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1. Introduction

Graphs are among the most basic structures in discrete mathematics. They
provide a natural language for describing relation, network, adjacency, con-
nectivity, and hierarchical structure. Among graphs, trees occupy a special
position: they are connected graphs with no cycles, and therefore they are si-
multaneously simple enough to admit a definition in one sentence and rich
enough to exhibit a wide range of extremal and asymptotic phenomena.

This thesis focuses on subtrees in trees and graphs. If GG is a graph, a subtree
of GG is a non-empty subgraph that is a tree which is not required to be induced.
When G itself is a tree, this is the same as a non-empty connected subgraph.
Subtrees can be studied from several complementary points of view. One can
count them, ask how large they tend to be, condition on the presence of a vertex
or a smaller subtree, form generating functions that record their orders, or study
their behaviour in a sequence of trees with increasing orders. These different
viewpoints lead to the central objects of the thesis: number of subtrees, mean
subtree order, subtree density, local mean and density, subtree polynomial and
its roots.

This thesis is based on four articles which can roughly be divided into two
main topics. The first topic concerns subtree statistics and their extremal val-
ues in deterministic finite trees. This part closely follows the line of work of
Jamison, who initiated and laid the foundation of the study of subtree statistics,
along with a number of influential open questions and one conjecture [7, 8], to
which the first two articles in the thesis are closely related. Article I directly
addresses the conjecture and fully settles it, combined with previous progress
by Luo, Xu, Wagner, and H. Wang [10]. Article II extends an open question
which concerns the degree of a vertex that attains maximal local mean and par-
tially answers the question in a more general setting. It is worth noting that the
open question itself was settled by Wagner and H. Wang in 2016 [17].

Another direction the study of subtree statistics has developed in is asymp-
totics, which is the main focus of the second topic of this thesis. The asymp-
totic behaviour of the aforementioned subtree statistics, such as the number
of subtrees (normalized) and the density, is studied under different settings in
the third and fourth article. Article III investigates how subtree entropy and
density in locally finite trees behave under Benjamini-Schramm convergence,
a notion of limit most suitably discussed in sparse graphs. On the other hand,
Article I'V looks into the distribution of numbers of subtrees in a general dense
graphs setting through the tool of a generating function.



Combining the four articles together, the thesis presents a research map cen-
tered at the subtree statistics, covering areas of deterministic, extremal and
asymptotic graph theory.
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2. Subtree statistics and extrema

I begin this chapter with Jamison’s list of open problems and a conjecture, not
only because it inspired two of the articles in this thesis and lies at the center of
the common theme of this chapter, but also for the many unsuccessful attempts
to resolve the only problem from the list that remains open today.

All trees mentioned in this chapter are of finite order.

Q1 Is the tree of maximum density of each order a caterpillar?

Q2 Does a series-reduced tree necessarily have density at least 1/2?

Q3 Do non-isomorphic trees of the same order always have different densities?

Q4 For any tree 7" and vertex v, does (7', v) < 2u(T") always hold?

QS For any tree, is the vertex of the largest local mean always a leaf?

Q6 Does every tree other than a path always have a 1-associate with smaller
subtree order?

C1 If 7" is formed from a tree T by contracting an edge of T, then u(7T) >
w(Th) +1/3.

Jamison posed the six open questions in 1983 and formulated the conjecture
in 1984 [7, 8]. Article I settles the conjecture C1 in full. Article II develops the
idea based on question Q5. The first question, Q1, is usually referred to as the
caterpillar conjecture, despite its original formulation as a question. Progress
was made and evidence supporting the conjecture was provided, most notably
by Mol and Oellermann [12], and later by Cambie, Wagner, and H. Wang [3].
To my knowledge at the time of writing, it still remains open.

2.1 Mean subtree order and density
Let T be a finite tree and S(7') the set of all subtrees of 7. We write

N(T)=IS(T)], RT)= Y_ |8
Ses(T)

for the number of subtrees and the total order of all subtrees. The mean subtree
order, or global mean, is then defined by

_ R(T)
w(T) = W

Equivalently, if a subtree of 7" is chosen uniformly at random, then p(7') is its
expected number of vertices.
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A simple example is the path P,,. Its subtrees are exactly the intervals of
consecutive vertices. Hence there are n — k + 1 subtrees of order &, and there-

fore
n

NP =S (n—k+1) = ”(”; D}
k=1
while )
R(P) =Y ko — k1) = V0L 2),
k=1
Thus "t 2
M(Pn) = 3

This formula is a useful reference point throughout the subject. Paths are ex-
tremal for several problems involving mean subtree order, and the constant 1/3
appears as the limiting density of paths and as the sharp constant in Jamison’s
edge-contraction conjecture.

The subtree density of a tree 7" is the normalized mean subtree order

w(T)

P ="

=P(v e ).
It admits a probabilistic interpretation: if one chooses a subtree S of 1" uni-
formly at random and then chooses a vertex v of T' uniformly at random, in-
dependently of S, then the probability of v € S is the density of 7.

For paths, the definition immediately gives
n+2

D(Pn) = 3n ’

which tends to 1/3 as n — oo. This value is the natural lower bound for
several asymptotic questions. On the other hand, constructions like balanced
double brooms, two pendant stars with their centers connected by a path, can
have density arbitrarily close to 1. A somewhat counter-intuitive fact along the
line is that it is not necessary for trees to contain a lot of high-degree vertices
in order to have high density. A typical example is an (s, ¢)-bridge, two paths
of lengths 2s with centers connected by a third path of length ¢ = s3/2, whose
density tends to 1 as s — oo and maximal degree is 3.

If one pushes further on the high-density end and asks which tree(s) attains
the maximal density among all trees of a fixed order n, the caterpillar conjec-
ture comes into the picture naturally. A caterpillar is a tree that can be con-
structed by attaching pendant vertices to a path. It is equivalent to say that a
tree is a caterpillar if and only if all its branching vertices lie on one path. Paths
and stars are trivially caterpillars. In Fig 2.1, there are five caterpillars of order
16 to 20; each of which maximizes the density among trees of its order [12].
In the same article, Mol and Oellermann confirmed the caterpillar conjecture
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for trees up to order 24 through exhaustive computer search and computation
and proved a more structural result using the gluing lemma, which states that
it is always optimal (i.e., attaining maximal density within a family of trees)
to distribute a given limb weight as pendant vertices. An example is shown in
Fig 2.2.

n =16
n =17
n =18
n =19
n =20

Figure 2.1. Trees that maximize density of order 16 to 20

---->

Figure 2.2. Optimized branch (right) at vertex v with limb weight 5

A natural question to ask is how the mean subtree order changes under an
elementary operation such as deleting a leaf or contracting an edge. Let ¢ be
an edge of 7" and T'/e the tree obtained by contracting e. Jamison proved that
the mean subtree order decreases under edge contraction

w(T) = u(T/e),
and conjectured the sharp inequality

W(T) = u(T/e) >

Wl =
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The path example shows that the constant cannot be improved, since contract-
ing any edge of P, gives P,_; and

1

p(Pn) — p(Pp-1) = 3

Luo, Xu, Wagner, and Wang proved the conjecture when the contracted edge
lies on a pendant path, or equivalently, when the contracted edge contains a leaf
[10]. Article I proves the remaining case of internal edges and therefore fully
settles the conjecture: for every tree 1" and every edge e of T,

u(T) — (T /e) > =

3 9
with equality if and only if 7" is a path.

An independent yet important direction of the study of mean subtree order
and density is the class of series-reduced trees, namely, trees with no vertices
of degree 2. The absence of vertices of degree 2 gives rise to interesting struc-
tures and makes subtree means and densities more tractable. Vince and Wang
proved bounds for the average subtree density of series-reduced trees [15], and
Haslegrave later characterized the behaviour near the extremal bounds [5].

2.2 Localization

The mean subtree order of 7" averages over all subtrees in 7', It is also called the
global mean of T". The local mean is obtained by conditioning on the presence
of a given vertex or subtree. Let S be a subtree of 7" and S(7', S) the set of
subtrees of T’ that contain S. Define

N(T,8)=[8(T,8)|, R(T.S)= > [Ul
UesS(T,S)
The local mean at S is R(T.S)
T,5)=———"-+=.

When S consists of a single vertex v, we write N (7', v), R(T,v), and u(T,v).

Assume S = {v}. The local mean is particularly tractable because of the
product structure in calculating N (7', v) and additive structure in calculating
(T, v). To be precise, let vy, . . ., vg be the neighbours of v, and let 7; be the
component of 7' — v containing v;. Write

N; = N(T;,v;), R; = R(T;, vi),
and then every subtree of T containing v is obtained by independently choos-
ing, for each branch T}, either nothing or a subtree containing v;. Hence

d

N(T,v) = [V + 1)
=1
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and
d
R;
Tv)=1 )

These decompositions are the basis for many deeper observations concerning
local and global means.

Jamison proved that local means dominate the global mean and that they are
monotone under inclusion [7, 8]: if S C S’ are subtrees of T', then

w(T) < (T, S) < (T, S,

with equality if and only if T = S = {v}. This fundamental result indicates
that local means can only be compared meaningfully among subtrees of the
same order. A subtree S containing k vertices is called k-maximal if it maxi-
mizes u(T, S) among all subtrees of order k, and k-minimal if it minimizes it.
Article II studies the structure of such subtrees. Roughly speaking, k-maximal
subtrees tend to have leaves in low-degree parts of the ambient tree, while
leaves of k-minimal subtrees have the opposite tendency.

Since local mean respects inclusion, it is usually not meaningful to compare
subtrees of different orders. For this reason Article II introduces local density.
If S is a proper subtree of 7', with |T'| = n and |S| = k < n, define

D(T, S) = “(Tns_)k_k

This is the expected proportion of vertices outside S that are contained in a uni-
formly chosen subtree conditioned to contain S. Equivalently, it is the proba-
bility that a uniformly chosen vertex of 7' — S belongs to a uniformly chosen
subtree of " containing S. If one allows S to be empty, then this definition
reduces to the global density D(T').

This normalization changes the behaviour significantly. Unlike local mean,
local density is no longer monotone under inclusion. Moreover, there is no
general order relation between local density and global density: depending on
the tree and the chosen subtree, a local density may be smaller or larger than
the global density. Thus local density is a genuinely different parameter, not
merely a rescaled version of local mean.

Statements about the mean subtree order are often proved by decomposing
the tree into branches and comparing the contributions of these branches. In
Article 1II this philosophy appears in the form of the index, which measures
how much the local mean changes when a neighbour is added to a subtree or
when a leaf is removed. In Article I it appears through inequalities relating
N(T), R(T), N(T,v), and R(T, v). In both cases, the central idea lies in the
connection between global mean and local mean.

The parameters introduced in this and the previous section provide the foun-
dation for the rest of the thesis. Mean subtree order and density describe the
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typical size of a random subtree. Local mean and local density refine this by
conditioning on part of the tree. Edge contraction and local modification argu-
ments reveal how these quantities respond to changes. The following chapters
build on these ideas in two directions: first, by studying subtree parameters
under local convergence of a sequence of trees with increasing orders, and
second, by encoding numbers of subtrees in generating functions for general
dense graphs.
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3. Limits and asymptotics

The previous chapter concerns subtree statistics on a fixed individual tree:
bounds on the mean subtree order, structural properties of extremal subtrees,
and the response of these quantities to local modifications. We now shift focus
from individual trees to the collective behaviour of sequences or families of
graphs. This chapter is guided by the following two generic questions.
* For a sequence of graphs that is convergent in some sense, what proper-
ties respect the limit?
* For a family of graphs satisfying some conditions, what properties hold
within the family that fail for graphs in general?
The properties of interest are those of subtree statistics. Section 3.1 takes up the
first question in the framework of Benjamini-Schramm convergence, a local
notion of convergence well-suited to sparse graphs. Section 3.2 takes up the
second within the family of dense graphs, those whose minimum degree grows
linearly with the order, where the subtree polynomial provides the natural tool.

3.1 Benjamini-Schramm convergence and estimable
parameters

We now turn to convergent sequences of trees whose orders tend to infinity. In
this setting, one wants to understand which subtree parameters converge along
with the sequence. There are many different ways to define convergence of a
sequence of graphs, capturing different aspects of the graphs in the sequence.
The notion of convergence to be discussed here is Benjamini-Schramm con-
vergence, also called local weak convergence, or simply local convergence.

Let G be the set of connected locally finite graphs, and let G, be the cor-
responding set of rooted graphs. If (G, v) is a rooted graph and r > 0, write
B, (G, v) for the rooted ball of radius  with center at v. A sequence of finite
graphs GG, is Benjamini-Schramm convergent if, for every finite rooted graph
(H,v) and every r > 0, the probability

P(By(Gn,un) = (H,v))

converges as n — 0o, where u,, is a uniformly chosen vertex of GG,,. Local
convergence can be equivalently expressed as weak convergence of measures.
For each finite graph G,,, one can define a probability measure on G, for each
r > 0 by picking a uniformly random vertex and taking the r-ball centered
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at it, and Benjamini-Schramm convergence is the weak convergence of these
associated probability measures. The limit object is usually called local limit.

Intuitively, local convergence records what the graph looks like from the
point of view of a random vertex with a fixed radius of sight. This point of
view was introduced by Benjamini and Schramm [2] and has since been used to
study many graph parameters. For example, Lyons proved convergence of the
logarithm of the number of spanning trees per site in locally convergent graph
sequences under suitable assumptions [11], and Abért, Csikvari, Frenkel, and
Kun proved an analogous result for matching entropy [1].

Benjamini—Schramm convergence is a local notion, most commonly formu-
lated for sequences of finite graphs with uniformly bounded degrees, and more
generally in the space of locally finite graphs. As mentioned before, each fi-
nite graph gives rise to a probability measure on the space of rooted graphs by
choosing the root uniformly at random. Benjamini-Schramm convergence is
equivalent to the weak convergence of the underlying sequence of measures.
Thus, if two graph sequences have the same limiting statistics of rooted balls of
every fixed radius, then they determine the same limiting measure on rooted
graphs and are indistinguishable in the Benjamini-Schramm sense. Two se-
quences of graphs can have significantly different graph features yet converge
to the same local limit. The next paragraph contains an example of this phe-
nomenon.

One of the main questions in the theory is the following: which graph pa-
rameters are determined by these local statistics? A graph parameter is often
called estimable if it converges along every locally convergent sequence in the
relevant class of graphs. Local quantities are trivially estimable. For example,
the proportion of vertices of a certain degree is determined by the distribu-
tion of rooted balls of radius one. On the other hand, consider the sequence
of cycles Cy,, n > 3. Its local limit is the two-way infinite path Py, (some-
what surprisingly, see Fig 3.1), which is also the local limit of the sequence
of paths P,, (not so surprisingly). The observation to make here is that cycles
are cyclic, while paths are not, including the local limit P.,. This simple graph
property breaks under the local convergence, because whether a graph is cyclic
or acyclic is a global property that local convergence fails to capture by design.
Therefore, more interesting are parameters that are defined globally but can be
reconstructed from patching local information together.

5 Poo

Figure 3.1. Cycle graphs C'3, C4, (5, and the two-way infinite path P..

18



The number of spanning trees is a typical example. Let 7(G) be the number
of spanning trees of a finite connected graph G. Lyons studied the tree entropy
per site [11]

log 7(G)
G|
under local convergence. The logarithm is essential: spanning tree counts are
typically exponential in the number of vertices. A related phenomenon occurs
for matchings. Let M (G) be the number of matchings of G. Abért, Csikvari,
Frenkel, and Kun proved that the matching entropy per site [1],

log M (G)
Gl

is estimable for bounded-degree graph sequences. The local convergence of
the sequence leads to the convergence of the normalized logarithm of the num-
ber of matchings. These are two examples of a general principle: a global
counting problem may be controlled by a sequence of local data (very surpris-
ingly).

However, the same paper shows that the corresponding statement for per-
fect matchings fails in general, even for regular bipartite graphs of fixed degree.
This example is instructive. Perfect matchings are constrained by global par-
ity. Thus through the lens of local convergence one can distinguish between
parameters that are genuinely global and parameters that are defined globally
but can be recovered locally.

Article III asks for corresponding results for subtree statistics of locally con-
vergent sequences of trees. Let 7" be a finite tree, and N (T") the number of
subtrees of T". The first parameter of interest is the subtree entropy per site

log N(T'
D=
The second is the subtree density
w(T

Both quantities are global: their definitions involve all subtrees of the ambient
tree. Article III shows that, under natural hypotheses, they can nevertheless be
recovered from aggregating local information.

3.2 Asymptotic subtree statistics and subtree
polynomials

The previous sections investigate subtree statistics mainly in trees. In this sec-
tion we turn to graphs. Let G be a finite graph with n vertices. For 1 < k < n,

19



let s;(G) denote the number of subtrees of G with k vertices, where a subtree
means a subgraph that is a tree and is not required to be induced. In particular,
sn(G) is the number of spanning trees of G. The subtree polynomial of G is

n

S(G;x) = Z 2Vl = Zsk(G)xk,

UEeS(G) k=1

where S(G) is the set of subtrees of G.

This definition is analogous to other graph polynomials that encode combi-
natorial objects, such as the independence polynomial and the matching poly-
nomial. The tool of a generating function is useful in subtree statistics because
it keeps track of the entire distribution of subtree orders in a way that the quan-
tities of interest can be easily derived. In particular,

S(Gi) =) sk(G),  S(G1) =) s(Gk
k=1 k=1

are the total number of subtrees and the total order of all subtrees, respectively.
Therefore,

S'(G;1)

5(G;1)
is the expected order of a uniformly chosen subtree of G. When G is a tree,
these quantities reduce back correctly to the subtree statistics in trees from
Chapter 2.

The subtree polynomial first appeared in this context in Jamison’s work on
the average order of subtrees of a tree [7]. Recently, Chin, Gordon, MacPhee,
and Vincent studied subtree polynomials for arbitrary graphs and asked several
questions about their coefficients and the probability that a random subtree is
spanning [4]. Note that this probability is almost trivial for trees as there is
always exactly one spanning tree for any ambient tree. However, the subtree
polynomial proves to be a convenient tool for both trees and general graphs,
and enables a broader setting that connects subtree enumeration with spanning
trees, random graphs, and the roots of graph polynomials.

The probability that a uniformly chosen subtree of G is spanning can be
expressed as

sn(G)

S(G;1)°
This probability was one of the central notions for the aforementioned work
by Chin et al. and it was studied further by Wagner [16]. In a setting of
dense random graphs, Wagner showed that the high-degree coefficients ex-
hibit a Poisson-type behaviour. More precisely, for the Erdés—Rényi random
graph G(n, p) with p — po, > 0, and every fixed £ > 0, we have

Sn—k(G) p 1
(@) R

(epoo)ikv
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as n — oo. Equivalently, the number of missing vertices in a random subtree
is asymptotically governed by a Poisson-type distribution.

Article IV shows that this Poisson-type behaviour for high-degree coeffi-
cients exists even without the “near regularity” of dense random graphs. As
a more general setting, we consider graphs with a linear lower bound on the
minimum degree:

§(G) = an,
for some fixed a > 0. Under this assumption, define

Sn—1 (G )
sn(G)
Then the high-degree coefficients are shown to satisfy

si(G) _ BG)
sn(G) k!

p(G) =

: (1 + O(kn—%)> :

with an error term that is uniform in k for k < ns ¢, for any fixed € > 0.

Probabilistically, this means that, in such dense graphs, the number of ver-
tices a uniformly random subtree typically misses is asymptotically Poisson
distributed with mean 5(G), which is bounded above by a constant 1/cv. It is
worth noting that 3(G) is also bounded below by e~! — o(1) due to results of
Hladky, Nachmias and Tran [6].

Some relevant results along the line of distributional description of subtrees
are worth noting here. In 2024, Luo, Xu and Tian proved unimodality of the
subtree polynomial for several special classes of graphs: unicyclic stars US,,—
star S,, with a pair of leaves connected by an edge, lollipop graphs L(p, q)—
cycle C, attached to an end vertex of path P, and glasses graphs G(p, ¢)—cycles
C) and Cy joined by an edge [9]. See Fig 3.2 for examples.

R

USs L(4,3) G(6,4)

Figure 3.2. US5, L(4,3) and G(6,4)

In 2018, Ralaivaosaona and Wagner proved that subtree orders in ‘bushy’
trees are asymptotically normally distributed after some normalization [14]. It
is worth noting that a rooted variant of the subtree polynomial whose coeffi-
cients are numbers of subtrees containing a prescribed root-vertex is used in

the proof,
S*(T;x) = Z 2Vl
Ues*(T)
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where S®(T') is the set of all subtrees of 7" that contain the root of 7". If the
root is v, then S*(T') = S(T,v). Furthermore, if we let vy, ..., vy be the
neighbours of v and 71, ..., T, be the corresponding branches with roots at
vy, ..., 4, respectively, then it is not hard to see that the rooted subtree poly-
nomial satisfies a simple and clean recursive formula:

d
S*(Tio) = ][ (14 S*(Ti;2)) .
=1
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4. Summary of articles

4.1 Article I

Article I focuses on the contraction conjecture, which was put forward by Jami-
son [8]. Let T be a tree and e an edge of T', and let 7'/ e denote the tree obtained
from T by contracting e. Jamison proved that the global mean is monotone
with respect to this operation, in the sense that

w(T) = pu(T/e),

and conjectured the stronger inequality

W(T) = u(T/e) >

— W

The constant 1/3 is forced by paths, since p( P,
any edge of P, gives Pp,_1.

Before Article I, Luo, Xu, Wagner, and Wang resolved the case where the
edge to be contracted lies on a pendant path [10]. Article I proves the remaining
case, where the contracted edge is internal.

= (n+2)/3 and contracting

Theorem 4.1.1. Let T be a tree and e be an edge that does not lie on a pendant
path. Then

W =

w(T) = u(T/e) >

Combining this result with the earlier result of Luo et al., the contraction
conjecture is settled completely.

Corollary 4.1.2. Let T be a tree and e be an edge in T. Then
1
plT) = u(Te) 2 5,

with equality if and only if T is a path.

The proof starts by reducing the internal-edge case to the study of an internal
path. If an edge does not lie on a pendant path, then it lies on a path whose
two endpoints are branching vertices. Contracting any edge on this path leads
to isomorphic resulting trees, so it is enough to contract an edge at one end of
the path. Let the two branches attached at the two endpoints be denoted by T
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and 75, and let [ measure the length of the connecting path. The mean subtree
order of the resulting tree can then be written as a rational function of /,

1f(1)
l)==-—=
pll) = 3 0’

where the coefficients of f and g are expressed in terms of the numbers and

total orders of subtrees in T3 and T5.
The desired inequality is equivalent to

1

p(l) =l =1) = 5 >0,

which is further equivalent to the positivity of an expression of the form
(I]-1(l—=1)+[1I]- (2l —=1)+[III]-C.

Thus the proof is reduced to showing that the three coefficients [I], [I], and
[I11] are positive. These coefficients are complicated expressions in the sub-
tree counts and total orders of the two branches, but they can be controlled by
a collection of inequalities relating local and global subtree quantities.

Two of these inequalities are of independent interest. Let N7 be the number
of subtrees of T, R the total order of all subtrees, and N, R, the correspond-
ing quantities of subtrees containing a vertex v € 7.

Lemma 4.1.3. Let T be a tree and v a vertex in T. Then
3(NrR, — NyRr) > N2 — N,Nr,

which is equivalent to

p(T,0) — () > (?@“—1).

This lemma gives a lower bound on the difference between local and global
mean in terms of the ratio of local and global subtree counts. This inequality
refines the inequality originally proved by Jamison,

w(T,v) = w(T),

as Np > N, with equality if and only if T = {v}.

Lemma 4.1.4. Let T be a tree and v a vertex in T'. Then
NyNr — N} + Nr — N, > 3(Rr — R,),
or equivalently,

N, +1

T —v) < —
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Note that T" — v can be a forest, i.e., a union of disjoint trees.

There are two small rooted trees for which some of the auxiliary inequali-
ties used in the main proof do not apply directly. These exceptional cases are
handled separately by explicit calculation. Once these cases are checked, the
proof is complete.

The article also shows that the bound 1/3 remains asymptotically sharp even
outside the class of paths. If two fixed rooted trees are connected by a path of
length tending to infinity, then the difference in mean subtree order produced
by contracting an edge on the connecting path tends to 1/3. Intuitively, as
the connecting path becomes longer, the finite branches at the two endpoints
become negligible and the tree becomes increasingly path-like.

4.2 Article 11

Article II studies extremal questions for local mean and local density in trees.
If T is a tree and S is a subtree of T of order k, then S is called k-maximal if
it maximizes p7(S) among all k-subtrees of 7', and k-minimal if it minimizes
it.

Article II is based on a question put forward by Jamison:

* For any tree 7', is a 1-maximal subtree necessarily a leaf?

The question itself was answered by Wagner and H. Wang [17]. They showed
that a 1-maximal subtree is a vertex of degree 1 or 2, and that both cases can
occur. Article II extends the idea of this question from vertices to arbitrary
k-subtrees and asks

* If S is a k-maximal/k-minimal subtree of 7', what can one say about S?

The results on the minimal side are expressed in terms of the body of a tree.
For a finite tree T', we define the body of T', denoted by 7™, to be the smallest
subtree containing all vertices of degree at least 3. For a non-path tree 7', T* is
the subtree obtained after removing all limbs, where a limb is a maximal path
consisting of a leaf and vertices of degree 2. Article II shows that k-minimal
subtrees tend to have their leaves on high-degree vertices.

Theorem 4.2.1. Let T be a finite tree that is not a path and T its body. Let S
be a k-minimal subtree of T with k < |T*|. Then S C T* and every vertex of
S has degree at least 2 in T

Furthermore, if k > 2, then S contains at most one leaf of degree 2 in T,
and all other leaves of S have degree at least 3 in T. If k = 1, then the vertex
of S has degree at least 3 inT.

The behaviour of subtrees of maximal local mean has the opposite tendency.
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Theorem 4.2.2. Let T' be a finite tree. Let S be a k-maximal subtree of T. If
k > 2, then S contains at most one leaf of degree at least 3 in T, and all other
leaves of S have degree 1 or 2 inT. If k = 1, then the vertex of S has degree
lor2inT.

Moreover, it turns out that one can say more if a k-maximal subtree does
have a leaf of degree at least 3.

Theorem 4.2.3. Let T' be a finite tree. Let S be a k-maximal subtree of T If
there exists a leaf of S of degree at least 3 in T then all other leaves of S have
degree 1inT.

Atrticle II uses a novel technical tool called the index. If v is a vertex of T,
the index of v is defined by

R(Tv)
N(T,v)(1+ N(T,v))
The index can also be defined with respect to a subtree S. If v either lies outside
of S or is a leaf of S, one can define an index i (v; S) using the branch at

v that grows away from S. The index with respect to S thus captures local
modifications of S.

ir(v) =

Lemma 4.2.4 (Index Lemma). Ifw is a neighbour of S, then
w(T, S +w) = u(T,S)+ir(w;S).
Ifvisaleafof S, then
w(T, S —v) = w(T,S) —ir(v; S).

When a subtree S is fixed, for those vertices on which the indices are well-
defined with respect to S, the indices exhibit clear patterns. The proofs of the
extremal results are greatly simplified by exploiting these patterns. Roughly
speaking, along a path-like branch, indices decrease as one moves away from
the conditioning subtree, while at a branching point, moving into one of the
branches increases the index. These comparisons allow one to change the lo-
cal mean of a supposedly extremal subtree by deleting a leaf and adding a
neighbouring vertex. By increasing or decreasing the local mean, it eliminates
the possibility of the original subtree to be of maximal/minimal local mean. In
this way, the index converts structural descriptions of extremal subtrees into
local inequalities.

The second part of Article II introduces and studies local density. If S'is a
proper subtree of a tree 7" of order n, with |S| = k < n, the local density at S
is defined as
M(T7 S ) —k

D(T,8) = =122
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This normalizes the local mean and thereby enables comparison between sub-
trees of different orders. Probabilistically, D (7', S) is the probability that a
uniformly chosen vertex outside S lies in a uniformly chosen subtree contain-
ing S. If one allows S to be empty, then this definition reduces to the global
density D(T") = u(T")/|T|.

Article II gives exact criteria, in terms of the index, for when deleting a leaf
or adding a neighbour increases local density.

Theorem 4.2.5. Let S be a proper subtree of T, where |T'| = n and |S| = k.
If2<k<n—1andwisaleaf of S, then

D(T,S)>D(T,S—w) <= D(T,S)>1—ir(w;9).
Similarly, if | < k <n—2and v is a neighbour of S, then
D(T,S+v)>D(T,S) <= D(T,5) >1—ir(v;9).

These criteria show that, given an ambient tree 7', asking which subtree(s)
achieves maximal/minimal local density is a non-trivial question.
Article II proceeds to prove a sharp lower bound.

Theorem 4.2.6. Let S be a proper subtree of T and T™ be the body of T'. Then

DT.5) > ;.

with equality if and only if S contains the body T™.

Thus the minimal local density is completely characterized: it is attained
exactly when all branching vertices of the tree have already been included in
the subtree. On the other hand, local density can be arbitrarily close to 1.
Indeed, one only needs to pick a tree 7" whose density is close to 1 and pick a
vertex v. Since the local mean dominates the global mean, it follows that the
local density is also close to 1,

T,v)—1>u(T)—1
n—1 — n-1

D(T,v) = 1,
as n — oo.

Article II therefore gives two complementary refinements of the study of
local mean in trees. First, it describes the structure of subtrees that are ex-
tremal for local mean at a fixed order. Second, it introduces local density as
a normalized local mean and characterizes its minimum. The index provides
the common mechanism behind both parts, linking local modifications of a
subtree to changes in local mean and density.
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4.3 Article II1

Article III studies subtree parameters along sequences of finite trees that con-
verge in the Benjamini-Schramm sense. A sequence of finite graphs is called
Benjamini-Schramm convergent if the distribution of the rooted r-ball around
a uniformly random vertex converges for every fixed radius r. It is equiva-
lent to say that the probability measures associated to the sequence of graphs
by uniform neighbourhood sampling converge weakly. The article shows that
two global subtree parameters of a sequence of trees, namely the subtree en-
tropy and the subtree density, are captured by their local limit.

Let N(T') denote the number of subtrees of a finite tree 7. The first main
result concerns subtree entropy.

Theorem 4.3.1. Let T, be a sequence of finite trees such that |T,,| — oo. If
T, is Benjamini—Schramm convergent, then the subtree entropy

log N (T5)
| T

converges to a constant depending only on the Benjamini-Schramm limit.

This is analogous in spirit to earlier results of Lyons on tree entropy [11] and
of Abért, Csikvari, Frenkel, and Kun on matching entropy [1]. The common
theme is to recover a global counting quantity from local data.

The concept of subtree core lies at the center of the proof. For a fixed finite
tree 7" and a vertex v, one can associate the quantity N (7, v), the number of
subtrees containing v, to it. The subtree core of 7', usually denoted by c, is
the vertex, or a pair of adjacent vertices, that maximizes N (7, v). The subtree
core plays a critical role in approximating log N (7'), up to a bounded error, as
a sum over the vertices of 7. More precisely, if N.(T', w) denotes the number
of subtrees containing w and growing away from the subtree core ¢, then a
product decomposition of rooted subtrees gives

1
log(1+ N(T\,¢)) log <1 + )
1; (T, w)

and log(1 + N (T, ¢)) differs from log N (T") by at most a constant. Thus the
problem is reduced to finding a local version of the summand.

The subtree core itself is not a local concept and is not well-defined in an
infinite limiting tree. Thus, N.(T', w) is also not well-defined without a well-
defined subtree core. To solve this issue, the article introduces

M(T,w) =min N(T — e, w),
esw
where N (T — e, w) denotes the number of subtrees containing w in the compo-
nent of 7' — e containing w, and the minimum is taken over all edges e incident
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with w. The article shows that for all vertices except possibly the subtree core,
M (T, w) agrees with N (T, w). Consequently,

log N(T') — Zlog (1+m>|

weT

is bounded by a constant, and the function

1
f(T,w) = log <1 + M(T,w))
is defined for locally finite rooted trees. The article then proves that f is
bounded and continuous. Therefore, after dividing by |7},|, the above sum
becomes the expectation of a bounded continuous function with respect to the
associated measure of 7},, and weak convergence gives the desired limit.
The second main result concerns subtree density.

Theorem 4.3.2. Let T), be a sequence of finite trees such that |T,,| — oo as
n — co. Assume that T}, is Benjamini-Schramm convergent, and that the limit
measure o (-, 1) satisfies

lim o(Py,.q,7) =0

o0 U( 2r+1> ) ’
where Py is the path with 2r+1 vertices centered at the middle vertex. Then
D(T,) converges to a constant depending only on the Benjamini-Schramm
limit.

The exclusion of the two-way infinite path in the local limit is necessary.
A sequence of paths and a suitable sequence of balanced double brooms can
have the same local limit, namely the two-way infinite path, but their subtree
densities have different limits. This shows that, unlike the average subtree
entropy, subtree density is not always determined by the Benjamini-Schramm
limit.

The proof of the second theorem again replaces a global quantity by a local
one. Let 1(7") be the mean subtree order. First, we observe

D(T) w(T) 1 Z N(T,v)'
veT

T 7] T T & N(T)

Since N(T',v)/N(T) can be interpreted as the probability that vertex v belongs
to a uniformly chosen subtree, D(T) is the average of this probability over all
vertices of T'. Let
N(T,v)

N(T)
The article approximates p(7’,v) using a conditional probability ¢(7',v), the
probability that a random subtree containing the subtree core also contains v.

p(T,v) =
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Under the assumption on the local limit, along with the fact that most sub-
trees contain the subtree core, the article shows that the averages of p(7,,v)
and ¢(T,,v) over all vertices have the same limit for a Benjamini-Schramm
convergent sequence 7,.

The function ¢(7',v) is then extended to infinite trees through a product
of local factors. One recurrent theme is that the dependence on the subtree
core, previously of N.(T',w), now of ¢(7,v), prevents the definition to be
generalized to trees of infinite order directly. Roughly speaking, the spirit of
the solutions are also similar: instead of following the branch that contains the
subtree core, we follow the branch that maximizes rooted subtree counts. To be
specific, starting from v, one repeatedly chooses the neighbour whose branch
has the largest number of rooted subtrees, and thus determines a sequence of

vertices v = vg, v1, . . - . Along this sequence of vertices, one defines factors
q>‘k — M(Tv Ui)
v M(T, 'Ui) +1 ’

until a vertex v; with more than one infinite branch is reached, after which
the remaining factors are set to 1. By approximating this infinite product with
finite partial products, along with the continuity of ¢; as maps defined on the
space of rooted graphs, the article shows that the average of ¢(7,, v) over the
vertices of T}, converges to a limit depending only on the local limit.

Finally, the article discusses possible limiting values of subtree parameters.
It shows that the set of densities of trees is dense in [1/3, 1], while the set of
densities of series-reduced trees is dense in [1/2,3/4]. It also shows that the
normalized logarithm log, N(T")/|T| is dense in [0, 1] for general trees and in
[1/2, 1] for series-reduced trees.

Article III therefore places subtree enumeration and density within the frame-
work of local convergence of graphs. It shows that the subtree entropy respects
the local limit for locally finite trees, while subtree density is also estimable
except when the infinite path is contained in the local limit.

4.4 Article IV

Article IV studies distribution of subtrees in general graphs through the subtree
polynomial. If G is a graph with n vertices and si(G) denotes the number of
k-vertex subtrees of G, where subtrees are not required to be induced, then the
subtree polynomial is

S(Gyz) = Z sp(G) k.
k=1

In particular, s, (G) is the number of spanning trees of G, and s,,_x(G) is the
number of subtrees missing exactly k vertices.
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If a subtree is chosen uniformly randomly from all subtrees of GG, then the
probability that the subtree is spanning is
sn(G)
S(G;1)
More generally, if X denotes the number of vertices missed by a uniformly
chosen subtree, then

Sn—k(G)
S(G;1)

The main setting of Article IV is that of dense graphs. Fix o > 0, and
suppose that G has minimum degree

0(G) > an.

P(Xg = k) =

The first result concerns behaviour of high-degree coefficients in the subtree
polynomial.

Theorem 4.4.1. Let o« > 0. Let G be a connected graph of n vertices with
minimum degree § > an. Set f(G) = $p—1(G)/sn(G). We have, for k =
0(n1/3),
Sn—k’(G)
sn(G)

with an error term that is uniform in k for k < ns~, for any fixed € > 0.

= %B(G)’“ (1 + O(kn_1/3)) :

The estimate shows that the high-degree coefficients of the subtree polyno-
mial have a Poisson-type form. This indicates that the top part of the subtree
polynomial behaves like an exponential series with parameter 3(G), which
satisfies e 7! — o(1) < B(G) < 1/a, where the lower bound uses results of
Hladky, Nachmias and Tran [6].

The proof is based on a modified double-counting method which was ini-
tially used by Wagner [16]. For a spanning tree 7" of G, let £(T") be its set of
leaves and define the leaf weight

1
w(T) = Z %7
vel(T)

where d(v) is the degree of v in G. By counting ways to obtain a spanning tree
from a subtree with n — 1 vertices, the article establishes the identity

Sp— 1 Z Z Z (T)a
TG vel(T TG

where the sum is taken over all spanning trees of G. Consequently, 5(G) is
the average value of w(T') over all spanning trees of GG, which further leads to
the aforementioned upper bound 1/« of 8(G).
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The article then generalizes the idea to subtrees with n — & vertices. In
the current setting, for sufficiently small k, a subtree S missing the vertices
v1,...,V; can be extended to a spanning tree by attaching those vertices as
leaves. That is to say, the total number of ways to extend S in this leaf-
extension manner is well approximated by the product of the degrees of the
missing vertices vy, . . . , Uk, Hj d(vj). Thus, by the same method as for s,,_1 (G),
we obtain

s k(G — <1+0< ))Z 3 Hd

THG {v1,...,v, }CUT)

The article proceeds to approximate the summand corresponding to a fixed
spanning tree 7" in the expression above,

ZH

{’Ul,...,’L);, }Cf(

by
w(T)*
k!
The proof then uses two established results about spanning trees in graphs.
A theorem of Hladky, Nachmias, and Tran implies that a uniformly random
spanning tree of a dense graph has linearly many leaves with high probability
[6, Theorem 1.5], providing a positive lower bound for 3(G). A concentration
result of Pemantle and Peres for Lipschitz functions of spanning trees [13, The-
orem 1.1] implies that w(7") is concentrated around its expected value 5(G).
Together, they yield the asymptotic formula for the high-degree coefficients.
The second main theorem concerns the roots of the subtree polynomial.

Theorem 4.4.2. Let o« > 0. Let G be a connected graph of n vertices with
minimum degree § > an. Then, for every constant C' > 6, we have

C

alogn

max{|z| : x € C, S(G;z) =0} <
if n is sufficiently large.

The coefficient asymptotics implies that, in the range where the high-degree
part controls the polynomial, S(G; x) behaves like

@1 (29).

Since the exponential function has no zeros, the polynomial cannot vanish in
the region where this approximation is accurate. As a consequence, all zeros of
S(G; x) are confined to a disc around the origin whose radius is O(1/logn).
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Article I'V therefore connects three viewpoints on subtree enumeration. The
coefficients of the subtree polynomial describe the distribution of random sub-
tree orders; the high-degree coefficients are controlled by weighted leaves in
spanning trees; and the resulting Poisson-type asymptotics implies informa-
tion about complex roots. In this way, the paper extends the study of subtree
statistics from trees to dense graphs and links it with probabilistic and analytic
methods in graph theory.
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6. Summary in Swedish - Svensk
sammanfattning

Denna avhandling studerar deltréd i trid och grafer ur enumerativa, probabilis-
tiska, extremala och asymptotiska perspektiv. Ett deltrdd av ett trid ar en icke-
tom sammanhéingande delgraf, medan ett deltrdd av en allmén graf &r en del-
graf som sjdlv ar ett tridd. Detta &r ett enkelt objekt att definiera, men mingden
av alla deltrdd av en graf innehaller rik information om grafens struktur. Det
centrala temat i avhandlingen 4r att forsta hur extrema deltrdd vanligtvis ser ut,
hur deras storlek fordndras under grafoperationer, hur lokal struktur paverkar
globala deltrddsparametrar, och hur antalet deltrdd kodas i genererande poly-
nom.

Den forsta delen av avhandlingen handlar om medelordningen for deltréad i
ett trdd. Om ett deltrdd av ett dndligt trdd 7" véljs likformigt slumpmaéssigt &r
medelordningen det forvantade antalet horn 1 deltrddet. Om denna storhet di-
videras med ordningen av 7" far man deltradstitheten, som kan tolkas som san-
nolikheten att ett likformigt valt horn tillhor ett likformigt valt deltrdd. Dessa
parametrar introducerades och studerades av Jamison, som ocksé formuler-
ade flera inflytelserika formodanden. Ett av dem ror kantkontraktion. Om en
kant i ett trdd kontraheras far man ett nytt trid med ett horn farre. Jamison
formodade att medelordningen for deltrdd minskar med minst 1/3 vid varje
kantkontraktion. Konstanten dr bésta mdjliga, vilket visas av vigar. Artikel I
bevisar det dterstiende Sppna fallet av denna formodan och etablerar dirmed
hela resultatet: minskningen ar alltid minst 1/3, med likhet precis for végar.

Avhandlingen gér dérefter fran globala medelordningar for deltrad till lokala
sddana. Det lokala medelvirdet vid ett horn, eller mer allmént vid ett del-
trdd, 4r medelordningen av alla deltrdd som innehéller det. Eftersom det lokala
medelvérdet okar nér det foreskrivna deltradet gors storre, dr det naturligt att
endast jaimfora lokala medelvirden mellan deltrdd av samma ordning. Artikel
II studerar vilka deltrdd som maximerar eller minimerar det lokala medelvardet.
Den visar att maximala deltrdd tenderar att ha sina 16v i 1aggradiga delar av det
omgivande tridet, medan minimala deltrdd har den motsatta tendensen. Ar-
tikeln introducerar ett index som méter hur det lokala medelvirdet forandras
ndr ett horn 14ggs till eller tas bort fran ett deltrdd. Detta index ger en enkel
mekanism bakom de extremala resultaten. Samma artikel introducerar ocksé
lokal tdthet, en normaliserad version av lokalt medelvéarde som gor det mojligt
att jimfora deltrdad av olika ordningar. Den bevisar en skarp nedre gréns 1/2,
dér likhet karakteriseras av att deltrddet innehéller trddets forgrenade kropp.
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En ytterligare riktning &r asymptotisk. Artikel I1I studerar foljder av dndliga
trdd som konvergerar i Benjamini-Schramm mening, vilket betyder att om-
givningen kring ett likformigt valt hérn har en grénsfordelning. Artikeln un-
dersoker om globala deltrddsparametrar kan bestimmas av denna lokala gransin-
formation. Den visar att den normaliserade logaritmen av antalet deltréd, kallad
genomsnittlig deltrddsentropi, konvergerar for varje Benjamini-Schramm kon-
vergent f6ljd av dndliga trdd. Den visar ocksa att deltriddstitheten konverg-
erar nér den lokala grinsen inte dr den tvavégs odndliga vigen. Detta undan-
tag dr nodvandigt: végliknande foljder kan ha samma lokala grians men olika
gransvirden for deltridstitheten. Artikeln identifierar dirmed bade styrkan
och begransningen hos lokal konvergens for deltriddsstatistik.

Slutligen studerar avhandlingen deltrddspolynom for tita grafer. For en graf
G registrerar deltradspolynomet antalet deltrdd med & horn for alla k. [ synner-
het raknar koefficienten av hogsta grad grafens uppspannande trad. Artikel IV
visar att koefficienter av hog grad, i grafer vars minimigrad &r linjér i antalet
horn, har en asymptotisk form av Poisson-typ. Koefficientasymptotiken an-
vinds sedan for att visa att alla nollstéllen till deltrddspolynomet har modulus
O(1/logn), och dirmed tvingas mot origo nér antalet horn véxer.

Tillsammans utvecklar de fyra artiklarna en sammanhéngande studie av del-
tradsstatistik. De ldser ett klassiskt formodande om medelordning for del-
trad, beskriver extremalt lokalt beteende, kopplar deltrddsparametrar till lokal
grafkonvergens, och utvidgar studiet av deltrdd i tita grafer genom polynom
och nollstéllen.
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