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Abstract

We consider the evolutionary Stokes system, coupled with the so-called dynamic slip
boundary condition, in the simple geometry of a d-dimensional half-space. Using the
standard technique of Fourier transform in tangential directions, we obtain an explicit
formula for the resolvent. We then deduce estimates for both the weak (i.e. W1?)
and strong (hence W??) solutions, which are optimal in terms of the data belonging
to an appropriate negative Sobolev or fractional Besov space. In the latter case L”-
integrability of the pressure gradient is included. We allow for solutions with non-zero
divergence, thus preparing the way for extensions to general domains. As a by-product,
we show that the system generates an analytic semigroup in L7 (2) x L?(9€2). Our
approach remains elementary in the sense that only the classical Mikhlin multiplier
theorem will be used. The methods of H{*°-calculus are implicitly present; but we
stay away from the concept of R-boundedness and related heavy functional analytic
machinery.
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1 Introduction

This paper is motivated by the system

oru — div2vDu + Vrr = f, divu =0 in(0,7T)x <, 0
Bou + au + 2v[(Du)n], = ph, u-n=0 on (0, T)xT,
where «, B, and v are positive parameters, Q2 = {x; > 0} is the d-dimensional half-
space, and I' = {x; = 0} the corresponding boundary. Furthermore, n is the outer
normal vector, and 7 : RY — RY~! denotes the tangential component, i.e.,

[(Du)n]; = Du)n — ((Du)n-n)n.

Note that (1) consists of two evolutionary equations, coupled via the trace operator.
The problem can be efficiently treated in the Hilbert L?-setting, since there is an
underlying symmetric operator A: V — V*, where V is a suitable subspace of
WhZ(Q), seee. g.,[1], cf. also the weak formulation (6) below. However, the L”-theory
is expectedly more difficult if p # 2 and up to our knowledge, problem (1) has not
been treated in the literature (although a number of closely related results are available,
see also the discussion below). In the present paper, we intend to contribute to this,
with two main results being: the existence of an analytic semigroupin L? (2) x L?(I"),
and the optimal W27- and WP -regularity estimates for the corresponding stationary
(resolvent) problem.

Our paper is organized as follows. In Sect. 2, we introduce the function spaces
and state the two main results: Theorems 2.1 and 2.2, providing resolvent estimates of
optimal regularity for both the weak and strong solutions. In Theorem 2.3, we show the
existence of an analytic semigroup; we also identify the domain of its generator. Main
technical results of the paper follow: in Sect. 3, we use (partial) Fourier transform, in
the spirit of [9], to express the resolvent in terms of the boundary right-hand side. Key
estimates in the L? spaces are then obtained in Sect. 4. Our approach remains more
elementary in that we only rely on the classical Mikhlin multiplier theorem. One can,
however, note that Lemma 4.1 in fact asserts the existence of H-calculus for the
operator (—A)!/2. Finally, the proofs of the main theorems are completed in Sect. 5,
essentially by combining the results of Sect. 4 with the well-known L?-theory for the
(homogeneous) Dirichlet problem, as given e.g., in [10].

Although our results are formulated for the case of the half-space Q2 = {x; > 0},
an extension to more general domains is straightforward, using standard localization
and perturbation arguments. Crucially, this requires extension of our estimates to the
case of functions # with non-zero divergence. We treat this situation explicitly in the
part (iii) of Theorem 2.2.

Let us conclude the introduction by discussing some related, both classical and more
recent results. Concerning the Stokes system subject to the homogeneous Dirichlet
boundary condition, the existence of an L?-analytic semigroup was proven in [12] via
the theory of pseudo-differential operators. For a more elementary approach based on
the Fourier transform and classical multiplier theorems, see [9]. Recently, a different
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method using the maximal operator was proposed in [18]; however, the method seems
to be limited to bounded domains.

There is also an extensive literature devoted to problems similar to (1), but crucially,
without the time derivative in the boundary equation. For example, a fairly complete
L?-theory, including the existence of an analytic semigroup, has been established in
[2], see also [11] and the references therein; yet the results again seem to be limited to
bounded 2 only. In the case of a half-space, the problem was treated in [17], albeit for
h = 0 only. A more modern approach based on the H*°-calculus was employed here.
More recently, a closely related class of problems with dynamic boundary conditions
was treated in [6], and maximal regularity results were obtained.

A rather comprehensive functional setup for treating resolvent problems related to
dynamic boundary conditions is described in [8]; see also the references therein. This
method does provide sharp regularity estimates in fractional Sobolev spaces, yet direct
application to the Stokes problem — due to the incompressibility condition and the
pressure term — does not seem viable.

Let us also mention the recent paper [7], where the existence of an analytic semi-
group for (1) is proven in the case of smooth bounded domains, for the Hilbert setting
of the maximal regularity space L?(£2) x W1/22(I").

Concerning possible applications, we remark that optimal regularity estimates of the
stationary Stokes problem (cf. Theorem 2.2) can be used to obtain higher regularity of
evolutionary nonlinear problems, via the standard bootstrap argument. See [16] for the
corresponding analysis in bounded domains, where the smoothness of solutions was
used to estimate the dimension of the global attractor, in the case of two-dimensional
Navier—Stokes equations with dynamic boundary conditions.

2 Notation and main results

We set Q@ = {(x,xg) € RI"IxR; x; > 0} and identify I' = 9 with R~
Furthermore, n = (0, —1) is the outer normal, and v: R? — R?~! denotes the
tangential component. For p € (1, 0o) and integer k > 1, we denote by L? and W-?
the usual Lebesgue and Sobolev spaces. The negative Sobolev space W17 is defined
as the completion of L? with respect to the norm

Iy 0y = sup{/gu-wdx; 101100y < 1}.

It is well known (see e.g., [3, Section 3.14]) that W17 can be identified with the dual
to Whr',

We also need Besov spaces BZ’P with a general real s; we allow for non-integer s
in the spirit of [4]. The subscripts o or n stand for the solenoidality, and zero normal
component, respectively. Finally, we will extensively use the partial Fourier transform
F s, which is defined by

Froe u(x, xd)zﬁ(g,xd)zf u(x, xg) e ¥ Edy, £ eRITL
Rd—l
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Since it will not play any role in our paper, we set 8 = v = 1 in (1). We will be
concerned with the related resolvent problem, i.e.,

A=—Nu+Vrn=f in €, 2)

divu =0 in Q, 3)

u-n=20 on I, 4)
A+a)u+2[(Du)n]l, =h on I, 5)

where A is a complex number. Note that div2Du = Awu. Multiplying (2) by a
divergence-free, smooth, and compactly supported function ¢ with ¢-n = O on I
and integrating by parts, one obtains the integral formulation

X/ u~¢dx+(k+a)/u~¢d$+/ 2Du : D¢ dx
Q r Q

:/ f~(pdx+fh-(pdS.
Q r

This problem is easy to handle in the L>-setting, using Korn’s inequality, see [2] or
[1]. However, our objective is to obtain the L”-theory, as stated in the following two
main theorems.

(6)

Theorem 2.1 Leta > 0, p € (1, +00), f € LY ,(Q) and h € L} (). Then for any

complex A withRe A > 0 there exists a unique u € W;f,f (2) weak solution to (2)—(5).
If, moreover, |A| > w for some fixed w > 0, then

Co
||u||L17(Q) + ||u||Lp(r) < m (”f”LP(Q) + ||h||Lp(r))» @)

where the constant C depends on d, p and w, but is independent of A and «.

Theorem2.2 Leta > 0, p € (1, +00) and X € C with Rer > 0.

() Let f e W=LP(Q) and h € B;_L/p’P(F). Then one has the estimate
”u”Wl‘p(Q) < Cl(”f”w—lp(g) + ”h”B;l/p‘p(F))' (8)

(i) Let f € LY ,(Q) and h € B;;l/p’p(F). Then the solution to resolvent problem
(2)—(5) is strong, and one has the estimate

||u||W2,[I(Q) + ||V77||Lp(9) < C2(||f||Lp(Q) + Al 1-1/p.p ) )
By )

(iii) If (3) is generalized to divu = g, the estimates remain valid, with the norm of
g in LP () or WhP(2) added to the right-hand side of (8) or (9), respectively.

The constants C1, Ca depend on d, p and |A|.
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Postponing proofs of these theorems to Sect. 5, we can now establish the existence
of an analytic semigroup.

Corollary 2.3 System (1) generates an analytic semigroup in Lg,n(Q) x L ("), where
the domain of the generator is contained in B;,H/pfs’p(Q), e > 0 arbitrary.

Proof Set X = L5 ,(Q) x L} (T"), and define Au = (f, h) by the (weak) formulation
of the resolvent, i.e., (6). We set

D(A) = {u € Wol(Q): Au € X},

with a slight abuse of notation, we identify the Sobolev function u with the couple
(u, tru). It is easy to verify that A is densely defined, and the closedness follows
from the resolvent estimate (7); see also (37) below. By a standard result (see e.g., [5,
Corollary 3.7.14]), the existence of semigroup follows.

Let us identify the domain of A. In view of uniqueness (cf. the argument after
(37) below), we can treat the regularity with respect to f € Lg, () and h € LE(I)
separately. If h = 0, if follows from (9) that u € W2P (). However, in contrast
to the Dirichlet problem, this cannot be the domain since (5) would then imply & €
By /PP,

In fact, we claim that for any ¢ > 0

BIHVPFer )y « D(A) ¢ BITV/PTEP ().

pio,n pio,n
Indeed, interpolating (8), (9) with f = 0, we get the second inclusion. On the other
hand, if u € By""/714P(Q), then the left-hand side of (5) belongs to Bj”(T"), in
contradiction to the fact that in general, h € L?(I") only.

Note that if p = 2, one has the equality D(A) = Ws’/,,z’z(Q), as follows from

Lemma 4.5 below. O
3 Fundamental solution

Here, we deal with (2)—(5) for f = Oand h = ® = (¢, 0), i.e., we consider the
system

A—=—ANu+Vr =0 in €, (10)

divu =0 in Q, (1

u-n=0 on I, (12)
A+a)u+2[Du)yn], =@ on I (13)

We will (formally) solve the problem, using Fourier analysis.
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3.1 Reducing the equations

By div/, A’ we denote the corresponding operators with respect to x’. Let us now
simplify (12)—(13). First, n = (0, —1), and thus

un=0 < u;=0onTI.

Hence,

dqu1 + d1ug

dquy + uy o

u
2(Du)n = — : =— (2;‘1”)
Oqug—1 + 0g—1ud
204Uy

and

/
2[(Du)n]; =2[Du)n —2((Du)n-n)n = — (8,34 ) .
Therefore, we can rewrite (13) as follows

A+ao)u —d;u' =¢ on T. (14)

Now, we apply 9y div’ to the first d — 1 equations of (10) and —A’ to the last one;
adding these equations together we obtain

(= A)[0a(@ur + 0quz + -+ + dg—1ug—1) — Aug]
+ [0 @} + 37 + -+ 37 1) — Adgm] = 0.

The pressure term clearly vanishes and in the first bracket we use divu = 0 <
div'u' = —d uq4 to get

—A=A)Aug =0 in 2,
ug =0 on TI.

Finally, we deal with the boundary condition (14). Applying — div’ yields
— (A Fa)divu +9,divVue = —div ¢,
and thanks to div’ u’ = —9, uy we achieve

(Ao —037)duy =—div'¢ on T.
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Therefore, we reduced the whole problem to the question of solving the following
system for uy:

—A=A)Auyg =0 in €,
(Ao —037)0quy =—div'¢ on T, (15)
ug =0 on I'.

3.2 Fourier transform

We solve (15) by applying the Fourier transform ., ¢. We need to deal with the
system

O+ 1812 = D€ — 9 ity = 0 for xg > 0,
A+ —03g)dgity = —ik-¢ for x4 =0, (16)
iy (&,0) =0,

for any & € R4~ Here, the characteristic roots are
+VA+1E]2 and &£ |E[;

certainly, only the terms with the minus sign are relevant. It will be useful to introduce
the function

e XN AHER _ p—xalé]
A +a)/rt ER — &)

which is nothing else than the fundamental solution to (16), i.e., one has

mo(A, &, xq) = (7)

OA1EP = aDUEP —9mo =0 for x4 > 0,
A4+ o —04)dgmy=—1 for x4 =0,
mo(r, £,0) = 0.

The solution for the last component is thus
it (€. xa) = i€ -mo(h. &, xa) $(€).

Now, we need to express 7 and w using mq. We start with the pressure. Let us
apply div’ to the first d — 1 equations of (10); we get

Ar=—div(r — A)u' in Q.
Because of div’' u’ = —9d, uy we rewrite it in the form

ANar=0M—AN)duy in Q,

@ Springer
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and use the Fourier transform to achieve

7= |é|2 O+ £ — 8D 4 ity
In other words,
T xa) = — (A + &7 = 07) damo(, &, xq) |;2 1G]
_ pe £ Je.

A+ +a)VA+ €12 — g 18]

Up to now, everything was dimension-independent. At this point, we need to express
the function u’. If d = 2, then everything is simpler. From (11) we easily find that

01 (5, xg) = — 0amo(M, &, x2) P(E).

Inthe general case d > 2 we start in the same way, i.e., we take the Fourier transform
of (11) and express our unknown vector field

iE-U 4+ iy =0 < L

which yields

@&, xa) = — damo(h, &, x4) ° @;f $©).

This yields the solution to the Stokes system, but our condition (13) is not satisfied (in
general). We need to add a correction term v = (v, 0). For this purpose, consider the
following problem:

(A—A)v =0 1in Q,
divyy =0 in €,
A4+a)v —9;v =k on T,

where

Now, by the Fourier transform we get

A+EP—0Hv =0 in Q,
(h+a—0d)v =k onT.
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The characteristic roots are now ++/A + |£|2, and thus
V(€. xg) = b(E) e IVITER,

From the boundary condition we find

1 -~
b)) = h'(£).
Ao+ A+ ER
Together,
@(E xa) = — amoGh, £, 1) i ;’f NG

+

! E®E ) xu/rrkP g
Idg_; — a .
,\+a+\//\+|§|2( ! |E|2>e *©

To conclude this section, we summarize that for d > 2, the solution to (10)—(13) can
be expressed as

W(E, xq) = — damo(h, &, X4) %ﬁ(s)

1 5®~’3) —xiN/AFEP G
—|— Id -1 — d )
)»+a+\/)»+|5;'|2< TR )¢ *®
(&, xq) = i &-mo(h, &, x) P(&),

e £ 3@
At o+ o) (VA + E2 — &) 18] ’

(18)

7/7\(5, xd) = -

where mq was defined in (17). For d = 2, the second part of the first right-hand side
vanishes.

4 Multipliers and LP-bounds

The aim of this section is to establish L”-estimates of the solution obtained above.
To begin with, we note that mo only depends on z = |£|. Setting also for simplicity
y = xq4, with a slight abuse of notation we can write

0)()\., Z) + Z e*ya)()\.,z) — e*yZ

, (19)
a+Ar+owlr,z2)+z A

mo =mo(A,z,y) =
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where w (X, z) = v/A + z2. From relations (18) it follows that

@, y) = . &1, y) ﬁj’f 3 +my(h g, y)(ldd_l - %)3(&
(€, y) = mi(h, €], ) %-a@), (20)
R, y) =ma, [E], y) %-E(fs),

where we have set

ml()"v <, )7) = zmo()», Z, )’)»

mz()\'v 2, y) = _8ym0()"a 2, y),
1
myh,z,y) = ———— YR, 21
) = T T et
A,
maGhz,y) = — —CHDEL e

a+Ait+wi, z)+z

As the multipliers & /|£| and £ ® & /|£|* are easily seen to satisfy the Mikhlin condition
(23), it is enough to treat just the terms m;, i = 1, ..., 4. Denote

Ty = {z € C\{0}; Jargz| < 0}.

Let H*(Xy) be the set of all bounded and analytic functions in ¥y. We will use
repeatedly the following estimate, which follows easily from the H°°-calculus for the
operator (=A% on LP, see e.g., [15]. For the reader’s convenience, we provide a
short proof based on the classical Mikhlin’s theorem.

Lemma 4.1 Letu(&, y) = m(|&], y)a(é), where m(-,y) € H*(Zy) for each fixed
y 2 0. Set
k(y) = sup |m(z, y)I, y =0.

7€Yg

Then one has the estimate

||u||Lp(r) + ”u”LP(Q) <Cpa (k(O) + ”k”L!’(O’oo))||¢||Lp(Rdfl)'

Furthermore, if under these assumptions u(&,y) = m(|€|, y)0(&, y) for any fixed
y > 0, then

”u”LP(Q) < Cp,d ||k||L°°(0,oo) ”v”Ll)(Q)- (22)
Proof Let y > 0 be fixed. We want to verify the Mikhlin condition

&* IVEm (&L, )| < Ce(»), & #0, k>0, (23)
see e.g., [13, Theorem 5.2.7]. It follows once we prove

Iskm® (s, )| < C(), s € (0, 00).
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Let s € (0, co) be fixed, and let 'y be the largest circle centered in s, and contained
in ¥y. By Cauchy’s theorem

1 skm(z y)
k., (k) _ ’
s“m\(s,y) = dz.
(s, ) 2mi Jr, (z — )kl ¢

Now it is easy to see that the right-hand side has a bound only depending on 6 and the
supremum of m(-, y).
As the Mikhlin condition is satisfied, we see that

”u( Ty y) ”L”(Rd’l) < Cp,d k(y) ||¢||Lp(Rd—l)
holds. The conclusion is immediate by Fubini’s theorem. O

The following two lemmas are the main technical estimates of the paper.

Lemma4.2 Let 0 € (0, w/4) be fixed. Then there exist constants C,c > 0 and § > 0
such that

Rew(r, 2) 2 c(z+ VIAD, (24)
—yo(,2) _ p=yz Ce— 5yl
z(e e %) < e 7 (25)
w(A,z)—z2 1+ yJ/|A
1 C
< ; (26)
la+A+z4+0, 2)] o+ A

1 C
< 9
o +1+z+0(, )|  a+|z?

27)

forallz € X9,y 2 0and ) € Xy)5.

Proof For (24) see [17, Lemma 5.2 (b),(c)], and (25) follows from Lemma 5.3 (b)
therein. To show (26), we proceed as follows.

Since A € X, and z € X for some 6 < 7 /4, we have A + 2 e X5 /2. Hence
w(A,z) € Xgjaand 2+ w(X, ) € Zpyg. As ﬁ € Xy, We get % € X3x/4,
which means that this value is strictly away from —1, in particular,

z+w,2)

o+ A > C

‘l-i-

holds for some C > 0. Finally,

e +A+z+w, 2)| > Cla+ Al =C\/(a+9%ex)2+3m2/\
> Cya? 4 A2 = Cla+ 2D,

where we used that o and Re A are positive.
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Finally, as z — 24+ w(A,z) € Ly and o + 72 € Tyy, we have

-2+ r+0l,2)

1+
a+z2

>C’

and the (27) follows as before. O

Lemma4.3 Let 0 € (0, w/4) be fixed. Then there exist constants C > 0 and § > 0
such that forall z € g, y > 0and A € T2

mi(h. 2, ) Ce M (28)
mi(A,z,y)| < ,
‘ (1 + y/TAD (e + X))

Ce—5vzl -

lzmi (h, 2, V)| + [8ymi (A, 2, ¥)| < : (29)
’ (1 + yVTAD) Ve + [A]

fori=1,2,3and
Ima(r, z, y)| < Ce ™,

Proof We will first prove the bounds for m; and zm;, for all i. The bound for 3, m;
will be a simple consequence of these.

Ad m. Using (25) and (26) we find

C e (w® ) —D)(wh, ) +2)
mi(X, z, = |zmo(A, z, < —- T
o 1
1+ yJ/IA le+r+z+ o, 2)]
C

<
(1 + y/IAD(a + [A])

o—lely

Similarly, using (26) and (27) together, we get

oSzl 17|

m )\1 2, < C ’

lzmi (A, z, )l 1+ v/ le+Ar+z+ok,2)l
e—dlzly 1 |z]

C . . ,
L+ yJ/IAl Va+ Tl o+ 2|2

from which the estimate for zm follows.

Ad m3. Due to (24) and the inequality (1 + cy./|)hl)e_cy‘/m <1+ % = C/, we see
that

/
S

14 cy /A ’

le Y02 | < e (ZHVIRD — pmenV/IRT perlal
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where we assumed § to be small enough. Thanks to an obvious analogue of (26), we
obtain
1
a+A+wlr, )
C/ e—&y\zl C
< : <
e + A+ o, )| 14+cyJ/IA] (1 +ceyJIAD (e + 1)

Next, using a modification of both (26) and (27), we find

Ims(A, z, y)| = Y0 (h2)

—dylz|

|z] ezl
zm3(h, z, )| < C’ :
lzm3 (%, 2, V)l o+ h+ o) 1+ ey vinl
C

—dylzl

<
eV NEaE

Ad m,. We have

mz()\-’ Z’ )’) - aymO()H Z’ J’)

. l 4w, 2) .i(e—yw()L’Z) — e

A at+tAitzt+w,z) 0y

1 2+ w,2) _ _ .
= atititaey (et YOI 4 2e 7  ge T )
_ o0, (e —et) 4 2 - ok, 2)e 0
St At ztron,2) A

1

= —miX,2z,y) — e YORD),

a+r+z+w(r,2)

We have already shown that the first term is bounded, and the second one can be
estimated in the same way as m3(X, z, y). Similarly,

zma(A, z, y) = zdymo(A, z, y)
< e Yo (D)
a+r+z+w(r,2)

= —zmi(X,z,y) —

is bounded as both terms are bounded due to the previous parts.
In the above, we proved (28) and the first part of (29); it remains to estimate 9y m;.
Fori = 1, we have

a}’ml()\v Z, y) = Zm2()\-» Z, y),

hence, the bound of this follows from the already proven estimate. Next, for i = 3,
we get

a)()», Z) efyw()»,z)

dym3(h,z,y) = — — o
ym3 (k. 2, y) o+ rtok )
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There obviously holds |w(A, )| < C(J/|A] + |z]). Hence, the boundedness of 0y m3
follows from already established inequalities for i = 3. Finally, for i = 2, we can
compute that

(X, z)
a+rA+z4+w,2)

dyma(h,z,y) = —dymi(h,z,y) + e YD),

Invoking (27) for i = 1, 3, the estimate for m, is complete.
Concerning my, it is enough to invoke (21) and note that |e~¥?| = ¢~ when-
ever z € Xg. O

We can now state and prove the following key result.

Lemma 4.4 The solution u to (10)—(13) satisfies the estimates

K
||u||Lp(r) + ”u”LP(Q) < m ||¢||Lp(1"), (30)
K
IVatll gy < = 101 1o - (31)
LP(Q) m LP(T)

Here the constants K1 and K, depend on p and d, but are independent of A.

Proof In view of (20) and Lemma 4.1, we have

00 I/p
K <k(k,0)+(/ k”(/\,y)dy) ;
0

where
k(x,y) = [nax_ sup [Ami(A, z,y).

1=1,23z7e%y

By Lemma 4.3 we thus obtain

c < || |:1 N </~oo dy )1/[7] - I)L|1—l/2p
1 X — Y SC—.
o+ |A] o (I+yJIrh? o+ |A]

This is bounded independently of A in a given range. The estimate of K is obtained
similarly. O

In the Hilbert case p = 2, one obtains the estimate of u € w2 directly.

Lemma 4.5 The solution u to (10)—(13) for A > 0 satifies the estimates
C()") ||¢ ” Ws—]/2,2(r) < ” Vll ” WS‘Z(Q) < C()") ||¢ ” Ws—l/Z,Z(r) (32)
foranys € [1/2,3/2). Inparticular,u € WST12(Q) if (and only ify ¢ € WS—1/22(I).
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Proof Let us comment first on the last part of the statement. If ¢ € Ws=1/2.2(T"), then
u € Wst1h2(Q) follows from (32) together with the energy inequality; see (6). Note
that A > 0 is needed since the Poincaré inequality in the half-space is not valid. On
the other hand, if u € W*t1.2(Q), then ¢ € W*~1/22(I") holds due to (13) and the
trace theorem.

We will sketch the proof of (32) for d = 2, the general case being similar. The key
point is that since p = 2, we can use the Fourier transform to characterize the Sobolev
norm of ¢ as

11122y = /l; (1 + 1617 ~1214(5)1? dg,

which we want to relate to the velocity gradient norm
2 _ 2 2\s 2
IVullyseq) = / A+ + 0" 1F(Vu) (€, n)|” d& dn,
R2

where F denotes the full Fourier transform in R? of a function that is understood to
be evenly extended with respect to the variable y. We will also frequently use the
symbol A >~ B as a shorthand for A < ¢;B and B < 2 A, where ¢, ¢ > 0 are some
irrelevant constants, and A < B for a one-sided estimate.

Since d = 2, we have u = (u1, u;), and relations (19), (20) lead to formulas for
the partial Fourier transform of V= (i€, dy)

Vur§,y) = — (i€dymo(z. y), 2mo(z, ) (6.

Vuy (&, y) = (iEzmo(z, ), 20ymo(z, y)) % b(&),

where z = |&| and
mo(z. y) = R()(e™*@ — ™).

Recall that w(z) = /A + z2; for simplicity, we omit the dependence on A, which is
now fixed. Note that likewise R(z) is not relevant as |R(z)| = 1.
It will be useful to set

Zizm) =Fyoy[8] (70O —e7)], j=0,1,2;

even extension with respect to y is used before applying the transform. The full Fourier
transform of Vu now consists of

FVunE n) = — (i€Z1G. ). Za(z, M)R@) P (&),
F(Vur) (€. n) = (i€2Z0(z. ), 2Z1(2, M) R(2) $(E).

The key step is to evaluate and estimate Z;(z, n). In view of the formula
lexp(—aly)] = 5——., R 0
Fyo lexp(—a = , ea >0,
y—n LEXp(—aly a2 + 2
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we obtain
Zo(eam) = w(2) oz A _ n? — zw(z)
Vo= 20+ 248 0@tz @Q+DE@+1P)
Zieme @@ —
Bl =2 T R +n2 - @@+ D@+
3 3
Zoz ) = -2 :

02+ 22+n2
AP 4 20(2) + 0%(2) + 0% (2)
@+ o@)(@2(2) F D)2 +n?)

Recalling now that A > 0 is fixed, it is straightforward to deduce that w(z) ~ 1 + z,
®?(z) =~ 1 + 72, and hence also |n? — zw ()| < n* + 2% + z, and |* (2> + zw(z) +
0%(2)) + 220*(2)| ~ (1% + 22)(1 + z?). We thus can write

—~ 1+z ~
[F(Vu)E, ml = (zZ1(z, )| + 1 Z2(z, DDIPE)| =~ T+21 7 o)1,
2 —~ 14z ~
|F(Vu2) (&, m| = (12" Zo(z, M| + 12Z1(z, DDIPE) S T2+ [$(&)].

This eventually leads to a key pointwise estimate

(14 [EH)1/2

TTEELE B

1F(Vu)(E. n)| =~

It is now straightforward to deduce

IVulyr ) = /R HIER+0)" [F(Va) &, n)* dg dy
~ fRa + |s|2></R<1 1€ + )2 dn>l$(é)|2d§
~ fR A+ &P 2161 dE = 161102

Here we have also used that

dn 1-2
—~p 1/2.
/R (b2 +n?)° o>l .

5 Proof of the main results

Proof of Theorem 2.1 We start with formally recovering the resolvent estimate (7).
Decompose the solution as u = u! +u?, where u! solves the same problem, but with
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the zero Dirichlet boundary condition, and u? has the zero right-hand side in €2 and
takes care of the boundary condition. To be specific, the function u' solves the system

A—MNu'+Vr'=f in Q,
dive! =0 in €, (33)
u'=0 on r,
and u? solves
A—ANu’>+Vr?>=0 in Q,

divu’=0 in Q,

) (34)
u“-n=0 on I,
A +o)u>+2[(Du*)nl, =@ on T,
where
®="h—2[Du')nl,. (35)

Assume that 1 € C with |A| > w, where w > 0 is fixed. Due to the standard theory
(see e.g., [9, Theorem 1.2]) we know that

Ao + VU o) < el fllere, (36)
and, in particular,
C
!l r @) < i I fllLr -

Because of the trace theorem we get

IlDu"Ynl ey < cll fllze),

and thus, there also holds

1@l Lrry = b — 2[(Du"Ynlcllzeay < cl(f WILr@) x Lo

Note that ¢ remains bounded as |A| — oco. Hence, it suffices to show

C
@ tru?) || Le@yxLrm) < I I@llLrr)-

But this follows by Lemma 4.4 above, in particular, the estimate (30), because ® =
(¢.0).

So far, the argument was formal. Using a suitable approximation, one shows that
the resolvent problem (2)—(5) has at least one solution. In view of (36) and the second
part of Lemma 4.4, i.e., (31), we see that u € WP (). More precisely, we have

el 10y < COLF oy + 1B o) (37)
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where C depends on A. Let us show uniqueness; clearly, it suffices to consider u
a solution to the homogeneous problem. We set f = |u|?~2u, h = |u|P~>u and
observe that 7 € L”/(Q), he L”,(I‘). By the above, there is some # € W;,’,f,(Q),
a solution corresponding to these data. Testing the weak formulation for u by & and
vice versa, one deduces that

0=/ ?-udx+fﬁ~uds=||u||£p<sz>+||u||£p<r>~
Q r

Hence u = 0. O

Proof of Theorem 2.2 We split the solution u = u' + u? as above, allowing moreover
divu! = g in (33). Hence, part (iii) of the theorem is taken into account.

Let us now consider the strong estimates, i.e., part (ii). Regularity of u' follows as
in [9], see also [10, Theorem I'V.3.2]. Note that ® € Bll,fl/p‘p (I") by the trace theorem
[3, Theorem 7.39].

Concerning u?, we note that for a flat boundary, we have the so-called Robin
boundary condition, whence the W ?-regularity follows by [19] or [14].

Nevertheless, we will sketch the proof that Vr € LP(2). In particular, we can
adapt the argument from [9], which is here simplified in view of Lemma 4.1. (The
estimate Vu? is done similarly, or just follows by the regularity for the Laplacian
again.)

Introduce an auxiliary function v = (v, 0) as the solution to

(=8N —3Hv' =0 in Q,
— v =¢ on T,

where § > 0 is a suitably small number. We know (see e.g., [4, Theorem 14.1]) that

V2] <clollimypp - (38)
LP(Q) ¢ B; I/Pp(l—v)

We proceed by noting that

ﬁ(é,xd)=%e—5'f"‘d$<s>, or %~$(§>=8e3'§"‘dﬂ(s,xd),

and hence, in view of (20), we can write

RE ) = fRe "V (E, y).

Heren=1-6,z=|&|,y = x4 and

_ oA, z2)+z
&= S et 12
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is bounded and holomorphic in X /2. Hence

Vr(E. y) = (&, 0,)[ () e " V&, y)]
= [ @e ] ((V)20(E, ), (— 1z + 8,) VB(E, ).

The trick is now to rewrite the last term as

(—nz+0,) Vo, y) = — % : ﬁ%@, )+ m(& y).

We conclude that V7 ~ ms(z, y)V2 v, where ms(z, y) is holomorphic and bounded
in z uniformly with respect to y > 0. By the second part of Lemma 4.1, cf. (22), we
deduce

IVl Loy < V20l o).

In view of (38), the conclusion follows.

It remains to show part (i). The existence and regularity of u! follows from [10,
Theorem IV.3.3]. The key step is to bound Du! € B;l/p’p(l"), to which we need the
following auxiliary result.

Lemma5.1 Let U € LP(Q) and divU € W=1P(Q). Then (U -n), € B;L/"*”(r).

Proof Integrating by parts, we write
/(U~n)<pdS = / U-Vedx + / (divU) ¢ dx
r Q Q

and note that the right-hand side can be bounded in terms of ¢ € W,} 24 (£2). Denoting
formally by y the trace operator, it remains to observe that

y (W (@) = BYP7 (D) = (B,,/"P(T)*.

plin [m}

Applying now the above lemma to U = Vu!, we see that u” solves (34)—(35) where
=1/p.p
®cB o I).
Setv = Jj u’, where J] is the Bessel potential applied in the tangential directions

x’. Obviously, v solves (34) with the boundary data H’f/qﬁ € Bll,*l/ PP Hence v €
W2P(), and thus u? € WHP(Q) as required. O
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