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 a b s t r a c t

Identifying parameters of fractional-order discrete-time dynamical networks from input–output data 
is crucial for modeling complex systems in neuroscience and biology. Despite existing methods, 
fundamental conditions ensuring structural identifiability based solely on network structure remain 
unexplored.

This paper establishes identifiability theory for fractional-order networks by proving that a network 
is structurally identifiable if and only if all its subsystems are identifiable. We introduce a graph-
theoretical hierarchical algorithm that systematically partitions networks into identifiable subsystems 
via input–output reachability, enabling decomposition-based parameter learning with provable guar-
antees. Extensive simulation experiments validate that this approach preserves identifiability while 
achieving significant computational speedup, demonstrating scalability for large-scale systems.

© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Fractional-order network provide mathematical frameworks 
that extend classical integer-order differential and difference 
equations to non-integer orders, enabling the modeling of phe-
nomena with memory, hereditary properties, and multi-scale 
dynamics (Monje et al., 2010; Podlubny, 1999).

In discrete-time domain, these networks have become in-
creasingly relevant for modeling dynamics exhibiting memory 
and complex interdependencies across various domains: from 
capturing long-term memory effects in neural dynamics (Reed 
et al., 2022) and biological processes (Ionescu et al., 2017), to 
modeling complex behaviors in engineering systems (Ortigueira 
& Machado, 2022) and economic phenomena (Tarasov, 2019). 
Therefore, the ability to accurately characterize such networks 
through discrete-time fractional-order models is fundamental to 
understanding and predicting their behavior, enabling advance-
ments in monitoring, control, and optimization tasks.

To reliably utilize these fractional-order models, it is imper-
ative to develop system identification methods capable of ex-
tracting accurate parameters from observed input–output data. 
While several approaches have been proposed for the identifi-
cation of fractional-order network parameters (Chatterjee & Pe-
quito, 2022), there is still a notable absence of fundamental 
conditions that guarantee the identifiability of these parameters. 
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Particularly lacking are criteria that ensure the computational 
feasibility of parameter estimation and verify that such estima-
tion is fundamentally possible, given the intrinsic complexity of 
fractional-order dynamics.

To reliably utilize these fractional-order models, it is imper-
ative to develop system identification methods capable of ex-
tracting accurate parameters from observed input–output data. 
While several approaches have been proposed for the identifi-
cation of fractional-order network parameters (Chatterjee & Pe-
quito, 2022), there is still a notable absence of fundamental 
conditions that guarantee the identifiability of these parameters. 
Particularly lacking are criteria that ensure the computational 
feasibility of parameter estimation and verify that such estima-
tion is fundamentally possible, given the intrinsic complexity of 
fractional-order dynamics.

In this paper, we extend classical structural identifiability 
theory to fractional-order networks and establish the relation-
ship between network-level and subnetwork-level identifiability 
properties. Specifically, we significantly advance the field by 
unveiling the intrinsic role of input–output decompositions—
previously used primarily in hierarchical decentralized control 
and estimation—as fundamental building blocks for structural 
identifiability to establish necessary conditions for identifiability 
based purely on network structure. This decomposition natu-
rally breaks the overall identification problem into manageable 
subproblems, suggesting that we can first identify parameters 
within clearly defined subsystems and, subsequently, determine 
the inter-subsystem connections. Consequently, our approach not 
only provides essential theoretical insights into the identifiabil-
ity conditions but also introduces a systematic, efficient, and 
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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dynamic method for parameter learning with guaranteed identifi-
ability. The proposed methodology significantly enhances compu-
tational tractability and paves the way for practical applications 
involving large-scale fractional-order discrete-time networks.

Our main contributions are as follows:

(1) Identifiability Theory for Fractional-Order Networks 
• First formal adaptation of structural and output iden-

tifiability concepts to discrete-time fractional-order 
networks

• Novel sufficient conditions for testing identifiability 
through sensitivity matrices accounting for fractional 
dynamics and memory effects

(2) Network–Subnetwork Identifiability Relationship 
• Proved bidirectional relationship: a fractional-order 

network is identifiable if and only if all its subsystems 
are identifiable

• Provides rigorous foundation for decomposition-based
parameter learning with provable identifiability preser
vation

(3) Graph-Theoretical Decomposition Framework 
• Extended input–output decomposition from (Agbi & 

Krogh, 2014) to fractional-order networks with mem-
ory dynamics

• Introduced hierarchical decomposition algorithm that 
systematically partitions networks into identifiable 
subsystems based on input–output reachability

(4) Computational Efficiency and Validation 
• Demonstrated significant computational reduction

through subsystem-based identification
• Validated approach with simulations and reconstruc-

tion accuracy

2. Problem statement

Consider the following linear, discrete-time fractional-order 
network model described by the following model M(θ ):

∆αx[k + 1] = A(θA)x[k] + B(θB)u[k] + G(θG)w[k] (1)

y[k] = Cx[k] + e[k], (2)

parameterized by θ = [α, θA, θB, θG] ∈ Rq, which includes the 
fractional-order exponents α ∈ Rn

+
 and the parameter vectors θA, 

θB, and θG representing the unknown entries of the state matrix 
A(θA) ∈ Rn×n, input matrix B(θB) ∈ Rn×m, and disturbance matrix 
G(θG) ∈ Rn×v , respectively. The remaining variables are x[k] ∈ Rn

which is the state vector, u[k] ∈ Rm is the actuated input, w[k] ∈

Rv is the disturbance input, y[k] ∈ Ro is the measured output, 
e[k] ∈ Ro is the measurement noise, and C ∈ Ro×n is the output 
matrix.

The fractional difference operator ∆αx[k + 1] = [∆α1x1[k +

1], . . . ,∆αnxn[k+ 1]]⊤ is characterized by the different entries of 
the state x[k] and defined element-wise as 

∆αixi[k + 1] = xi[k + 1] +

k∑
j=0

ψ(αi, j + 1)xi[k − j], (3)

where 

ψ(αi, j) =

∏j−1
l=0(l − αi)

j!
, (4)

and for 0 < αi < 1 and integers j ≥ 0, it leads to the well known 
discretization of the Grünwald–Letnikov derivative (Baleanu et al.,
2011).

In what follows, we consider the following assumptions:
2

Assumption 1. An actuated input variable is applied to exactly 
one state variable, such that the input matrix B(θB) has exactly 
one non-zero entry per column. ◦

Assumption 2. An output variable measures exactly one state 
variable, such that the output matrix C has exactly one non-zero 
entry per row. ◦

Furthermore, let the predicted output of M(θ ) at time k be 
ŷ[k; θ, x[0], u, w] = Cx[k], where x[0] represents the initial con-
dition, u = {u[k] : ∀k ≥ 0}, and w = {w[k] : ∀k ≥

0}.
Notably, the presence of fractional-order derivatives intro-

duces long-term memory effects and coupling between fractional 
exponents α and system matrices, fundamentally altering the 
identifiability landscape compared to classical integer-order sys-
tems. Furthermore, fractional-order networks can be represented 
as infinite-dimensional linear systems, posing challenges and 
questions that do not arise in the finite-dimensional LTI counter-
part, with no a priori reason to expect that identifiability methods 
developed for LTI systems would remain valid.

In this context, we focus on addressing the following two 
problems:

Problem 1. Given a fractional-order network model M(θ ) as 
described in (1)–(2), determine necessary and/or sufficient con-
ditions under which the parameters θ can be uniquely identified 
from input–output data.

In other words, on the one hand, Problem  1 addresses the fun-
damental question of structural identifiability for fractional-order 
networks. On the other hand, the second problem addresses the 
computational efficiency of identifiability analysis for large-scale 
networks. By decomposing a complex network into manageable 
subcomponents, we aim to significantly reduce computational 
complexity while preserving the ability to accurately identify 
system parameters. Specifically, we have the following.

Problem 2. Given a large-scale fractional-order network model 
M(θ ), determine whether it can be decomposed into smaller 
subnetworks Mi(θi) such that the identifiability of the overall net-
work can be inferred from the identifiability of its subnetworks.

Thus, the solutions to these problems provide us with a frame-
work that not only provides theoretical insights into the identifia-
bility of fractional-order systems but also offers practical methods 
for analyzing complex networks across various applications.

3. Structural identifiability in fractional-order networks

This section develops the theoretical foundation for assessing 
structural identifiability in fractional-order network models. It is 
organized into three main parts. Section 3.1 introduces the notion 
of identifiability for fractional-order systems, adapting classical 
definitions of structural and output identifiability to this setting 
and presenting sufficient conditions for testing them. Section 3.2 
establishes the relationship between the identifiability of the full 
network and that of its subnetworks, formalizing the idea that 
network-level identifiability can be inferred from properly struc-
tured and identifiable subsystems. Finally, Section 3.3 presents 
a graph-theoretical framework for decomposing fractional-order 
networks into input–output reachable subnetworks, culminat-
ing in a hierarchical algorithm that guarantees identifiability is 
preserved throughout the decomposition.



A. Varalda and S. Pequito IFAC Journal of Systems and Control 35 (2026) 100397

]

3.1. Identifiability of fractional-order network models

Given a fractional-order network model M(θ ) as described in 
(1)–(2), we explore and adapt the notions of model identifiability 
previously established for linear and nonlinear systems (see Ljung 
(1999), van Doren et al. (2009)) to the context of fractional-order 
networks.

Definition 1 (Structural Identifiability).  The fractional-order net-
work model M(θ ), shown in (1), is structurally identifiable at 
θ = θ∗ if for all parameters θ1, θ2 in a neighborhood of θ∗, then 
M(θ1) = M(θ2) ⇒ θ1 = θ2. ◦

Definition 2 (Output Identifiability).  The predicted output of the 
fractional-order network (1), ŷ[k; θ, x[0], u, w], is output identi-
fiable at θ = θ∗ if for all parameters θ1, θ2 in a neighborhood 
of θ∗ and for a given x[0], u, and w, then ŷ[k; θ1, x[0], u, w] =

ŷ[k; θ2, x[0], u, w] leads to θ1 = θ2. ◦

Notice that it readily follows that an output identifiable model 
is also structurally identifiable.

In what follows we show that structural identifiability and 
output identifiability of the fractional-order network model M(θ )
can be verified using Proposition  1 and Proposition  2, respec-
tively. These propositions are sufficient conditions for model 
identifiability.

Proposition 1 (Test for Structural Identifiability).  Let the state tran-
sition relationship for fractional-order systems be described by Reed 
et al. (2023): 

x[k] = F (α, θA, k)x[0] +

k−1∑
j=0

F (α, θA, k − 1 − j)B(θB)u[j], (5)

 where F (α, θA, k) represents the transition matrix defined as 

F (α, θA, k) =

⎧⎪⎨⎪⎩
In, k = 0,
k−1∑
j=0

Aj(α, θA) · F (α, θA, k − 1 − j), k ≥ 1,
(6)

 with In the identity matrix, A0(α, θA) = A(θA)−D(α, 1) and Aj(α) =

−D(α, j + 1) for j ≥ 1, where

D(α, j) =

⎛⎜⎜⎝
ψ(α1, j) 0 . . . 0

0 ψ(α2, j) . . . 0

0 . . .
. . . 0

0 0 . . . ψ(αn, j)

⎞⎟⎟⎠ ,

ψ(αi, j) =
Γ (j−αi)

Γ (−αi)Γ (j+1) , with Γ (·) denoting the Gamma function (Ar-
fken et al., 2013).

Additionally, suppose that W (q, θ ) = [GU (q, θ ),GW (q, θ )] repre-
sents M(θ ) in (1) such that GU (q, θ ) =

∑k
i=1 C ·F (α, θA, i)·B(θB)·q−i

and GW (q, θ ) =
∑k

i=1 C · F (α, θA, i) ·G(θG) ·q−i, where q−i is a delay 
operator (i.e., u[k − 1] = q−1u[k]).

Given the matrix Iss(θ ) =
[
∂W (q,θ )
∂θ

]⊺
θ

[
∂W (q,θ )
∂θ

]
θ

∈ Rq×q expressing 
the model structure sensitivity to parameter changes, then M(θ ) is 
structurally identifiable at θ = θ∗ if rank(Iss(θ∗)) = q. ◦

Proof.  Consider the transfer function matrix W (q, θ ) = [GU (q, θ ),
GW (q, θ )] which characterizes the input–output behavior of the 
fractional-order system. For the system to be structurally iden-
tifiable, different parameter values must lead to different input–
output behaviors.

Let θ1 and θ2 be two parameter vectors in a neighborhood of 
θ∗. Structural identifiability requires that W (q, θ1) = W (q, θ2)
implies θ = θ .
1 2

3

Since the Gamma function is differentiable for its entire do-
main except at non-positive integer, the function ψ(αi, j) is dif-
ferentiable with respect to αi. This ensures that D(α, j) is differ-
entiable with respect to the fractional exponents, allowing us to 
perform Taylor expansions of G(α, k) and consequently W (q, θ ).

Assuming W (q, θ1) = W (q, θ2), we can perform a first-
order Taylor series expansion around θ∗ W (q, θ1) ≈ W (q, θ∗) +[
∂W (q,θ )
∂θ

]
θ∗ · (θ1 − θ∗) W (q, θ2) ≈ W (q, θ∗)+

[
∂W (q,θ )
∂θ

]
θ∗ · (θ2 − θ∗).

Since W (q, θ1) = W (q, θ2), we have: 
[
∂W (q,θ )
∂θ

]
θ∗ · (θ1 − θ2) = 0

For this equation to imply θ1 = θ2, the matrix 
[
∂W (q,θ )
∂θ

]
θ∗

must have full column rank, meaning that no non-zero parameter 
difference vector can be in its null space.

The sensitivity matrix Iss(θ∗) =
[
∂W (q,θ )
∂θ

]T
θ∗ ·

[
∂W (q,θ )
∂θ

]
θ∗  has 

the same rank as 
[
∂W (q,θ )
∂θ

]
θ∗ . Therefore, if rank(Iss(θ∗)) = q (the 

dimension of θ ), then the system is structurally identifiable at 
θ = θ∗.

Proposition 2 (Test for Output Identifiability).  Consider the model 
M(θ ) in (1) where θ ∈ Rq, and let the matrix Idd(θ ) =

∑
k

[
∂y[k]
∂θ

]T
θ[

∂y[k]
∂θ

]
θ

∈ Rq×q express model output sensitivity to parameter 
changes given x[0], u, and w. Then, M(θ ) is output identifiable at 
θ = θ∗ if rank(Idd(θ∗)) = q.

Proof.  Output identifiability concerns whether the system pa-
rameters can be uniquely determined from the output sequence 
y[k] given known inputs and initial conditions. Consider the pre-
dicted output sequence ŷ[k; θ, x[0], u, w] for k = 1, 2, . . . ,N . 
For output identifiability, we require that if ŷ[k; θ1, x[0], u, w] =

ŷ[k; θ2, x[0], u, w] for all k, then θ1 = θ2.
Using a first-order Taylor expansion around θ∗ ŷ[k; θ1, x[0], u, w

≈ ŷ[k; θ∗, x[0], u, w] +
[
∂y[k]
∂θ

]
θ∗ · (θ1 − θ∗) ŷ[k; θ2, x[0], u, w] ≈

ŷ[k; θ∗, x[0], u, w]+
[
∂y[k]
∂θ

]
θ∗ ·(θ2−θ∗). Since ŷ[k; θ1, x[0], u, w] =

ŷ[k; θ2, x[0], u, w] for all k, we have 
[
∂y[k]
∂θ

]
θ∗ · (θ1 − θ2) = 0 for all 

k.
For this to imply θ1 = θ2, the composite sensitivity matrix 

formed by stacking 
[
∂y[k]
∂θ

]
θ∗  for all k must have full column rank. 

The matrix Idd(θ∗) =
∑

k

[
∂y[k]
∂θ

]T
θ∗ ·

[
∂y[k]
∂θ

]
θ∗  represents the cu-

mulative output sensitivity to parameter changes across all time 
steps. Its rank equals the rank of the stacked sensitivity matrix, 
and if rank(Idd(θ∗)) = q, then the system is output identifiable at 
θ = θ∗.

3.2. Identifiability of fractional-order sub-network model

Consider a fractional-order network model M̄(θ ) that is writ-
ten as the interconnection of N sub-networks of M(θ ):

∆ᾱ x̄[k + 1] = Ā(θA)x̄[k] + B̄(θB)ū[k] + Ḡ(θG)w̄[k], (7)

ȳ[k] = C̄ x̄[k] + ē[k], (8)

such that the fractional-order exponents ᾱ = [α1, α2, . . . , αN ]
⊺
∈

Rn̄
+
, where each αi represents the fractional-order exponent asso-

ciated with the ith subnetwork, x̄[k] = [x1[k]⊺, . . . , xN [k]⊺]⊺ ∈ Rn̄

where xi[k] is a subvector of x[k], ū[k] = [u1[k]⊺, . . . , uN [k]⊺]⊺ ∈

Rm̄ where ui[k] is a subvector of u[k], w̄[k] = w[k], ȳ[k] =

[y1[k]⊺, . . . , yN [k]⊺]⊺ ∈ Rō where yi[k] is a subvector of y[k], 
ē[k] = [e1[k]⊺, . . . , eN [k]⊺]⊺ ∈ Rō where ei[k] is a subvector of 
e[k].

For the subnetworks, we define matrices Āj(ᾱ, θA) that are 
structured as 

Āj(α, θA) =

⎡⎢⎣ [Aj]11(α1, θA,1) · · · [Aj]1N (α1, θA,1)
...

. . .
...

⎤⎥⎦ (9)

[Aj]N1(αN , θA,N ) · · · [Aj]NN (αN , θA,N )
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 where each element [Aj]mn is a function of the correspond-
ing submatrices of Ā(θA) and D̄(ᾱ, j). Specifically, for j = 0, 
[Aj]mn = Amn(θA,m) − Dmn(αm, 1), and for j ≥ 1, [Aj]mn =

−Dmn(αm, j+1), following the structure described in Eq.  (4). Here, 
Dmn(αm, j) represents the component of D̄(α, j) that corresponds 
to the relationship between the mth and nth subnetworks.

Moreover, consider 
B̄(θB) = diag(B11(θB,1), . . . , BNN (θB,N )) ∈ Rn̄×m̄, (10)

where Bii(θB,i) is the submatrix of B(θB) associated to xi[k] and 
ui[k], Ḡ(θG) = [G⊺

1(θG,1), . . . ,G
⊺
N (θG,N )]

⊺
∈ Rn̄×v̄ , where Gi(θG,i)

is the submatrix of G(θG) associated to xi[k] and w[k], and C̄ =

diag(C11, . . . , CNN ) ∈ Rō×n̄, where Cii is the submatrix of C asso-
ciated to xi[k] and yi[k]. We note that n̄ ≥ n, m̄ ≥ m, v̄ = v, and 
ō ≥ o.

On the one hand, if the model M̄(θ ) is such that xi[k] and xj[k]
do not share state variables for all i, j ∈ {1, 2, . . . ,N}, x̄[k] = x[k]
such that n̄ = n, ū[k] = u[k] such that m̄ = m, and ȳ[k] =

y[k] such that ō = o. Then, M̄(θ ) behaves identically to M(θ )
given identical inputs, and M̄(θ ) exhibits the same properties of 
identifiability as M(θ ).

On the other hand, assume that the model M̄(θ ) is such that 
xi[k] and xj[k] share state variables for all i, j ∈ {1, 2, . . . ,N}, 
x[k] is a subvector of x̄[k] such that n̄ > n, u[k] is a subvector 
of ū[k] such that m̄ > m, and y[k] is a subvector of ȳ[k] such 
that ō > o. Under this assumption, we can prove that M(θ )
and M̄(θ ) behave identically given identical inputs if and only 
if M̄(θ ) includes M(θ ). We revisit the notion of model inclusion 
below (Siljak, 2011).

Definition 3 (Inclusion). M̄(θ ) includes M(θ ) (denoted as M̄(θ ) ⊃

M(θ )) when there exist full rank matrices {V ; RU ; RW ; S} such that 
x̄[0] = Vx[0], u[k] = RU ū[k], and w[k] = RW w̄[k] for k ≥ 0, 
implies that x̄[k; x̄[0], ū, w̄] = Vx[k; x[0], u, w] and ȳ[k] = Sy[k]
for k ≥ 0.

Therefore, assuming M̄(θ ) ⊃ M(θ ), we can also say that M̄(θ )
exhibits the same properties of identifiability as M(θ ), and vice 
versa. We formalize this claim as follows.

Theorem 1.  Let M(θ ) be a fractional-order network model as 
written in (1) where θ = [α, θA, θB, θG]. Then, M(θ ) is structurally 
(output) identifiable if and only if every subsystem of M(θ ) is also 
structurally (output) identifiable.

Proof.  Let all the subsystems of M(θ ) be contained in a single 
model M̄(θ ) as shown in van Doren et al. (2009) such that x[k]
is a subvector of x̄[k] where n̄ ≥ n, u[k] is a subvector of ū[k]
where m̄ ≥ m, and y[k] is a subvector of ȳ[k] where ō ≥ o. This 
implies that there exists a set of full rank matrices {V ; RU ; RW ; S}
such that x̄[k] = Vx[k], u[k] = RU ū[k], w[k] = RW w̄[k], and 
ȳ[k] = Sy[k]. Therefore, by Definition  3, M̄(θ ) ⊃ M(θ ).

Let the sensitivity of model outputs y[k] and ȳ[k] to param-
eter changes be ∂Y =

[
∂y[1]
∂θ

⊺
...

∂y[k]
∂θ

⊺]⊺
∈ Rko×q and ∂ Ȳ =[

∂ ȳ[1]
∂θ

⊺
...

∂ ȳ[k]
∂θ

⊺
]⊺

∈ Rkō×q for k ≥ 1.

Necessary condition: We first prove that if M(θ ) is output iden-
tifiable, then M̄(θ ) is also output identifiable.

Assume M(θ ) is output identifiable. Then, using Proposition  2, 
rank(Idd) = rank(∂Y ⊺∂Y ) = rank(∂Y ) = q. Since M̄(θ ) ⊃ M(θ ), 
there exists a matrix S ∈ Rō×o such that ̄y[k] = Sy[k]. This implies 
∂ Ȳ = SD∂Y , where SD = diag(S, . . . , S) with rank(SD) = kō.

Since rank(∂Y ) = q and kō ≥ q, we have rank(∂ Ȳ ) =

rank(SD∂Y ) = q. Therefore, M̄(θ ) is output identifiable.
Sufficient condition: We now prove that if M̄(θ ) is output iden-
tifiable, then M(θ ) is also output identifiable.
4

Assume M̄(θ ) is output identifiable. Then, using Proposition  2, 
rank(Īdd) = rank(∂ Ȳ ⊺∂ Ȳ ) = rank(∂ Ȳ ) = q. Since M̄(θ ) ⊃ M(θ ), 
there exists a matrix S̄ ∈ Ro×ō such that y[k] = S̄ȳ[k]. This implies 
∂Y = S̄D∂ Ȳ , where S̄D = diag(S̄, . . . , S̄) with rank(S̄D) = ko.

Since rank(∂ Ȳ ) = q and ko ≥ q, we have rank(∂Y ) =

rank(S̄D∂ Ȳ ) = q. Therefore, M(θ ) is output identifiable.

3.3. Subnetwork partitioning of M(θ )

We briefly review the notation and properties for system 
digraphs below. A directed graph or digraph is an ordered pair, 
G = {V , E}, where V  is a set of vertices or nodes and E ⊆ V × V
is a set of edges between nodes. Gs = {Vs, Es} is a subgraph of 
G if Vs ⊆ V  and Es ⊆ Vs × Vs ⊆ E. If Vs = V , then Gs spans G. 
Removing the subgraph Gs from G is denoted as G \ Gs = {Vh, Eh}
where Vh = V \ Vs and Eh ⊆ Vh × Vh ⊆ E.

Suppose V  is partitioned into a set of subsets Vi for i ∈

{1, 2, . . . , p} and let Ei ⊆ Vi × Vi. Then, the set of subgraphs 
Gi = {Vi, Ei} for all i is a graph partition of G.

A vertex v1 ∈ V  is adjacent to vertex v2 ∈ V  on G if 
there exists an edge (v1, v2) ∈ E or an edge (v2, v1) ∈ E. 
The open neighborhood of the vertex set Vs ⊂ V  on the G
is N(Vs) = {v adjacent to vi : v ∈ V \ Vs, vi ∈ Vs}. An 
elementary path between vertices v1 and vk is a sequence of 
edges {(v1, v2), (v2, v3), . . . , (vk−1, vk)} for which all the vertices 
are distinct. The path distance is defined as the number of edges 
in an elementary path. G is a weakly connected digraph if there 
exists a path from vi to vj or there exists a path from vj to vi for 
every pair of vertices vi, vj ∈ V  for i ̸= j. G is a strongly connected 
digraph if there exists a path from vi to vj and there exists a path 
from vj to vi for all vi, vj ∈ V  for i ̸= j. We simply refer to weakly 
connected digraphs as ‘‘connected digraphs’’.

Prior works use digraphs to represent dynamic systems in 
order to analyze their structural properties (Dion et al., 2003; Liu 
et al., 2011; Pequito et al., 2013). We use digraphs to represent 
fractional-order network models M(θ ), and we define fractional-
order network model digraphs, G(M(θ )) as follows.

Definition 4 (Fractional-Order Network Model Digraph). Given 
M(θ ) in (1), the fractional-order network model digraph is G(M(θ ))
= {X ∪ U ∪ W ∪ Y , E} such that

• xi ∈ X represents [x[k]]i for i = 1, . . . , n;
• ui ∈ U represents [u[k]]i for i = 1, . . . ,m;
• wi ∈ W  represents [w[k]]i for i = 1, . . . , v;
• yi ∈ Y  represents [y[k]]i for i = 1, . . . , o;
• E = Ex,x∪Eu,x∪Ew,x∪Ex,y such that Ex,x = {(xi, xj) : [A(θA)]ij ̸=

0} ∪ {(xi, xi) : αi ̸= 0}, Eu,x = {(uj, xi) : [B(θB) ̸= 0]ij}, Ew,x =

{(wj, xi) : [G(θG)]ij ̸= 0}, and Ex,y = {(xj, yi) : [C]ij ̸= 0}.

Although controllability and observability alone are neither 
necessary nor sufficient conditions for identifiability, Jacquez 
demonstrates that identifiability is linked to weaker notions of 
input reachability and output reachability of the model (Jacquez 
& Greif, 1985), which are defined below.

Definition 5 (Input Reachability). M(θ ) is input reachable from an 
input ui[k] (or wi[k]) if there exists a path from ui ∈ U (wi ∈ W ) to 
every state vertex xi ∈ X for all i on G(M(θ )) = {X∪U∪W ∪Y , E}.

Definition 6 (Output Reachability). M(θ ) is output reachable to the 
output yi[k] if there exists a path from every state vertex xi ∈ X
for all i to yi ∈ Y  on G(M(θ )) = {X ∪ U ∪ W ∪ Y , E}.

Jacquez observes that a system cannot be structurally (or out-
put) identifiable if the system is not input-reachable or output-
reachable (Jacquez & Greif, 1985). Therefore, we define a higher 
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level undirected graph G′(M(θ )) to easily evaluate the input and 
output reachability of the overall fractional-order network model 
M(θ ). We refer to this particular graph as a network map since it 
also maps the connections in the network.

Definition 7 (Network Map). Let G′(M(θ )) = {V ′, E ′
} be the 

network map of M(θ ) if and only if V ′
= {i : ∀xi ∈ X} and 

E ′
= {(i, j) : ∃(xi → xj) ∨ ∃(xj → xi),∀i, j ∈ V ′

∧ i ̸= j} where 
vi → vj denotes a path from node vi to vj on G(M(θ )).

Given M(θ ) is input and output reachable, we can partition 
M(θ ) into input and output reachable subsystems Mi(θi) by cre-
ating an input–output reachable partition of the network map 
G′(M(θ )).

Definition 8 (Input–Output Reachable Partition). Let G′(M(θ )) =

{V ′, E ′
} be a network map of M(θ ) and let A = {MA

i (θ ) :

∀xi ∈ X} be the set of subnetworks. Then, the set of graphs 
{G′

k(M(θ )) : ∀k} is an input–output reachable partition of the 
network map G′(M(θ )) if every graph G′

k(M(θ )) = {V ′

k, E
′

k} satisfies 
the following:

• G′

k(M(θ )) is a connected subgraph of G′(M(θ ));
• ∃i ∈ Vk such that MA

i (θ ) ∈ A is input reachable;
• ∃j ∈ Vk such that MA

j (θ ) ∈ A is output reachable;
• The set {V ′

k : ∀k} is a partition of the set V ′;
• E ′

k ⊆ V ′

k × V ′

k ⊆ E ′.

To identify the input–output reachable partitions of the net-
work map, we introduce Algorithm 1, which implements a graph-
theoretical hierarchical decomposition method. This algorithm 
identifies subsystems by iteratively decomposing the network 
based on input–output reachability.
Algorithm 1 Graph-Theoretical Hierarchical Decomposition of 
G(M(θ ))
Require: G(M(θ )) = {X ∪ U ∪ W ∪ Y , E}

1: Compute reachability relation for all vertices in G(M(θ ))
2: Construct Input–Output reachability matrix H = (hij) where hij = 1

if there exists a path from actuated input ui, or disturbance input 
wj, to output yk

3: k := 0
4: Grem := G(M(θ ))
5: while Grem ̸= ∅ do
6:  Ynd := {yi ∈ Y : yi is non-dominated in Grem}

7:  for all yi ∈ Ynd do
8:  k := k + 1
9:  Uk := {uj ∈ U : uj reaches yi in Grem}

10:  Xk := {xj ∈ X : xj is on a path from some u ∈ Uk to yi
 in Grem}

11:  Yk := {yi} ∪ {yj ∈ Y : yj is reached from some x ∈ Xk in Grem}

12:  Ek := {(v1, v2) ∈ E : v1, v2 ∈ Uk ∪ Xk ∪ Yk}

13:  Gk := {Uk ∪ Xk ∪ Yk, Ek}
14:  Mark all vertices in Gk as processed
15:  end for
16:  Grem := Grem \ {all processed vertices and edges}
17: end while
18: return Hierarchically ordered subsystems G1,G2, . . . ,Gk

Algorithm 1 identifies subsystems by first determining non-
dominated outputs — those that are not influenced by other 
outputs but serve as terminal nodes for input signals. For each 
non-dominated output, the algorithm traces backward through 
the graph to identify all inputs that can reach it, and then deter-
mines all state variables that lie on paths connecting these inputs 
to the output.

This approach ensures that each identified subsystem is both 
input and output reachable. The algorithm proceeds iteratively, 
removing processed components from the graph until the en-
tire network has been decomposed into hierarchically ordered 
subsystems.
5

The hierarchical nature of this decomposition is particularly 
valuable for fractional-order networks, as it captures the natural 
propagation of signals through the network while maintaining 
the identifiability properties established in Theorem  1.

The resulting subsystems can be individually identified, which 
is computationally more efficient than attempting to identify the 
entire network model at once. We note that these subnetworks 
are non-unique and may share state variables—a feature that 
provides flexibility when analyzing complex systems.

Remark 1.  Multiple valid decompositions can exist for the same 
fractional-order network model, potentially with different hier-
archical structures, allowing practitioners to select decomposi-
tions that align with the natural structure of the system under 
study. ◦

Remark 2.  The number of subnetworks resulting from a de-
composition directly impacts the computational advantage of our 
approach. Networks that can be partitioned into multiple sub-
networks represent favorable scenarios, as each subnetwork has 
reduced dimensionality compared to the full network, thereby 
significantly reducing the overall estimation problem complexity. 
Conversely, if the network structure only admits a single sub-
network (i.e., cannot be further decomposed), this represents the 
worst-case scenario where decomposition provides no computa-
tional advantage over identifying the entire network directly. ◦

Despite the non-uniqueness, the algorithm properly accounts 
for interactions between subsystems, and as established by The-
orem  1, the identifiability of the original network is preserved 
in its subnetworks, enabling efficient parameter estimation while 
maintaining mathematical guarantees. Subsequently, we intro-
duce the following definition.

Definition 9 (Subnetwork Model). Given a fractional-order net-
work model M(θ ), assume the following:

• A = {MA
i (θ ) : ∀xi ∈ X} is the set of all subnetworks, where 

G(MA
i (θ )) = {XA

i ∪ UA
i ∪ W A

i ∪ Y A
i , E

A
i };

• G′(M(θ )) is the network map of M(θ );
• {G′

k(M(θ )) : ∀k} is an input–output reachable partition of 
G′(M(θ )) where G′

k(M(θ )) = {V ′

k, E
′

k}.

Then, Mk(θk) is a subnetwork model of M(θ ) if G(Mk(θk)) = {Xk
∪

Uk
∪ W k

∪ Y k, Ek
} such that Xk

=
⋃

i∈V ′
k
XA
i , Uk

=
⋃

i∈V ′
k
UA
i , 

W k
=

⋃
i∈V ′

k
W A

i \ Xk, Y k
=

⋃
i∈V ′

k
Y A
i , and Ek

= {(vi, vj) ∈ E :

vi, vj ∈ Xk
∪ Uk

∪ Y k
} ∪ {(w, x) ∈ E : x ∈ Xk, w ∈ W k

}.

4. Simulations results

This section presents a series of simulation experiments de-
signed to validate the theoretical findings established in the pre-
vious sections. Specifically, the simulations aim to demonstrate 
that the proposed input–output decomposition strategy preserves 
the structural identifiability properties of fractional-order net-
work models while significantly reducing computational com-
plexity.

The section is structured into four parts. Section 6.1 describes 
the experimental setup of a representative fractional-order net-
work model used as a testbed. Section 6.2 details the graph-
theoretical decomposition of the network into input–output reach
able subsystems using the hierarchical algorithm introduced in 
Section 5. Section 6.3 focuses on the parameter estimation pro-
cess, both for the original system and for each decomposed 
subsystem individually. Finally, Section 6.4 provides quantitative 
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al-

 

and qualitative validation results, confirming that the recon-
structed model accurately replicates the dynamics of the original 
system.

Together, these simulation results provide strong empirical 
support for the theoretical claims of the paper, illustrating the 
effectiveness and scalability of the proposed identifiability frame-
work for large-scale fractional-order networks.

4.1. Experimental system setup

We considered a 6 × 6 fractional-order network with the 
following parameters:

• State matrix A with sparse connections representing system 
dynamics:

A =

⎡⎢⎢⎢⎢⎢⎣
−0.5 0.0 0.0 0.0 0.0 0.0
0.2 −0.6 0.0 0.0 0.0 0.0
0.15 0.0 −0.4 0.1 0.0 0.0
0.0 0.0 0.2 −0.5 0.0 0.0
0.0 0.0 0.0 0.0 −0.7 0.12
0.0 0.0 0.0 0.0 0.15 −0.6

⎤⎥⎥⎥⎥⎥⎦
• actuated input matrix B with B11 = 1.0 (input u1 affecting 

state x1) and B32 = 1.0 (input u2 affecting state x3);
• disturbance input matrix G with G41 = G51 = G61 = 0.5

(input w1 affecting states x4, x5, and x6);
• Fractional exponents α = [0.3, 0.5, 0.4, 0.6, 0.4, 0.5];
• Output matrix C with C12 = 1.0 (output y1 measuring state 

x2), C24 = 1.0 (output y2 measuring state x4), and C35 = 1.0
(output y3 measuring state x5).

In this example, we designed the connectivity to include uni-
directional connections (e.g., x1 → x2), bidirectional couplings 
(e.g., x3 ↔ x4 and x5 ↔ x6), and connections spanning multiple 
subsystems to examine Algorithm 1’s ability to handle complex 
network structures and properly identify subsystem boundaries.

4.2. Graph decomposition

We applied our hierarchical decomposition algorithm (Algo-
rithm 1) to partition the original network into subsystems based 
on input–output reachability. The decomposition process identi-
fied three meaningful subsystems with dimensions 2, 3, and 2 
(corresponding to the number of states in each subsystem), which 
preserved the structural properties of the original network.

Fig.  1 illustrates the complete graph structure of our test 
system, while Fig.  2 shows its decomposition guided by the 
theoretical principles established in Section 5. The decomposition 
algorithm processes outputs in order (y1, y2, y3) and performs 
backward reachability analysis to identify all states and inputs 
that influence each output, ensuring that each subsystem remains 
both input-reachable and output-reachable.

4.3. System identification

For both the entire network model M(θ ) and the decomposed 
subnetworks Mk(θk), we employed a two-stage identification ap-
proach based on a gradient-based method with structural con-
straints described in Varalda and Pequito (2025); it is noteworthy 
that alternative methods, such as those in Gupta et al. (2018, 
2019), could also be applied effectively for system identification, 
showcasing the flexibility of our approach.

To evaluate the robustness of our identification method, we 
incorporated realistic noise levels in our simulations: additive 
Gaussian noise with standard deviation σw = 0.10 for the dis-
turbance inputs and σe = 0.05 for the output measurements.

Specifically, the identification process consisted of two se-
quential stages:
6

Fig. 1. Graph representation of the complete 6-state fractional-order network. 
The diagram uses circles for all nodes, with different colors indicating states 
(blue), actuated inputs (green), disturbance inputs (red), and outputs (magenta). 
The arrows show the interconnections between nodes. This network will be 
decomposed into three subsystems based on output reachability.

Fig. 2. Decomposition of the fractional-order network into three subsystems 
through backward reachability analysis. (Left) Subsystem 1 (dimension 2): 
output y1 traces back through states x2 , x1 to input u1 . (Center) Subsystem 2 
(dimension 3): output y2 reaches state x4 via state x3 and disturbance input w1; 
x3 connects to input u2 and state x1 from u1 . (Right) Subsystem 3 (dimension 
2): output y3 reaches state x5 , bidirectionally connected to x6 , both influenced 
by w1 .

• Zero-input identification: First, we simulated the system 
with zero input to identify the state matrix A(θA) and fraction
order exponents α using a gradient-based approach with 
structure masks that enforced the known network topology.

• Input-driven identification: Subsequently, we applied a 
step input to identify the input matrices B(θB) and G(θG)
using a least-square approach with appropriate structure 
constraints derived from the network’s graph representa-
tion.

While this approach provided the diagonal blocks [Aj]kk(αk, θA,k)
for each subsystem, the off-diagonal blocks representing inter-
subsystem connections remained to be identified. To complete 
the identification of M̄(θ ), we used an iterative approach:

(1) First, we combined the identified parameters from individ-
ual subsystems to form ᾱ, block-diagonal matrices B̄ and Ḡ, 
and the corresponding output matrix C̄ .

(2) For the state matrix Ā, we iteratively identified the off-
diagonal blocks by:

• Starting with two subsystems and identifying their 
interconnection blocks using the same identification 
approach presented above,

• progressively incorporating additional subsystems one
at a time,
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Fig. 3. Comparison of output responses from the true system (blue solid line), the directly identified system (red dashed line), and the reconstructed system from 
subnetwork estimates (green dash-dotted line). The bottom panel shows the two sinusoidal input signals and the white noise disturbance input used for validation, 
(wnoise, enoise) = (0.5, 0.25). The strong alignment among all responses demonstrates the accuracy and robustness of the proposed decomposition-based identification 
method under noisy conditions.
 

: 
• for each new subsystem, identifying only the off-
diagonal elements connecting it to the previously in-
tegrated subsystems.

This hierarchical identification process enabled us to efficiently 
determine all parameters of the complete network model while 
leveraging the computational advantages of the subsystem de-
composition.

Remark on Computational Efficiency: This decomposition strat-
egy guarantees reduced computational complexity. For a network 
with n states, direct least-squares estimation of the full system 
requires O(n3) operations (Golub & Van Loan, 2013). In contrast, 
when decomposed into K  subsystems with dimensions n1, . . . , nK
where 

∑K
i=1 ni = n̄ ≥ n (accounting for shared states), the total 

computational cost becomes 
∑K

i=1 O(n3
i ), which is significantly 

smaller since 
∑K

i=1 n
3
i ≪ n3 for modular networks. Although Fig. 

2 shows that subnetworks may share state variables (e.g., state 
x1 appears in both Subnetwork 1 and Subnetwork 2), we prevent 
redundant computations by fixing previously estimated parame-
ters in subsequent subnetworks, ensuring the overall estimation 
time remains bounded by—and typically much smaller than—the 
cost of identifying the entire network directly. Moreover, reusing 
previously estimated parameters provides better initialization for 
the gradient descent-based identification method, accelerating 
convergence in subsequent subnetworks.

4.4. Validation results

To validate our approach, we compared the output response 
of three systems to a new input sequence:

(1) The true original system with known parameters,
(2) The directly identified original system,
(3) The reconstructed system from subnetwork estimates.

The validation was performed using a 100-step simulation 
with two sinusoidal test input signals defined as
utest,1(t) = 1 + sin(0.2t) + wnoise(t),

utest,2(t) = 2 + cos(0.15t) + wnoise(t),
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where wnoise(t) ∼ N (0, σ 2
w) represents Gaussian process noise. 

disturbance inputs were modeled as white noise, and measure-
ment noise enoise(t) was also added with controlled variance (see 
Fig.  3).

Quantitative validation was performed by computing the mean
squared error (MSE) and Pearson’s correlation coefficients be-
tween the true system outputs and those of the identified systems 
under three noise levels:
(wnoise, enoise) = (0.1, 0.05), (0.2, 0.1), (0.5, 0.25).

Across all noise configurations, both the directly identified and 
reconstructed systems exhibited nearly identical performance, 
with MSE values remaining below 10−2 and correlation coeffi-
cients consistently above 0.996. These results confirm that the 
reconstructed system faithfully reproduces the dynamics of the 
original network, even in the presence of significant process and 
measurement noise.

To verify the robustness and generalizability of our approach, 
we repeated the experiment on 50 randomly generated networks 
with larger dimensions: n = 10 states, m = 3 actuated inputs, 
v = 2 disturbance inputs, and o = 3 outputs. Each network 
was generated with random sparse connectivity patterns and 
subjected to medium noise levels (wnoise, enoise) = (0.2, 0.1).

Across all 50 trials, both the directly identified and recon-
structed systems exhibited nearly identical performance, with 
MSE values remaining below 10−2 and correlation coefficients 
consistently above 0.996. Furthermore, the decomposition-based 
approach demonstrated significant computational efficiency gains
direct identification of the full network required 7.74± 1.85 sec-
onds on average, while the decomposition–reconstruction strat-
egy reduced this to 0.081 ± 0.016 seconds.

These results confirm that the reconstructed systems faithfully 
reproduce the dynamics of the original networks, demonstrating 
the consistency and scalability of our decomposition-based iden-
tification framework. The MATLAB implementation of our method 
is publicly available at https://github.com/alessandrovaralda9-
web/fractional-order-networks.git.

5. Conclusion and future research

This paper established theoretical conditions for structural 
identifiability in fractional-order discrete-time networks through 

https://github.com/alessandrovaralda9-web/fractional-order-networks.git
https://github.com/alessandrovaralda9-web/fractional-order-networks.git
https://github.com/alessandrovaralda9-web/fractional-order-networks.git
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input–output decompositions based on network topology. This 
strategy partitions identification problems into simpler subprob-
lems: first identifying subsystem parameters, then interconnec-
tions. Simulation experiments validated that this hierarchical de-
composition preserves identifiability while achieving significant 
computational speedup, confirming accurate reconstruction from 
independently estimated subsystems.

Our framework assumes distinct parameter sets θA, θB, and 
θG for system matrices. While this facilitates decomposition with 
clear theoretical guarantees, extending to systems with parame-
ter coupling remains important future work. Additionally, opti-
mizing input–output placement to yield smaller, independently 
identifiable subnetworks can further enhance efficiency for prac-
tical applications across scientific and engineering disciplines.

Important directions for future research include: (i) extending 
our framework beyond Assumptions 1 and 2 to handle more 
general input/output configurations where inputs can influence 
multiple states or outputs measure combinations of states, (ii) 
developing optimization frameworks to systematically determine 
network decompositions that maximize the number of subnet-
works while minimizing inter-subsystem coupling, and (iii) in-
vestigating the uniqueness of state-space representations for 
fractional-order networks, particularly whether memory effects 
impose stricter constraints on admissible similarity transforma-
tions compared to classical LTI systems. 

Such extensions would broaden the applicability of our iden-
tifiability theory while further enhancing the computational scal-
ability of our approach for large-scale fractional-order networks.
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