), satisfying (6.2) at suitable points (yk) ⊂ B2, but for some
(xk) ⊂ B1 \ �(uk) we would have

N (uk, xk, rk) ≥ k for ruk (xk) < rk ≤ 1. (6.4)

Writing vk(y) := uk(
1
2rk y + xk), we have that (vk) ⊂ W 1,2(B3, N ) is a sequence

of minimizing harmonic maps that, by the monotonicity formula, has bounded
energy. Thus, passing to subsequences, there is another minimizing harmonic map
v ∈ W 1,2(B2, N ) such that vk → v in W 1,2(B2,R

m), and hence in particular also
vk → v strongly in L2(∂ B2,R

m). Since N (vk, 0, 2) = N (uk, xk, rk) ≥ k and vk

have bounded energy, the numerator in the definition of N (vk, 0, 2) stays bounded,
therefore the denominator must go to zero. We infer that

0 = lim
k→∞

ˆ
∂ B2

|vk − (vk)0,2|2 dHn−1 =
ˆ

∂ B2

|v − (v)0,2|2 dHn−1,

i.e. v is constant on ∂ B2. The minimality of v then yields that v must be constant in
B2 (cf. the proof of Corollary 4.2), and then by the UCP in fact v is constant in B3.
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This gives us the desired contradiction, since

E(v, 0, 2) = lim
k→∞ E(vk, 0, 2) = lim

k→∞ E(uk, xk, rk) ≥ ε20

�20

by the definition of the critical scale. ��
Proof of Theorem 6.3 We can suppose that u is not constant. In particular, (6.2) holds
for some y0 ∈ B2 and some suitable constants 0 < λ < �.

By Corollary 6.5, it suffices to prove the doubling property of |Du|, namely

ˆ
B2r (x0)

|Du|2 dx ≤ C
ˆ

Br (x0)
|Du|2 dx (6.5)

whenever x0 ∈ B1 and r ≤ 1.
We first claim that (6.5) holds if ru(x0) ≤ r ≤ 1. If not, then there are sequences of

minimizing harmonic maps (u j ) ⊂ W 1,2(B4; N ), satisfying (6.2) at suitable points
(yk) ⊂ B2, and sequences (x j ) ⊂ B1 and ru j (x j ) ≤ r j ≤ 1 such that

j
ˆ

Br j (x j )

|Du j |2 dx ≤
ˆ

B2r j (x j )

|Du j |2 dx .

By definition of the critical scale and the monotonicity formula, this would yield

j
ε20

�20
≤ j E(u j , x j , r j ) ≤ 2n−2E(u j , x j , 2r j ) ≤ 2n−2E(u j , x j , 2)

≤
ˆ

B3

|Du|2 dx ≤ �,

impossible.
We now prove (6.5) when 0 < r ≤ 1

2ru(x0). Let v0 := u(x0 + ru(x0)·) and note
that, by definition of the critical scale,

E(v0, 0, 1) = E(u, x0, ru(x0)) = ε20

�20
< ε20 .

Clearly v0 ∈ W 1,2(B3; N ) is a minimizing harmonic map with energy at most � and
hence, applying Corollary 6.6, we can find θ0 = θ0(ε0, �0,�, n, N ) ∈ (0, 1) such that

E(v0, 0, 1 + θ0) ≤ ε20 .

Thus, by the ε-regularity theorem, v0 is a solution of a regular elliptic system of the
form


vi
0 = aα

i j∂αv
j
0 , ‖aα

i j‖L∞(B1+θ0/2) ≤ C .
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Also, by Lemma 6.9, we have N (v0, 0, 1 + θ0
2 ) = N (u, x0, (1 + θ0

2 )ru(x0)) ≤
N0. Here both C and N0 depend only on our fixed parameters λ,�, n, N . Thus, by
frequency-based theory for such systems (see e.g. [13, Appendix B] and [19, 20, 24]),
there is a new constant C , with the same dependence, such that

ˆ
B2s

|Dv0|2 dx ≤ C
ˆ

Bs

|Dv0|2 dx

for any s ≤ 1
2 . Thus, rescaling back to u, we find that

ˆ
B2r (x0)

|Du|2 dx ≤ C
ˆ

Br (x0)
|Du|2 dx,

whenever 0 < r ≤ 1
2ru(x0).

Finally, the fact that (6.5) holds for 1
2ru(x0) ≤ r ≤ ru(x0) clearly follows from

what we have shown so far, since

ˆ
B2r (x0)

|Du|2 dx ≤
ˆ

B2ru (x0)(x0)
|Du|2 dx ≤ C

ˆ
Bru (x0)(x0)

|Du|2 dx

≤ C2
ˆ

Bru (x0)/2(x0)
|Du|2 dx ≤ C2

ˆ
Br (x0)

|Du|2 dx .

This completes the proof. ��
Remark 6.10 The conclusion of Theorem 6.3 holds if N = M is the complement
of a smooth, bounded domain in R

m ; in this case, however, one needs to replace
the Dirichlet energy in (6.2) with the full W 1,2-norm, since the maps do not have a
universal L∞-bound anymore. More generally, Theorem 6.3 holds provided that N is
a complete manifold with boundary satisfying the conditions in Remark 1.5. The proof
in the general case is exactly the same as the one we presented here: the reader will
note that, apart from the properties in Definition 2.1, we only used two other properties
of minimizing harmonic maps, namely that |
u| ≤ c|Du| away from the singular set
�(u), and that u satisfies the Caccioppoli inequality in Lemma 6.4. The first property
is true for general smooth targets N , cf. [10], while the Caccioppoli inequality follows
by modifying the arguments used in the boundaryless case, using Luckhaus’ Lemma
[41].

7 Future Directions and Open Problems

In this section, we discuss possible developments and new directions in the emerging
field of vectorial free boundary problems.

The theory of free boundary problems has branched into very diverse directions and
different properties of solutions have been extensively studied. Many of these avenues
and problems hold promise for applications to constraint maps. However, beyond the
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classical free boundary theory, there are also several other questions and directions
that naturally emerge and are more unique to the study of constraint maps.

Two key challenges which are absent in most (if not all) classical free boundary
problems are the possible lack of continuity of solutions (maps in the vectorial setting)
and the nonlinear influence of the constraint, which appears as source term in (2.2) and
depends on the derivative of the map, whose smoothness is a priori unknown. These
aspects have recently been examined in the papers [12, 13]. The first difficult point
is establishing the continuity of solutions, which serves as the cornerstone for further
developments of the theory. This point may prove significantly more challenging in
certain variations of the problem. For instance, the approach outlined in this note,
based on the (quantitative) UCP, would be very difficult to implement if we study
maps minimizing the p-Dirichlet energy for p �= 2: recall that, even in the scalar
case, the qualitative UCP is not known for p-harmonic functions, unless the domain
is two-dimensional, where quasiconformal techniques become applicable.

A further, broad direction of research is to move beyond the study of mini-
mizers. In fact, in the scalar setting, several free boundary problems emerge as
non-variational models4. These include the Bernoulli free boundary problem, the non-
variational Stefan problem, the incompressible Euler equations with free boundaries,
the Muskat problem (two-phase fluid flow in porous media), the plasma problem
(Prandtl-Batchelor free boundary problem), the no-sign obstacle problem, and the
free boundary problem in the superconductivity model, among others.

For systems and mappings, several model problems arise as non-variational prob-
lems, introducing new types of challenges in their analysis. Moreover, they often lead
to entirely new questions and phenomena that do not typically appear in scalar set-
tings. A concrete example, which was briefly considered in [15], is to study leaky
maps, which correspond to the vectorial version of solutions to the no-sign obstacle
problem.

For the readers interested in this fascinating research topic, we conclude this arti-
cle by presenting a concise list of concrete open problems that we find particularly
interesting.

We begin our list by stating six problems of a general nature, i.e. they pertain
to regularity and unique continuation properties of constraint maps, in the setting
described in this paper.

Problem 7.1 (Optimal conditions for C1,1-regularity) What is the optimal regularity
on M which ensures that a minimizing constraint map u ∈ W 1,2(�; M) is in C1,1

loc (�\
�(u))?

In [13, 15] we proved C1,1-regularity of u around regular points under the assump-
tion that ∂ M ∈ C3,α for some α > 0, while W 2,p-regularity for p < ∞ only requires
that ∂ M ∈ C2. Thus Problem 7.1 asks whether this gap can be closed. A reasonable
guess is that perhaps the optimal regularity of u holds even for obstacles of class
∂ M ∈ C1,1.

4 It is noteworthy that some problems may have both variational and non-variational formulations. In this
case, the solutions are in general non-unique. The prototype example is theBernoulli free boundary problem.
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Problem 7.2 (Optimal regularity of the projection map) Let u ∈ W 1,2(�; M) be a
minimizing constraint map. Is it the case that D3(� ◦ u) ∈ L∞

loc(� \ �(u))?

We note that Problem 7.2 asks for the best possible regularity for � ◦ u, since in
general � ◦ u /∈ C3(� \ �(u)). We note that in [15] it was shown that D3(� ◦ u) ∈
L∞
loc(�\�(u))when n = 2, while for n ≥ 3 we only have D3(�◦u) ∈ B M Oloc(�\

�(u)).

Problem 7.3 (Constant � on the boundary) Let u ∈ W 1,2(B; M) be a C1,1 weakly
constraint map. If � ◦ u is constant on ∂ B, is it the case that � ◦ u is constant in B,
at least when Mc is convex? What are the optimal geometric conditions on M for this
to hold?

We note that Corollary 4.2 provides a partial answer to Problem 7.3. In the case
where ρ ◦ u vanishes identically, the answer is affirmative [35, 39].

Problem 7.4 (UCP and low rank) Let Mc be convex and u ∈ W 1,2(�; M) be a
minimizing constraint map. If rank(Du) ≤ 1 in an open subset of �, do we have
rank(Du) ≤ 1 in �?

Problem 7.4 is closely related to the UCP of the rank of a harmonic map [48], but
Example 4.4 shows that the situation is more subtle for constraint maps. In particular,
additional assumptions on Mc (such as convexity) cannot be omitted.

Problem 7.5 (Stable constraintmaps) For suitable targets, such aswhen M = R
m \Bm

for m ≥ 4, is there a suitable notion of stability for constraint maps so that properties
(i)–(iv) of Definition 2.1 hold for such maps?

This problem is closely related to the discussion in Section 2.

Problem 7.6 (Fine structure of FB) Consider the free boundary of a constraint map u
in the neighborhood of a continuity point x0 /∈ �(u). Suppose also that |Du(x0)| > 0.
Does the fine structure analysis of the free boundary from the scalar obstacle problem
[16–18] carry through to the free boundary of u near x0?

In the next two problems, we consider specific examples of constraint maps and
we inquire about their properties.

Problem 7.7 (Singular FB produced by convex obstacles) In [13, §6] we showed that
for a large class of convex obstacles, and for a large class of boundary data, there
are necessarily singularities of the corresponding minimizing constraint maps on their
free boundaries. Is it the case that, at least in some of these examples, also the free
boundaries are singular?

Problem 7.8 (Minimality of the vortex) Is it the case that the radial map considered in
Proposition 3.1 and in [13, §2.4] is a minimizing constraint map in low dimensions,
specifically 3 ≤ n ≤ 6?
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Our final problempertains to themore geometric setting of constraintmaps between
Riemannian manifolds, as described in [10]. Here and in [13–15] we only considered
the casewhere the targetmanifold is flat and all of the non-trivial geometry is present on
its boundary. Perhaps the simplest setting where also int(M) has non-trivial geometry
is described in the following problem:

Problem 7.9 (Constraint maps into a spherical cap) For h ∈ (−1, 0], consider the
spherical cap

S
m−1
h,+ ≡ {x ∈ S

m−1 : xn ≥ h} ⊂ R
m

whose (relative) boundary is the latitude line Ph := ∂Sm−1
h,+ . We can consider energy

minimizing maps u ∈ W 1,2(Bn,Sm−1
h,+ ), which develop a free boundary ∂u−1(Ph).

Are there discontinuities of u on the free boundary?

We note that the answer to Problem 7.9 may depend on n and h: if h = 0 and n ≤ 7
then u is smooth [49]. Moreover, the case h ≥ 0 is likely not very interesting, since if
u omits a neighborhood of the equator it should be smooth [51].
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18. Franceschini, F., Zatoń, W.: C∞ partial regularity of the singular set in the obstacle problem. Anal.

PDE 18(1), 199–264 (2025)
19. Garofalo, N., Lin, F.-H.: Monotonicity properties of variational integrals, A p weights and unique

continuation. Indiana Univ. Math. J. 35(2), 245–268 (1986)
20. Garofalo, N., Lin, F.-H.: Unique continuation for elliptic operators: A geometric-variational approach.

Commun. Pure Appl. Math. 40(3), 347–366 (1987)
21. Gehring, F.W.: The L p-integrability of the partial derivatives of a quasiconformal mapping. ActaMath.

130(2), 265–277 (1973)
22. Giusti, E.: Minimal Surfaces with Obstacles. In Geom. Meas. Theory Minimal Surfaces, Lect. given a

Summer Sch. Cent. Internazionale Mat. Estiv. held Varenna (Como), Italy, August 24 - Sept. 2, 1972,
pages 119–153. Springer Berlin Heidelberg, Berlin, Heidelberg, (2010)

23. Grafakos, L.: Modern Fourier Analysis. Graduate Texts in Mathematics, vol. 250, 2nd edn. Springer,
New York (2009)

24. Han, Q., Lin, F.: Rank zero and rank one sets of harmonic maps. Methods Appl. Anal. 7(2), 417–442
(2000)

25. Hardt, R.,Kinderlehrer,D., Lin, F.H.: Stable defects ofminimizers of constrained variational principles.
Ann. l’Institut Henri Poincare Anal. Non Lineaire, 5(4):297–322, (1988)

26. Hardt, R., Lin, F.H.: Mappings minimizing the L p norm of the gradient. Commun. Pure Appl. Math.
40(5), 555–588 (1987)

27. Hélein, F.: Regularity and uniqueness of harmonic maps into an ellipsoid. Manuscripta Math. 60(2),
235–257 (1988)

28. Hildebrandt, S.: On the regularity of solutions of two-dimensional variational problems with obstruc-
tions. Commun. Pure Appl. Math. 25(4), 479–496 (1972)

29. Hildebrandt, S.: Interior C1+α-regularity of solutions of two-dimensional variational problems with
obstacles. Math. Zeitschrift 131(3), 233–240 (1973)

30. Hong, F.H.: On the Jäger-Kaul theorem concerning harmonic maps. Ann. l’Institut Henri Poincare
Anal. Non Lineaire, 17(1):35–46, (2000)

31. Hurewicz, W., Wallman, H.: Dimension Theory (PMS-4). Princeton University Press, (1942)

123

http://arxiv.org/abs/2407.21128


La Matematica             (2026) 5:26 Page 27 of 27    26 

32. Iwaniec, T., Martin, G.: Geometric Function Theory and Non-linear Analysis. Clarendon Press, (2001)
33. Jäger, W., Kaul, H.: Uniqueness and stability of harmonic maps and their Jacobi fields. Manuscripta

Math. 28(1–3), 269–291 (1979)
34. Jin, Z., Kazdan, J.L.: On the rank of harmonic maps. Math. Zeitschrift 207(1), 535–537 (1991)
35. Karcher, H.,Wood, J.C.: Non-Existence Results andGrowth Properties for HarmonicMaps and Forms.

J. fur die Reine und Angew. Math., 1984(353):165–180, (1984)
36. Kenig, C.E.: Potential theory of non-divergence form elliptic equations. In Dirichlet Forms, pages

89–128. (1993)
37. Kinderlehrer, D.: How a minimal surface leaves an obstacle. Acta Math. 130(1), 221–242 (1973)
38. Lee, K.-A., Lee, T.: On the uniqueness of energy-minimizing curves in constrained spaces.

arXiv:2306.07511, 43:1–9, (2023)
39. Lemaire, L.: Applications harmoniques de surfaces riemanniennes. J. Differ. Geom. 13(1), 51–78

(Jan1978)
40. Lin, F., Wang, C.: The Analysis of Harmonic Maps and Their Heat Flows. World Scientific, (2008)
41. Luckhaus, S.: Partial Hölder continuity for minima of certain energies among maps into a Riemannian

manifold. Indiana Univ. Math. J. 37(2), 349–367 (1988)
42. Miranda, M.: Frontiere minimali con ostacoli. Ann. Univ. Ferrara 16(1), 29–37 (Jan1971)
43. Moser, J.: On Harnack’s theorem for elliptic differential equations. Commun. Pure Appl. Math. 14(3),

577–591 (1961)
44. Naber, A., Valtorta, D.: Rectiflable-Reifenberg and the regularity of stationary and minimizing har-

monic maps. Ann. Math. 185(1), 131–227 (2017)
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