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Abstract. We prove that, when n goes to infinity, the expression, with respect to the dual
Kazhdan-Lusztig basis, of the product H «H , of elements of the dual and the usual Kazhdan-
Lusztig bases in the Hecke algebra of the symmetric group S, stabilizes. As an application,
we define the action of projective functors on the principal block of category O for slso and
show that the subcategory of finite length objects is stable under this action. As a bonus, we
also prove that this latter block is Koszul, answering, for this block, a question from Math.
J.19(4), 655-693 (2019).

1. Introduction and description of the results

Let g be a semi-simple complex Lie algebra. To a fixed triangular decomposition
g=n_ohdny

of g, we can associate the corresponding Bernstein-Gelfand-Gelfand category O,
see [2,13]. The principal block Op of O is equivalent to the category of finite
dimensional modules over some finite dimensional associative algebra. This block
is equipped with an action of the monoidal category & of projective endofunctors,
see [1].

Both Oy and & admit Z-graded lifts, 2Oy and .2, respectively. Taking the
Grothendieck group, resp. ring, of the two latter categories, one obtains the right
regular representation of the Hecke algebra H associated to the Weyl group W
of g. In this picture, the Verma modules in Op correspond to the standard basis
{Hy : w € W} of the Hecke algebra, the indecomposable projective modules (as
well as the indecomposable projective functors) correspond to the Kazhdan-Lusztig
basis {H,, : w € W}, and the simple modules correspond to the dual Kazhdan-
Lusztig basis {ﬁ w . w € W} Consequently, the Kazhdan-Lusztig combinatorics
of H becomes a very useful tool to study Oy.
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One particular representation-theoretic question for which Kazhdan-Lusztig
combinatorics has shown to be very useful is the classical Kostant’s problem for
simple highest weight modules, see [14]. The original question asks whether the
universal enveloping algebra surjects onto the algebra of adjointly locally finite
endomorphisms of a module. In [16], a significant part of this question was reduced
to the study of the properties of the elements in H that have the form ﬁ «H,. At
the level of O, these elements of H correspond to the outcome of applying the
indecomposable projective functor 6, to the simple highest weight module L.

During our recent work on various aspects of Kostant’s problem for simple
highest weight sl,,-modules in [7,8], we computed, using SageMath and GAP3, a
lot of products of the form E «H , in small ranks in the case of the Hecke algebra
of the symmetric group S,, with the outcome expressed as linear combinations of
the elements of the dual KL basis. Not directly related to the questions we studied
in [7,8], we made a bonus observation that, for fixed x and y, the expression of
E «H , seems to stabilize when the rank increases. Let us directly point out that this
is not an obvious phenomenon. The transformation matrix between the two bases
changes very drastically with the rank due to the fact that the duality between the
two bases swaps the identity e of W with the longest element wg. And the element
wo changes significantly with the rank. In particular, the expression E «H, itself
does depend on the rank, but this dependence seems to stabilize. For comparison,
the expression H . H v when written in the KL basis, is independent of the rank.

The main result of the present paper, Theorem 1, confirms this phenomenon:
given two elements x, y € S, C S, for k > n, we show that the expression ﬁ H y
with respect to the dual KL basis of Si stabilizes for k£ > 0. As an application,
in Theorem 7, we show that one can define an action of projective functors on the
category of finite length modules in the principal block of the BGG category O for
the algebra sls.

To prove the main result, we employ the Robinson-Schensted correspondence
for the symmetric group, [23], and the properties of the Kazhdan-Lusztig p-function
listed in [28]. For our application, we heavily use the properties of the restricted
inverse limits of categories, described in [9].

The paper is organized as follows: In Section 2 we collected all preliminaries
necessary for the formulation of our main result, Theorem 1, which can be found in
Subsection 2.4. This main theorem is proved in Section 3. Finally, Section 4 details
the application to projective functors on category O for sl,. As a bonus, we prove
an extension vanishing property for simple modules in the principal block of O for
sls, answering (in this particular case) a question from [6].

2. Hecke algebra of the symmetric group
2.1. Hecke algebra

Forn € Z-, consider the symmetric group S, and its Hecke algebra H,,. The latter
is a Z|v, v_l]—algebra with standard basis {HIS,") : w € S,} and multiplication
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uniquely determined by

(n) . )
I_Is(n)ng)n) — {Hs:}} s if £(sw) > £(w);

1
HY + = =) HP, if tGsw) < £(w): )

where s is an elementary transposition, w € S, and £ denotes the length function.
Note that H," ™ is the unit element of this algebra and that (Hy ("))2 H, (n) + 1=

(m) , and hence all

v) Hy () , for any elementary transposition s. Consequently, all Hy
HIS,") as well, are invertible elements of H,,.
We can view the algebra H,, as a subalgebra of H,, | by sending H,SJ") to HIS,"H),

forw € §,.

2.2. Kazhdan-Lusztig basis

The bar involution on H,,, denoted / h, is defined by sending v to v~ ! and

HS(”) to (HS("))_l. The algebra H,, has, see [15,26], the Kazhdan-Lusztig basis
{H f[,' ) iwe S, } which is uniquely determined by the properties

HY = HY and  HY =HP + > vZ]IHY.
X€ES,

The entries of the transformation matrix between the two bases are known as
the Kazhdan-Lusztig polynomials {pffg T x,y € S,}, thatis, for x, y € S, we

have:
H(") — Z p(n)H(n). )
X€S,
Note that these polynomials do not really depend on n in the sense that, forx, y € S,,,
we have p)(cn; = p("+1) Also, note that p(") # 0 implies that x < y with respect
to the Bruhat order on S),. In particular, this implies that our realization of H,, as
a subalgebra of H,,; is compatible with the KL basis, i.e. ﬁfﬁ) = ﬂf}f“), for

w e S,.

2.3. Dual Kazhdan-Lusztig basis

We have a symmetric Z[v, v ]-bilinear form on H,, defined, for x, y € S,,, via

(H™, H™) =5, ,.

With respect to this form, we have the dual Kazhdan-Lusztig basis { E f;l) Tw e Sy}
(see e.g. [18, Subsection 7.1]), that is, for x, y € §,, we have

H, B =5, . 3)

2.4. Main result

For h € H, and w € S, we define [A : ﬁf,’f)] € Z[v, v~ to be the coefficient of

7y ()

H, " in h when expressed in the dual Kazhdan-Lusztig basis, i.e.
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h=3th: A

weS,

Theorem 1. (a) Foralln > 1, all x, y,w € S, and all k, m > n, we have

[ﬁ] H(k) H = [H Hg,"“ :ﬁf;")].
(b) Foranyn > 1, all x,y € Sy, all k > 260n and all w € Sk, we have that the
~ (k A (k
inequality [ﬂi )Qg() : ﬂfu)] # 0 implies w € Sye),,-

2.5. Example

Denote the transposition (i, i + 1) by s;. Then we have:

I:I(4) H® — H(4)

-1
5152535182851 —S3 5251535251 + ( + v )i]szsgslszsl
and, for all m > 4, we have

~ (m) g — H(m) n H(m)

—1
H s mnsntls = Hogssns T Hygasisss T @00 )—swzsaslszsl

The latter is easy to check, using GAP3, form < 8.

3. Proof of Theorem 1

3.1. Proof of Claim (1)

Using (3), we can interpret the value [I:I H(k) H( ]a (H H(k), ﬂl(,]f)). The

A~ (k . .
latter equals (H )(C ), H ka_)l H f{f)) and hence coincides with the multiplicity of ng) in

H ;k,)l H ,(ff ). Since the canonical embeddings of the Hecke algebras are compatible
with the KL basis, this multiplicity does not depend on k.
It remains to prove Claim (1).

3.2. Reduction to simple reflections

As a first step, we claim that it is enough to prove Theorem 1 under the assumption
that y = s is a simple reflection.
For this, consider the structure constants of H,, with respect to the Kazhdan-
Lusztig basis:
H(n)H(n) Z )/ H(n)

ceSy

Note that y b € Z[v, v~1] does not depend on n. From [25, Theorem 2] it follows
that each y; +.» has non-negative integer coefficients. Furthermore, if y = 5155 .
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is areduced expression, then H g,") appears with a non-zero coefficient in the decom-
position of the product
HOHY  H®. 4)

gy
If Theorem 1 is proved under the assumption that y = s is a simple reflection,
then, using distributivity of algebraic operations and induction on r, Claim (1) of
Theorem 1 follows in the general case.
Therefore, in the remainder of this section, we will prove Claim (1) of Theorem 1
under the assumption that y = s is a simple reflection.

3.3. The p-function

For x € S, and a simple reflection s, recall that

£ ) (v+ v—l)ﬁi") + Z n™ (x, u)ﬁ,(ln), if £(xs) < £(x);
H H' = UES, : £(us)>E(u)

0, if £(xs) > £(x).

&)

Here 1 (x, u) € Zsg is the value of the Kazhdan-Lusztig ji-function, see [15].
Directly from the definition of w it follows that, for x,u € S, C S,+1, we have
1w (x, u) = u"*tY(x, u). Therefore, from now on, we will drop the superscript
(n) for w.

We need to recall some basic properties of the p-function. Denote by < the
Bruhat order on S,,. For w € S, denote by lds(w) and rds(w) the left and right
descent sets of w, respectively. This means that lds(w) consists of all simple reflec-
tionst € S, suchthatfw < w. Also, rds(w) consists of all simple reflections ¢ € §,,
such that wt < w. The function w has the following properties, see [3,15,28]:

wx,u) #0Oonlyifx <uoru < x;

px, u) = p(u, x);

w(x,u) =1if x <uand £(x) = €(u) — 1;

if x < uand £(x) < £(u) — 1, then p(x, u) = 0 unless lds(x) C lds(x) and
rds(u) C rds(x).

3.4. Cell combinatorics

For two elements a, b € S,, we write a > b provided that there exists ¢ € S,
such that gﬁ,”) appears with a non-zero coefficient when expressing H. 5”) H é”) in
the KL-basis. This defines the so-called left pre-order on S, and the corresponding
equivalence classes (@ ~p b if and only if ¢ > b and b > a) are called
left cells. The right pre-order >g and the right cells (~g) are defined similarly
using H (b”)ﬂ E”). The two-sided pre-order >; and the two-sided cells (~ ;) are
defined similarly using H" H\"” H'" . Note that the identity ¢ € S, is the minimum
element with respect to all three pre-orders while the longest element wgy € S, is
the maximum element with respect to all three pre-orders.
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In[15, Section 5], one can find the following combinatorial description of cells.
Recall the classical Robinson-Schensted correspondence

Sy < | [SYT. x SYT;
Abn

that provides a bijection between S, and pairs of standard Young tableaux of the
same shape (the shape itself is a partition of n). We denote the map from the left
hand side to the right hand side of the above by RS and write RS(w) = (Py, Qu),
where P, is the insertion tableau and Q,, is the recording tableau, see [22,23].
Then, for a, b € §,,, we have

e a ~ bifandonly if O, = Qp;
e a ~g bifandonlyif P, = Pp;
e a ~ b if and only if the shape of P, is the same as the shape of Pp.

Consequently, fora, b € S,, C S,+1, wehavea ~p bin S, if and only ifa ~ b
in S,+1 and similarly for the right and two-sided cells. Hence there is no confusion
that we do not use any superscripts in the notation.

One important property of the cell combinatorics is given by Lemma 13(a) of

[17]: for a, b, ¢ € S,, the fact that [ﬁgz)ﬂg’) : ﬁin)] # 0 implies ¢ <p a.

The rows of Young tableaux are numbered from top to bottom and the columns
of Young tableaux are numbered from left to right. It is important that the descent
sets of w can be directly read off from the tableaux P, and Q,,. We have, see [22]:

e 5; = (i,i+1) € lds(w) if and only if i + 1 appears in P, in a row with strictly
higher number than the number of the row of P, containing i;

e 5; = (i,i+1) € rds(w) ifand only if i 4+ 1 appears in Q,, in a row with strictly
higher number than the number of the row of Q,, containing i.

Finally, we note that, for w € S,, C S,+1, the S,41-insertion tableau for w is
obtained from the S,-insertion tableau for w by adding a new box with n + 1 in the
first row. Similarly for the recording tableau.

In[10],itis shown that the order <; onthe set of all partitions of n coincides with
the (opposite of the) dominance order. We note that no combinatorial interpretations
of <y, (or <p) are known. This is a major obstacle for many arguments. For some
partial results, see e.g. [12, Corollary 3.26].

3.5. Stability for the p-function

For w € S, denote by m(w) the maximal positive integer k such that w(k) # k
(we set m(e) = 0). The main observation that we need for our proof of Theorem 1
is the following:

Lemma 2. Let a, b € S, be such that ju(a, b) # 0 and rds(a) \ rds(b) # @. Then
m(b) < 2m(a).
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Proof. We know that u(a, b) # 0 impliesa < borb < a.If b < a, then the claim
of the lemma is obvious. Therefore it remains to consider the case a < b.

Assume £(a) = £(b)—1 andlett € rds(a)\rds(b). Assume, for contradiction,
that m(b) > 2m(a) (note that m(a) # 0 as we assume that rds(a) # & and
hence, in particular, a # e). Then b = asm@p)—1 and smp)—1 commutes with all
simple reflections involved in a, in particular, with ¢. Consequently, ¢ € rds(b), a
contradiction.

Finally, assume ¢(a) < £(b) — 1. Then we must have both rds(b) C rds(a)
and lds(b) C lds(a). We assume rds(a) \ rds(b) # <. Lett € rds(a) \ rds(D).

~ (k
Then, from Formula (5), we have that H ,() ) appears with a non-zero coefficient in

~ (k
the decomposition of ﬂfl ) H ﬁk) with respect to the dual KL basis. In particular,

b<jya.

Let A be the shape of P, and u be the shape of P,. Then we have A =
(A, A2, ...)and u = (u1, u2,...). Since b <j a, the partition u dominates
A, in particular, n — 1 <n — Aq.

In order to prove that m(b) < 2m(a), we need to show that, for any i > 2m(a),
the box i appears in the first row of both P, and Q). We do it for P, and for Q)
the argument is similar. Assume that i does not appear in the first row of Pj. Since
Ids(b) C lds(a) and s;—; ¢ lds(a), we have s;_1 ¢ lds(b). Hence i — 1 must appear
in Pp in the same row as i or in a row with higher number. Similarly for i — 2 and
so on all the way down to m(a). However, A has at most m(a) — 1 boxes combined
in rows 2, 3 and so on. Since © dominates A, we have that © has at most m(a) — 1
boxes combined in rows 2, 3 and so on as well. This means that we will eventually
find an element in lds(b) which is not in lds(a), a contradiction. The claim of the
lemma follows. O

3.6. Completing the proof of Theorem 1(1)

Now we can prove Claim (1) of Theorem 1 under the assumption that y = s is a

simple reflection. If x = e, then ﬁ ik) ng) = (), so it remains to consider the case
x # e. If we look at Formula (5) and take Lemma 2 into account, we see that, if
we fix x, and hence also m(x), and let n increase, then all non-trivial summands
in Formula (5) will correspond to u such that m(z) < 2m(x). In other words, all
these summands will be the same, for n big enough. This completes the proof.

4. Application: category O for sl
4.1. Classical category O for sl,
For a Lie algebra g, we denote by U (g) its universal enveloping algebra.
For n > 2, consider the Lie algebra sl,, over the complex numbers and consider
the standard triangular decomposition

sly=n" @™ @n)
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of this Lie algebra (here n"”

ces, n(f) is the subalgebra of all strictly upper triangular matrices, and h is the

Cartan subalgebra of all traceless diagonal matrices). Associated to this triangu-
lar decomposition, we have the BGG category O, see [2,13], defined as the full
subcategory of the category of all finitely generated s[,,-modules consisting of all
h-semi-simple and U (n4)-locally finite modules.

Consider the principal block Oy of O, defined as the direct summand containing
the trivial sl,,-module. To emphasize dependence on n (which we will need later),
we will write (9(()"). Simple objects in (9(()"> are indexed naturally by the elements of
the symmetric group S),, the latter being the Weyl group of (sl,,, h ™). We denote
by Ll(;') the simple object corresponding to w € §,. As an sl,-module, LI(,'] ) is the
simple highest weight module with highest weight w - 0, where - is the dot-action
of S, on (h™)*.

The category (’)(()") carries the natural action of the monoidal category 22
of projective endofunctors, see [1]. A projective functor is defined as a summand
of the functor of tensoring with a finite dimensional s[,-module. Indecomposable
projective functors are in bijection with the elements of S,,, we write w — 915,"),
where 49,5)") is uniquely determined by the property that it maps the indecomposable

is the subalgebra of all strictly lower triangular matri-

projective cover of L,g”) to the indecomposable projective cover of Lf}}).

The split Grothendieck ring [ 22" ]g acts on the Grothendieck group of (’)(()")
and this gives rise to a right regular representation of the integral group algebra
Z[Sn].

The category (9(()") is equivalent to the module category of a finite dimensional
associative algebra A which is known to be Koszul, see [24]. With respect to
the corresponding Z-grading, both (’)(()") and 2 admit (unique up to equiva-
lence) graded lifts, ZO(()n) and £ 2™ respectively. Interpreting the corresponding
Grothendieck groups as Z[v, v~!']-modules, where v acts as the shift of grading,
the decategorification of the action of 222 on ZO(()’I) gives the right regular H-
module, see [27].

Under these identifications, 915)") corresponds to H ,(f ) and LS}) to E :)1), so that
we can directly see the relevance of the formula in Theorem 1 in this context: this
formula combinatorially describes the outcome of the action of 9}(,]() on L)(Ck).

4.2. Projective limit

Fixnown € Z-¢suchthatn > 2 and consider the standard embedding sl,,_; C sl,
with respect to the left upper corner of a matrix. Note that we have sl,,_; N " =
"D s, N ngf’) = ng':_l) and sl,_; N H = p=D,

Let R™ < (h™)* be the root system of (sl,,, h™). Let ZR™ c (h™)* be the
additive subgroup generated by R". Then, for each M € (9(()”), we have

M = @ M,, where M, ={veM :hv=xr(h)vforallh € h?}.
A€ZR™
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Let Q=D < R™ be the subset of all roots corresponding to the elements of
sl,_1 and ZQ"~D c (h™)* be the corresponding additive subgroup. Then, for
any M € Of”, the space

M= P M
AeZQ=D

is invariant under the sl,,_-action and is, in fact, an object of (9(()"_ b, By restriction,
this defines a functor
n .m0 (n—1)

10y = O,

n—1

and hence gives rise to an inverse system of categories and functors

3 4 5
F} F} F;

oY . (6)

) 3)
O Oy

We note that there is an alternative way to think of szl, see [5]. Consider the

usual embedding S,—; C S, and recall that the simple objects of (’)(()") are Lg’ ),
where w € S,,. Let X}, be the Serre subcategory of (9(()") generated by all simples L,
where w € S, \ S,—1. Then F),_, induces and equivalence between (’)(()") /X, and

(9(()"_1) and this equivalence sends Lg’ ) to Lgff_l), for w € S,,_i. This alternative
description, in particular, implies that (6) admits a graded lift

ZE3

Zgd
2 AC) ¥3
0

2@ H
oY UG )

Z (9(()2)

We define the category C as the limit of (6) and the category ZC as the limit of (7),
see e.g. [9, Section 3].

Note that all categories O(()") are length categories and the functors ), are
exact and send simple objects to either simple objects or zero. Therefore they are
“shortening” in the terminology of [9, Section 4], so that we can consider the
restricted limits of the above inverse systems, which we denote by C™ and ZC"S,
respectively. We will provide more details on these later, in Subsection 4.4. An
important property of both C™ and ZC™* is that they are length categories, see [9,
Lemma 4.1.3].

4.3. Simple highest weight modules for sl

This subsection is inspired by [6,19-21].

Consider the directed system sl < sl3 < ... given by inclusions with
respect to the left upper corner and denote by sl the Lie algebra that is the limit
of this system. Taking the component-wise limit, gives a triangular decomposition

In this setup, one can define a few variations of the classical category O, see e.g.
[6,19-21]. We will restrict our attention to the following category.
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For A € (h®))*, consider the Verma module M (1)® defined as the quotient
of U(sly) by the left ideal generated by n(fo) and all h — A(h), where h € H©
(note that this ideal is not finitely generated). The module M M) is an b(oo)-
weight module with finite dimensional weight spaces. As usual, the Verma module
M (1) has simple top, denoted L(1)®). The module L(1)( is the simple
highest weight module with highest weight A.

Consider the full subcategory O of the category of all weight h®-weight
sloo-modules which consists of all objects that have a finite composition series
with simple highest weight subquotients. Note that the analogue of O for
each sl,, with n < oo, is the usual BGG category O. We denote by (’)(()oo’ﬁ) the
indecomposable direct summand (i.e. the block) of O which contains the
trivial s[s.-module.

We emphasize that, in general, the module M (1)® has infinite length and
hence does not belong to O For example, M (0)(® does not belong to O

Denote by S the limit of the directed system S| < S> < ... defined via
the obvious inclusions. The group S, acts on (h>)* both in the obvious way and
via the dot-action.

Forn > 2, let Q™ c (§h®)* be the set of all roots of the sl,-part of sln.
Let ZQ"™ be the additive subgroup of (h®)* spanned by Q. For M e Oéoo’ﬂ)
consider the sl,,-module

FOM = @ M,. (8)
HeZQM

Then F2° gives rise to a functor from O™ to O which sends L (w - 0)* to
L,(,fl), if w € §,, and to zero otherwise.

Proposition 3. For i € (§©)*, we have L(1)® € O™ if and only if 1 €
Seo - 0.

Proof. The “only if” part follows from [20, Proposition 3.2].
Let w € S and s be a simple reflection such that sw > w. To prove the “if”
part, it is enough to show that Ext}o(oo) (L(w - 0)®) L(sw - 0)©®)) = 0. For this,
0

consider the Verma module M (w-0)(°. Since s is a simple reflection and sw > w,
the dimension of M (w - 0)\°°) equals 1.

Let N be the biggest submodule of M (w - 0)® with the property Ny.o =
Nyw.o = 0. Then M (w - 0)(> /N is an indecomposable module with simple top
L(sw-0)©® and simple socle L(ws -0)(® . If M (w-0)©® /N has length 2, we are
done. If not, M (w - 0)® /N has some simple subquotient of the form L (x - 0)(>®,
for some x € Sy such that x # w and x # sw.

Choose n such that w, sw, x € S, and consider K := F;°(M (w - 0))/N).
This module is, by construction, a quotient of the Verma module M (w -0) () Agthe
space EX%W (L(w-0)"™, L(sw-0)™) is one-dimensional, the module M (w -0)™

0

has a length 2 quotient with simple top L(w - 0) and simple socle L(sw - 0)7.
Consequently, any sl,,-submodule of K generated by any L (x -0)(® as above does
not contain any subquotient of the form L (sw - 0)?. Since this is true for any x as
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above and any n >> 0, we get a contradiction with the fact that L(sw - 0)(* is the
simple socle of M (w - 0)(>)/N. Therefore our assumption that M (w - 0)* /N
has length different from 2 is false. The claim of the proposition follows. O

4.4. Action of projective functors on restricted limits

Foreachw € S, we want to define an endofunctor 6y, () of the category C (and then
of the category C™* as well). For this, recall from [9, Definition 3.1.1] that objects

of C are pairs ({C; : i > 2}, {¢; : i > 3}), where C; € (’)(()’) and ¢; .Fi G =
C;_1 is anisomorphism. A morphism f from an object ({C; : i > 2}, {¢l 21 >3}
to ({C] : i = 2},{¢; : i = 3}) consists of f; : C; — C/,forall i > 2, such that
the following diagram commutes:

Pi

F_C— > Ciy

Ff_.fil lfm
¢/

F’ Gl ———Cl_,
Composition of morphisms is component-wise and the identity morphisms are
given by the identities.
If w is the identity, we just define 62° as the identity endofunctor of C. If
w ;é e, let k = m(w). By [5, Theorem 37], for all i > k, we can fix isomorphisms
(i) ~ pi=1)
F’ _1 00y Y =0y Fﬁ I
We define the action of 9(00) on the object ({C; : i > 2}, {¢; : i = 3}) as the
object ({D; : i =2}, {t; : i > 3}), where

b _ lowc i = k;
Ftlo. ..o F\ 1 oFE 007Ch, i <k;

and

id, '<k.

1,,1:{ Ou " (Wi1) o (@i)c,. i > k:

The action of Q,SJOO) on a morphism f = {f;} is defined as g = {g;}, where

0 08~V (f) ) i>k;
1 — .
T Ft oo B o B oW (i), i <k

Lemma 4. The above gives a well-defined endofunctor of C. The functor 9,5,00) is

exact and biadjoint to 9(00)

Proof. This follows directly from the construction and definitions since each 93 )
is exact and biadjoint to 05)’1 1> see also [9, Proposition 3.2.4]. O
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Proposition 5. For any w € So, the functor 915100) restricts to an endofunctor of
the category C™5.

Proof. Since the functor 915,00) is exact, we just need to prove that, for a fixed
u € S, the length of the module 0,5)’ )ij) stabilizes, for all i > 0. This follows
directly from Theorem 1 and the categorification remarks in Subsection 4.1. O

4.5. The Hecke algebra for S

Consider the Hecke algebra Hy, defined as the Z[v, v’l]-algebra with standard
basis {H,E)OO) : w € Seo} and multiplication uniquely defined by (1) (with the
superscript (n) replaced by (00)). We have the Kazhdan-Lusztig basis {H I(UOO) :
w € Soo} of Hyo, defined by (2) (with the superscript (n) replaced by (00), here it
is important that the KL. polynomials do not depend on n at all).

Consider the free Z[v, v !]-module ﬁoo with the basis {ﬁfvoo) :w € Soo}. For

X, ¥, w € Seo, define [ﬁioo) H fvoo) : E EUOO)] as the stabilized value of the expression

~ (k ~ (k
[H i ) H §,k) H fu)] in Theorem 1, where k > 0. From Theorem 1, it follows that,

setting, for arbitrary x, y € S,

~ (00) ~ (00) ~ (00) A~ (00)
HHS = YA HS i,

X w
WESeo

turns I:IOo into a (right) Hyo-module.

Remark 6. Unlike the finite case, H. does not coincide with the right regular Hyo-
module. However, one can identify Hoo with a submodule of a certain enlargement
of the right regular Hyo-module. For this, we need to allow formal Laurent series as
coefficients in front of the elements in the standard (or Kazhdan-Lusztig) basis. Then
one can take the limit, where n goes to infinity, of the expressions of the elements
of the dual Kazhdan Lusztig basis in terms of the standard (or Kazhdan-Lusztig)
basis. This will output an infinite sum with formal Laurent series as coefficients.

4.6. Projective functors on Oéoo’ﬂ)

Denote by O(()oo) the full subcategory of the category of all sl,,-modules that consists
of all M such that F{°M € (9(()1), for all i. Our next observation is the following.

Theorem 7. The categories C** and (’)(()oo’ﬂ) are equivalent.

Proof. Directly from the construction, for every 2 < m < n, we have F} o F7° =
F7>. Therefore, by the universal properties of limits, we have a faithful functor ®

from O(()OO) to C sending M to ({F7° M}, {idFioo u}) and with the obvious restriction

action on morphisms. This restricts to a faithful functor ®™ from O(goo’ﬂ) to C'
and we claim that this latter functor is, in fact, an equivalence.
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Given ({C; : i =2}, {¢; : i = 3}) inC™, let M be the vector space consisting
of the equivalence classes of all sequences (vg, Vk+1, - .. ), Where k > 2, satisfying
the condition v; = (pi_l (vi—1) (which makes sense as, by definition, FL] C;isasub-
set of C;), for all i > k. Two such sequences (v, Vk+1, --.) and (Wy, Wy+1, --.)

are equivalent if there is » > max(k, m) such that v; = wj;, for all i > r. The
vector space structure is defined component-wise on those components for which
it makes sense (this means that, when adding (v, Vk+1, . ..) and (W, Win+1, .- ),

the indexing of the outcome will start from max(k, m)). Furthermore, the vector
space M carries the natural structure of an slo,-module defined again by acting on
those components for which the action makes sense (that is, u € U (sl,,) acts on
(Vk, Vk+1, - - - ) outputting a vector whose indexing starts with max(k, m)). In fact,
with the obvious action on morphisms, this defines a functor W from C™* to Oéoo’ﬂ).

It follows directly from the definitions that @™ o W is isomorphic to the identity
endofunctor of C™*, implying that ®™ is both dense and full. The claim of the
theorem follows. |

Combining Proposition 5 with Theorem 7, for every w € S., we have an
endofunctor 8 of O™ Putting all 6™ together, we have a monoidal category
) of projective endofunctors of O(()OO‘H). The objects are the functors from

the additive closure of all 915,00) and the morphisms are natural transformations of

functors. The monoidal product is composition of functors. The split Grothendieck
ring of 22> is isomorphic to Z[Ss] (resp. to the Hecke algebra of So in the
graded version), where 9,;00) corresponds to H,, .

The Grothendieck group of O(()oo’ﬁ) is a free abelian group (resp. a free
Z[v, v~!]-module in the graded version) with basis [L{°], where w € S,,.

Corollary 8. The action of projective functors on the graded version Zres of
Oéoo’ﬂ) decategorifies to the Hoo-module Hoo, where [LSC] corresponds to H .

Proof. This follows from the definitions and Theorem 1. O

4.7. Koszulity of 2C™®

The following answers [6, Question 5.3.3] in the case of the category ZC™S. As
usual, ext denotes homogeneous extensions of degere zero and (1) is the degree
shift that sends degree O to degree —1.

Theorem 9. For x,y € Soo and i, j € Z>o, the inequality i # j implies

Xt (L0x - 0), L(y -0 (=) = 0.
Proof. For brevity, we write L, and L for L(x-0) (°) and L(y-0)(®, respectively.
We are going to prove the necessary extension vanishing using the interpretation

of extensions as equivalence classes of exact sequences.
Consider two exact sequences

0 ——Ly(-J) X1 X Xi L, 0
€))
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and

0——=Ly{(—j) Y, Y, Y; L, 0
(10)
in ZC". Choose k such that the indices of all simple subquotients of all modules
involved in these two sequences belong to Si. Such k exists as all X and all Y;
involved have finite length. Then, applying the exact functor F7° to (9) and (10)
gives two exact sequences

0 ——=FFLy(—j) —=F X — ... —FX; —=F"L, —=0

and

0 —=FPLy(—j) —=FXY, i = FXY; —=FPL, — 0.

As (’)( ) is Koszul, see [24], we know that ext’ o (L(k) L(k)( j)) = 0. Therefore,

by [4, Theoreme 1, A X.121], there exists a commutatlve diagram

0 ——=FFLy(—j) F°Y, FXY —=F Ly, —=0

0 —FFLy(—j) Z Z; FXLy, —=0

0 ——=FFLy(—j) —=F X — ... —FX; —=FL, —=0
(11)

over Z(’)(()k) with exact rows. Applying to (11) the exact parabolic induction I}® from
sl to sls (this induction is, as usual, left adjoint to F,fo) outputs a commutative
diagram

0—IFXFXLy(—j) —LFY — ... — IZFF?Y; — L°FX°L, —0

H ¢ J H

0 —=IFFLy(—j) | oA IXZ; —I°FL, —0
0 —I°FXLy(—j) —=L°FXX| — ... = IFPF’X; — LXFXL, —0
(12)

over Z(’)(()OO) with exact rows.

Set A := Sx \ Sk. Let G be the functor of taking the trace of all projectives
P(w- O)(OO), where w € A, in a given module. Note that, in general, this functor is
neither left nor right exact, despite of the fact that it preserves both monomorphisms
and epimorphisms, see [11].

Lemma 10. Applying G to (12), outputs a commutative diagram with exact rows.
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Proof. We only need to prove that G, applied to a row of (12), outputs an exact
sequence. Splitting longer exact sequences into shorter, it is enough to prove the
claim in the special case i = 1, that is for short exact sequences. If the original short
exact sequence splits, the claim is clear as each I,foLl(ff ) has simple top L(w - 0)*®
and all other subquotients are indexed by elements of A. Hence the application of G
sends I,‘:OLl(,lf) to its radical. In particular, G acts on the whole short exact sequence
as taking the radical.

The case when the original short exact sequence does not split corresponds
to non-vanishing of some w(u, w). Since the value of w(u, w) does not depend
on k, for all k for which the value makes sense, the non-split extension of some
Lff) and Lf,k)(—l) gives a non-split extension of L(w - 0)* and L(u - 0)>°(—1)
which is realized in the middle term of our short exact sequence with end terms

I,foLl(}f) and I,foL,(,k) (—1) by the same arguments as in the proof of Proposition 3.

This implies that the application of G to the non-split extension of I,foLff) and

I,‘(’OL,(,k) (—1) outputs the extensions of the radicals of these two modules. The claim
of the lemma follows. O

Given Lemma 10, we can take the component-wise quotient of (12) by the
subdiagram obtained by applying G to (12). This will now be a commutative
diagram with exact rows over ZC'. Evaluating the adjunction morphism for the
adjoint pair (I}°, F;°) and comparing characters, we obtain that the first row of the
resulting diagram is isomorphic to (9) while the third row is isomorphic to (10).
By [4, Theoreme 1, A X.121], we thus obtain that the images of (9) and (10) in
extém(Lx, Ly{—j)) must coincide. Since (9) and (10) were arbitrary, we obtain
that this extension space is zero. This completes the proof. O
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