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ARTICLE INFO ABSTRACT

MSC: In this paper, we study uniform rooted plane trees with given degree sequence. We show
60C05 that, under some natural hypotheses on the degree sequences, these trees converge towards
60F17

the so-called Inhomogeneous Continuum Random Tree after renormalization. Our proof relies

gggg: on the convergence of a modification of the well-known Lukasiewicz path. We also give a
unified treatment of the limit, as the number of vertices tends to infinity, of the fragmentation
Keywords:

process derived by cutting down the edges of a tree with a given degree sequence, including its
geometric representation by a lamination-valued process. The latter is a collection of nested
Fragmentation processes laminations, which are compact subsets of the unit disk made of non-crossing chords. In
Inhomogeneous CRT particular, we prove an equivalence between planar Gromov-weak convergence of discrete trees
Lamination of the disk and the convergence of their associated lamination-valued processes.

Bridge with exchangeable increments
Continuum random tree

Scaling limits

1. Introduction

In his seminal papers [1-3], Aldous introduced the so-called Brownian Continuum Random Tree (Brownian CRT) as the limit —
after renormalization of distances — of a uniform tree with n vertices, and more generally, of critical size-conditioned Galton-Watson
trees with finite offspring variance. The Brownian CRT has appeared since then as the limit of various random tree-like structures
such as multi-type Galton-Watson trees [4] or unordered binary trees [5]. Over the last decade, the study of scaling limits of
large discrete random trees towards a random continuum tree has seen numerous developments and found extensive applications
in the study of other random structures. These include, among others, random planar maps [6], random dissections of regular
polygons [7,8], fragmentation and coalescent processes [9] or Erd6s—Rényi random graphs in the critical window [10]. In this
work, we investigate the scaling limit of trees with a given degree sequence, along with their associated laminations (sets of chords
in the unit disk).

For a finite rooted plane tree t, let V(t) denote its number of vertices. If V(t) > 1, then for i > 0, let N;(t) be the number
of vertices in t having i children (or out-degree i). The sequence (N,(t),i > 0) is called the degree sequence of t, and satisfies
V) = ZiZO N;t)=1+ Z,.ZO iN,(t). Moreover, for n € N, a sequence s, = (N[',i20) of non-negative integers is the degree sequence
of some finite rooted plane tree if and only if 3},.o N/’ = 1+, iN/' < co. Then, a random tree with given degree sequence (TGDS)
s, is a random variable whose law is uniform on the set T, of rooted plane trees with V, := ¥, N|' vertices amongst which N/’
have i offspring for every i > 0, and E, := Y, iN/" edges.

i>0
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1.1. Scaling limits of trees

Scaling limits for trees with given degree sequences were first studied by Broutin & Marckert [11]. Let s, be a degree sequence
and t, be a random tree sampled uniformly at random in T, . We see t, as a rooted metric measure space (t,, o ), 1ee. t, is
identified with its set of V, vertices, r&' is the graph-distance on t, (that is, all edges have length 1), p, is its root, and y, is the
uniform measure on the set of vertices of t,. Consider the global variance term o2 = Y5, i(i— 1)N" for the degree sequence s, (with
o, > 0), and the maximum degree 4, = max{i > 0 : N/ > 0} of any tree with degree sequence s,. Under technical assumptions on
s,» in particular 62 ~ 62V, as n - oo for some ¢ € (0, 0) and lim,_, 6,14, = 0, Broutin & Marckert [11] showed the convergence
in distribution,

Oy or d
<t,,, 7",, 717,17/4”)—’ (Tgy»>"Br> PBr» MBr)s @S H — 00,

n
for the so-called Gromov-Hausdorff-Prohorov topology, where (73, rg,, pp;. #p,) is the Brownian CRT. In particular, ug, is a
probability measure supported on the leaves of Tg,.

Marzouk [12] proved a weaker convergence (in the sense of subtrees spanned by finitely many random vertices) by requiring
only the condition lim,_,, 6,4, = 0. To be precise, fix ¢ > 1 and let uy,...u, be g i.i.d. uniform random vertices of t,. The reduced
tree t,(,") is obtained by keeping only the root of t,, these ¢ vertices, the branching points (if any), and then connecting by a single
edge two of these vertices if one is the ancestor of the other in t, and there is no other vertex of t2 inbetween. We define the length
of an edge ¢ in t as the number of edges in t, between the endpoints of e. In particular, the combinatorial structure of t9 is that
of a rooted plane tree with at most ¢ leaves, so there are only finitely many possibilities, and thus there are a bounded number of
edge lengths to record. Following Aldous [3], if tﬁl’” has k vertices (and thus k — 1 edges), one can formally regard tf,‘” as a rooted
plane tree with edge lengths, that is, a vector (t, 7, ...,%;_;) € T} xR‘:l, where T is the set of rooted plane trees with k vertices, t
is the tree t,(,q) without edge lengths and the ¢;’s are the edge lengths. The space of trees with edge lengths is thus endowed with the
natural product topology (i.e., T is equipped with the discrete topology and R’fr‘l with the usual one). For xi, ..., x, i.i.d. random
points of the Brownian CRT 73, sampled from its mass measure ug,, one can construct similarly a discrete tree with edge lengths
TB(;’); see [3]. If lim 6714, = 0, Marzouk [12] proved that, for every ¢ > 1, one has the convergence in distribution,

n—co “p

&tfﬂ)—d» TB(:’), as n — oo.
n

In this work, we go one step further and, under the existence of at most countably many large degree vertices (see (A.2) and
(A.4)), we prove weak convergence of t, towards the associated Inhomogeneous continuum random tree (Inhomogeneous CRT,
which may be different from the Brownian CRT). The Inhomogeneous CRT, introduced in [13,14], arises as the scaling limit of
another model of random trees called p-trees (or birthday trees). The simplest description of the Inhomogeneous CRT is via a line-
breaking construction based on a Poisson point process in the plane which can be found in [14,15]. The spanning subtree description
is set out in [13], and its description via an exploration process is given in [16]. An Inhomogeneous CRT (7y, ry, py, Hy) is uniquely
defined by a parameter set 8 := (6,6, ...) such that

0,20,>>0, 0,>0, » 67=1 andeither 6,>0 or Y 6, =oo;
i>0 i>1
see Fig. 1, left for a simulation of an Inhomogeneous CRT. In the special case 6 = (1,0,0, ...), T, is precisely the Brownian CRT. For
q > 1, a discrete tree with edge lengths, TG("), can be constructed from g i.i.d. random points of 7, sampled from the mass measure
Hy. Its distribution is described in [13-15].

Theorem 1. Forn €N, lets, = (N/',i > 0) be a degree sequence. Let (d"(i),1 < i < V,) denote the associated child sequence, obtained
by writing N zeros, N| ones, etc., and ordering the resulting sequence decreasingly. Assume that there exists a sequence (b,,n > 1) with
b, — oo such that, as n - co:

(A.1) Size. V, > o;
(A.2) Hubs. For all i > 1, the sequence (d"(i)/b,,n > 1) converges to a limit 6, > 0;
(A.3) Degree variance. b]—z Yisoli = D*N! = 1;

(A4) 0y=1/1-Y,6>>0 and 3,6, <co.

Then, for all ¢ > 1, we have that

d
—"tflq)*—» TG@, as n — oo,
n
where T, is an Inhomogeneous CRT with parameter set 6 = (6., 0,,...) and the convergence is in distribution within the space of trees with
edge lengths, equipped with the product topology.

By Fatou’s lemma and (A.2)-(A.3), we have that Z,Z | 91.2 <1 and thus, 6, in (A.4) is well-defined. Observe also that the maximum
degree 4, is equal to d”(1) and thus, (A.2) implies that 4,/b, — 6, as n — . In particular, if #; = 0 in (A.2), the hypotheses made
in Theorem 1 correspond to the setting studied by Marzouk [12]. Indeed, by (A.3), the global variance aﬁ = Z,.Z Lii =N} of the
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Fig. 1. Simulation of an Inhomogeneous CRT 7, and its associated lamination L(7), for 6 = (1/ \/7 2/ \/7 1/ \/7 1/ \/7 0,...).

degree sequence s, satisfies that 62/6> — 1, as n > co. On the other hand, Theorem 1 together with [17, Theorem 5] implies the
convergence in distribution

b, or d
t,, ALY e (Ty>79> Pgs Hg)» @S n — 0o, (€9)]

n

for the so-called Gromov-weak topology (often cited as Gromov-Prohorov topology); see e.g. Section 4.4 for background.

In the regime of possibly countably many large degree vertices (A.2) and (A.4), Theorem 1 characterizes the possible scaling
limits of this model of random trees. It is then natural to wonder whether (1) can be reinforced to hold for the stronger Gromov—
Hausdorff-Prohorov topology under the assumptions (A.1)-(A.4). To achieve this, one would need to prove the tightness of the
sequence of discrete trees (see e.g. [3, Equation 25]), which requires precise estimates of the height of t,. However, as pointed
out in [12, Section 1.2], there are cases where the maximal height of the tree can be much larger than V, /b, and thus no general
tightness result as in [11] holds.

Recently, Blanc-Renaudie [18, Theorem 5 (a)-(b)] independently proved a general result (including the case Z,.Zl 0, = ).
Indeed, [18, Theorem 6 (b)] shows that, under [18, Assumption 2 (b)] (this assumption is similar to our conditions (A.1)-(A.3)), t,
converges, after normalization by V,/s,, towards the Inhomogeneous CRT, for the Gromov-weak topology; see also the remarks
after [18, Theorem 6 (a)-(b)]. Nevertheless, our methods are completely different. In contrast to Blanc-Renaudie’s recursive
construction for TGDSs based on a modified Aldous-Broder algorithm, this work adopts a classical approach centered around the
Lukasiewicz path and its associated height process. The height process is a significant object of study in its own right and its analysis
is central to the present work.

On the other hand, Blanc-Renaudie [18, Theorem 7] implies, under additional tightness conditions ([18, Assumption 7]), the
convergence of t, for the Gromov-Hausdorff-Prohorov topology. To be precise, Blanc-Renaudie provides under those conditions
an upper bound for the height of t,, and uses similar estimates to control the Gromov-Hausdorff distance between t,(,q") and t,,
for a well-chosen sequence (g,,n > 1). The height estimate in [18] is the ingredient we are missing to prove the tightness of the
sequence of discrete trees (i.e., [3, equation (25)]), and thus, under some additional technical conditions, the convergence for the
Gromov-Hausdorff-Prohorov topology.

A natural question would be to deduce an analogous result to Theorem 1 in the case )., 6; = co by studying the asymptotic
behavior the height process of the discrete trees. This broader setting, however, introduces additional technical complications. For
instance, defining the height process of the Inhomogeneous CRT in this context remains an open problem.

Finally, we expect that similar results also hold for forests with given degree sequence. This has only been investigated under
the assumption of no large degree vertices by Lei [19] and Marzouk [12]. In particular, they view the forest as a single tree by
attaching all the roots to an extra root vertex. In this framework, the limit is a different continuum tree that is encoded by a certain
Brownian first-passage bridge.

1.2. Fragmentations and laminations

Aldous, Evans and Pitman [9,20,21] initiated the study of fragmentation processes derived by deleting the edges of (random)
trees one by one, uniformly at random. As time passes, the deletion of edges creates more and more connected components whose
ordered sequence of sizes is called the fragmentation process of the tree. Aldous, Evans and Pitman studied the case of a uniform
random tree with n labeled vertices and showed that the associated fragmentation process, suitably rescaled, converges to the
fragmentation process of the Brownian CRT as n — oo; see also [22,23]. This latter is connected to the standard additive coalescent
via a deterministic time-change and it is constructed by cutting down the skeleton of the Brownian CRT in a Poisson manner. Aldous
and Pitman [15] (see also [20]) established a similar result in the broader context of p-trees. They showed that this fragmentation
process converges after rescaling to the fragmentation process of the Inhomogeneous CRT. Recently, the first authors [24] studied
the case of critical Galton-Watson trees conditioned on having n vertices, whose offspring distribution y belongs to the domain of



G.B. Ojeda et al. Stochastic Processes and their Applications 196 (2026) 104816

attraction of a stable law of index a € (1,2] (a-stable Galton—-Watson trees). In this case, the limit is the fragmentation process of
the so-called a-stable Lévy tree constructed by cutting down its skeleton in a Poisson manner.

It turns out that the fragmentation process of a tree can be coded by a non-decreasing process of subsets of the unit disk called
laminations. A lamination is a closed subset of the closed unit disk D made of the union of the unit circle S' and a set of chords
that do not intersect in the open unit disk D. A face of a lamination L is a connected component of the complement of L in D.
Laminations appear for instance in topology and hyperbolic geometry, see [25] and references therein. We denote by L(D) the set
of laminations of D and equip it with the usual Hausdorff topology on the compact subsets of D.

The idea of coding (random) trees by (random) laminations of D goes back to Aldous [7,8] in his study of a uniform triangulation
of a large polygon. Since then, laminations have appeared in different contexts, as limits of discrete structures [26-28] or in the
theory of random maps [29]. Roughly speaking, each chord of the lamination corresponds to an edge of the tree. Then, by adding
chords one by one in the order in which the corresponding edges are removed, we code the fragmentation of the tree by a random
process taking its values in L(D) (see Section 4 for a rigorous definition of this process). Furthermore, at any given time in the
process, there is a one-to-one correspondence between faces of the lamination and connected components of the fragmented tree. In
the case of a-stable Galton-Watson trees, the third author proves in [28] the convergence of this lamination-valued process, towards
a limiting process that can be constructed directly from the corresponding a-stable Lévy tree and encodes its fragmentation process.

A natural way of extending the previous investigations is to study the asymptotic behavior of the fragmentation process and
the lamination-valued process derived by cutting-down a rooted plane tree, and in particular a tree with given degree sequence.
This is the second goal of this paper. To present the main result of this section, we need some notation and background that some
readers may not be familiar with. We refer to Section 4 for proper definitions. For z a finite rooted plane tree, let (L,(z),t > 0) be
the lamination-valued process associated to the fragmentation of = (that is, for all + > 0, IL,(z) is obtained by removing the first
] A (¢(z) — 1) edges from 7, where {(r) denotes the number of vertices of z, and drawing the corresponding chords in the disk);
see Definition 1. For I C R, a closed interval, let D(I,M) be the space of cadlag functions (that is, right-continuous with left limits)
from I to a metric space M. We equip D(/,M) with the J;, Skorohod topology; see e.g. [30, Section 5 in Chapter 3] or [31, Chapter
3] for details on this space. We denote by 7 = (T, r, p, 1) a plane continuum tree, that is, (7, r) is a metric space, p is a distinguished
element of 7 called the root, y is a probability measure on the set of leaves of 7, and 7 is endowed with a compatible total order;
see Definition 5. As in the case of finite trees, it is possible to define from 7" a lamination-valued process (L,(7), > 0) obtained by
cutting 7 in a Poissonian way and associating to each cutpoint a chord in the disk; see Section 4.3.1.

For n > 1, let 7, be a (possibly random) rooted plane tree. We view it as a rooted metric measure space (z,,, 5, @,, u,), i.e., 7,
is identified as its set of vertices, r' is the graph distance on z,, @, is the root of 7, and g, is the uniform measure on the set of
vertices of 7,. In this work, whenever we consider a random rooted plane tree z, we always assume that the number of its vertices,
{(r), is deterministic. Similarly, for a sequence of such trees (z,,n > 1), we also assume that {(z,) is deterministic for all n > 1.

The following result, which in particular can be applied to trees with given degree sequence, states the equivalence of (a planar
version of) the Gromov-weak convergence of a sequence of plane trees (see Definition 9) and the convergence of its associated
lamination-valued processes. Planar Gromov-weak convergence is weaker than the convergence used in Theorem 1 (i.e., of trees
with edge lengths) because, in the former, branching points may merge at the limit.

Theorem 2. Let (7,,n > 1) be a sequence of random rooted plane trees, T be a random plane continuum tree and (a,,n > 1) be a sequence
of non-negative real numbers satisfying a, — o and {(r,)/a, — o, as n — . Then, the following assertions are equivalent:

(C.1) Ly, (50,12 0= (L(T),120), asn— oo, in DR, LOD)).

(C.2) <rn, %r,g,r,ﬂ,,, ,u,,) — (T,r,p, u), as n — oo, in the planar Gromov-weak sense.
n

To prove Theorem 2, we develop a general approach based on the notion of reduced laminations that may be of independent
interest. These reduced laminations are constructed considering reduced trees obtained by sampling only a finite number of vertices
in the tree. In particular, the more vertices are sampled, the closer one is to the lamination-valued process associated with the entire
tree.

Theorem 2 and Theorem 5 (in Section 3.2) together imply the following result regarding the lamination-valued process
associated with the fragmentation of a tree with a given degree sequence t,. Specifically, Theorem 5 establishes the convergence of
(t,s (b, / VIS, s 1) towards the Inhomogeneous CRT 7, in the planar Gromov-weak sense (Definition 9). In contrast to Theorem
1, Theorem 5 takes the order into account.

Corollary 1. Suppose that s, satisfies (A.1)—(A.4). Let T, be an Inhomogeneous CRT with parameter set 0 = (6,0, ...). Then, jointly
with the convergence of Theorem 1, we have that

Ly, (t,), 1 2 0)i L, (Ty),t 2 0), asn— oo, in DR, LD)).

In Fig. 1, one can see a simulation of L (7)) := lim,_ L,(7y), for a given parameter set §. Theorem 2 (or Corollary 1)
does not directly imply the convergence, after proper rescaling, of the fragmentation process associated with a tree t, having a
given degree sequence. However, this convergence can be established independently, without relying on the scaling limit of t,.
The precise statement (Theorem 8) is deferred to Section 5. We highlight here that the limiting process, say (F(¢), > 0), of this
rescaled fragmentation process corresponds exactly to Bertoin’s construction [32,33] using partitions of the unit interval induced by
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specific bridges with exchangeable increments (see Section 5). Furthermore, (F(7),7 > 0) coincides with the fragmentation process
Fr,®),1>0) of the Inhomogeneous CRT 7,, with parameter set 6 = (6,6, ... ), as shown in [15].

On the other hand, one can readily observe that the rescaled size of a component in the fragmentation process of t, corresponds to
the mass of the associated face in the lamination process, defined as (2z)~! times the fraction of its perimeter lying on the unit circle.
Then, as a consequence of Theorem 8, we can relate the sequence of masses of the faces of (L,(7),t > 0) with the fragmentation
process (F(),t > 0). For any lamination L € (D), let Mass[L] denote the sequence of the masses of its faces, sorted in non-increasing
order. Consider also the infinite ordered set

A::{x:(xl,xz,...):x1>x2 - >0and Zx <oo}
i=1

We equip A with the #!-norm, ||x]l; = X2, |x;| for x € A.

Corollary 2. Suppose that s, satisfies (A.1)-(A.3) and
(A.5) cither 0y := /1= Y,5,0?>00r 35,0, = 0.
Then,
(Mass[]L,bn t),t> O)—d> F@®),t>0), asn— oo, inDR,,A).
Furthermore, the limiting process satisfies that, almost surely, (FTH ®),t > 0) = (Mass[LL,(Ty)1, 7 > 0).

Note that there is a priori no connection between the convergence of the fragmentation process in Corollary 2 and the
convergence of the lamination-valued process in Corollary 1. Roughly speaking, Corollary 2 controls how small edges disappear
at the limit, along the convergence of the lamination-valued processes in Corollary 1.

Let us finish with a remark on the assumptions that we make on the degree sequences. The hypotheses size (A.1), hubs (A.2),
degree variance (A.3) and unbounded variation (A.5) are exactly those made in [34] to study the profile of a TGDS. They are
necessary to apply the characterization and convergence results for exchangeable increments processes of [35] that are crucial to
understand the shape of a TGDS via its Lukasiewicz path.

1.3. Organization of the paper

In Section 2, we first recall the definition of rooted plane trees and their encoding by paths. In Section 3, we prove Theorem 1
by studying the behavior of a modified version of the L.ukasiewicz paths associated with trees with given degree sequence. Section 4
is devoted to the study of lamination-valued processes of rooted plane trees and plane continuum trees; we prove in particular
Theorem 2. Finally, in Section 5, we prove Theorem 8, showing the convergence of the associated fragmentation processes, as well
as Corollary 2.

Notation. For I = [a,b] for some a < b, or I = [a,+) for some a € R, for / € D(I,R), we denote by f(¢) the value of f atr e I,
by f(t-) its left hand limit at time ¢ (with the convention f(a—) = f(a)) and by Af(t) = f(t)— f(t—) the size of the jump (if any) at 7.

P
We wr1te—> — and— to denote convergence in distribution, probability and almost surely, respectively.
2. Plane trees and their encoding paths

We provide here some background on finite rooted trees and recall how they can be coded by different integer-valued paths.

Following Neveu’s formalism [36], let N = {1,2,...} be the set of positive integers and consider the set of labels U = |J,5, N"
(with the convention that N° = {fJ}). An element u € U is a sequence u = (uy, ...,,u,) of positive integers. If v = (vy, ...,0,,) € llf, we
let uv = (uy,...,u,,vy,...,v,) € U be the concatenation of u and v. By a slight abuse of notation, if z € N, we let uz = (u, ..., u,, z).
A rooted plane tree is a non-empty, finite subset z C U, whose elements are called vertices, such that: (i) § € z; (ii) if v € r and
v = uz for some z € N, then u € 7; (iii) if u € 7, then there exists an integer k, > 0 such that ui € 7 if and only if 1 < i < k,.
We view each vertex of r as an individual of a population whose genealogical tree is 7. The vertex ¢ is called the root of the tree.

For every u = (uy,...,u,) € 7, the vertex pr(u) = (uy,...,u,_;) is its parent, k, represents the number of children of u (if k, = 0,
then u is called a leaf, otherwise, u is called an internal vertex), and |u| = n represents the length (or generation, or height) of u.
We let y, € {1,...,k,,} be the only index such that u = pr(u)y,, which is the relative position of u amongst its siblings. For two

vertices u, v € 7, denote by u A v the first (highest) common ancestor of « and v. The total progeny (or size) of = will be denoted by
¢(r) = Card(z) (i.e., the number of vertices of 7). In the following, by tree, we will always mean a finite rooted plane tree and we
denote the set of all trees by T. By a slight abuse, we consider a tree r as a metric space, by drawing an edge of length 1 between
each non-root vertex u and its parent pr(u).

For u,v € 7, we denote by [u, v] the unique geodesic path between u and v in 7, and [[u, v[= [u, v]\{v}. In particular, we write
[[@, u[[ for the ancestral line of u. For u € 7, let us denote by L(x) and R(u) respectively the number of vertices whose parent is a strict
ancestor of u and which lie strictly to the left, respectively to the right, of the ancestral line [[#, u[[. To be precise, for some n € N,
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let u = (uy,...,u,) € 7 where y; € N, for 1 <i < n For 1 <i<n,let vy, =uand v,_j = prvge1-p) = Wy, ..oou,;), for 1 < j <n
(with the convention V) = @, the root of z.). So, [@,u[[= {vyy 1 0<i<n},
n—1 n—1
L(u) = %(um —1) and R@)= 25(% — ). )
1= =l

Then, we set LR(u) = L(u) + R(u), the total number of individuals branching-off the ancestral line of u.
We will use three different orderings of the vertices of a tree r € T:

(i) Lexicographical ordering. Given v, w € 7, we write v <., w if there exists u € = such that v = u(vy, ..., v,), w =u(w,, ..., w,,)
and v; < w.
(ii) Reverse-lexicographical ordering. Given v, w € 7, we write v <.,
(iii) Prim ordering. Let edge(r) be the set of edges of r and consider a sequence of distinct and positive weights w = (w, : e €
edge(7)) (i.e., each edge e of 7 is marked with a different and positive weight w,). Given two distinct vertices u,v € 7, we
write {u, v} for the edge connecting u and v in 7 - if it exists. Let us describe the Prim order <p, of the vertices in z, that
is, @ = u(0) <prim (1) <prim " <prim #({(7) — 1). First set u(0) = ¢ and D, = {u(0)}. Suppose that for some 1 < i < {(r) -1,
the vertices u(0), ...,u(i — 1) have been defined. We will use the notation D; for the set {u(0),...,u(i — 1)}, for 0 <i < {(z) — 1.
Consider the minimum of the set of weights {w,,, : u € D;,v & D;} of the edges between a vertex of D; and another outside
of D;. Since all the weights are distinct, this minimum is reached at a unique edge {i, 5} where i € D; and 0 ¢ D,. Then set
u(i) = 0. This iterative procedure completely determines the Prim order <p,.

w if w <jex v

Lukasiewicz path, reverse-Lukasiewicz path and Prim path. Fix = € T, and for =€ {lex, rev, prim}, associate to the ordering ¢ = u(0) <,
u(l) <, - <, u(r) — 1) of its vertices a path W* = (W (i),0 < i < {(r)), by letting W*(0) = 0 and for 0 < i < {(z) - 1,
Wi+ 1) = W*(i) + k,;, — 1. Observe that W*(i + 1) = W*(i) = k,;) — 1 > =1 for every 0 < i < {(z) — 1, with equality if and only if
u(i) is a leaf of 7. Note also that W*(i) > 0 for every 0 <i < {(z) — 1, and W*({(z)) = —1. We shall think of such a path as the step
function on [0,{(7)] given by s = W*(|s]). The path ere" is usually called the Lukasiewicz path of 7 and we will refer to W' and
VVTPrim as the reverse-Lukasiewicz path and the Prim path of z, respectively.

In particular, if ff = u(0) <|ex u(1) <|ex *** <1ex 4({(z) — 1) is the sequence of vertices of 7 in lexicographical order, then

R(u(i)) = WI(i), for 0 <i<¢(r)- L. 3)
Similarly, if # = u(0) <jey (1) <tey =+ <rey U({(r) — 1) are listed in reverse-lexicographical order, then

L(u(i)) = WI*(@i), for0<i<{(r)—1. 4

Height process. Let @ = u(0) <oy u(1) <jex *+ <jex #({(r) — 1) be the sequence of vertices of = € T in lexicographical order. The height
process H, = (H,(i) : 0 < i < {(7)) of 7 is defined by letting H_(i) = |u(i)|, for every i € {0,...,{(r) — 1}, and H,({(z)) = 0. We
sometimes think of H, as a continuous function on [0, {(z)], obtained by linear interpolation.

Contour function. The contour function C, = (C,(s), s € [0,2¢(z)]) of = € T is defined as follows. We see r embedded in the oriented
half-plane, with each edge having length one. We then imagine a particle exploring continuously all edges of = from left to right at
unit speed, going backwards when it reaches a leaf. For all s € [0,2{(z) — 2], let C,(s) be the distance from the particle to the root
@ at time s. By convention, we set C,(s) = 0 for s € [2{(z) — 2,2¢(z)]. In particular, C, is continuous and C,(0) = C,(2¢(z)) = 0.

3. Convergence of the trees with given degree sequences

In this section, we prove Theorem 1 which states the convergence of trees with a given degree sequence towards the
Inhomogeneous CRT. In Section 3.1, we first recall the definition of the exploration process that encodes the Inhomogeneous CRT.
In Section 3.2, we introduce the discrete version of the above exploration process, the so-called modified Lukasiewicz path, which
encodes a TGDS. We then prove that this modified Lukasiewicz path, suitably rescaled, converges to the exploration process of
the Inhomogeneous CRT, which implies Theorem 1. Finally, in Section 3.3, we consider a specific case in which we can prove the
convergence of the trees for the Gromov-Hausdorff-Prohorov topology.

3.1. The exploration process of the inhomogeneous CRT

Let us start with some definitions. A bridge with exchangeable increments (abridged EI bridge) is a continuous-time stochastic
process X% = (X%2(r),t € [0, 1]) with paths in D([0, 1], R), of the form

(s
XP5(1) = 0,B™(0) + ) 0,1y, — D, tEIO, 1],
i=1
where BP® = (B%(t),t € [0,1]) is a Brownian bridge on [0, 1], (U;,i > 1) are i.i.d. random variables with uniform law on [0, 1]
independent of B, and 6, € R,, 6, > 6, > - > 0 are constants such that Y., Gl.z < co. We say that X2 is an EI bridge with
parameters (6;,i > 0); see e.g. [37, Theorem 16.21].
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The so-called Vervaat transform (or Vervaat excursion) was introduced by Takacs [38] and used by Vervaat [39] (see also [33,
Section 3] or [40, Section 4.2]) to change a bridge-type process with paths in D([0, 1], R) into an excursion-type process (i.e., a
non-negative process that is equal to O at times 0 and 1). More precisely, let X = (X(¢),7 € [0, 1]) be a stochastic process with paths
in D([0, 1], R) such that X(0) = 0. Then, the Vervaat transform of X is the stochastic process Very := (Very (1), € [0, 1]) with paths
in D([0, 1], R), defined by

X(t+py) —infoc ) X(5) if r+px<1,

: 5
X(t+py — D+ X(1)—infoe,o X(s)  if  14+py > 1 ®

Very (?) = {
where py =inf {u € [0,1] : min(X(u-), X)) = infoc,<; X ()}

Through this manuscript, unless otherwise specified, we always consider an EI bridge X with parameters (6;,i > 0) such that
Z;zo 9‘.2 =1 and (A.5) is satisfied (i.e. either 6, > 0 or 2[21 0; = ). This is a necessary and sufficient condition for X b to have paths
of infinite variation. More importantly, by [41] or [33, Proof of Lemma 6], it is well-known that under this condition X2 almost
surely achieves its infimum at a unique time pyv, and continuously. Then, we let X*¢ = (X*°(¢),t € [0, 1]) be the excursion-type
process associated to X2 via its Vervaat transform. Note that X¢¢(0) = X**(1) = 0 and X*°(¢) > 0 for all ¢ € (0, 1).

The excursion process X is not necessarily continuous. However, following [16, Section 2], one can also associate to X"¢ a
continuous excursion process H**. For i > 1 such that 6; > 0, write t; = {U; — pyv, } (the fractional part of U; — pyu.) for the location
of the jump with size 6; in X**. For each i > 1 such that §; > 0, write T; = inf{t € (1;, 1] : X**°(r) = X**°(¢;—)}, which exists since the
process X has no negative jumps and goes back to 0 at time 1. In particular, all #,’s and T;’s are distinct almost surely. For i > 1
such that 6; > 0, let R; = (R;(u),u € [0, 1]) be the process defined by

of exc _ Yexc(s _ i T
R = inf, <o X2°0) = X0,-) i we T, ©)
0 otherwise.
If 9; = 0 then let R; be the null process on [0, 1]. Define the process H®*¢ = (H®*(u),u € [0, 1]) by
HY W) = X (u) — Z Ryu), foruel0,1]. )

i>1
As explained in [16, Section 2], H®*¢ is a well-defined continuous excursion-type process. Furthermore, Aldous, Miermont and
Pitman [16, Theorem 1] also showed that, when 6, > 0 and }’,,, 6; < oo, H® is the height process (up to a scaling factor) of an
Inhomogeneous CRT with parameter set 6 = (6,6, ...).

3.2. The modified Lukasiewicz path

For n € N, let s, be a degree sequence satisfying (A.1)-(A.3) and (A.5). We then sample a tree t, uniformly at random from ’]I‘Sn
and let Wn‘“ = (Wn‘ex(V,,u),u € [0, 1]) denote its time-rescaled Lukasiewicz path. Recall that V, denotes the number of vertices in t,.
Let (b,,n > 1) be a sequence satisfying (A.2), and X be an EI bridge with parameters (¢;,i > 0) as in (A.2).

Theorem 3. Suppose that s, satisfies (A.1)—(A.3) and (A.5). Then,

bW W,u),u € [0, 1D (X(u),u € [0.1]), as n - co, in D(0, 11, R).

Proof. Let z, be a uniform permutation of {1,...,V,}. Recall that (d"(i),1 < i < V,) denotes the associated child sequence of s,.
Define the process Y, = (Y,(w),u € [0, 1]) by letting

[Vaul

Y, @)= Y (d"(x,@) -1, for uel0,1].

i=1
For 1 <i <V,, define AY,(i/V,) = Y,(i/V,) = Y,((i = 1)/V,,) = d"(x,(i)) — 1. Note that the increments (4Y,(1/V,), AY,(2/V,) ..., AY,(1))
are exchangeable (i.e., their distribution is invariant under permutation). Note also that A4Y,(i/V,) = d"(x,(i)) — 1 > —1, for every
1 <i <YV, and furthermore, Y,(1) = —1. Define

. =min{i €1V} Y, G/V,) = min Y,,(j/V,,)}.

and let Y = (¥, (u),u € [0,1]) be the Vervaat transform of Y,; see (5). Note that Yu) > 0, for u € [0, 1), and Yy = -1
Under our assumptions (A.1)-(A.3) and (A.5), it follows from [35, Theorem 2.2] that

(b;lY,,(u),u €0, 1])—d> (X*%(u),u € [0,1]), asn — oo, in D([0, 1], R).

Since the process X"¢ achieves its infimum in a unique time and continuously, [33, Lemma 3] implies that b;lY:"C converges to
X, the Vervaat transform of X°¢. Finally, our claim follows by noticing (see e.g. [11, Proof of Lemma 7]) that Y* has the same
distribution as the Lukasiewicz path Wnlc". O
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We now describe a modification of Wnlex from which we construct the discrete analog of H*¢. Here we make the convention
inf @ =1 and sup @ = 0. For 6 > 0, define

0. N .6 . 1 .
00 :=0 and ¢ =influe (@ 1] [AW SV, > 8b,), for i>1,

and

T =inf{ue (72, 1] : WISWV,u) - W@, "~ = -1}, for i> 1

1

Set I® = sup{i >0 : 0 < tl'.“g < 1}. In particular, I’ < V,. Note that t;"‘s = Tl."'& =1fori> I¢. If I® > 0, then for i > 1, we let
R;”'5 = (R;“S(u),u € [0, 1]) be the process given by

o inf o _ . WXV, 5) = WISV, 1) if we .11,
: u)= i ==
! otherwise.

For i > 13 (even when I;f = 0), we set R,’."E(u) = 0, for all u € [0,1]. Then, for § > 0, we define the modified Lukasiewicz path
G® = (G4(V,u),u € [0,1]) of t, by letting

GE(V,u) = W (V,u) - Z R (). (8)
i>1
Note that the sum on the right hand side is always finite for every u € [0, 1], since the number of nonzero summands is 7°.
Let (H®*“(u), u € [0, 1]) be the continuous excursion process associated to an EI bridge (X**“(u), u € [0, 1]) with parameters (6;,i > 0)
defined in (7). Recall also the process R; = (R;(u),u € [0, 1]) defined in (6). For § > 0, we define the process G° = (G®(u),u € [0, 1])
by

Go(w) = H™ + Z Ry <5y = X¥(u) - Z Ry 9)

i>1 i>1
Theorem 4. Suppose that s, satisfies (A.1)—(A.4). Then, for 6 ¢ {6; : i > 1},
d
(b, G Vw7 WX W) - u € [0,1]) — (GPw), X™°(u) : u e [0,1]), asn — oo,

in D([0, 1],R) x D([0, 1], R). Moreover, as 6 | 0 (still with the assumption that 6 & {0, : i > 1}), (G®(u),u € [0, 1]) converges uniformly to
HCXC.

Observe that (A.4) is included in (A.5), so that in particular Theorem 3 holds under the assumptions of Theorem 4.

Proof of Theorem 4. Recall that, if 6, > 0, then 7; denotes the location of the jump with size 6, of X**¢, i.e. ; = {U; — pyve } (the
fractional part of U; — pyve). If 6; = 0, then we let 7; = 1. For 6 > 0, note that I° :=sup{i > 1: 6, > §} < co. By convenience, if §, < §
(and thus, 6, < 8, for all i > 1), then we set I = 0. On the other hand, for § > 0, define

#:=0 and ¢ =influe (@ ,1]:|AX"W)|>§), for ix>1

5
0 i1’

Here we also make the convention inf @ = 1. If I° > 0, then the sequence of times (*,1 < i < I%) is the sequence (;,1 <i < I°) in
increasing order. For each i > 1, write T/ = inf{r € (1>, 1] : X®°(t) = X*°(¢°-)} and let R® = (R%(),u € [0, 1]) be the process given

by

Riw = inf s, X90) = XO(0-) i we 1], T7),
! 0 otherwise.

Note that, if % = 1, then R®(u) = 0 for all u € [0, 1] and, if I° = 0, then R%(u) =0, for all u € [0,1] and i > 1. Then, it should be clear
that

Gou) = X™(u) — Z Ro(u), for wuel0,1]. (10)
i>1
Note that, under our assumptions (A.1)-(A.4), the result in Theorem 3 holds, i.e. the rescaled Lukasiewicz path b;l Wnlex converges
towards X°*. By the Skorokhod representation theorem, there exists a probability space on which this convergence holds almost
surely. Let us work on this space from now on. We claim that, for § ¢ {6, : i > 1},

(i) forall i > 1, lim,_, 7/ =1 as.,
(ii) if I° > 0, then for all 1 <i < I?, lim,_, ., Tl.”"S =T? as., and

GiiD) forall i > 1, (5;' R} @), u €[0,11) = (Ro@),u € [0, 1]) as., as n = oo, in D0, 1], R).

Note that (i) follows from Theorem 3 and [42, Proposition VI.2.7]. Indeed, [42, Proposition VI.2.7] consider paths in D(R,R).
However, a close inspection of its proof shows that the result holds for paths in D([0, 1], R) with minor modifications.

Next, we prove (ii). It follows from Theorem 3 that liminf,_ T‘.""S > Tf. Suppose that / = limsup,_, Ti""‘s > Tf and
up to extraction suppose that ' is actually the limit of (T,.""S,n > 1). Since (i) and [42, Proposition VI.2.1] imply that
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lim,,_ o, b7 WXV, %) = X*(2~), we would find that #' > T? with X(') = X®°(’~) and X®(s) > X(t2~), for s € [T7.1'].
This shows that X exC(tf—) is a local minimum of X°*¢, attained at time Tf, which is a.s. impossible by (A.4) and [16, Lemma 1].
Therefore, lim,_, ., T:’"’ = T? which proves (ii).
We now prove (iii). Suppose first that I° = 0. Then tf =1 and Rf (u)=0, for all i > 1 and u € [0, 1]. Moreover, for i > 1, a.s.,
sup [0 R )] < b7 max(JAW (¥, 17%)],1) = [AXS(1)[ =0, as n— oo,
0<u<l
by [42, Proposition VI.2.1]. Thus, (iii) holds whenever I’ = 0. Suppose now that I% > 0. By Theorem 3, there exists a sequence of

strictly increasing, continuous mappings (4,,,n > 1) of [0, 1] onto itself such that, a.s.,

lim sup |A,()—ul=0and lim sup ‘b;‘Wn‘eX(VnAn(u))—Xm(u) =0. (11)

=00 4e10,1] =00 4e10,1]

For 1 <i < I, we shall prove that, a.s.,

lim sup |57 R (4, () — R @w)| = 0. 12)

n=00 40,1
Suppose by contradiction that (12) does not hold. Then there exists £ > 0 and a sequence (z,,n > 1) € [0, 11N such that

b7 R (2,(2,)) — RO (z,)| > €. (13)

for infinitely many indices n. Extracting a subsequence if necessary, let us assume that this holds for all » and that either z, t z or
z, | z for some z € [0,1], as n > o0. If z ¢ [tf,T,.‘g], then, by (i) and (ii), for n large enough, 4,(z,), z, & [t?,Tf] U [t:"‘s,Tl.”’ﬁ], which
leads to a contradiction of (13).

Now, assume that z, 1 %, as n —> co and z, # ° for all n > 1. It follows also from (11) that 4,(z,) — #° and b;'W(V, 4,(z,)) -
X¢(19-), a.s., as n — co. On the other hand, if z, 1 T?, as n — o, then by (11) we have that 4,(z,) - T/ and bWV, 4,(z,)) —
Xe"c(Tf) a.s., as n — oo (note that XeXC(Tf) = Xe’“(tf—)). Thus, in both cases, b;l R;”ﬁ(in(zn)) — 0 and Rf(z,,) — 0 a.s., as n — oo, which
contradicts (13). If z,, 1 tf, asn — oo and z, = tf, for n large enough, then it follows from the definition of t;"‘s, [42, Proposition VI.2.1
and Proposition VI.2.7] that 4,(z,) = A,,(tf) = tf"s, for n large enough. In particular, for » large enough, Rf"s(i,,(z,,)) = AW,}ex(Vnt;"‘s),
and thus, by [42, Proposition VI.2.7], b;lR,'."&(/ln(zn)) — AX(t%) = RO(¢%) a.s., as n — oo, which contradicts (13).

Suppose finally that z, 1 z € (12, T?), then, by (i) and (ii), for n large enough, 4,(z,) € [t;"‘s, T,.""S] and z, € [*,T?]. Then,

by R (4, (2,)) = R)(z,)| < + (b, WL =) = X)) 14)

. I .
Cinf bW S (Vu) — 6ll’lf X(u)

ns
<y (z,) # <usz,

On the other hand, note that

inf bW (V) inf Xw)

no
t; <ugh,(z,) 17 <u<z,

<

. — 1 .
inf bW, A,w)—  inf X%

" )<usz, A @()<usz,

i

+ inf X*(u) — s inf  X**¢(u)

A ()<usz, 1 <u<z,

inf X*(w)— inf X(u)

A (0)<usz, P <usz,

< s[5 W0L4,@) - XOW)| + : (15)

) <usz,

where A;' denotes the inverse of 4,. It follows from (11), (14), (15), (i) and [42, Proposition VI.2.1] that b;lR;"‘s(An(z,,)) - Rf(zn)
converges to 0, a.s., as n — oo, and this yields to a contradiction of (13).

Similarly, if z, | z € [0,1], as n — oo, then one can check that (13) does not hold by considering the cases z = If, z = Tf,
z€ (1, TP) and z ¢ [12, T?], separately. We leave the details to the reader.

Therefore, we have showed (12), that is, (iii), for every 1 <i < I®. For i > I’, the proof of (iii) follows as in the case I° = 0.

Finally, we have all the ingredients to prove Theorem 4. Again, by Theorem 3, we know that there exists a sequence of strictly
increasing, continuous mappings (4,,#n > 1) of [0, 1] onto itself such that (11) holds. Note that we have actually shown during the
proof of (iii) that (12) holds for every i > 1. Hence the triangle inequality shows that for every fixed ¢ > 1 that, a.s.,

q
lim sup |b, ' W, (V,4,a) = D b R (4,) = X¥w) + Y RIw)| = 0. (16)

q
=00 ye(0,1] i=

i=1 i=1

Note that there exists ¢ such that, for n large enough, t".“s = tf =1, for i > ¢, which implies that RF’a(ln(u)) = Rf(u) = 0, for all
u € [0,1] and i > q. Therefore, the first part of Theorem 4 follows from (10) and (16). The second part of Theorem 4 follows by
Dini’s theorem (see for e.g., [43, Theorem 7.13]). [

Let (H,(V,u),u € [0,1]) be the time-rescaled height process associated to t,,.
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Theorem 5. Suppose that s, satisfies assumptions (A.1)-(A.4). Fix ¢ > 1, let U, ... .U, be ii.d. uniform random variables in [0, 1]
independent of the rest and denote by 0 = Uy, < Uy, < --- < Uy, their order statistics. Then,

6% p d
0 “n . .
—— | H,(V,,U;), inf H,V, u)) — (HeXC(U ) inf Hexc(u)> , asn— oo,
2V, < Oy susuy " 1<i<q O vy susug, 1<i<q

holds jointly with the convergence in distribution of the Lukasiewicz path from Theorem 4.

Assuming Theorem 5, we have now all the ingredients to establish Theorem 1.

Proof of Theorem 1. It follows from Theorem 5 and [16, Theorem 1]. Indeed, [16, Theorem 1] shows that, under our assumptions,
the exploration process of the Inhomogeneous CRT 7, with parameter set § = (6,,6,,...) is distributed as Q%H ¢, Further details
0

can be found in [16, Section 4]. []

Note that, in Theorem 5, we assumed that the degree sequence satisfies (A.4). But clearly, (A.4) is included in (A.5).
As a preparation for the proof of Theorem 5, we deduce the following property for degree sequences that satisfy (A.1)-(A.3)
and (A.5).

Lemma 1. Suppose that s, satisfies assumptions (A.1)-(A.3) and (A.5). Then, lim,_,  V, /b, = .

Proof. First, suppose that Zizl 0; = o in (A.5). Then, our claim follows from (A.1)-(A.2) since V,, > 1 + Zf.‘:] d"(i), for every fixed
1 <k <V,. Suppose now that 6, > 0 in (A.5) and that our claim does not hold, i.e., there exists a constant C > 0 such that, along a
subsequence, V, < Cb,,. Then, for any ¢ > 0,
b2 D= 1PN <BANG + 6,2 Y AN <Ch 462 Y AN +b7 Y PN
i>0 i20 i<|eb,] i>|eb, |

<Cb'+eC+b? Y NI

i
i>|eb, ]

aa7)

where we have used that V, = 3., N; = 1+ X5 iN;. Since we have assumed V,, < Cb,, we necessarily have 3, ., | Nj' < [C/e]
(by considering the number of children of these vertices). Hence,

b2 Y ENISBT Y (@)
i>1eb, i<[C/e]
By (A.2), we get that

limsupb;2 Z ile.”S Z B?SZH[Z.

n—eo i>|eby,| i<[C/e] i>1

Taking € < 93 /C provides a contradiction between (17) and (A.3). [J

Proof of Theorem 5. We will follow an argument similar to that of the proof of [12, Theorem 2.4]. Let U be uniformly distributed
on [0, 1] independently of t, and let u, be the |V, U | +1-st vertex of t, in lexicographical order, so that it has the uniform distribution
in t,. Recall that H,(|V,U]) = |u,| and that R(x,,) denotes the number of individuals branching-off strictly to the right of the ancestral
line [#, u,[ in t,; see (2). Recall that, by (3), R(u,) = Wnle"(V,,U ). Fix 6 > 0 and henceforth consider » large enough such that 65, > 1.
Let R%(u,) be the number of individuals branching-off strictly to the right of the ancestral line [[@, u,[ in t,, except for vertices that
are children of vertices with degree larger than 6b, + 1, i.e.,

Ro(u,) = G3(|V,U)), (18)

where Gﬁ is the modified Lukasiewicz defined in (8). Define also

[8b,+1]
ol;= ) k(k—1N}.
k=0
We claim that, for every € > 0,
P 0—55
R(u,) — z—énlunl

n—oo

lim lim sup P <
510

> 5%,6) =0. (19)

We will prove (19) later; assume it for now. Note that (A.2)-(A.4) imply that
L2 2 2 . 2 _
lim 57707 =1~ Y 0145 and lim <1 DN 1(9/_»}) =02, (20)
i>1

i>1

10
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Recall the definition of G® in (9) and that by Theorem 4, G° converges uniformly to H®°, as § | 0. Therefore, a combination
of (18), (19), (20), the union bound and Theorem 4 shows that, jointly with the convergence of the Lukasiewicz path from
Theorem 3,
0% p
0
77” (Hn(VnU(i)))

n

d
exc
1<i<g™ (H (U(i)))lsisq’ as n — oo,

that is, the convergence of the first marginal in Theorem 5.

Now we proceed to prove (19). Recall the notation LR(x,) = L(u,) + R(u,) for the total number individuals branching-off the
ancestral line of u, introduced after (2) in Section 2. Fix ¢, > 0. By [12, Propositions 4.4 and 4.5] and our assumptions, we can
and will consider K > 0 such that

P (LR(u,) < Kb,and |u,| < Kb.'V,) > 1-1.

for every n large enough. Then,

]P’< >50n,5>§n+]}"(

Suppose that an urn contains initially k N}’ balls labeled & for every k > 1, so E, balls in total. Let us pick balls repeatedly one after
the other without replacement. For every 1 <i < E,, we denote the label of the ith ball by &,(i). Conditionally on (&,(i),1 <i < E,),
let us sample independent random variables (y,(i),1 < i < E,) such that each y,(i) is uniformly distributed in {1,...,&,(i)}. The
spinal decomposition obtained in [12, Lemma 4.1] (see also [11, Section 3]) with ¢ = 1 shows that the probability of the event that
|u,| = h and that for all 0 <i < h, the ancestor of u, at generation i has k; offspring and its j;-th is the ancestor of u, at generation
i+ 1 is bounded by

1+ X en(k; = 1) -]P(

2

R () = o |
2E,

2

c
R%(u,) — %WH > €0, 5, LR(w,) < Kb, and |u,| < Kb;lV,,>.
n

v,

n

(D, 2 = (ki,j,-)}> :

i<h

Note that, in the previous event, R®(,) = ¥,,(k; — j)1 {kj<sb,+1}- TO see this, compare R%(u,) with R(u,) defined in (2). Note also
that, in the previous event, LR(u,) = Y, <i<n(k; —1) < Kb,,. Thus, by decomposing according to the height of u, and taking the worst
case (i.e. the union bound), we then obtain that,

P > £0,5 §n+<£+K2> sup P
| b, h<KV, /b,

Hence to prove (19), it is enough to check the following two estimates:

2
(o3
)
E) = 2Dz (<5 +1) = o h
Z n n {&,()<6b,+1} 2E,l

i<h

2

R () — 22 |,
2E,

> Eanwé> . (21)

n

2

(o3

@ E [Z(fn(i)‘ln("))l{:fnmsabww] = 2;; h, and
i<h

2
[o2mape
. . . .0
(ii) Var (2 (&,3) - ;(n(z))l{én(,.)gbnm) < ELabnh, for h > 1.

i<h n

Indeed, (21) and Chebychev’s inequality imply that
Kso, Vb, KV,
]P’< >w"-5>5”+<b£+1(2>LS”-F(?-H@)_"'

€207 sE,b, e2E,
Therefore, given that # > 0 is arbitrary and (A.1), (19) follows by letting n - c and then 6 | 0.
We start with the proof of (i). Note that, for every 1 < i < E,, P(&,(i)) = k) = kN o/ Eys for k > 1. Moreover, for every k > 1,
P(y,(i) = jl&,(i) = k) = k7!, for 1 < j < k. Hence,

5 655
R(u,) — 57 |uy|
n 2E, n

>

|8b,+1] . n 2
o k — j) kN o,
E |:Z(§ﬂ(i) - xn(i))1(¢n(i)s5bn+,)] = y (k= j) KNy 5,

i<h

which proves (i). Now, we show (ii). Note that

Var <Z(§n(i) - Xn(i))l{/;n(i)sﬁbnﬂ}) = Var (JE [Z(fn(i) = Xa(ie h<op,+1) |6 (D, 1 <0 < h):| >
i<h

i<h

+E | Var <Z(fy,(i) = Xn g (h<sp,+1) |6 (D, 1 <P < h)>

i<h

G o
<« (&) —J)
= Var < "(:Tl(énawbnm)
i<h j=1 "

+E [ Var (Z(fn(i) = Xn g (<ot +1)

i<h

&, ),1<i< h)> . (22)

11
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On the one hand, the variables y,(1), ..., x,(E,) are conditionally independent. Then,

E [Var <Z(:n(f> — 2D g ooy |G S 7 < h))]

i<h

2
=E|E <2(§n(’) = X g (h<sp,+1) — E [2(5,,(’) = Xn e (<o, +1) |6 (D, 1 <P < h):| ) &, (), 1<i<h)
i<h

i<h

=E|E |:Z ((5,,(1') )(,,(1))1 &,()<8b,+1} [(fn(l) /Yn(i))l{gn([)gébn+]}

i<h

& 1<i<h) )2 &1 <i< h)”

=E | X Var (&0 = 205,018,011 |G 1 < < h))]

Li<h

<E|DE [((z:n(i) - xn<i>>1(¢n<,~)sabn+”)2 \@(f), 1<i< h)H

Li<h
&0 >
(D =)
=K ZZ 0] {.5,,<i><5b,,+1>]

Li<h j=

)

&M -J)
< 6b,hE [Z{ Wl{gn(m&bnﬂ)]

2

<5 E (23)

On the other hand, recall that the variables &,(1), ..., &,(E,) are obtained by successive picks without replacement in an urn, and
therefore they are negatively correlated. Then,

(D) . . &, (1) .
v G- v &M -p
Var <2 2 51 @ 1'1(¢n<z‘>s&bn+1>> < hVar < ) D) : 1{:n<1)sah,,+n)

i<h j=1 j=1

&) .
N Ca(D =)
< hE <2 O lcén(l)ssbn+l}>

Jj=1

2

éilj &, (1) = j)?

< hE [ Wl(fn(])ﬁéb,,+l):|
n

j=1
62

< ™ 5b h. 24
< 55 b 24

n
Therefore, the combination of (22), (23) and (24) proves (ii).

The proof of the full statement in Theorem 5 follows as explained at the end of the proof of [12, Theorem 2.4], which is based on
an extension of the previous argument and the spinal decomposition in [12, Lemma 4.1]. Fix ¢ > 2 an integer and let U;, ..., U, be ¢
i.i.d. uniform random variables in [0, 1] independently of t,. Fori = 1,..., ¢, let 4;,, be the |V, U, | + 1-st vertex of t, in lexicographical
order, so that u ,, ...,u,, are ¢ i.i.d. uniform random vertices of t, (possibly with repetition). Let T be the reduced tree built from

t, by keeping only the root of t, and these g i.i.d. vertices together with their ancestors. Note that T has a random number of
branching points b € {0, ...,q — 1} and a random number of leaves § € {1,...,q}.

Remove from Tf,") its 4 leaves and b branching points (if any) to obtain a random number § + b of single branches. Denote by
B, = {B},, s B;’:er} this collection (i.e., each Bil, fori=1,...,4+b, is a set of vertices). It is worth noting that the sets (“branches”)
B! may be empty. In the case ¢ = 1, with a single vertex u, ,, the set B% is the ancestral line [, u; ,[. For every i = 1,...,4 + b, we
let v;(1), ..., v; (#B’) be the vertices in B’ af #B’ > 1) in lexicographical order. So, any vertex v;(m), for m = 1,. #B’ has k! . > 1
offspring in the original tree t,, and only one of them, the j), -th say, is an ancestor of (or equal to) at least one the random vertlces
Uy s - > Ug - In particular, let o; (#B;) be the j! .-th child of v. (#B’)

As before, for a vertex u (say, the kth vertex of t, in lexicographical order) that belongs to one of the single branches in B,, let
R®(u) be the number of individuals branching-off strictly to the right of the ancestral line [#,«[ in t,, except for vertices that are
children of vertices with degree larger than 65, + 1, i.e.,

R®(u) = G2 (k), (25)

where G5 is the modified Lukasiewicz defined in (8). For i = 1,...,4 + b, recall that pr(v;(1)) denotes the parent of the vertex v;(1)
and let y, ) € {1,. @y} be the only index such that v,(1) = pr(v;(D)x,,q) (here, k., ) denotes the number of children of
pr(v;(1))). Now, let

P { RO(0,(#B)) = ROGro, () = Ky = Zoy) Nty pitoany) i #B) > 1.

o pr(u

: . (26)
b 0 otherwise.

12
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fori=1,...,4+b. We claim that, for every € > 0,

2
o-n,ri

R -
in" 2E,

lim lim sup P sup #Bil >e0,5 | =0. (27)
510 i=1,....4+b ’

n—oo

Therefore, a combination of (25), (26), (27), (20), the union bound and Theorem 4 shows Theorem 5 for g > 2.
We prove (27) along the lines of the proof of (19). Fix £,7 > 0. By [12, Propositions 4.4 and 4.5] and our assumptions, we can
and will consider K > 0 such that
+b #B; G+b KV
Py Y i, —1) < Kb, and [:ZI#B;IS bn" >1-n. (28)

i=1 m=1

for n large enough. Since we have assumed that b, — oo, as n — oo, we have that, under the above event in particular, with high
probability none of the ¢ random vertices is an ancestor of another (i.e., the g i.i.d. vertices are leaves in the reduced tree), so that
g = 4. Recall the definition of the random variables (¢,(i),1 < i < E,), and (y,(i),1 < i < E,). The spinal decomposition in [12,
Lemma 4.1] with ¢ > 2 shows that under the above event (i.e., (28)), for any hy, A, ... shgp with hy =0 and A +-- +hyep < Kb;1 Vs
and any integers k,,; > j,; > 1 foreverym€ {1,....q+b} and i € (1,..., h,}, the probability that the tree reduced to the 4 random
vertices and their ancestors has b branching points and that, for every m, we have #B," = h,, and (k) ,.Jj; Di<i<sgr = (K jrdmi)1<i<h,,
is upper bounded by

b q+b q+b hy,
c <7> P(ﬂ (1@, 2, = (km,,-,jm,,-)}>,

n m=1 i=1
for some constant C > 0 that depends on K (and n large enough). Thus, by the union bound,

2

56 O_,, 5 .

s i
Rin= 3, B
n

=l gy o\a+d q+b (;25

. . N,
<n+CY) <7> > > 1P>< N Gl = 2O g r<n,41) — 55 hn| > e%) . (29)

b=0 1 hy+ethy y<Kby 1V, m=1 1<i<h,, n

Hence, by (i) and (ii) and the Chebychev’s inequality, we have that, for some constant C’ > 0

2 -1
. o ) q Kq+b+1 sV,

P sup |R® — 22#B| >0, ) <n+Cy ——0 30
<i=l,“.],::7+b Meo2E, " "o ! ,;‘) €2E, (30)

Therefore, given that # > 0 is arbitrary, using (A.1) and Lemma 1, (27) follows by letting n - o and then 6 | 0. [J
3.3. Gromov-Hausdorff-Prohorov convergence of a specific model of TGDS

In this section, we consider a specific case in which the convergence of trees with given degree sequence holds for the
Gromov-Hausdorff-Prohorov topology.

Proposition 1. Suppose that s, satisfies (A.1)-(A.4). If moreover,

»? n
lim = =1 and limsup —- <1,
n—oo V, n—soo Vy

then
—1 ar d
(b, 1 s Ps )= (Tys Ty, Pgs Hy), @S N — 00,
for the Gromov—Hausdorff-Prohorov topology, where T, is an Inhomogeneous CRT with parameter set 0 = (6,0, ... ).

As mentioned in the introduction, Blanc-Renaudie [18, Theorem 7 (a)] established necessary conditions for Gromov-Hausdorff-
Prohorov convergence. Our assumptions (A.1)—(A.4) and the condition bﬁ /V, = 1,as n - o, align with [18, Assumption 2] (denoted
as D, = O in [18, Theorem 7]). However, [18] imposed additional technical requirements, specifically [18, Assumption 7]. In
particular, [18, Assumption 7 (ii)] imposes a condition on vertices with an out-degree greater than one (corresponding to Y., N/
in our notation), which is not a requirement for Proposition 1. Furthermore, [18, Assumption 7 (i)] presents another technical
condition that does not appear straightforward to verify under the assumptions of Proposition 1. Therefore, we have included this
specific case because its proof, based on the convergence of height processes (see (32) below), differs from the approach in [18]
and may be of independent interest. The proof of Proposition 1 builds upon arguments found in the proofs of [11, Theorems 1 and
31.

Proof of Proposition 1. We prove that the family of processes ((b;1 H,(V,u),u€[0,1]) : n> 1) is tight. Since H,(0) = 0, it is enough
to check that for any ¢, ¢’ > 0, there exists 0 < n < 1 such that

lim sup P(w, (H,) > €b,) < €, (31D

n—co

13



G.B. Ojeda et al. Stochastic Processes and their Applications 196 (2026) 104816

where o,(g) = SUP |,y | <y 18W) — g(u")|, for a continuous function g : [0,1] — R; see [31, Theorem 2.7.3].
Once tightness is in place, Theorem 5 implies that any subsequential weak limit of ((b;l H,(V,w),u €[0,1]) : n>1) is distributed
2 grexc ;

as = H®¢, i.e,,
6‘()

92
<%H,,(Vnu),u €10, 1]>—d> (H™@),u € [0,1]), asn — oo, in D([0, 1], R). (32)

Then, the claim in Proposition 1 follows, from e.g. [44, Lemma 3.19] and [45, Proposition 3.3].
For two vertices u, v € t,, recall that u A v denotes the first (highest) common ancestor of u and v. Recall also that |u| denotes the
height of u € t,. Then,

llul = oIl < Nluf = fu Aol + o] = Ju Aol (33)

Let u(0) <jex u(1) <jex - <jex U(V, — 1) be the sequence of vertices of t, in lexicographical order, where in particular u(0) is the root
of t,. By (33), we deduce that

sup |H,(i)-H,(j)|<2+2 sup |H,()-H,()l (34)
li=jl<nV, li=j1<nVy
u(j)Elu(0).u(i)]
where the supremum is over i,j € {0,...,V, — 1} such that u(j) € [u(0),u(i)]. Recall that [u, v]] denotes the unique geodesic path
between « and v in t,. For i, j € {0, ...,V, — 1} such that u(j) € [u(0), u(i)]l, we see that every v € [[u(j), u(i)] which has degree more
than one contributes at least one to the number of vertices branching-off the path [u(j), u(i)]. So, for § > 0 and i, € {0,...,V, — 1}
such that u(j) € [u(0), u(i)]l, we have that

H,(i)-H,(j)-J,0, ) <1+ Z (k, — 1)1{|ku—1|S5bn} + Z 1(|ku—1|>5bn}’ (35)
ve([u().u] vE([u().ul
where
J, 0, j) = Z 1 =1)- (36)
vE([u(j)u@l

For 6 > 0, let Gﬁ be the modified-Lukasiewicz path defined in (8). We define also G‘Z = (G‘,‘f(V,,u),u € [0, 1]) as the version of the
modified-t.ukasiewicz path defined as in (8) but with the time-rescaled reverse-t.ukasiewicz path W = (W (V,u),u € [0, 1]) of
t, instead of Wn]e". In particular, the claim in Theorem 4 remains valid if we replace WnIex and G° by W' and Gﬁ, respectively. It
follows from (2), (3) and (4) that, i, € {0, ...,V, — 1} such that u(j) € [u(0), u(i)],

(ky = Dl —1j<on,) S Goli+ 1) = GG+ D+ Goli+ 1) = GO + 1) + 2(k, ) — D11k, ;) -11<66,) (37)
vE[[u(j).ud]ll
and
i
V11550 < 20 pawisranisan,) < I = maxti € {1V, ) 2 [AW, )] > 8b, ). (38)
vellu(j)u(@)]ll r=0

Then, (34), (35), (37) and (38) allow us to deduce that, for 0 <5 < 1,

sup |H, (i) — H,()|

li—jl<nV,
<442 sup  [GBO)-GM)I+2  sup |GH) = GU()I+21I° +48b, + sup T, ))
li—j|<nVy li=jl<nVy li—jl<nV,
u(j)ENu(0),u@®] u(ENuO)u@]
<44 2b,0,(b7 G%) + 2b,0,(b7 GO + 21° +48b, + sup J, (i, )). (39)

li=jl<nV,
For 0 <n < 1and k € N, a sequence 4, = {0 =1, <t < - <1, = 1} of subdivisions of [0,1] is called n-sparse if it satisfies
min; ;. (t; —t,_) > 5. The so-called modified modulus of continuity in ([0, 1], R) is given by

@,(g) :=inf max sup |g(r) —g(’)|, for g € (0, 1],R),

A 1<isk pien
where the infimum extends over all #-sparse sets 4,. Note that (see e.g. [31, equation (12.9)])
w,(b7'G%) < 20,(b7'G%) + 6 and  o,(b;'G)) <20,(b;'G) + 6.
On the other hand, it is not difficult to see that, for n large enough, by (A.2)-(A.4) that I ,f < I° =max{i > 1 : §; > §}. Hence, by
(39),

sup b H,G) — H,()| <4571 + 4@, (b, GO) + 4@, (b, GO) + 21°b7 + 65 + b1 sup T, (i, ). (40)
li=jl<nV, li=jl<nV,

Given 0 < 5 < 1 arbitrary, one can choose § small enough so that the first five terms in (40) are arbitrary small (in probability) when
n is large. Indeed, Theorem 3 allows us to bound the terms @, (b,'G?) and @n(b;léj). It only remains to control the sixth term in

14
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(40), that is, the term concerning the number of vertices of degree one. This is done as in the last part of the [11, Proof of Lemma
8] to which we refer for a detailed argument. Informally, the idea is first sample a tree t, with degree sequence s, and then remove
from it all the vertices of degree one, then the tightness of the associated height processes follows by (40); one then needs to plug
back these vertices of degree one. []

Interestingly, Proposition 1 shows that the limit of certain TGDSs can be the Brownian CRT. Specifically, it suffices to consider
degree sequences where the number of vertices with degree 1 is asymptotically negligible compared to the total number of vertices
in the TGDS.

Corollary 3. Suppose that s, satisfies (A.1)-(A.4). If moreover,

b2 "
lim % =1 and lim —- =0, (41)
n—oco I/n n—oo V,

then

d
—1_gr
(tn*bn I‘% > Pps Mn)_) (TBr’anpBr’MBr)ﬁ as n — oo,

for the Gromov-Hausdorff-Prohorov topology, where Ty, is the Brownian CRT.

Proof. By Proposition 1, it is enough to identify that the limiting Inhomogeneous CRT is indeed the Brownian CRT. This is equivalent
to showing that ¥, 62 =0 (i.e. 6, = 1). To see this, note that

Z(i - D*N"-V, = Z(i —1)’NI"— Z N!'=-N!'+ Z i(i —2)N"
i>0 i>0 >0 >3
= —Nf + Z d,(i)(d,(i) — 2)1(‘,”(,-)23) > —Nf + Z d,(i)(d,(i) — z)l(dn(f)>5bn)’
i>1 i>1
for all 6 > 0 and » such that 6b, > 2. Then, (41) and our assumptions (A.1)-(A.4) imply that

n

. d,()(d,) —2) . I
2071 (g55) = liminf 3 ——— L0, <liminf —= =0,

i>1 i>1 n n

for all > 0. This implies that Y, 91.2 =0, which concludes our proof. []
4. Lamination-valued processes

This section is devoted to the proof of Theorem 2, which establishes the convergence of lamination-valued processes associated
with plane trees. We will start by defining the set of laminations in Section 4.1. Then, we will rigorously define laminations for
discrete and continuum trees in Sections 4.2 and 4.3, respectively, before presenting the proof of Theorem 2 in Section 4.4.

Throughout this section, whenever we consider a random rooted plane tree z, we assume that the number of its vertices, {(z),
is deterministic. Similarly, for a sequence of such trees (z,,n > 1), we also assume that {(z,) is deterministic for all n > 1.

4.1. The set of laminations

Recall that a lamination is a closed subset of the closed unit disk D which can be written as the union of the unit circle S' and
a collection of chords which do not intersect in the open unit disk D. By definition, a lamination is always compact. In this section,
we denote by dy; the Hausdorff distance on the set K(D) of compact subsets of D. Since (D) ¢ K(D), L(D) is also naturally equipped
with d;;. We denote by dg“k the J; Skorohod distance on D(R,,L(D)); see e.g. [30, Section 5 in Chapter 3] or [31, Chapter 3] for a
precise definition.

4.2. The discrete setting

4.2.1. Laminations associated to plane trees

We start by considering rooted plane trees. In this setting, as for fragmentation processes, there are two natural ways to define a
lamination-valued process: either the one obtained from removing edges one by one at integer times, or the one that we get when
putting i.i.d. variables on edges and removing those whose variable is smaller than a given value.

Definition 1 (Discrete Lamination-Valued Process). Let = be a rooted plane tree with contour function C, and let (e, ..., ex(;)_;) be a
random uniform ordering of its edges. For k = 1,...,{(z) — 1, let g, and d, be the first and last times at which the contour function
C, visits the endpoint of the edge ¢, further from the root @. Associate to e, the chord ¢, := [e™2%&/%(D) (=27idc/2%(®)] ¢ D, We
define the lamination-valued process (L,(z),? > 0) associated to = by letting
A (D)-1)
L,(z) :=S'u U ¢g, fort €0, o0].
k=1
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Fig. 2. A tree 7, its contour function C,, and the associated lamination L(z).

continuous-time version of the lamination-valued process (L,(z), > 0).

In particular, the process (L,(z),t > 0) interpolates between S! and I(r) := L(¢); see Fig. 2. We also consider a dynamic

Definition 2 (Dynamic Discrete Lamination-Valued Process). Let r be a rooted plane tree with contour function C, and denote by
(e, ... »err)-1) its edges (their ordering is irrelevant). Given the tree 7, its edges are equipped with i.i.d. exponential random variables
of parameter 1, say (7, ..., ¥¢(;)-1)- For k=1,...,{(z) — 1, let g, and d, be the first and last times at which the contour function C,
visits the endpoint of the edge e, further from the root @. For > 0, we associate to ¢, the chord ¢, (1) := [e™278/%(D) (=27id /X)) c
whenever y, <t, and otherwise we set ¢, () = S!. We define the dynamic lamination-valued process (Lf(r),t > 0) by letting
{(r)-1
L) :=s'u U (1), for t €0, o).
k=1

The process (Lf'(r),t > 0) also interpolates between S! and L(r) := ]L‘:o(r). Furthermore, it is possible to couple (L,(r),# > 0) and
(]Lf(r),t > 0) in a natural way so that, under mild assumptions, they are asymptotically close. Indeed, with the same notation as in
Definition 2, since the i.i.d. exponential variables (y,,1 < k < {(z) — 1) are a.s. distinct, their ordering induces a uniform ordering
on the edges of 7. In what follows, we always implicitly consider that we work under this coupling.

Proposition 2. Let (z,,n > 1) be a sequence of random rooted plane trees and (a,,n > 1) be a sequence of positive real numbers such
that a, - « and {(z,)/a, — oo, as n — oo. Then, under the coupling defined above, for any ¢ > 0,

Jlim P (dISLk <<]L“m" (z,),t > 0> (L, (7,),1 2 0)> > e) =0.
L(n)

Proof. For 1 <k <{(r,)— 1, let ,, be the time at which the kth chord is added in (]L;ia s )('r,,),t > O). Then,

Ly, (@) =LY, |, 1o (7). forall 1>0.
@)
Thus, our claim follows from [31, Theorem 3.9], [46, Theorem 3.1] and [42, Theorem 1.14 in Chapter VI] provided that, for each
t>0,

P
SUp Ky, |sq, | —s‘—» 0, asn— oo. 42)
sefon! "
Let vy, ..., 7¢,)-1 e the i.i.d. exponential random variables of parameter 1 of Definition 2, and define the process

4N
N =— ¥ Lpcwa e 520
n =l
An application of the Chebyshev inequality shows that, for s > 0, N,(s) — s, in probability, as n - 0. On the other hand, observe
that &, |, | = inf{u >0 : a,N,() > |sa,]}. Then, by inversion, we have that «,, |, | — s, in probability, as n — co. Moreover, since
K, 5a, | is non-decreasing as a function of s, we obtain (42); see e.g. [47, Lemma 2.2 in Chapter 5]. []

4.2.2. Reduced tree and reduced lamination built from discrete trees

Fix ¢ > 1 (an integer) and let u, ... Sy be ¢ i.i.d. uniform random vertices of a rooted plane tree 7. The reduced tree 79 of ¢
is obtained by keeping only the root @ of z, these g vertices and the branching points (if any), i.e. the vertices w € r such that
9, u; 11 0 [10,u;1 = 19, w] for some 1 < i < j < ¢g. Then one puts an edge between two vertices of 7@ if one is the ancestor of the
other in 7, and there is no other vertex of 74 inbetween. The length of an edge e in 79 is defined as the number of edges between
the vertices of 7 corresponding to the endpoints of e. The tree 79 is rooted at ¢ and has a plane structure induced by that of z; see
Fig. 3. Note that its number of vertices is a priori random.
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Fig. 3. A tree 7 with 4 marked vertices, and the reduced tree ¥ with its edge lengths.

The notion of reduced tree naturally translates in the lamination setting into the notion of reduced lamination. Suppose that
7@ has exactly g leaves. Let Upy = ¢ and Upgs sty g be the ¢ leaves of 79 listed in lexicographical order. Let ay,...,a, be ¢ i.i.d.
uniform random points on the unit circle S!. We define ag, =1, and let a L2 8q be these g points sorted in clockwise order. Set
A, ={agg.ay 4 ....a,,) and E, = {ug.uy ..., u,,}. Observe that removing any edge of @ splits E, into two subsets, which are
made of consecutive elements of E, in lexicographical order (up to cyclic shift), corresponding to two subsets of A, of consecutive
points. We now associate to a reduced tree (¢ a lamination L(z?) as follows:

Definition 3 (Discrete reduced laminations). By convention, if 79 does not have exactly ¢ leaves, we set L(z(@) := S'. Otherwise,
for each 0 < i < j < g, denote by A, the event that there exists an edge in @ splitting the set E, into {u;y,,....,u;,} and
E\{uiyy 4> -uj ). Define y; , := e 27 (agtainig) /2 and let

L(z9) :=S"U{[y,,.; 411 4;; holds}.

It is clear that L(z(9) is a lamination satisfying the following property: for any 0 < i < j < g, there exists a chord in L(z()
between the open arcs (a; 4, a;,1,) and (a; 4, a;4, ,) (with the convention that a ., , = a ), if and only if 4, ; holds.

We then associate to 7@ a random lamination-valued process. Recall that #(e) is defined as the number of edges between the
vertices of r corresponding to the endpoints of e. Equip the edges of r with i.i.d. exponential random variables of parameter 1, and
for each edge e of (9, denote by y, the minimum of the #(e) exponential random variables associated to the edges of 7 between
the endpoints of e. In particular, (y,,e € (@) is a sequence of independent exponential random variables of respective parameters

(Z(e), e € D).

Definition 4 (Discrete reduced lamination-valued process). Consider the lamination L(z(9). We define the reduced lamination-valued
process (]LS‘”(T),t > 0) from L(z9). Specifically, ]LE‘”(T) is the unit circle S! if 7@ does not have exactly ¢ leaves. However, if (4 has
precisely g leaves, then ]LE")(T) is the union of S! and the set of chords of L(r?) corresponding to an edge e if and only if y, < 1.

In particular, if 79 has precisely g leaves, then this process interpolates between S! (¢ = 0) and the lamination L(z?) (1 — o).
4.3. The continuum setting

In this section, we define lamination-valued processes associated to so-called plane continuum random trees. Let us first recall
the notion of R-tree. A metric space (7,r) is an R-tree, if for every x,y € 7: (i) there exists a unique isometry Sy 2 10,rGe ] > T
such that f, ,(0) = x and f, ,(r(x,y)) = y; (ii) for any continuous injective function g : [0, 1] — 7 such that g(0) = x and g(1) = y,
we have g([0, 1]) = f, ([0, 7(x, »)]). The range of the mapping Sry 18 the geodesic between x,y € T and is denoted by [[x, y]. A point
x € T is called a leaf if 7\{x} is connected, and a branching point if 7\{x} has at least three disjoint connected components. We
denote by Lf(7) the set of leaves of 7, by Br(7) its set of branching points, and by Skel(7) := 7 \ Lf(7) its skeleton. The distance
rin 7 induces a length measure A, on Skel(T') given by A,.([x, yl) = r(x,y) for all x,y € 7. A rooted R-tree (T, r, p) is a R-tree (7,r)
with a distinguished point p € T called the root of 7. For x,y € T, we define x A y as the most recent common ancestor of x and y,
that is, the unique z € 7 such that [[p, z]] = [p, x]| N [p, y]l. Finally, for each x € T, let

T(x):={yeT :xelpyl}
be the subtree of 7 above x rooted at x.
Definition 5. A (rooted) continuum tree is a quadruple (7, r, p, ), where (T, r, p) is a rooted R-tree and y is a non-atomic Borel
probability measure on 7 such that u(Lf(7)) = 1 and for every non-leaf vertex x € 7, u(7 (x)) > 0. We call u the mass measure of 7.

In [3], Aldous makes slightly different definitions of these quantities which, in particular, restricts his discussion to binary trees,
but the theory can be easily extended. Note that the definition of a continuum tree implies that the R-tree 7 satisfies certain extra
properties; for example, Lf(7) must be uncountable, have no isolated point and 4, must be o-finite. In what follows, 7 will always
denote a continuum tree (7, r, p, #). The following result is well known when the space is locally compact, see e.g. [48, Lemma 3.1].
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Lemma 2. The set of branching points Br(T) of a continuum tree 7 is at most countable.

Proof. By definition, for any branching point y of 7, all connected components of 7\{y} which do not contain the root have
non-zero u-mass. For all k > 1, let B, be the set of branching points of 7 such that at least two connected components of 7\{y}
not containing the root have y-mass > 1/k. Then, the number of points in B, has to be less than k. Our claim follows by taking the
union over all k > 1. [

Lemma 2 will become relevant later when we define a lamination-valued process on a continuum tree 7 by adding chords
according to a Poisson point process on 7 x R, with intensity measure A, x dt, where dr is the Lebesgue measure on R, (see
Section 4.3.1). Since 4, is the length measure on 7, Lemma 2 ensures that no chord is associated with a branching point of 7.
This is convenient because whenever a chord appears, removing the corresponding points in 7 splits it into exactly two connected
components, and the connection to the fragmentation process arises from this splitting.

The continuum trees that we consider here are equipped with what we call a compatible total (or linear) order; see [49].

Definition 6. We say that a relation < on a probability space X is a total order if:

e Forallxe X, x < x;

* Forall x,ye &, if x < yand y < x, then x = y;
» Forall x,y,z€ &, if x <y and y < z, then x < z;
» The set {(x,y) € X XX : x <y} is measurable.

A total order on a continuum tree 7 is compatible with (7, p, ) if the following hold:

» For all x;,x, €T, if x; € [p,x,]l, then x; < x,.

» For x|,x5,x3 € T such that x; < x, < x3, if y is the branching point of x; on the subtree spanned by p,x, and x;
(i.e., [p, I = [p, x; 10 ([p. x,1 U [[p, x31)), then y € [[p, x, 1.

+ For any distinct x;,x, € 7 such that x; < x,, we have y({x € T : x; <x <x,})>0.

In what follows, unless specified, we always consider continuum trees endowed with a compatible linear order <. Observe that
if u satisfies the last property in Definition 6, then its topological support Supp(u) is equal to 7. In particular, by adapting e.g. [49,
Proposition 2.6], a compatible linear order corresponds to a certain choice of orderings of the I,’s, x € Br(7)U {p}, where I, stands
for the set of connected components of 7\{x} that do not contain the root p. By a small abuse of notation, we call plane continuum
tree a continuum tree endowed with a compatible linear order, that is, (7, <), and call < the lexicographical order on 7.

4.3.1. Laminations associated to plane continuum trees
We show here how to associate to a plane continuum tree (7, <) a lamination-valued process (L,(7),¢ > 0). In particular, this
construction is valid even when the tree 7 is not compact. For x € T, set

Gx):=p({yeT :y<x}, DX :=p({yeT :y<xjuT(x), (43)

and define the chord ¢, := [e7270®) ¢~2i7D()], Note that the set {y € 7 : y < x} is a Borel set (see for example, the representation
in [49, Proof of Proposition 2.10] which is valid even for non-compact plane continuum trees). Note also that if x, x’ € 7 such that
x < x', then the last property in Definition 6 implies that G(x) < G(x').

Proposition 3. For any plane continuum tree (T, <), the set

L(T)=S'u U c,.
x€T

is a lamination.

Proof. The set I(7) is clearly closed. The only thing that we need to prove is that the chords do not cross. Take x,y € 7 such
that G(x) < G(y) < D(x). We want to prove that D(y) < D(x). Since < is a total order and G(x) < G(y), we have that x < y.
First, we claim that x is an ancestor of y. Indeed, assume that x A y # x and take z € 7 (x). By definition, x < z. If x < y < z
then by definition x := x A z € [[p, y], which contradicts our assumption. Hence, for all z € 7(x), z < y. But then D(x) < G(y)
which contradicts our initial assumption. Therefore, x is an ancestor of y. Now take a point w € 7 such that x < w < y. By
Definition 6, the branching point of x on the subtree spanned by p,w and y is on [p, w]. In particular, w € 7 (x). This shows that
u({x" € T 1 x <x' <y}) < u(T (%)) — u(T () (since y < w for all w € T(y)). This can be rephrased in D(y) < D(x). Thus, ¢, and ¢,
do not cross inside the disk. []

Let also IT be a Poisson point process on 7 X R, , with intensity measure A, x dr, where dt is the Lebesgue measure on R, . For
any t >0, set I, :={x €7 : Is <1,(x,s) € IT}. We define a lamination-valued process (L,(7),t > 0) by letting, for all 7 > 0:

L(T):=s'u (| e (44)

x€ll,
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4.3.2. Compact continuum trees and excursion-type functions
We consider here a particular case of plane continuum trees, the compact ones. A common way to construct compact R-trees is
from continuous excursion-type functions, i.e. continuous functions f : [0,1] — R, such that f(0) = f(1) = 0 and f(x) > 0 for all
0 < x < 1. Let f be such a function, consider the pseudo-distance on [0, 1],
rp(x,y) = fx)+ f(»-2 _inf f(z), for x,y€[0,1],

ZE[XAY,xVY]

and define an equivalence relation on [0, 1] by setting x ~, y if and only if r,(x,y) = 0. The image of the projection p, : [0,1] —
[0,1]\ ~, endowed with the pushforward of r, (again denoted r,), i.e. T, = (7,77, ps) := (p;([0, 1]), 77, p;(0)), is a rooted plane
R-tree, with the linear order induced by the usual order on [0, 1] (we say that, for x,y € T, x < y if inf{ p;l(x)} < inf{ p;](y)});
see [50, Lemma 3.1]. In particular, (7;,r/) is a compact and connected metric space. Conversely, it has been noted in [51, Remark
following Theorem 2.2] (see also [49, Corollary 1.2]) that for every compact R-tree (7, r) there exists a continuous excursion-type
function f : [0,1] — R such that (7,r) and (7;,r,), are isometric. We can endow 7, with the probability measure u, given by
the pushforward of the Lebesgue measure on [0, 1] under the projection p,. Suppose furthermore that the set of one-sided local
minima of f has Lebesgue measure O (recall that x € [0,1] is a one-sided local minimum of f if there exists e > 0 such that
f) =inf{f(y) : x <y < x+e}or f(x) =inf{f(y) : x—& <y <x}). Then, u, is a non-atomic measure and u,(Lf(7;)) = 1; see [3,
Proof of Theorem 13]. Moreover, 7, = (T;,r/, ps, ) is a (rooted) continuum tree.

In this setting, we can construct a lamination L.(f) and a lamination-valued process (L,(f),t > 0) associated to the continuous
excursion-type function f (and thus to 7). Let us recall the definition of (I,(f),7 > 0) and refer to [28] for further details. First,
define the epigraph of f as the set of points below its graph, that is,

EG(f) ={(,» ER? 1 x€ (0,1, 0<y< f(x)}.

To each (x,y) € £G(f), associate the chord c(x,y) := [e~2780x)) (=27dx))| ¢ D, where g(x,y) := sup{z < x : f(z) < y} and

d(x,y) :=inf{z > x : f(z) < y}. Consider now a Poisson point process N'/ on R? x R, with intensity measure
1
m 1((X,y)€€g(f)} dxdyds.

Here, ds denotes the Lebesgue measure on R, , while dx and dy both denote the Lebesgue measure on R. For ¢ > 0, consider also
the Poisson point process ./\/;f () := N/(-x[0,1]) on £G(f) and construct the lamination-valued process (L,(f),? > 0) associated to f
as follows. For all ¢t > 0,

LH=s'v |J exp.
xpeN/
Clearly, this process is non-decreasing for the inclusion. Moreover, define
Leo(f) := LN = [ JLe(h-
>0

It is straightforward that chords of the lamination L, (f) are in bijection with points of 7. In particular it is useful to define the
process directly from 7. For all x € 7, recall the definition of G(x) in (43) and observe that G(x) := inf {p}l(x)}.

Proposition 4. We have that (L,(7;),t > 0) 4 L, (f),t = 0).

Proof. The idea consists in coupling (L,(7T, )t 2 0) and (IL,(f),t > 0). For any (x,y) € N/, let w(x,y) € T, I be the equivalence
class of g(x,y) with respect to ~ Iz Then, the chord c(x, y) is exactly the chord ¢, ,. Thus, we only need to check that the image
of N/ under the projection p + is a Poisson point process on Skel(7;) with the correct intensity. To this end, observe that, for any
x',y € T;, we have that

1
R — dxdy = 1,([x', '),
/E oy A y) —glay) (wEEGD) v

where E(x',y) := {(x,y) € R? : w(x,y) € [x',)']} (this representation can be found, for example, in [52, Example 4.34]). The result
follows. [

Remark 1. In fact, under the natural coupling defined in the proof of Proposition 4, the lamination-valued processes (LL,(7;),t > 0)
and (L,(f),t > 0) are almost surely equal.

In particular, (L,(7),? > 0) is non-decreasing and it interpolates between S! (¢t = 0) and (T, 1) (t = o0). Indeed, by [28, Proposition
2.2 (ii)], we have that LTy —» L(T;) = Lo (f), as t = oo, on (IL(D), dy), whenever 7 is compact.

4.3.3. Reduced tree and reduced lamination built from continuum trees
For ¢ > 1 (an integer), let x,,...,x, be ¢ i.i.d. random leaves of a plane continuum tree 7 sampled from its mass measure .
Observe that they are a.s. all distinct, and set E, := {x; : 1 <i < q} U {p}. The reduced tree 7 @ of T is the rooted plane tree with
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edge lengths whose vertices are the leaves x, ..., x,, the root p of 7 and all branching points. The length of an edge is simply the
length measure of the unique geodesic path in 7 between the corresponding endpoints.

We can also define the notion of reduced lamination and reduced lamination-valued process in the continuum setting. For x € T,
recall the definition of G(x) in (43). Let Xog =P be the root of 7@ and x Lg> Xgq be its q leaves listed in lexicographical order. Set

a,, 1=e 2700 for 0 < j < ¢ (in particular, ag, = 1). The following result must be clear since y is non-atomic.

Jq
Lemma 3. If x € Lf(7) is distributed according to u, then G(x) is uniformly distributed on [0, 1].

As a consequence, for all ¢ > 1, if the g leaves of 7 are sampled in an i.i.d. way according to y, then a,,...,a,, are the order
statistics of ¢ i.i.d. uniform variables on the unit circle.

Analogously to the discrete case, we now associate to 7 a lamination IL(7?) which satisfies the following property: for
0 <i<j < g, there exists a chord in LL(7(@) between open arcs (q; 4,4, ,) and (a;,.a;,,,) (with the convention that a,,, , = a,,)
if and only if there exists an edge in 7@ splitting E, into {x;;,,.....x;,} and E,)\{x;y,4.....X;,} (denote this last event by 4, ).

Definition 7 (Continuum Reduced Lamination). For each 0 <i < ¢, let Vig = o2 (@it ais10)/2 We let

L(T9) :=S"U{[y; 4 ¥ir14] | A;; holds}.

It is clear that L(7'?)) is a lamination satisfying the property that we want. Let us now state and prove a result which will be
useful in what follows.

Lemma 4. For dll a,a’ € S', let d(a,a’) denote the length of the shortest arc from a to a’ in S'. For all & > 0,
lim P sup d(a;,, e 2/1) <¢|=1.
g0 (1</Eq (454 ) >

Proof. Fix £ > 0, choose an integer K > 1 such that 2/K < ¢ and take g > K®. Let A, = {a;,,0 < j < q}. Split the unit circle into

the K arcs of the form, (e72#/(k=D/K ¢=2rik/K) for | < k < K. For 1 < j < g, almost surely no point of the form a; , is one of the
endpoints of these arcs. For any ¢ > 2 and 1 < k < K, denote by A, (k) the set A, n (e727k=1/K ¢=2rik/K) and M, (k) the number of
points in A (k). In particular, M, (k) is distributed as a binomial random variable with parameters (¢, 1/K). Hoeffding’s inequality

implies that, for g large enough:

P(IM, (k) - q/K| > ¢*/*) < 2¢72VA,
Hence, the probability that |M (k) — ¢/K| < ¢34, forall 1 < k < K, is at least 1 —2K ¢™2V4 and our claim follows by choosing K large
enough (depending on ¢). Indeed, suppose that | M, (k) — q/K| < ¢34, for all 1 < k < K. Then, for any 1 < k < K and any integer

(k—1)q/K < j < kq/K, we necessarily have that a; , is in 4,(k — 1), 4,(k) or A,(k + 1) (with the convention that 4,(0) = A,(K) and
A (K +1)= A, (1)) and since e 27ii/1 g A, (k), the result in Lemma 4 holds. []J

We now associate to 7@ a lamination-valued process. Recall that IT denotes a Poisson point process on 7 X R,, with intensity
measure 4, X dt, where dt is the Lebesgue measure on R, . For each edge e € 79, let y, be the first time at which a point of I7 falls
on the geodesic of 7 that corresponds to e. In particular, y, is an exponential random variable of parameter #(e) the length of e,
and (y,,e € T@) is a collection of independent random variables.

Definition 8 (Continuum reduced lamination-valued process). We define the process (]LS")(T ),t > 0) from IL(7?) by letting ]LS")(T ) be
the union of the unit circle S' and the set of chords of 1(7(?) corresponding to an edge e if and only if y, < 1.

It turns out that these reduced processes actually approximate the usual lamination-valued process (IL,(7),t > 0).

Proposition 5. Let 7 be a random rooted plane tree. Then,

(L;‘D(T),I > 0)_’1, (L,(T),t>0), asq— oo, in DR,,LD)).

Proof. We only need to prove that, for all £ > 0 and for every M > 0,
lim IP’( sup dy (]LS")(T),]L,(T)) < g> -1
q—c te[0,M]

Since the support of 4, is Skel(7), we only consider chords c, that are coded by a point x € Skel(7). Moreover, by Lemma 2, a.s.
no such x is a branching point. It follows from Lemmas 3 and 4 that for fixed £’ > 0, we can and will choose Q > 0 large enough
such that, with probability at least 1 — ¢/, for any ¢ > Q,

sup d (aj’q,e_z”"j/q) <€ (45)

1<j<q
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Fix M > 0 and consider a point x € IT,,. There are two cases: either x falls in the geodesic of 7 that corresponds to an edge
of 7@, or not. If x does not fall in such a geodesic, then removing x does not split the set of leaves of 7@ and thus necessarily
dy(cy,SY) < 27(2¢’ + 1/Q) by (45). Now, suppose that x falls in such a geodesic. By definition, since x € IT,;, there exists a chord
e ]Ljf’d)(T ) corresponding to a point in the same edge of 7@ as x. Thus, there exist two arcs A;, A, between clockwise consecutive
a; ,’s such that ¢, and ¢’ connect A; and A,. Hence, by (45) and e.g. [53, Lemma 5.2 (i)], dy(c’,c,) < 2z(2¢’ + 1/Q). Finally, our
claim follows by choosing &’ so that 2z(2¢’ + 1/0) <e. [

4.4. Convergence of the process of laminations

In this section, we prove Theorem 2, stating the equivalence between the planar version of the Gromov-weak convergence of
trees and the convergence of their associated lamination-valued processes. We first need to introduce some notation and establish
some additional geometric properties of reduced trees.

A rooted metric measure space is a quadruple X = (X, r, p, u), where (X, r) is a metric space such that (Supp(u), ) is complete and
separable, the so-called sampling measure y is a finite measure on (X, r) and p € X is a distinguished point which is referred to as the
root; the support Supp(u) of u is defined as the smallest closed set X, C X such that u(X,)) = u(X). Two rooted metric measure spaces
(X, r,p,u)and (X', r, p', u') are said to be equivalent if there exists an isometry ¢ : Supp(u)U{p} — Supp(u’)U{p'} such that ¢(p) = p’
and ¢, u = y’, where ¢, u is the pushforward of 4 under ¢. We denote by K, the space of rooted metric measure spaces. We consider
that K, is equipped with the Gromov-weak topology; see Gromov’s book [54] or [17,55]. In particular, the Gromov-weak topology
is metrized by the so-called pointed Gromov-Prohorov metric d,gp. Moreover, (K, d,gp) is a complete and separable metric space;
see [55, Proposition 2.6]. Let us give a simple characterization for convergence in the Gromov-weak topology, see e.g. [17,55]. For
each n € NU {o0}, consider a rooted metric measure space X, = (X,,r,, p,, H,), Set &,(0) = p, and (&,(i),i > 1) i.i.d. random variables
sampled according to u,. The convergence X, — X, as n — oo, for the Gromov-weak topology is equivalent to the convergence in
distribution of the matrices

(ra(p(D),8,(1)) 1 0< i, j < q)—d> (reoCeo(D,8(/)) 1 0<i,j < ¢q), asn— oo, (46)

for every fixed integer ¢ > 1. By Gromov’s reconstruction theorem [54, Subsection 3%.7], the distribution of (r,(&,(i). &,()) : i,j > 0)
characterizes (the equivalence class of) X,.
We consider the following notion of convergence that is in a sense a planar version of (46).

Definition 9. For n € NU {o0}, let X, = (X,,r,, p,, 4,) be a rooted metric measure space such that X, is a totally ordered set (or
linearly ordered set). Set, for all n, £,(0) = p, and (&,(i),i > 1) i.i.d. random variables sampled according to u,. Then, we say that
X, - X, as n —> oo, in the planar Gromov-weak sense if, for all fixed integer ¢ > 1,

(ro(E D), E () 1 0< i, j < q)—d> (reoE (), E (j) 1 0<i,j<gq), asn— o, (47)
where (.’;’:l(i))oﬁ,-sq, (&, ())o<i<, are the respective order statistics of (£,(1))o<i<g> (Eco(No<i<q-

The measurability of the total order ensures that the order statistics of ¢ points are well-defined and measurable. Observe that, in
particular, convergence in the planar Gromov-weak sense implies convergence for the Gromov-weak topology. A plane continuum
tree T = (T,r, p, u) is a particular case of rooted metric measure space. For ¢ > 1, let xy, ..., x, be ¢ i.i.d. leaves sampled according to
u-Letxg, =p and Xi g Xggq be the ¢ leaves x, ... 2 Xg of T listed in lexicographical order. Set E, = {xgy,.--»Xg4}.- Foro C {0,...,q},
let =, (w) be the set of points in 7 (if any) whose removal separates the set E, into Ef]”’1 ={xx, : k€ w} and E;‘”Z ={xp, : k& 0},
such that each of these subsets, Efl”’l and Efl”’z, is contained within a single connected component of 7.

The following two lemmas show that the sets of points whose removal splits the set of leaves of the reduced trees into two given
subsets are either empty, or a geodesic corresponding to an edge of the reduced tree.

Lemma 5. For g >1and  C {0,...,q}, we have that = (w) is either empty or a geodesic of T that corresponds precisely to an edge e,
in 7@ of length £(e,) = 4.(Z,(w)) > 0. Reciprocally, for every edge e in 7@ of length £ (e) there exists w, C {0, ... ,q} such that Z (w,) is
a geodesic of T that corresponds precisely to e such that 4.(Z,(®,)) = £(e).

Furthermore, for any points x|, x, € E;‘”l and y,,y, € EZI”’Z, define

. POy (e y0) +r(, y) + (X0, 30) - r(Xq, X0) + (91, ¥2)
f(xl,xZ,yl,yz) = 4 - 2 .

Then =, (w) is not empty if and only if g(w) := min{f(x}, Xy 1, ¥,) : X1, %, € Efj”l,yl,yz IS Ef;"2} > 0, in which case g(w) = ¢(e,,).

Proof. For an edge e in 7@, we denote by e, the geodesic in 7 that corresponds to e. Let us first prove the first part. Consider
@ C {0, ...,q} such that = () is not empty and recall that a point x € =, (®) splits E, into Ef," ! and EZ"Z. Observe that x cannnot be
a branching point of 7. Then, x € ¢, for some edge e of 7. Take y € Ef,‘”l and y € EZ”z. By definition, x € [y, '] (otherwise, y
and y’ are in the same connected component of 7\{x}). Since the geodesic [y, '] is injective and connects two vertices of 7 in
T, we have e, C [y, y']. In particular, for any x’ € e, and for any y € E;‘”l and y € E;”'z, we have that x" € [y, y']l. Thus, ¢, C =, (®).

Now, assume that there exists another edge ¢’ # e such that j € ¢/ and y € E (o). Choose b € [[x, §] a branching point of 7@,
and let z € E, such that it is not in the same connected component of 7\{b} as x nor as J (if b = p, we take instead z = b). Assume
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without loss of generality that z € Ef,‘”l. Then, for any z' € Ef,‘”z, x and  both belong to [z, z'], which contradicts the fact that
[z, z'T is a geodesic. Hence, = (w) = e,.

Conversely, by definition, it is not difficult to see that every edge of 7 corresponds to one E,(w), for some » C {0, ...,q}.

We now prove the second part. First, assume that = (w) is a geodesic that corresponds to an edge e, of 7 @ and let x, y be its
endpoints, so that #(e,) = r(x, y). For z € Z (), T\{z} has two connected components, one of them containing x and the other
containing y. Without loss of generality, suppose that x is in the connected component of all points of E;‘"], and y is in the one of
all points of E;)‘z. Then, for any x’ € Efl‘”l and y € E;”"z, we have r(x',y’) = r(x',x) + r(x,y) + r(y,)’). Thus, for all x,,x, € EZ”I,
Y.y € E,’;"z, we get that

2r(xy, X) 4+ 2r(xy, x) + 4r(x, y) + 2r(y;, ¥) + 2r(y2, ) r(x1,x2) +r(y1, ¥2)
4 - 2
r(xy, x) + r(x;, x) — r(xy, x) + r(y1») +r(y, y) = r(y1. »2)
2 2
By the triangle inequality, f(x;,x5;y, ) = r(x,y). Furthermore, if @ and {0, ..., q}\w both have at least two elements, then x and
y are branching points of 7@, and we can find x,x, € E;‘”l, VisVy € E,’;”2 such that f(x;,x,;;, ) = r(x,y). Otherwise, if  is
a singleton, say {i}, then x = x;, and we can find two elements y,,y, € E;‘”Z such that f(x,x;y;,y,) = r(x,y). The case where
{0, ..., q}\w is a singleton is handled the same way. Hence, we have proved that if Z(w) is not empty then g(w) = £(e,,) > 0.
Now we assume that g(w) > 0. If w is a singleton, say E;”’l := {x}, then for all y,,y, € Ef;”2 such that y, # y, we have

Fxx05y1 ) =

=r(x,y)+

r(x, yp) +r(x, y2) = r(y1, ¥2)
2

Hence, by letting b be the branching point of y,,y, and x in 7@ (that is, b = [[x,y,] n [x,y,1 N [y, »,1), we have b # x and
r(x,b) 2 g(w). Remark that if x = p then x # b since a point of =, () should belong to both [[p, y,1 and [[p, 1. Then if x is a leaf of
7@, for any edge ¢ € 7@ and z € e, such that r(x, z) € (0, g(w)), we see that z € Z,(w). If x = p, any z € [[p, y] for some y € Ef;"z
such that r(x, z) € (0, g(w)), we have that z € E (o).

Finally, assume that w and {0, ..., ¢}\w are not singletons. Fix x;, x, € EZ”I such that x| # x,. First, we prove that for all y € EZ”Z,
the branching points of x;,x, and y in 7@ are the same. Indeed, let y; # y, be two elements of Ef;”z and z;, z, their respective
branching points with x; and x,. Then, if z; # z,, using the fact that z|, z, € [x}, x, ], we get

Fxx5p1,0) = > g(w).

f(x1, %0391, ¥2) = =1r(z1,2,) < 0.

Let a(x;,x,) be therefore the branching point of x,,x, and y in 7@, for all y € Efl"’z. Symmetrically, for any y;,y, € E;‘”Z,
let b(y;,y,) be the branching point of y;,y, and x in 7@, for all x € Eff". If there exists x; # x, € E;”’],y] # y, € EZ"Z
such that a(x;,x,) = b(y;,»,), then f(x;,x;y;,¥,) = 0 which contradicts our assumption. Choose x;,x, € E;‘”l, Y.V, €
EZ"Z such that r(a(xy,x,), b(y;,y,)) > 0 is minimum, and take z € [a(xy,x,), b(yy, y)I\{a(x},x,), b(y;, y)}. If z € Z () then
without loss of generality there exists x € E,’;”l in the component of 7\{z} containing y, and y,. But in this case a(x;,x) €
[la(xy, x5), b(yy, y2)I\{a(xy,x5), b(y1, ¥,)} which contradicts the minimality assumption. Thus, z € Z,(») which concludes the

proof. [J

The previous lemma admits a discrete counterpart. For n > 1, recall that a rooted plane tree 7, can also be viewed as a rooted
metric measure space (z,, 5., u,). For g > 1, let ujy .o ul be ¢ i.i.d. random vertices sampled according to u,. Let uy =0, and

q .
u'; P ,u;_q be the g vertices u”, ... ,ug of 7, listed in lexicographical order. Set E,,={ ,ug q}. For w C {0, ..., q}, let Epn(@) be

u ..
0.9°
the set of edges (if any) of 7, splitting the set E,, into E;‘f‘,,l ={u, : k€w}and E:I‘f;,z ={u;, k¢ o)

Lemma 6. Forg>1and w C {0,...,q}, we have that =, () is either empty or a collection of neighboring edges in z, that corresponds
precisely to an edge e, , in 9 of length ?(e,,,) given by the number of edges in the set £, ,(w). Reciprocally, for every edge e, in D of
length ¢(e,,) there exists w, C {0, ....q} such that £, ,(w, ) is a collection of neighboring edges in z, that corresponds precisely to e, such
that number of edges in the set =, ,(w,,) is equal to £(e,,).

Furthermore, for any points x,,x, € E;‘f;,' and y,,y, € E®?, define

q.n’

rﬁr(xl,yl) + rir(xp)’z) + "%r(xzvyl) + rir(xz»h) _ rﬁr(xl,xz) + "Er(yl,)’z)

fu (X1 X2591,32) 1= 7 )

Then =, () is not empty if and only if g, (w) := min{f,(x;. X35y, ) : x|, %, € E;‘f;},yl,yz € E;‘f;,z} > 0, in which case g,(w) = £(e,, ).

Proof. It follows as in the proof of Lemma 5. []

If £, ,(w) is not empty, let ¢, , be the corresponding edge of r,(,q> that splits E,, into Ef;f;,l and E;’f;,z. Denote by #(e,,,) the number
of edges in =, ,(w), that is, the length of the edge e, ,, with the convention #(e,,) = 0 whenever =, ,(w) is empty. If = (@) is not
empty, let e, be the corresponding edge of 7 that splits E, into E;"" and EZ”Z. Denote by ¢(e,) the length of the geodesic =, (w);
with the convention #(e,) = 0 whenever £ (w) is empty. The following lemma, whose proof makes use of Lemmas 5 and 6, states
the equivalence of the convergence of a sequence of discrete trees and the convergence of the lengths of edges of the reduced trees.

w,n
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Lemma 7. Let (r,,n > 1) be a sequence of random rooted plane trees, T be a random plane continuum tree and (a,,n > 1) a sequence of
non-negative real numbers satisfying a, — oo and {(z,)/a, — o, as n — co. Then, the following assertions are equivalent:

a o .
) <r,,, C(Tﬂ )rﬁr, 3, ;4,,) — (T, r,p, ), as n — oo, in the planar Gromov-weak sense.
n

(ii) For every integer q > 1 fixed, < C(eyn) s @ C {0,...,q}>—d> (“(e,) : @ CH{0,...,q}), as n — oo.

an
{(z)
Proof of Lemma 7. For all 0 < i,j < g, let 2,(i, j) be the set of subsets of w C {0,...,q} such that u;‘q € E;‘f;,l and ”;q S E;f',‘z.

Similarly, let Q(i, ) be the set of subsets of ® C {0,...,q} such that x; , € E;“*l and x; , € E;“*z. Our claim then follows from (47),
Lemma 5, Lemma 6 and the identities

)= Y le,)  and  rxex )= Y e, O

WL, (i.j) wEL(.))

The rest of the section is devoted to the proof of Theorem 2. Let us start by proving that (C.2) implies (C.1). As a preparation
step, we need the following proposition.

Proposition 6. In the setting of Theorem 2, suppose that (C.2) is satisfied. Then, we have that:
(i) there exists a coupling between the lamination-valued processes such that

P
lim sup d, <<L<‘ﬁ, ()12 o),(Lf‘”(T),t > 0)) = oo
n—co £ g—o0

{(en)

(i) for any € >0,

Jim liminf P (dg‘k <<JL(‘§3," (). t> 0) Ly ()12 0)) < g) =1.
&(zp)

Roughly speaking, (i) states that, as ¢ — oo, the time-rescaled discrete reduced lamination-valued process obtained from sampling
g i.i.d. uniform vertices of 7, is asymptotically close to its continuum counterpart (]L;")(T ),t > 0). On the other hand, by (ii), the
complete process (L, (7,),t > 0) associated to 7, can be approximated by the time-rescaled discrete reduced lamination-valued
process, whenever g is large enough.

Proof of Theorem 2 ((C.2) = (C.1)). It follows from Propositions 5 and 6. []

We now prove Proposition 6.

Proof of Proposition 6 (i). We can and will assume, by Skorohod’s representation theorem, that (C.2) holds almost surely. By (C.2),
we have that for all € > 0,P(|u,| > €{(z,)) - 0 as n — oo, where u, denotes a uniform vertex of r,. This implies that, for all ¢ € N
fixed, r,(,q) has ¢ leaves with high probability as n — .

In the setting of Lemma 7, for any w C {0....,q}, we define y,,, an exponential variable of parameter #(e, ,) associated to
the edge e, , of 1,5‘7) whenever =, , () is not empty, otherwise we let y,,, = co almost surely. Those exponential random variables
correspond to the ones used in the definition of (]Li")(r,,),t > 0). Similarly, denote by y,, the exponential variable of parameter #(e,)
associated to the edge e, of 7@ whenever Z,(») is not empty, otherwise y,, = co almost surely. The latter exponential random
variables correspond to the ones used in the definition of (]L;")(T ),t > 0). By Lemma 7, it follows, jointly with (C.2), that the

following convergence holds in [0, o0]?, where Q, denotes the set of subsets of {0,...,q}:

w,n

(gf:")yw,n twcC{0,... ,q}>——i (yw twcC{0,... ,q}) , asn— oo. 48)
n
This implies that the “jump times” of the time-rescaled discrete reduced lamination-valued process converge to those of the
continuum reduced lamination-valued process. Here, “jump times” refers to the times a new chord is added in the corresponding
reduced lamination-valued processes. In particular, if y,,, = co (resp. y,, = o), then no chord associated to w is added in the reduced
lamination-valued processes (no jump), i.e., there is no edge in rf,‘” (resp. 7@) associated to w. In fact, the “actual jump times ”
that will count towards the limit are those y,,,’s and y,,’s for which #(e,,) > 0.

We can now assume, by Skorohod’s representation theorem, that (C.2) and (48) hold almost surely. Denote by ©_, the class of
strictly increasing, continuous mappings 6 : R, — R, with 6(0) = 0 and 6(7) 1 o, as ¢ 1 co. Then to prove our claim, it is enough to
show that there exists a sequence of functions (,,n > 1) € O, such that, for all M >0,

P
limsupsup|6,(H) —¢|=0 and limsup sup dy ]L(g)(,)a (7,), IL;")(T) - 0
n—oo >0 n—oo  te[0,M] g(rn)" g—o00
see [30, Proposition 3.5.3] (or [42, Theorem 1.14 in Chapter VI]).
Let (s; : j =1,...,J) := {y,|Z(e,) > 0} be the sequence of “actual jump times” of the continuum reduced lamination-valued

process arranged in increasing order. Similarly, let (3;7 2j=1,...,0) ;= {yyn | £(e,,) > 0} be the corresponding sequence of “actual
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jump times” of the time-rescaled reduced lamination-valued process arranged in increasing order. Set s, = 0 and define 6, by letting
0,(sp) =0, 0,(s;) = s;.', for j = 1,...,J, such that 6, is linear on [s;,s;,,] for j = 0,1,...,J — 1 and [s;, ) (with slope 1 after s,).
Clearly, (48) implies that 8, converges uniformly to the identity mapping on [0, ), as n — oo. Thus, it only remains to check that
the chords that we add at “actual jump times” are asymptotically close to each other. Consider w C {0, ..., q} such that #(e,) > 0.
Let e, , be the corresponding edge of r,(,‘” (which exists for n large enough). Denoting by c,, , and c,, the chords coding respectively
e, and e,, we have that

sup dy <]L(;’)(,)a (,,),]Lf‘”(T))s sup dH(cw,,,cw). (49)
1€[0.M] )

Furthermore, Lemma 4 implies that lim sup,,_, o, SUP,c/o,.. 4} 9u(Co,n> C) — 0, in probability, as ¢ — co. This concludes our proof. []

In order to prove Proposition 6 (ii), we make use of the following lemma:

Lemma 8. Let (r,,n > 1) be a sequence of random rooted plane trees such that {(zr,) — oo, as n — oo. Suppose that, for any n > 0,
lim B(lu, | > n¢(z,) =0, (50)

where u,, is a uniformly distributed vertex in z,. For a vertex u € t,, let 7,(u) be the subtree of z, rooted at u (i.e., 7,(u) consists of u and
all its descendants) and let {(z,(u)) be its size (i.e., number of vertices). Then, for all £ > 0,

lim P () > (7)) = 0.

Proof. Fix € > 0, and set O,,(¢) := {v e, : {(r,(v) > eg(rn)}. Call v € 0,(¢) maximal if no child of v belongs to 0,(¢). Then, it is
clear that all subtrees rooted at a maximal vertex of 0,(¢) are disjoint. Hence the number of maximal vertices is < e~!. Now observe
that, as n - oo,
sup [o] =0 (¢(z,)) - (51

VEDB,(¢)
Indeed, clearly ©,(¢) is nonempty and, for any v € 0,(¢), P (u,, [S rn(v)) > ¢ > 0. Furthermore, if u, € 7,(v), then |u,| > |v|. Thus,
P(lu,| > SUP,eo, () |v]) > €, which implies (51) by the assumption (50). Finally, letting M, (¢) be the number of maximal vertices in
0,(¢), we have

#0,(e) < M, () sup |v]=0(l(z,).

vEB, (£)

In particular, P(u, € ©,(¢)) — 0, as n — oo, which implies our claim. []

Proof of Proposition 6 (ii). By Proposition 2, it is enough to prove that, for any £ > 0:

tim liminf P ( g% ( (L (z.020), (LY, @).120))<e)=1.
qmee nme o e

Fix ¢ > 1 and recall that, by (C.2), we can assume that r,(,") has exactly g leaves. Consider w C {0, ..., ¢} such that = ,(®) is not
empty. Then, the time at which the chord coding the edge ¢, , in r(’” appears in the lamination-valued process (]LE”)(T,,),t > 0) is
distributed as an exponential variable of parameter #(e,,) (which is the minimum of the #(e, ,) exponential random variables of
parameter 1 associated to the set of edges =, (w); see also Definition 4). Hence, we only need to prove that for all £ > 0 there exists
Q large enough so that with probability > 1 — ¢, for all ¢ > Q, all n large enough,

(a) for any » C {0, ...,q} such that £ ,(®) is not empty, and for any edge e, € =, ,(®), dy(c,,&,,) < & where ¢, is the chord of
L(z,) coding e, and ¢, is the chord of L“(z,) coding e

w,n>

(b) for any edge e, € r, whose removal does not split the set E,,, dy(c,.S') < &

Fix £ > 0. Then, by Lemma 4, we can take Q large enough such that, for all ¢ > Q,

IP’< sup d (aj’q,e_z”"j/q) < s> >1-—¢, (52)
1<j<q

where we recall that (g; ) ;<, are ¢ i.i.d. points on S! sorted in clockwise order (starting from 1). In particular, observe that (a)
follows directly from (52) along with Definition 3. So, it only remains to prove (b). For a vertex u € r,, recall that 7, () is the subtree
of 7, rooted at u, i.e., 7,(u) consists of u and all its descendants. Observe that the edges considered in (b) are of two kinds: either
they are in a subtree of the form Tn(”z,q) for some 1 < k < g, or they are in subtrees branching out of the set of edges that are in the

geodesic paths of 77,

To deal with the edges of the first kind, observe that with probability 1 — o(1), as n — o, all subtrees (z, (u ) 1 <k < ¢g) have
size o({(z,,)). This follows from (C.2), since |u,| = 0o({(z,)), in probability, where u, denotes a uniform vertex of 1' . Then, by Lemma
8, with probability 1 — o(1), all chords corresponding to edges of the first kind have length o(1), as n — .
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To deal with edges of the second kind, we use the definition of the lamination-valued process from the contour function C; of
7,; see Definition 1 or Definition 2. First, we recall a way of sampling a uniform vertex of z,. Consider a uniform random variable
U on [0, 1]. Then, let ey be the edge of 7, visited at time 2{(z,)U by C, , and let vy be the endpoint of ey further from the root (if
28(z,)U > 2{(z,) — 2, set vy = 0@,). The vertex vy, is clearly uniform among the vertices of z,. We use this procedure to sample the ¢
uniform vertices ”1’ ’“Z of 7, from ¢ i.i.d. uniform random variables U, ..., U,. We get that chords that code edges of the second
kind necessarily have their two endpoints between two consecutive points on S! (in clockwise order) of the set {e=2*"Vk : 0 < k < g}
(with the convention that U, = 0). Finally, we conclude by Lemma 4. []

We can now prove the other implication in Theorem 2, that is, the convergence of the lamination-valued process implies the
planar Gromov-weak convergence of the rooted plane trees.

Proof of Theorem 2 ((C.1) = (C.2)). By Skorohod’s representation theorem, suppose that (C.1) holds almost surely. In particular,
(C.1) and Proposition 2 imply that

( (t,),t > 0) L,(T),t 20), asn— oo, in DR, LD)). (53)
C(rn)

Fix g > 1 and recall that we set x,, = p and x, 4, ..., x, , the ¢ i.i.d. leaves of T distributed according y and listed in lexicographical
order. Recall that for x € 7, we denote by G(x) the u-mass of the set of leaves of 7 that lie on the left of x; see (43). For n > 1, we
couple the reduced trees r(") as follows. For 1 < k < ¢, denote by u} = the unique vertex of 7, such that the edge between u} . and
its parent is visited at time 2¢{(z, ) G(xk o) by the contour function of 7, I 20(7,)G(x) g) 2 20(7,) — 2, setu) =0, It follows from
Lemma 3 that the vertices u1 soo iy, are Li. d. uniform vertices of r, in lexicographical order. Recall also that we write uy =4,

Let us prove that the sequence of properly rescaled rooted plane trees converges in the planar Gromov-weak sense towards T.
To be precise, we check that (46) is satisfied in this setting - or equivalently Lemma 7 (ii).

By Lemma 3, sampling x; . ..., X, , is equivalent to sample the order statistics of g i.i.d. uniform points on S!, say a; PIRTIRY
by letting a, , = e ~27iGg) | for 1 < k < q. We also set ap, = e ~27iG(%0q) = 1, Recall from Lemma 5, that for any w C {0, ..., q} such
that =, (w) is not empty, the set =, () is a geodesic of 7 that corresponds to an edge e, of T @ that splits E, into E,’I"1 and E;"z. By
the definition of the continuous lamination-valued process in (44), any point of the Poisson point process IT on 7 falling on = ()
is coded by a chord splitting A, := {ag,,...,a,,} into {a;, : k € w} and {a;, : k & w}. Denote by c, the first such chord in the
lamination-valued process (I,(7),t > 0) and by T,, the time at which it appears. For all n > 1, let also T,,, be the time at which the
first such chord, say c,,, appears in the lamination-valued process (]L?(r,,),t > 0). If there is no such edge e, (i.e., () is empty)
or no chord ¢, ,, set T,, = o and T, ,, = oo, respectively. Therefore, Theorem 2, (C.1) = (C.2) follows by showing that the following

convergence holds in [0, o0l

(@Tw ‘wC {O,...,q}>—d> (T, : @c{0,....q}), asn— co. (54
n

Indeed, in the setting of Lemma 7, for @ C {0,...,q} such that = (») and =, ,(w) are not empty, observe that T, , and T, are
distributed as exponential random variables of respective parameters #(e,, ) and Z(e,). Then, it is a simple exercise to check that
(54) implies the statement of Lemma 7 (ii) and therefore our result.

Let us then prove (54). Observe that (54) is clear for the ’s such that T,, = c. Indeed, if T,,, was bounded by some K > 0
along a subsequence then by (53) the sequence of associated chords would converge (up to taking again a subsequence) towards a
chord which would appear in the continuous lamination-valued process before time K. Furthermore, this sequence of chords cannot
degenerate into a point, since this point would be a leaf (or the root) of 7@ and T,, < o for any singleton w. Therefore, we only
have to focus on the case T, < .

By (53), necessarily liminf,_, ,({(z,)/a,)T,, > T, almost surely. On the other hand, let us prove that for every  C {0, ..., ¢} such
that =, (o) is not empty, the chord ¢, is necessarily well approximated by a sequence of chords in the discrete lamination-valued
processes. To this end, let (a,,a,) and (b;, b,) be the two arcs between consecutive points of A, connected by c,, (with a;, a,,b,,b, € A,
in this clockwise order), and denote by p, the middle of the chord c,. Suppose that there exists a subsequence (n,,,m > 1) of non-
negative integers such that, for all m > 1, there exists a chord ¢, in ]Lan,,, Ty e, )(Tn,) satisfying d(p,,, c,,) < m~! and that does not
connect the arcs (a;, a,) and (b, b,); here d(p,,, c,,) denotes the distance from the po1nt p,, to the set ¢,,. Up to taking a subsequence,
we can assume that ¢,, has an endpoint in the arc (a,, b;). Hence, since by (53), IL (1 m) ey (r )= Lt (T), as m — co, almost
surely, there would exist a chord in Ly (T) containing p,, and with an endpoint in (ﬂzs 1), and tﬁus crossing c,,. However, the above

necessarily does not happen and, along all sub-sequences (n,,, m > 1), for m large enough, a chord c,, of ]La T m e, y(@n,) such
that d(p,,c,) < m~! connects the arcs (a;,a,) and (b;, b,). Therefore, we get that limsup,,_, . ({(z,)/a,)T,,, < T,, almost surely This

concludes the proof of (54). [J

w,n =

5. Fragmentation and process of masses
The aim of this final section is to provide sufficient conditions on a sequence of rooted plane trees (z,,n > 1) to ensure that their
appropriately rescaled fragmentation processes converge to a fragmentation process constructed from an excursion-type function,

and consequently, to prove Corollary 2.
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5.1. Convergence of the fragmentation process of trees

For convenience, we consider a slightly different version of the fragmentation process described at the beginning of Section 1.2,
where edges are removed at i.i.d. uniform random times, rather than at integer times.

Let 7 be a rooted plane tree and equip the edges edge(z) of = with i.i.d. uniform random variables (or weights) w = (w, : e €
edge(7)) on [0, 1] independent of 7. In particular, for a vertex v € 7 with k, > 1 children, we write (w,;,1 <i < k,) for the weights
of the edges connecting v with its children. For s € [0, 1], we then keep the edges of r with weight smaller than s and discard the
others. This gives rise to a forest f_(s) with set of edges given by edge(f.(s)) = {e € edge(r) : w, < s}. Furthermore, each vertex
vef.(s)has k(v) = Zf;”l 1(,,,<s) children if k, > 1; otherwise, k (v) = 0 whenever k, = 0. The forest f,(s) associated to 7 and w is
called the fragmentation forest at time s. Let F_(u) be the sequence of sizes (number of vertices) of the connected components of the
forest f (1 —u), ranked in decreasing order. We view the sequence of sizes of the components of f (1 —u) as an infinite sequence, by
completing it with an infinite number of zero terms. In particular, F_(0) = ({(),0,0,...) and F,(1) = (1,1, ...,1,0,0,...) (with {(r)
1’s). We refer to F, = (F_(u),u € [0, 1]) as the fragmentation process associated with z.

Following [33, Section 3], we next explain how to construct fragmentation processes from excursion-type functions. A function
g = (g(s),s € [0,1]) € D([0,1],R) is an excursion-type function if g(0) = g(1) = g(1-) = 0, it is non-negative and it makes only
positive jumps (i.e. g(s—) < g(s) for all s € (0, 1]). For such a function g and every ¢t > 0, define g® = (g(s),s € [0,1]) and
19 =1 (s),5 €10,1]) as

g9(s)=g(s)—tsand IP(s) = inf gPw), forsel0,1].
& u€el0,s]

For t > 0, we write F,(r) = (F, | (t), F, 5 (#), ... ) for the ranked sequence (in decreasing order) of the lengths of the interval components
of the complement of the support of the Stieltjes measure d(—1 ;’)); note that s —» —1 £E,’)(s) = SUPye(0.5] —g(u) is an increasing process.
The process F, = (F,(1),t20)is the fragmentation process associated to the excursion-type function g. Let Supp(d(—/, é'))) denote the
support of d(—1 g)) and note that (0, 1) \ Supp(d(—1I ;’))) is the union of all open intervals on which the function —7, g) is constant. We
call constancy interval of —/ ;') any interval component of (0, 1) \ Supp(d(—1 g))).

Theorem 6. Let (7,,n > 1) be a sequence of random rooted plane trees. Suppose that there are a sequence (a,,n > 1) of positive real
numbers and a random excursion-type function X = (X (u), u € [0, 1]) satisfying

(D.1) a,,—»ooand@—»oo,asn—»co;
n

(D.2) forn>1,let (W}:im(g (z,)u). u € [0,1]) be the (time-scaled) Prim path of ,, with respect to w. Then, (a; W}; rim ¢ (z,)u),u € [0, 1])—d>
(X(w),u € [0,1]), as n — oo, in D([0, 1], R);

(D.3) for every fixed t >0, X (s) A XD (s—) > Iﬁ)(s), for s € (s, s""), whenever (s',s") € [0,1] is an interval of constancy of —15?, almost
surely.

Then, for every fixed t > 0,

1F<ta”>dF(t)as in A
— _ N n — oo, N
Sz ™\ &) X

equipped with the topology of pointwise convergence. If moreover,

(D.4) for every fixed t > 0, Fy (1) € A, almost surely, where A, C A is the space of the elements of A with sum 1,
(D.5) E[rE: (uy,u)] = 0 (z,)/a,), where r§: (uy,u!) denotes the graph distance between two independent uniformly random vertices u,, and
u' of T,
n n

then

<C(lr,,)F’" (ICEI:”)> > 0>—d> (Fy(),120), asn— oo, in D(R,,A).

To prove Theorem 6, we follow the approach developed in [22], which was also recently used in [24]. Therefore, to avoid
unnecessary repetitions, we only provide enough details to convince the reader that the arguments can be adapted from these
works.

Let = u(0) <prim #(1) <prim " <prim #(¢(7,)—1) be the Prim order of the vertices of 7, with respect to w. Since f; (s) and 7, possess
the same set of vertices, we can and will consider that the vertices of an(s) are ordered according to the Prim order of the vertices in
7,. For n > 1 and s € [0, 1], we associate to the Prim order of the vertices of f, (s) an exploration path W,(n” = (Wr(:')(i), 0<i<¢(z,)
by letting W, (0) = 0, and for 0 < i < £(z,) — 1, W G + 1) = W (i) + k,(u(i)) — 1, where k,(u(i)) denotes the number of children
of u(i) in ffn(s). We shall think of such a path as the step function on [0, {(z,)] given by u — Wﬁ([uj). For fixed ¢ > 0, consider the
sequence (s,(t),n > 1) of positive times given by

5,(f) = max (1 - g?:,,)” 0) ,

and define the process X, ,(,’) =(X, ,(,’)(u),u € [0, 1]) by letting

XOu) = aiwjj"(’”(g(rn)u), for u € [0, 1].

n
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For simplicity, we use the notation X, = (X ,(,’),t > 0). For any u € [0, 1], the mapping t — X ,(,')(u) is non-increasing in ¢, which
implies that X, has cadlag paths. In particular, we can view the process 7 — X ) as a random variable taking values in the space

D(R,,D([0, 1], R)). In other words, for fixed 7 > 0, X ,(,’> is a random variable in D([0, 1], R).

Theorem 7. In the setting of Theorem 6, we have that

d
XDt 20— (XV,120), asn— oo, in DR,,D(0, 1], R)).

Proof of Theorem 7. The proof of Theorem 7 follows from (D.1)—(D.2) by adapting the argument used in the proof of [24, Theorem
3] (see also [22, Section 5]). It involves two steps: convergence of the finite-dimensional distributions and tightness of the sequence
of processes (X,,n > 1). Indeed, one only needs to be aware that, for fixed r > 0 and for 0 < i < {(z,) — 1, the number of children
kg, (@) of the vertex u(i) € £, (s,(0) is distributed as a binomial random variable with parameters (k,, s,(t)). Details are left to
the interested reader. []

Next we prove Theorem 6.
Proof of Theorem 6. For 7 > 0, define the process I ,(,’) =( l,(,z)(u), u € [0,1]) by letting
Oy — i )
I (w) Selﬂ)fuj X,7(s), foruelo,1].

Similarly, we define the process I = (I0(),u € [0, 1]) by letting T®(u) = inf [,y X (), for u € [0, 1].
For t > 0, we write F(—1 ,(,')) = (F (—1,5’)), Fy (-1 ,(1')), ...) for the ranked sequence (in decreasing order) of the lengths of the intervals
components of the complement of the support of the Stieltjes measure d(— I,(,')). By [24, Lemma 1], we know that

1 n ®
—F, (¢ =F(-19), fort>0. (55)
() ™ ( C(Tn)) !
Observe that X ,(,’)(O) = X®(©) =0, for all t > 0. Our first claim follows from Theorem 7, (D.3) and [33, Lemma 4].
Next, we prove the second claim. By the Skorokhod representation theorem, we can and we will work in a probability space
where the convergence in Theorem 7 together with (D.3) and (D.4) holds almost surely. By Theorem 7, there exists a dense subset
D of R, such that for any fixed k € N and collection 0 <7, <, < -+ <1, < o0 with #1,...,#, € D, we have that a.s.,

A, 1) S (W, 1), as n > o,
in D([0, 1], R)* (i.e., the k-fold space of D([0, 1], R)). Then [33, Lemma 4] implies that a.s.,
FIM), o F=I{) —» F1W), . F(-1%), as n— oo,

in AX (i.e., the k-fold space of A equipped with the #!-norm). Note that the conditions in [33, Lemma 4] are satisfied by our
assumptions (in fact, one has to apply [33, Lemma 4] to —/, and —I). This shows the convergence of the finite-dimensional
distributions of the sequence of processes ((F(—I,(,t)),t > 0)),»; to those of the process (F(—I ®) ¢t > 0). On the other hand, (D.5)
and [56, Corollary 5.5] imply that ((F(—I,S')),t > 0)),> is tight in D(R,, A), which concludes our proof (recall (55)). [

The following result establishes the convergence, after proper rescaling, of the fragmentation process associated with a tree t,
having a given degree sequence.

Theorem 8. Suppose that s, satisfies (A.1)—(A.3) and (A.5). Then,

b d
<iFt <l—">,120>—>(Fxm(t),t20), as n— oo, in D(R,, A).
v, w\'v,

n

where X is the Vervaat transform of an EI bridge with parameters (6;,i > 0).

Note that Theorem 8 holds under more general assumptions than Theorem 1. In essence, it requires the convergence of the
Lukasiewicz path (recall Theorem 6), which we can prove under the weaker assumptions (see Theorem 3). The limiting process
(F yexc (1), 1 > 0) corresponds precisely to the fragmentation process (F(7),¢ > 0) in the statement of Corollary 2, as we will see in its
proof in the next section. We recall that (F yex (), 7 > 0) is the fragmentation process as constructed by Bertoin [32,33], and that it is
also equivalent to the fragmentation process (FTQ (t),1 > 0) of the Inhomogeneous CRT 7,, with parameters 6 = (6,,6,, ... ), see [15].

Proof of Theorem 8. The assumptions (A.1)—(A.3) and (A.5) in Theorem 8 imply (D.1) and (D.2) in Theorem 6 with X given
by the Vervaat transform of an EI bridge with parameters (6;,i > 0). Indeed, Lemma 1 and Theorem 3 imply (D.1) and (D.2),
respectively. [33, Lemma 7] shows (D.3) and (D.4). On the other hand, it follows from [12, Proposition 4.5] that there exists two
universal constants ¢;,c, > 0 such that

P (|u,| > xV,/b,) < cje™2* (56)

uniformly for x > 0 and all » large enough, where v, is a uniformly random vertex of t,. This implies (D.5). Therefore, Theorem 8
follows from Theorem 6. []
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5.2. Convergence of the process of masses
We conclude this section with the proof of Corollary 2. The proof makes use of Theorem 8.

Proof of Corollary 2. Foralln>1and 1 <k < E,, let «,, be the time at which the kth edge of t, is removed in the fragmentation
process (V,”'F, (1b,/V,),t > 0). Then,

1 by
Mass[]L,bn(t,,)] = VnFt” ZK"‘U])”J , forall t > 0.

Thus, the first claim of Corollary 2 follows from Theorem 8, [31, Theorem 3.9] and [46, Theorem 3.1] provided that, for each 7 > 0,

P
SUp |Ky |5, | — s)—» 0, asn— oo. (57)

s€[0.1]

This follows as in the proof of Proposition 2.

Finally, we prove the second claim of Corollary 2. Following Aldous-Pitman [15], we recall the construction of the fragmentation
process (F7 (),t > 0) associated to the Inhomogeneous CRT 7, = (7y,ry, pg, Hg) Dy cutting-down its skeleton through a Poisson
point process IT of cuts with intensity 4, X dt on 7, X R,, where A, denotes the length measure of 7,. For all + > 0, define an
equivalence relation ~, on 7, by saying that x ~, y, for x,y € 7, if and only if no atom of the Poisson process IT that has appeared
before time 7 belongs to the geodesic [x, y]. These cuts split 7, into a continuum forest, which is a countably infinite set of smaller
connected components. Let Ta(,? ) Tg(g ... be the distinct equivalence classes for ~, (connected components of 7;), ranked according
to the decreasing order of their y,-masses. So, (FTH (t),t > 0) is the process given by Fre(t) = (;49(7’9("1)), ;49(79(,’2)), ...), for t > 0; in
particular, Fr (0)=(1,0,0,...).

Consider now that the fragmentation process of 7, and its lamination valued-process (I,(7), ¢ > 0) are constructed from the same
Poisson point process 1. Observe that for any 7 > 0, the connected components associated to the fragmentation process of 7, at
time ¢ are in natural bijection with the faces of L,(7;). Let F) be a face of L,(7y) and Cp¢ be the connected component of 7,\17,
coding F®. Moreover, let ¢, the unique chord in the boundary of F®) separating F from 1 and the other chords c;, ¢, ... bounding
F®, ranked according to the decreasing order of their lengths. Now fix i > 0. Suppose that ¢; codes a point x; € IT,. Then ¢; splits
the unit circle into two arcs of respective lengths 2z¢; := 2x(D(x;) — G(x;)) and 2z(1 — ¢;) that exactly corresponds to 2z times the
up-masses of the two components of 7,\{x;}; see (43). Suppose that ¢; does not code a point of II,. Then, there exists a sequence of
chords (c‘.", k > 1) in L,(7y) coding respectively a sequence of points (xf.‘, k > 1) of II, such that c:‘ — ¢;, as k > oo, for the Hausdorff
distance. In particular, G(x) and D(x¥) converge to some values G;, D; such that ¢; splits the unit circle into two arcs of lengths
2z¢; = 2x(D; — G;) and 2z(1 — ¢;). On the other hand, 7\ Ukz] {xl’,‘} also possesses a connected component of yu,-mass (1 — ¢;).
Finally, observe that the mass of F and the y,-mass of Cp( both can be written as £y — Y5, #;. This concludes our proof. []
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