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Classical patterns in Mallows permutations
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Abstract

We study classical pattern counts in Mallows random permutations with parameters
(n, qn), as n → ∞. We focus on three different regimes for the parameter q = qn. When
n3/2(1− q) → 0, we use coupling techniques to prove that pattern counts in Mallows
random permutations satisfy a central limit theorem with the same asymptotic mean
and variance as in uniformly random permutations. When q → 1 and n(1−q) → ∞, we
use results on the displacements of permutation points to find the order of magnitude
of pattern counts. When q ∈ (0, 1) is fixed, we use the regenerative property of the
Mallows distribution to compare pattern counts with certain U -statistics, and establish
central limit theorems. We also construct a specific Mallows process, that is a coupling
of Mallows distributions with q ranging from 0 to 1, for which the process of pattern
counts satisfies a functional central limit theorem.
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1 Background

1.1 Mallows random permutations

Fix a real parameter q ≥ 0 and a positive integer n ≥ 1. We say that a random
permutation τn follows the Mallows distribution with parameter q on the symmetric
group Sn, denoted τn ∼ Mallows(n, q), if:

for all σ ∈ Sn, P(τn = σ) =
qinv(σ)

Zn,q

where inv(σ) :=
∣∣{(i, j) ∈ [n]2 : i < j , σ(i) > σ(j)

}∣∣ is the number of inversions of σ, and

Zn,q :=
∏n

k=1
1−qk

1−q is a normalizing constant. The parameter q serves as a “bias” on the
number of inversions of τn. The number of inversions of τn grows stochastically as q
grows: if q = 0 then τn = idn := 1 2 . . . n almost surely, if q = 1 then τn ∼ Unif(Sn) is
uniformly random, and if q → ∞ then τn → idrevn := n . . . 2 1 in probability.
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Classical patterns in Mallows permutations

The Mallows distribution was introduced in [34], motivated by ranking problems in
statistics. There actually exists a wide range of Mallows-type models [34, 16, 36, 44]
that use various other statistics instead of the number of inversions. The present model
is related to several topics, such as q-exchangeability [19, 20], the Bruhat decomposition
[15], and the asymmetric simple exclusion process [10, 8]. A number of properties of
Mallows random permutations have been studied extensively by many authors: this
includes mixing times of related Markov chains [14, 4], scaling limits [42, 43], longest
monotone subsequences [35, 6, 3], the degree process [7], the cycle structure [17, 22],
the secretary problem [32, 40], binary search trees [2, 12], logical limit laws [37], and
more. When studying the asymptotics of such properties as n→ ∞, interesting phase
transition phenomena often appear when q is allowed to depend on n.

A common question when studying random permutations is that of pattern occur-
rences and avoidance: given a fixed permutation π ∈ Sr and a random permutation
τ ∈ Sn, what is the distribution of the number of occurrences of π as a (classical, consec-
utive, or vincular) pattern in τ , and what is the probability that τ avoids it? This question
has been partially addressed for Mallows random permutations. Central limit theorems
have been established for the number of inversions [14, 15], for the number of descents
[9, 23], and for the number of consecutive pattern occurrences [13]. Growth rates for
the probability of avoiding a consecutive pattern [13] or a classical pattern of length
three [38] have been studied, and thresholds for the appearance of a given pattern have
been established in [5]1. However, except for inversions, there seems to be a lack of
results concerning the number of occurrences of classical patterns. This paper initiates
this study for three different regimes of q = qn.

Note that these questions have well-studied analogs in the field of random graphs.
Indeed, Mallows random permutations are analogous to Erdős–Rényi random graphs (the
permutation graph of a Mallows permutation is an Erdős–Rényi graph conditioned to be a
permutation graph), and pattern occurrences then correspond to subgraph occurrences.
Subgraph counts and subgraph avoidance in Erdős–Rényi random graphs have been
studied extensively (see e.g. [30] and references therein); this further motivates the
questions raised here.

1.2 Previous results on pattern counts

Let τ ∈ Sn be a permutation and I = {i1 < · · · < ir} ⊆ [n] be a subset of r indices.
The pattern induced by τ on I, denoted pat(I, τ), is the permutation σ ∈ Sr defined by:

for all j, k ∈ [r], σ(j) < σ(k) ⇐⇒ τ (ij) < τ (ik) .

Now fix π ∈ Sr. A classical occurrence of π as a pattern in τ is a subset I ⊆ [n] such
that pat(I, τ) = π. For instance, a classical occurrence of the pattern idr := 1 2 . . . r is an
increasing subsequence of length r, and a classical occurrence of the pattern 2 1 is an
inversion. The number of classical occurrences of π as a pattern in τ is then:

Occ(π, τ) := |{I ⊆ [n] : pat(I, τ) = π}| ,

with the convention Occ(π, τ) := 0 if |π| > |τ |. In this paper we are only interested in
these classical (not consecutive, nor vincular) pattern occurrences, so we will simply call
them pattern occurrences. They have notable applications to independence testing [25]
and parameter testing [27].

1The paper [5] is about random permutations with a given number of inversions rather than Mallows random
permutations, but using concentration results on the number of inversions in Mallows random permutations
(see e.g. [5, Proposition 29], and Equation (A.1) here), the results of [5] can be transferred from their model to
ours.
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Classical patterns in Mallows permutations

The question tackled in this paper is that of the asymptotics of Occ(π, τn) as n→ ∞,
when π ∈ Sr is fixed and τn ∼ Mallows(n, qn). In this framework, we can assume
w.l.o.g. that 0 < qn ≤ 1. Indeed, the reversed permutation τ revn := τn(n) . . . τn(2) τn(1)

follows the Mallows
(
n, q−1

n

)
distribution, and Occ(π, τn) = Occ(πrev, τ revn ) for all patterns

π. Before stating our results, let us review the state of the art on this question.

1.2.1 The uniform case

Since Mallows(n, 1) = Unif(Sn), it is instructive to consider the simpler case of uniformly
random permutations before studying general Mallows permutations. In this case, the
asymptotics of Occ(π, τn) are well known:

Theorem 1.1 ([31]). Fix r ≥ 2 and π ∈ Sr. For each n, let τn ∼ Unif(Sn). Then we have
the following convergence in distribution:

Occ(π, τn)− 1
r!

(
n
r

)
nr−1/2

−→
n→∞

N
(
0, ν2π

)
,

for some explicit νπ > 0, whereN
(
0, ν2π

)
is the centered normal distribution with variance

ν2π. This also holds with convergence of all moments, and jointly for any finite family of
patterns (with explicit covariances).

Many more results, such as concentration inequalities and bounds on the speed of
convergence, are available in the uniform case. However, the focus of this paper is on
the first- and second-order asymptotics of Occ(π, τn).

1.2.2 First-order convergence through permuton theory

The first-order asymptotics of pattern counts are closely related to the theory of per-
mutons, which are defined as probability measures on [0, 1]2 with uniform marginals
and serve as scaling limits for large permutations [26, 18]. Indeed, for each integer
n, let τn ∈ Sn be a random permutation. Then τn converges in probability as n → ∞
to a limit permuton µ if and only if for all r ≥ 1 and all π ∈ Sr, the random variables(
n
r

)−1
Occ(π, τn) converge in probability as n→ ∞ to the quantity

dens(π, µ) :=

∫
([0,1]2)r

∑
σ,ρ∈Sr, ρ−1◦σ=π

1xσ(1)<···<xσ(r)
1yρ(1)<···<yρ(r)

µ(dx1, dy1) . . . µ(dxr, dyr),

see [26] for details. In general, it may happen that dens(π, µ) = 0; the correct order of
magnitude of Occ(π, τn) should then be determined by different methods.

The permuton limits of Mallows random permutations are well understood. Suppose
that n(1− qn) −→

n→∞
β for some β ∈ [0,∞]. Then:

• If β <∞ then τn converges in probability to an explicit deterministic permuton µβ

[42] with a positive density. Thus(
n

r

)−1

Occ(π, τn) −→
n→∞

dens(π, µβ) > 0 (1.1)

in probability, for all patterns π. If β = 0 then µβ is the Lebesgue measure on [0, 1]2

and dens(π, µβ) =
1
r! : in this regime, the first-order asymptotics of Occ(π, τn) are

the same as in the uniform case.

• If β = ∞, the permuton limit of τn can be found with [6, Theorem 1.1]. Indeed, for
any ε > 0:

for all i ∈ [n], P(|τn(i)− i| ≥ εn) ≤ 2qεnn
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Classical patterns in Mallows permutations

where qεnn → 0 as n→ ∞, thus 1
n |{i ∈ [n] : |τn(i)− i| ≥ εn}| converges in probability

to 0. As a consequence, τn converges in probability to the diagonal permuton µ∆,
which puts uniform mass on the diagonal of the unit square. Therefore:(

n

r

)−1

Occ(π, τn) −→
{

0 if π 6= idr;

1 if π = idr;
(1.2)

in probability, as n→ ∞. When π 6= idr, this does not provide the correct order of
magnitude for Occ(π, τn).

1.2.3 Asymtotic normality of inversions

To our knowledge, the only pattern for which more is known is the inversion pattern
π = 21. First-order asymptotics for the number of inversions, in many regimes of qn, are
given in [39]. As remarked below Property 4 in [14], a central limit theorem can also be
proved; we state it in a restricted case for simplicity, and provide a proof in Appendix A
for completeness.

Theorem 1.2. For each n, let τn ∼ Mallows(n, qn). Suppose that n(1− qn) → 0 as n→ ∞.
Then

E[inv(τn)] =
1
4n

2 − 1
36 (1− qn)n

3 + o
(
n3/2 + (1− qn)n

3
)

; Var[inv(τn)] =
1
36n

3 + o
(
n3
)
.

Furthermore, we have the following convergence in distribution:

inv(τn)− E[inv(τn)]
Var[inv(τn)]

1/2
−→
n→∞

N (0, 1) .

Note that when qn = 1, we retrieve the famous central limit theorem for the number
of inversions in a uniformly random permutation:

inv(τn)− 1
4n

2

1
6n

3/2
−→
n→∞

N (0, 1) . (1.3)

2 Overview of our results

The aim of this paper is to broaden the asymptotic study of Occ(π, τn) for π 6= 21 and
τn ∼ Mallows(n, q), in three different regimes of q = qn. Our results are summarized
in the following sections: we present in Section 2.2 a central limit theorem when
n3/2(1− q) → 0, in Section 2.3 first-order asymptotics when q → 1 and n(1− q) → 0, and
in Section 2.4 joint central limit theorems when q does not depend on n.

2.1 Notation

Let us introduce some notation beforehand. Throughout this paper, the parameter
q ∈ (0, 1) may depend on n (this is the case in Sections 2.2 and 2.3), but we often write q
instead of qn for simplicity.

We let N := {0, 1, 2, . . . } be the set of nonnegative integers, N∗ := {1, 2, 3, . . . } be the
set of positive integers, and [n] := {1, 2, . . . , n}. If σ ∈ Sn, the size of σ is the integer n
and denoted by |σ|. We let S :=

⋃
n∈N∗ Sn be the set of all finite permutations, and S∞

be the symmetric group on N∗.
We write permutations σ ∈ S` in one-line notation σ = σ(1)σ(2) . . . σ(`). The direct

sum of σ ∈ S` and ρ ∈ Sm is the permutation σ ⊕ ρ ∈ S`+m such that

σ ⊕ ρ = σ(1) σ(2) . . . σ(`) (ρ(1)+`) (ρ(2)+`) . . . (ρ(m)+`).
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Note that the ⊕ operator on S is associative. When a permutation σ ∈ S can not be
written as the direct sum of two non-empty permutations, we say that it is indecompos-
able, or that it is a block. For example, the only indecomposable permutations in S3 are
2 3 1, 3 1 2, and 3 2 1. Conversely, σ is decomposable if there exists k ∈ [n− 1] such that
{σ(1), . . . , σ(k)} = [k]. It is a classical fact that any permutation σ ∈ S can be uniquely
decomposed as a sum of blocks σ = σ1 ⊕ · · · ⊕ σd, and we call the integer d ∈ N∗ the
number of blocks of σ.

If X is a positive random variable with finite moments and α ∈ R, we write E[Xα] for
the expectation of the random variable Xα, whereas E[X]

α is used to denote the α-th
power of the number E[X]. If (En)n∈N is a sequence of events, we say that En happens
with high probability (w.h.p.) when P(En) → 1 as n → ∞. If (Xn)n∈N and (Yn)n∈N are
sequences of positive r.v.’s, we write Xn = OP (Yn) when:

sup
n∈N

P(Xn ≥ C Yn) −→
C→+∞

0,

or equivalently when (Xn/Yn)n∈N is tight. Also, Xn = oP (Yn) means that Xn/Yn → 0 in

probability as n→ ∞.
In this paper, we use the notation xn = Θ̃ (yn) when there exist constants α, β, γ > 0

and n0 ∈ N such that:

for all n ≥ n0, α yn ≤ xn ≤ β (log n)γ yn.

Note that this slightly differs from the usual Θ̃ notation: here, there is no logarithmic
factor in the lower bound. Next, if Xn, Yn are positive r.v.’s, we write Xn = Θ̃P (Yn) when
there exist constants β, γ > 0 such that for any ε > 0, there exist αε > 0 and nε ∈ N such
that:

for all n ≥ nε, P(αε Yn ≤ Xn ≤ β (log n)γ Yn) ≥ 1− ε.

Informally, this means that Xn has the same asymptotic order as Yn in probability, but
the upper bound suffers a logarithmic factor.

2.2 Stability close to the uniform regime

One might expect theMallows(n, q) distribution to have similar properties to Unif(Sn)

when q is close enough to 1. For instance, by Theorem 1.2, the convergence (1.3) holds
for τn ∼ Mallows(n, q) if n3/2(1 − q) → 0 (otherwise E[inv(τn)] has an additional term
above n3/2). The same stability phenomenon occurs for all patterns, as can be deduced
from a coupling lemma:

Lemma 2.1. Let n ∈ N∗ and q ∈ (0, 1) such that n(1 − q) ≤ 1. It is possible to couple
τn ∼ Mallows(n, q) with un ∼ Unif(Sn) in such a way that there exists Hn ⊂ [n] satisfying
pat([n] \ Hn, τn) = pat([n] \ Hn, un) and E[|Hn|] ≤ 3

2n
2(1− q).

Corollary 2.2. Fix r ≥ 2 and π ∈ Sr. Suppose that n3/2(1 − q) → 0 as n → ∞, and for
each n let τn ∼ Mallows(n, q). Then we have the following convergence in distribution:

Occ(π, τn)− 1
r!

(
n
r

)
nr−1/2

−→
n→∞

N
(
0, ν2π

)
,

for the same νπ > 0 as in Theorem 1.1. This also holds jointly for any finite family of
patterns, with the same covariances as in Theorem 1.1.

This is proved in Section 4. Let us stress that the assumption on the parameter q is
in a sense tight. If n3/2(1− q) → 0 does not hold, then neither does the convergence of
Corollary 2.2: indeed, for the inversion pattern π = 21 by Theorem 1.2, there is at least
one additional term in the asymptotic mean.
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There are several ways to prove Lemma 2.1; for example, we could use a point
process approach and [35, Lemma 4.2]. Here, however, we rather opt for a coupling via
inversion sequences, as it is more in line with the rest of the paper and relies on different
ideas. We believe that our approach is interesting on its own, and that appropriate
variants of it could be used to study other statistics of Mallows permutations. It starts
from the construction of Mallows permutations using independent truncated geometric
variables with parameters (k, q) (see Section 3).

If n2(1− q) → 0, then it is possible to couple the TruncGeom(k, 1−q) variables with
Unif([k]) ones so that they are all equal with high probability (see the computation
in [37, Lemmas 7.2 and 7.3], and [3, Remark 2]). In this regime, the permutation
τn ∼ Mallows(n, q) can be replaced by a uniformly random permutation un ∼ Unif(Sn)

with high probability, and the convergence of Corollary 2.2 is straightforward.

In our regime, that is when n3/2(1− q) → 0, such a strong coupling is no longer avail-
able. A naive idea would be to couple TruncGeom(k, 1−q) with Unif([k]) so that as many
variables as possible are equal, but this would not translate well into pattern occurrences.
The coupling of Lemma 2.1 is more subtle: when some TruncGeom(k, 1−q) variable does
not equal the corresponding Unif([k]) variable, the subsequent TruncGeom(k′, 1−q) vari-
ables should rather try to be equal to an appropriate “local shift” of the corresponding
Unif([k′]) variables. This shift is chosen so that τn and un have a large pattern in common,
with high probability. See Section 4 for more details.

2.3 First-order asymptotics in the transition regime

Now suppose that q → 1 and n(1− q) → ∞ as n→ ∞. In this regime, (1.2) only tells
us that Occ(π, τn) = oP (nr) for π 6= idr. The following theorem describes the correct

first-order asymptotics of Occ(π, τn), up to logarithmic factors.

Theorem 2.3. Let q = qn ∈ (0, 1) such that q → 1 and n(1 − q) → ∞ as n → ∞. Fix
π ∈ Sr, written as a sum of blocks π = π1 ⊕ · · · ⊕ πd. Then, if τn ∼ Mallows(n, q):

Occ(π, τn) = Θ̃P

(
nd

(1− q)r−d

)
.

Moreover, for all p > 0:

E[Occ(π, τn)
p
] = Θ̃

((
nd

(1− q)r−d

)p)
.

In particular if q = 1− cn−x for some c > 0 and x ∈ (0, 1), then Occ(π, τn) has order
nxr+(1−x)d up to a possible logarithmic factor in the upper bound. This shows how the
first-order asymptotics of Occ(π, τn) interpolate between nd for fixed q (see Section 2.4)
and nr for bounded n(1 − q) (recall (1.1)). For π = 21 (then r = 2 and d = 1), this also
coincides with [39, Theorem 1.3]. Let us stress that the constants β and γ implicit in the
Θ̃ notation depend on r and d.

Theorem 2.3 is proved in Section 5. The idea behind the proof is that, while the
permutation τn ∼ Mallows(n, q) is in general indecomposable if q → 1, it can be approxi-
mated by a decomposable permutation after removing a fraction of points if n(1−q) → ∞.
This allows us to approximate τn by a sum of subpermutations τn,1 ⊕ · · · ⊕ τn,m, and it
remains to estimate the number of pattern occurrences in these subpermutations. The
upper and lower bounds are then proved separately: the former hinges on a trivial upper
bound for the number of pattern occurrences, while the latter makes use of (1.1) by
finding smaller subpermutations in τn which are Mallows(nk, q) distributed with bounded
nk(1− q).
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2.4 Joint and process convergence in the regenerative regime

In this section, q ∈ (0, 1) does not depend on n. This regime is called “regenerative”
for Mallows random permutations, because τn ∼ Mallows(n, q) can be decomposed into
a truncated sum of i.i.d. blocks. This property comes from the embedding of finite
Mallows permutations into the infinite Mallows permutation Σ ∼ Mallows(N∗, q). This
permutation, introduced in [19, Definition 4.4] and recalled in Section 6.1, is a random
element of S∞ with two notable properties. The first one is that pat([n],Σ), the pattern
induced by Σ on [n], follows the Mallows(n, q) distribution (Lemma 6.1). The second one
is that Σ is regenerative in the sense that

Σ = B1 ⊕ · · · ⊕Bk ⊕ . . .

where (Bk)k∈N∗ is an infinite sequence of i.i.d. random finite blocks (Lemma 6.2). We
say that Bk ∈ S is a Mallows block with parameter q, and we denote by MBlock(q) its
distribution.

The MBlock(q) distribution is essential when describing the asymptotics of Occ(π, τn).
If π ∈ S is written as a sum of blocks π = π1 ⊕ · · · ⊕ πd, define

eπ,q :=

d∏
j=1

E[Occ(πj , B)]

E[|B|]
(2.1)

where B ∼ MBlock(q). Another equivalent expression of eπ,q will be given later in
Section 7.2, Equation (7.5). Our results show the expansion

Occ(π, τn) =

(
n

d

)
eπ,q + nd−1/2N

(
0, γ2π

)
+ oP

(
nd−1/2

)
for some γ2π ≥ 0, where d ∈ N∗ is the number of blocks of π ∈ S. When π is not increasing,
the Gaussian fluctuations are non-degenerate in the sense that γ2π > 0 (Proposition 2.5).
When π is increasing, non-degenerate Gaussian fluctuations can be found at a lesser
order (Theorem 2.6). We prove two multivariate versions of this central limit theorem:
the first one, Theorem 2.4, holds jointly in all patterns having d blocks; the second one,
Theorem 2.7, holds jointly in q ∈ (0, 1) for a certain continuous-time coupling of the
Mallows(n, q) distributions.

In what follows, if d ≥ 1 is fixed, we write “π = π1 ⊕ · · · ⊕ πd” to mean that π runs
over the set of patterns in S having exactly d blocks, without size constraints.

Theorem 2.4. Fix d ≥ 1 and q ∈ (0, 1). Let Σ ∼ Mallows(N∗, q), and τn := pat([n],Σ) for
each n ≥ 1. For any π = π1 ⊕ · · · ⊕ πd, we have the following almost sure convergence:

1

nd
Occ(π, τn) −→ 1

d!
eπ,q . (2.2)

Moreover, jointly in all patterns having d blocks, we have the following finite-dimensional
convergence in distribution as n→ ∞:(

Occ(π, τn)−
(
n
d

)
eπ,q

nd−1/2

)
π=π1⊕···⊕πd

−→ N
(
0,Γ(d)

)
(2.3)

for some infinite covariance matrix Γ(d) described by (6.6). This also holds with conver-
gence of all joint moments.

In order to understand the (non-)degeneracy of the limit variables in (2.3), as well as
the asymptotic correlation between pattern counts, we further study the matrix Γ(d).
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Proposition 2.5. Fix d ≥ 1, q ∈ (0, 1), and let Γ(d) be the infinite matrix of Theorem 2.4.
Then for any fixed π = π1 ⊕ · · · ⊕ πd which is not an identity permutation, the central
limit theorem for Occ(π, τn) is non-degenerate in the sense that Γ(d)

π,π > 0. On the other

hand, Γ(d)
idd,idd

= 0. Furthermore for any r ≥ d, if we denote by Γ(d,r) the restriction of Γ(d)

to patterns in Sr:

• if d = r, then Γ(r,r) = (0);

• if d = r − 1, then Γ(d,r) is invertible;

• if d = r − 2, then Γ(d,r) has rank 7 if d = 2, and rank 4d if d ≥ 3. Its size is
(
d
2

)
+ 3d,

thus it is invertible if and only if d ≤ 3;

• if d = 1, then Γ(1,r) is invertible.

In particular, note that the matrix Γ(d,r) is not always invertible. The fact that
Γ
(d)
id,id = 0 implies that the convergence (2.3) is degenerate for π = id. The fluctuations of

Occ(id, τn) can actually be found at a lower order:

Theorem 2.6. Fix r ≥ 2, q ∈ (0, 1), and let τn ∼ Mallows(n, q) for each n ≥ 1. We have
the following convergence in distribution as n→ ∞:

Occ(idr, τn)−
(
n
r

)
+
(

n
r−1

)
(r − 1)E[inv(B)]

E[|B|]

nr−3/2
−→ N

(
0, γ2r

)
where B ∼ MBlock(q), and γ2r > 0 is given by (6.11). This also holds with convergence
of all moments.

The previous three results are proved in Section 6.2. They heavily rely on the
regenerative property of Mallows random permutations, which allows us to approximate

Occ(π, τn) ≈
∑

1≤k1<···<kd≤Kn

d∏
j=1

Occ
(
πj , Bkj

)
, (2.4)

where Kn is the (random) time needed to reach a certain threshold. One may recognize
here a specific type of U -statistic; the proofs then follow with the same techniques as in
[28, 29]. In Appendix B, we recall the results of [28] needed to study the asymptotics of
such U -statistics.

A recent line of work is the introduction of continuous-time Mallows processes in
[11]. There, a (continuous-time) Mallows process is defined as an Sn-valued càdlàg
stochastic process (τn,t)t∈[0,1) with Mallows marginals, i.e. τn,t ∼ Mallows(n, t) for all

t ∈ [0, 1). Here we propose an ad hoc, albeit natural, construction of a Mallows process.

We define the continuous-time infinite Mallows process (Σt)t∈[0,1) ∼
−→

Mallows(N∗) in
Section 7.1, which is an infinite analog of the regular Mallows process in [11], and a
“unilateral” variant of the bi-infinite Mallows process in [1]. Then, for each n ∈ N∗,
define a finite Mallows process via (τn,t)t∈[0,1) :=

(
pat([n],Σt)

)
t∈[0,1)

.
An important property of the continuous-time infinite Mallows process is that for any

q ∈ (0, 1), the restricted process (Σt)t∈[0,q] can be decomposed into a sum of i.i.d. per-
mutation processes, called q-block processes (Theorem 7.3). Thanks to this, Occ(π, τn,t)

can be approximated by a U -statistic as in (2.4), jointly in t ∈ [0, q] for any fixed q ∈ (0, 1).
This yields the following process convergence:

Theorem 2.7. Let (Σt)t∈[0,1) ∼
−→

Mallows(N∗), and τn,t := pat([n],Σt) for all n ∈ N∗ and
t ∈ [0, 1). Fix a pattern π ∈ S with d blocks. Then, as n → ∞, the finite-dimensional
distributions of the stochastic process

t ∈ [0, 1) 7→
Occ(π, τn,t)−

(
n
d

)
eπ,t

nd−1/2
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Figure 1: The first figure shows a simulation of (inv(τn,t))t∈(0,q] and its first-order

limit
(
n e21,t =

nt
1−t

)
t∈(0,q]

. The other three show simulations of the centered process

(inv(τn,t)− n e21,t)t∈(0,q], approximating
√
n · (X21,t)t∈(0,q]. This is done with n = 5000 and

up to time q = 0.8. Note that the variance of the process (X21,t) seems to increase as t
gets closer to 1: this is unsurprising when taking into account the fact that Occ(π, τn,tn)

has a higher order of magnitude when tn −→
n→∞

1.

weakly converge to that of the centered Gaussian process (Xπ,t)t∈[0,1) with covariance

function Hπ defined by Equation (7.7)2. This also holds with convergence of all joint
moments.

Simulations of the random process (Occ(π, τn,t))t∈[0,1) are shown in Figure 1 for

π = 21, and in Figure 2 for three other patterns. The value of eπ,t is known to be t
1−t for

π ∈ {21, 132, 213} (see Theorem 6.5), but is unknown for most other patterns. Simulations

suggest that eπ,t might be proportional to t2

(1−t)2 for π ∈ {231, 312, 321}.
Finally, we study the regularity of the limit processes.

Proposition 2.8. For any pattern π ∈ S, the following holds:

• The function t ∈ [0, 1) 7→ eπ,t is locally γ-Hölder-continuous, for every γ ∈ (0, 1).

• The Gaussian process t ∈ (0, 1) 7→ Xπ,t admits a version that is locally γ-Hölder-
continuous, for every γ ∈ (0, 12 ).

The proof of Theorem 2.7 is given in Section 7.2. It uses once again the tools of [28],
as for the proof of Theorem 2.4. Then, in Section 7.3, we establish some estimates on
the number of “jumps” occuring in (Σt)t∈[0,1), before proving Proposition 2.8.

2The formula given in (7.7) for Hπ(s, t) involves the law of the q-block processes, for an arbitrary choice
of q ≥ max(s, t). Although this law depends on q, the value of Hπ(s, t) does not, since the discrete process
Occ(π, τn,·) is independent of q.
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Figure 2: The first two figures show simulations of the processes (Occ(π, τn,t))t∈(0,q]

and
(
Occ(π, τn,t)−

(
n
2

)
eπ,t
)
t∈(0,q]

for π = 213. The other two show simulations of

(Occ(π, τn,t))t∈(0,q] for π ∈ {312, 3421}, for which the expression of eπ,t is unknown. This
is done with n = 5000 and up to time q = 0.8.

2.5 Open questions

There is still much work to be done in the study of classical pattern occurrences in
Mallows random permutations. Below, we list a few questions for further research on
this topic.

Question 2.9. In the “thermodynamic” regime n(1 − q) → β ∈ (0,∞), the Mallows
distribution has a non-trivial permuton limit. The convergence (1.1) shows a phase
transition for the first-order asymptotics of Occ(π, τn), but what are the asymptotic
fluctuations?

Question 2.10. In Theorem 2.3 we gave a rough estimate for the first-order asymptotics
of Occ(π, τn), but what are the next terms in its expansion? Does a central limit theorem
hold under appropriate assumptions?

Question 2.11. Can we find an explicit formula for eπ,q, for general patterns π?

Question 2.12. Theorem 2.7 uses an ad hoc Mallows process (τn,t)t∈[0,1) whose defini-
tion is partly motivated by Theorems 7.2 and 7.3. It would be interesting to extend our
results to other types of Mallows processes studied in [11], notably smooth and regular
Mallows processes.

Question 2.13. In Theorem 2.7 and Proposition 2.8, we proved a finite-dimensional
convergence on [0, 1) towards a Gaussian process Xπ,· which is continuous on the open
interval (0, 1). Does Xπ,· admit a continuous version on the semi-closed interval [0, 1),
and does the convergence hold in the Skorohod space? Note that when the limit process
is continuous, this corresponds to uniform convergence on all compact subsets of [0, 1).
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3 Preliminary results on inversion counts and Mallows distribu-
tions

In this section we collect a few classical facts about the left- and right-inversion
counts of permutations, and see how they relate to the Mallows distributions.

Let σ ∈ Sn. We define its left- and right-inversion counts as

`i(σ) = |{j ∈ [n] : j < i, σ(j) > σ(i)}| ; ri(σ) = |{j ∈ [n] : j > i, σ(j) < σ(i)}|

for i ∈ [n]. Clearly,
∑n

i=1 `i(σ) =
∑n

i=1 ri(σ) = inv(σ). The sequence (`i(σ))1≤i≤n is
usually called the inversion sequence of σ; we avoid using this name here, since the
sequence (ri(σ))1≤i≤n is just as important for our study.

The maps

ϕn : σ ∈ Sn 7→ (`i(σ))1≤i≤n ; ψn : σ ∈ Sn 7→ (ri(σ))1≤i≤n

are both one-to-one, and their ranges are given by:

Lemma 3.1. Let (`i)1≤i≤n and (ri)1≤i≤n be sequences of nonnegative integers. Then:

(`i)1≤i≤n ∈ ϕn (Sn) ⇔ ∀i, `i ∈ {0, 1, . . . , i−1}

and
(ri)1≤i≤n ∈ ψn (Sn) ⇔ ∀i, ri ∈ {0, 1, . . . , n−i}.

The respective preimages of ϕn and ψn can be constructed from left to right by two
insertion procedures:

• If (`i)1≤i≤n = ϕn(σ), we can recover σ by iteratively constructing σ(k) = pat([k], σ)

for k = 1, 2, . . . , n. First, set σ(1) = 1. Then, if σ(k) ∈ Sk is constructed for
some k ∈ [n−1], define σ(k+1) ∈ Sk+1 by setting σ(k+1)(k + 1) = k + 1 − `k+1

and σ(k+1)(i) = σ(k)(i) + 1σ(k)(i)≥k+1−`k+1
for each i ∈ [k]. In words, we “insert” a

new point at the `k+1-st position from the top, and “push” the previous points
accordingly. This produces the only permutation σ(k+1) with last left-inversion
count `k+1 and such that pat

(
[k], σ(k+1)

)
= σ(k). Therefore for each k, σ(k) is the

unique permutation with left-inversion counts (`i)1≤i≤k, and in particular σ(n) = σ.

• If (ri)1≤i≤n = ψn(σ), we can recover σ by iteratively constructing the values σ(k)
for k = 1, 2, . . . , n. First, set σ(1) = r1+1. Then, if σ(1), . . . , σ(k) are constructed
for some k ∈ [n − 1], define σ(k + 1) as the (rk+1+1)st lowest number in the set
[n] \ {σ(1), . . . , σ(k)}.

Note that we could opt for right-to-left constructions by exchanging the two algorithms,
since the sequence ϕn (σ

rev) is obtained by reversing the sequence ψn(σ).
These notions can be extended to infinite permutations, i.e. bijections of N∗. We

define the left- and right-inversion counts of Σ ∈ S∞ as

`i(Σ) = |{j ∈ N∗ : j < i, Σ(j) > Σ(i)}| ; ri(Σ) = |{j ∈ N∗ : j > i, Σ(j) < Σ(i)}|

for i ∈ N∗. The maps

ϕ∞ : Σ ∈ S∞ 7→ (`i(Σ))i≥1 ; ψ∞ : Σ ∈ S∞ 7→ (ri(Σ))i≥1

are again one-to-one, but their ranges are rather different from the finite case. Let us
focus on ψ∞:

Lemma 3.2. Let (ri)i≥1 be a sequence of nonnegative integers. Then:

(ri)i≥1 ∈ ψ∞ (S∞) ⇐⇒ ri = 0 for infinitely many i’s.
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The map ψ∞ can be inverted by an infinite analog of the previous left-to-right insertion
procedure, namely: for each k ∈ N∗, Σ(k) is the (rk(Σ)+1)st lowest number in the set
N∗ \ {Σ(1), . . . ,Σ(k−1)}. This procedure is the only one we will use in this paper; the
infinite case (on N∗) introduces an asymmetry between ϕ∞ and ψ∞, and the range of
the former is less explicit (see [1, Remark 3.10] for a related discussion).

Left- and right-inversion counts are fundamental tools in the study of Mallows ran-
dom permutations. Indeed, for k ∈ N∗ and q ∈ [0, 1), define the truncated geometric

distribution TruncGeom(k, 1−q) on [k] by giving mass (1−q)qj−1

1−qk
to each integer j ∈ [k].

Equivalently, the TruncGeom(k, 1−q) distribution is the Geom(1−q) distribution condi-
tioned to the set [k]. Then:

Lemma 3.3 ([34]). Let τn ∼ Mallows(n, q). The random variables Li := `i(τn) + 1

are independent for i ∈ [n] and have distribution TruncGeom(i, 1−q). Similarly, the
random variables Ri := ri(τn) + 1 are independent for i ∈ [n] and have distribution
TruncGeom(n− i+ 1, 1−q).

As is usual in probability theory, describing a random variable as the image of
independent r.v.’s through a simple function proves to be very useful. The infinite
Mallows distribution is defined in an analogous way; see Section 6.1.

Lemma 3.3 has interesting consequences for the Mallows distributions. For instance,
an immediate consequence is that if τn ∼ Mallows(n, q) and k ≤ n then pat([k], τn) ∼
Mallows(k, q). Along with a translation invariance property, the authors of [6] deduced
the following stability property:

Corollary 3.4 (Corollary 2.7 in [6]). Let τn ∼ Mallows(n, q) and let I ⊆ [n] be an interval
of size k. Then pat(I, τn) ∼ Mallows(k, q).

We end this section with a simple but handy description of decomposability via
right-inversion counts.

Lemma 3.5. Let σ ∈ Sn with right-inversion counts (ri)1≤i≤n, and letM ∈ [n]. We can
write σ = ρ⊕ σ′ for some ρ ∈ SM and σ′ ∈ Sn−M if and only if:

for all i ∈ [M ], ri ≤M − i. (3.1)

Proof. First suppose that σ = ρ⊕ σ′. By definition of the direct sum, no couple (i, j) with
i ≤ M and j > M can create an inversion for σ. Thus ri(σ) = ri(ρ) for all i ∈ [M ], and
Equation (3.1) follows.

Reciprocally, suppose that (3.1) holds. By Lemma 3.1, there exists ρ ∈ SM such that
ri(ρ) = ri(σ) for all i ∈ [M ]. Recall that the insertion procedure constructs successively
σ(1), . . . , σ(n) using r1, . . . , rn. The firstM steps of the procedure are the same for σ as
they are for ρ, thus σ(i) = ρ(i) for all i ∈ [M ] as desired.

In the same way, an analogous lemma for the infinite case readily follows:

Lemma 3.6. Let Σ ∈ S∞ be the infinite permutation with right-inversion counts (ri)i≥1.
We can write Σ = ρ1 ⊕ · · · ⊕ ρk ⊕ . . . for some infinite sequence of finite permutations
ρk ∈ SMk

, k ≥ 1, if and only if (ri)i≥1 is an infinite concatenation of sequences satisfying
(3.1), that is:

for all k ∈ N∗ and i ∈ [Mk], rM1+···+Mk−1+i ≤Mk − i.

4 The almost uniform regime: Coupling and stability

This section is devoted to the proofs of Lemma 2.1 and Corollary 2.2. We start with
two useful lemmas.
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Lemma 4.1. Let 0 ≤ q ≤ 1 and m ∈ N∗ such that m(1− q) ≤ 1. Let Ym ∼ Unif([m]) and
Xm ∼ TruncGeom(m, 1− q). Then for any j ∈ [m]:∣∣P(Xm = j)−P(Ym = j)

∣∣ = ∣∣∣∣P(Xm = j)− 1

m

∣∣∣∣ ≤ 3(1− q).

Proof. This can be found in the proof of [37, Lemma 7.2], but we include the computation
here for completeness. Recall that for any x ∈ [0, 1] and j ∈ N, we have

∣∣(1− x)j − 1
∣∣ ≤ jx

and
∣∣(1− x)j − (1− jx)

∣∣ ≤ 1
2j

2x2. Therefore we can write qj = 1 + O1 (j(1− q)) and

qj = 1 − j(1 − q) + O1/2

(
j2(1− q)2

)
where the notation Oδ(t) means that |Oδ(t)| ≤ δt.

Hence, for all j ∈ [m]:

|P(Xm = j)−P(Ym = j)| =
∣∣∣∣ (1− q)qj−1

1− qm
− 1

m

∣∣∣∣
=

∣∣m(1− q)qj−1 − (1− qm)
∣∣

m(1− qm)

≤

∣∣∣∣m(1−q)
(
1 +O1 (j(1−q))

)
−m(1−q) +O1/2

(
m2(1−q)2

)∣∣∣∣
m
(
m(1−q)− 1

2m
2(1−q)2

)
≤

O3/2

(
m2(1− q)2

)
m2(1− q)− 1

2m
3(1− q)2

≤
3
2 (1− q)

1− 1
2m(1− q)

≤ 3(1− q).

In the following lemma, we write dTV (·, ·) for the total variation distance, and φ∗L
for the pushforward of a probability distribution L by a measurable function φ.

Lemma 4.2. Let L1,L2 be probability distributions on R, and φ1, φ2 : R → N be mea-
surable functions. Let ε > 0 and suppose that dTV (φ∗1L1, φ

∗
2L2) ≤ ε. Then there exists a

coupling (X1, X2) of L1 and L2 such that

P(φ1(X1) 6= φ2(X2)) ≤ ε.

Proof. It is well-known that there exists a coupling (Y1, Y2) of φ∗1L1 and φ∗2L2 such that

P(Y1 6= Y2) ≤ ε.

Now for each i ∈ {1, 2}, construct Xi as follows. For each y in the support of φ∗iLi, define
Li,y as the probability distribution induced by Li on the fiber φ−1

i ({y}), that is:

for all measurable A ⊆ R, Li,y(A) :=
Li ({x ∈ A : φi(x) = y})
Li ({x ∈ R : φi(x) = y})

.

Then let Xi have distribution Li,Yi
, conditionally given Yi. That way, for all measurable

A ⊆ R:

P(Xi ∈ A) =
∑

y∈N,P(Yi=y)>0

Li ({x ∈ A : φi(x) = y})
Li ({x ∈ R : φi(x) = y})

P(Yi = y)

=
∑

y∈N,P(Yi=y)>0

Li ({x ∈ A : φi(x) = y}) = Li (A) ,

i.e. the law of Xi is Li. Furthermore φi(Xi) = Yi a.s., whence the desired inequality.
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Proof of Lemma 2.1. Here we opt for the construction of τn ∼ Mallows(n, q) via its left-
inversions: let L1, . . . , Ln be independent r.v.’s such that Lk ∼ TruncGeom(k, 1−qn) for
each k ∈ [n]. We define, recursively for 1 ≤ k ≤ n, τkn as the only permutation of [k]
such that τkn(k) = k − Lk + 1 and pat

(
[k−1], τkn

)
= τk−1

n . Then τn := τnn ∼ Mallows(n, q)

by Lemma 3.3, and pat([k], τn) = τkn for all k. Similarly, we can construct un ∼ Unif(Sn)

using independent r.v.’s Uk ∼ Unif([k]) for k ∈ [n].
Our goal is to couple the Lk’s with the Uk’s in such a way that some large pattern of

τn coincides with some large pattern of un. More precisely, recursively for 1 ≤ k ≤ n, we
shall construct a well-chosen coupling of Lk and Uk conditionally given the σ-algebra
Fk−1 := σ (L1, U1, . . . , Lk−1, Uk−1). Then the marginal laws of Lk and Uk, conditionally
given Fk−1, will be TruncGeom(k, 1−qn) and Unif([k]), thus the associated permutations
τn and un will indeed have distributions Mallows(n, qn) and Unif(Sn). In parallel to this,
we shall recursively construct an Fk-measurable set Hk ⊂ [k] of “errors”, with size
denoted by Hk, satisfying pat

(
[k] \ Hk, τ

k
n

)
= pat

(
[k] \ Hk, u

k
n

)
.

First, set L1 = U1 = 1 a.s. and H1 = ∅. Then, assume that we have constructed
L1, U1, . . . , Lk, Uk and Hk as desired, for some k < n. For σ ∈ Sk, define a func-
tion φσ : x ∈ [k + 1] 7→ x +

∑
h∈Hk

1x<k−σ(h)+2 (this definition is motivated later in
the proof). The function φσ is nondecreasing and onto [1 + Hk, k + 1]. In particular,∑k+1

j=1+Hk

(∣∣φ−1
σ ({j})

∣∣−1
)
= Hk. Below, for notational convenience, we allow ourselves

to write Lk+1 and Uk+1 for generic variables with laws TruncGeom(k+1, 1−qn) and
Unif([k+1]), although their coupling has not yet been defined. Henceforth, conditionally
given Fk and using Lemma 4.1 on the fifth line:

dTV

(
φτk

n
(Lk+1) , φuk

n
(Uk+1)

)
= 1

2

k+1∑
j=1+Hk

∣∣P(φτk
n
(Lk+1) = j

)
−P

(
φuk

n
(Uk+1) = j

)∣∣
= 1

2

k+1∑
j=1+Hk

∣∣∣∣∣∣P
(
Lk+1 ∈ φ−1

τk
n
({j})

)
−

∣∣∣φ−1
uk
n
({j})

∣∣∣
k + 1

∣∣∣∣∣∣
≤ 1

2

k+1∑
j=1+Hk

∣∣∣∣∣∣P
(
Lk+1 ∈ φ−1

τk
n
({j})

)
−

∣∣∣φ−1
τk
n
({j})

∣∣∣
k + 1

∣∣∣∣∣∣+
∣∣∣∣∣∣φ−1

uk
n
({j})

∣∣∣− ∣∣∣φ−1
τk
n
({j})

∣∣∣∣∣∣
k + 1


≤ 1

2

k+1∑
j=1+Hk

3(1− q)
∣∣∣φ−1

τk
n
({j})

∣∣∣+
∣∣∣φ−1

uk
n
({j})

∣∣∣− 1 +
∣∣∣φ−1

τk
n
({j})

∣∣∣− 1

k + 1


≤ 3

2 (k + 1)(1− q) +
Hk

k + 1
.

Thus we can apply Lemma 4.2: there exists a coupling of Lk+1 and Uk+1, conditionally
given Fk, such that

P
(
φτk

n
(Lk+1) 6= φuk

n
(Uk+1)

∣∣ Fk

)
≤ 3

2 (k + 1)(1− q) +
Hk

k + 1
. (4.1)

Now, note that the last value of pat
(
[k+1]\Hk, τ

k+1
n

)
and of pat

(
[k+1] \ Hk, u

k+1
n

)
are

given by{
pat
(
[k+1] \ Hk, τ

k+1
n

)
(k+1−Hk) = τk+1

n (k+1)−
∑

h∈Hk
1τk

n(h)<τk+1
n (k+1);

pat
(
[k+1] \ Hk, u

k+1
n

)
(k+1−Hk) = uk+1

n (k+1)−
∑

h∈Hk
1uk

n(h)<uk+1
n (k+1).

Recalling that τk+1
n (k + 1) = k + 2− Lk+1 and likewise uk+1

n (k + 1) = k + 2− Uk+1, the
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(Lj)j∈[5] = (Uj)j∈[5] = 1 1 3 2 41 1 3 2 2

(Lj)j∈[6] = (Uj)j∈[6] =1 1 3 2 2 1 1 3 2 44 3

τ 5 = u5 =

τ 6 = u6 = 3 6 1 5 2 42 6 1 4 5 3

2 5 1 3 4 3 5 1 4 2

Figure 3: Illustration of our coupling, and how it adapts to errors. Here, the first error
happens at step k = 5 (in orange). The following left-inversion counts are coupled using
the functions φτ5 : x 7→ x + 1x<3 and φu5 : x 7→ x + 1x<5. No error happens at step
6, since φτ5(L6) = 4 = φu5(U6). Observe that pat

(
[6] \ {5}, τ6

)
= pat

(
[6] \ {5}, u6

)
, as

expected.

previous two numbers are equal if and only if

Lk+1 +
∑
h∈Hk

1Lk+1<k−τk
n(h)+2 = Uk+1 +

∑
h∈Hk

1Uk+1<k−uk
n(h)+2 ,

i.e. if φτk
n
(Lk+1) = φuk

n
(Uk+1). When this is the case, under the assumption that

pat
(
[k]\Hk, τ

k
n

)
= pat

(
[k]\Hk, u

k
n

)
, we deduce that

pat
(
[k + 1] \ Hk, τ

k+1
n

)
= pat

(
[k + 1] \ Hk, u

k+1
n

)
,

and we can set Hk+1 = Hk. Otherwise, if φτk
n
(Lk+1) 6= φuk

n
(Uk+1), we can simply set

Hk+1 = Hk ∪ {k + 1} and thus:

pat
(
[k + 1] \ Hk+1, τ

k+1
n

)
= pat

(
[k] \ Hk, τ

k
n

)
= pat

(
[k] \ Hk, u

k
n

)
= pat

(
[k + 1] \ Hk+1, u

k+1
n

)
.

This coupling is illustrated in Figure 3.
We have thus defined our coupling of τn and un, and need to study the total number

of errors Hn. Using (4.1), we have for each k < n:

E[Hk+1 | Fk] ≤ Hk + 3
2 (k + 1)(1− q) +

Hk

k + 1
= Hk

k + 2

k + 1
+ 3

2 (k + 1)(1− q),

whence

E

[
Hk+1

k + 2

∣∣∣∣ Fk

]
≤ Hk

k + 1
+ 3

2 (1− q).

We deduce by induction that

E

[
Hk+1

k + 2

]
≤ 3

2 (1− q)k (4.2)
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I1 I2 Im. . . Ik

{(
i, τn(i)

)
: i ∈ I

(3)
k

}

{(
i, τn(i)

)
: i ∈ I

(2)
k

}

{(
i, τn(i)

)
: i ∈ I

(1)
k

}

3λ
1−q

3λn

1−q

upper bound lower bound

Figure 4: On the left: the intervals defined in the proof of the upper bound of Theorem 2.3.
Under the event E, all points (i, τn(i)) are contained in the grey area. On the right: the
sets introduced in the proof of the lower bound of Theorem 2.3. An index i in the interval
Ik is in I(2)k (resp. I(1)k or I(3)k ) if the point (i, τn(i)) is in (resp. below or above) a rectangle
of height 3λ

1−q centered around the diagonal; this is the orange (resp. yellow) area. The

sets J (1)
k , J (2)

k , and J (3)
k contain the indices i ∈ Ik such that the point (i, τn(i)) belongs to

the lowest, median, and highest third of the points. The points (i, τn(i)) with i ∈ J
(2)
k are

circled on the figure. In this case k /∈ H1, since the orange area contains at least two
third of the points (and therefore J (2)

k ⊂ I
(2)
k ).

since H1 = 0. Applied with k + 1 = n, this yields E[Hn] ≤ 3
2n

2(1− q).

Proof of Corollary 2.2. Using Lemma 2.1, this is straightforward.
Since n3/2(1 − q) → 0, we have Hn/

√
n −→ 0 in L1 as n → ∞, hence Hn = oP (

√
n).

Furthermore, τ̌n = ǔn where τ̌n := pat([n] \ Hn, τn) and ǔn := pat([n] \ Hn, un). By
bounding the number of subsets of [n] having a non-empty intersection with Hn, we
have:

|Occ(π, τn)−Occ(π, τ̌n)| ≤ nr−1Hn

and likewise for un, thus:

Occ(π, τn) = Occ(π, un) + oP

(
nr−1/2

)
,

where oP
(
nr−1/2

)
is uniform in π. Using Theorem 1.1, this proves Corollary 2.2.

5 The transition regime: Near decomposability

This section is devoted to the proof of Theorem 2.3. Our proof requires good control
over the displacements of points in random Mallows permutations, specifically:

Theorem 5.1 ([6]). Let q ∈ (0, 1) and τ ∼ Mallows(n, q). Then for all i ∈ [n] and t > 0:

P(|τ(i)− i| ≥ t) ≤ 2qt.

Proof of Theorem 2.3. We prove separately an upper and a lower bound on Occ(π, τn),
with similar techniques. The intervals used in the proof are illustrated in Figure 4.
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Upper bound Consider an arbitrary sequence (λn) such that λn − log n → +∞ as

n → ∞, and define the event E :=
{
∀i ∈ [n], |τn(i)− i| < λn

1−q

}
. Then by Theorem 5.1

along with a union bound:

1−P(E) = P

(
∃i ∈ [n], |τn(i)− i| ≥ λn

1− q

)
≤ 2n e

λn
1−q log q ≤ 2n e−λn −→

n→∞
0. (5.1)

This controls the distance of all points (i, τn(i)) to the diagonal, and will allow us to
restrict the patterns of τn in a sequence of overlapping intervals. First set m := dn(1−q)

λn
e,

and Ik :=
[
1 + b (k−1)λn

1−q c , bkλn

1−q c ∧ n
]
for 1 ≤ k ≤ m. These disjoint intervals cover [n].

Now, let πj ∈ Srj be a block of π and let 1 ≤ i1 < · · · < irj ≤ n be such that
pat
(
{i1, . . . , irj}, τn

)
= πj . For each ` ∈ [rj ], define k` ∈ [m] by i` ∈ Ik`

. Then we claim
that under E, |k`+1 − k`| ≤ 2 for all ` ∈ [rj−1]. Indeed, suppose that k`0+1 ≥ k`0 + 3 for
some `0 ∈ [rj−1]. Then for any ` ≤ `0 and `′ ≥ `0 + 1:

τn(i`) < i` +
λn
1−q

≤ i`0 +
λn
1−q

≤ (k`0+1)λn
1− q

≤ (k`0+1−2)λn
1− q

< i`0+1 −
λn
1−q

≤ i`′ −
λn
1−q

< τn(i`′).

This contradicts the indecomposability of pat
(
{i1, . . . , irj}, τn

)
= πj , and proves the claim.

This leads us to define Jk := Ik∪Ik+1∪· · ·∪Ik+2(r−1) for each k ∈ [m−2(r−1)]. By the
previous claim, if pat

(
{i1, . . . , irj}, τn

)
= πj , then there exists k ∈ [m− 2(r−1)] such that

i1, . . . , irj ∈ Jk. Subsequently, if pat({i1, . . . , ir}, τn) = π, then there exist k1 ≤ · · · ≤ kd
such that ir1+···+rj−1+1, . . . , ir1+···+rj ∈ Jkj for all j ∈ [d]. This implies the following
inequality under E:

Occ(π, τn) ≤
∑

1≤k1≤···≤kd≤m−2(r−1)

∏
1≤j≤d

Occ
(
πj ,pat

(
Jkj

, τn
))

≤
∑

1≤k1≤···≤kd≤m−2(r−1)

∏
1≤j≤d

∣∣Jkj

∣∣|πj |

≤ md

(
2rλn
1− q

)r

.

Using md ≤ 2d−1

(
1 +

(
n(1−q)

λn

)d)
and 1 ≤ n(1− q), we get under E:

Occ(π, τn) ≤ 2d−1+rrr
(
λrn

1

(1− q)r
+ λr−d

n

(n(1− q))d

(1− q)r

)
≤ 2d+rrrλrn

nd

(1− q)r−d
(5.2)

To deduce the probability upper bound, set λn := 2 log n, then β := 2d(4r)r and γ := r:

P

(
Occ(π, τn) ≤ β (log n)γ

nd

(1− q)r−d

)
≥ P(E) −→

n→∞
1

by (5.1). To obtain a moment upper bound, we can set λn := (rp+1) log n for any desired
p > 0. By (5.1) and (5.2):

E[Occ(π, τn)
p
] ≤ 2dp(2r)rp(λn)

rp

(
nd

(1− q)r−d

)p

+ nrp
(
1−P(E)

)
≤ 2dp(2(rp+1)r)rp(log n)rp

(
nd

(1− q)r−d

)p

+ 2nrp+1e−(rp+1) logn.

The desired upper bound readily follows.

EJP 31 (2026), paper 21.
Page 17/39

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1480
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Classical patterns in Mallows permutations

Lower bound This time, the idea is to consider a disjoint sequence of boxes that
contain a good proportion of permutation points. The box sizes shall be tuned so that
the induced sub-permutations are random Mallows permutations in the thermodynamic
regime, and we can apply (1.1).

Fix λ > 0, then setm := bn(1−q)
3λ c and Ik :=

[
1 + b 3(k−1)λ

1−q c , b 3(k−1)λ+λ
1−q c

]
for 1 ≤ k ≤ m.

These are disjoint intervals in [n], and the induced permutation τn,k := pat(Ik, τn) follows
the Mallows(nk, q) distribution for each k ∈ [m] by Corollary 3.4, where nk := |Ik| =
λ

1−q +O(1) uniformly in k.
We could apply (1.1) to these induced permutations; however, some occurrences of

πj ’s in τn,k’s might overlap vertically, thus not yielding an occurrence of π in τn. We solve
this by cropping the τn,k’s vertically, as illustrated in Figure 4. For each k ∈ [m], set

I
(1)
k :=

{
i ∈ Ik : τn(i) ≤ 3(k−1)λ−λ

1−q

}
;

I
(2)
k :=

{
i ∈ Ik : 3(k−1)λ−λ

1−q < τn(i) ≤ 3(k−1)λ+2λ
1−q

}
;

I
(3)
k :=

{
i ∈ Ik : 3(k−1)λ+2λ

1−q < τn(i)
}
;

and 
J
(1)
k :=

{
i ∈ Ik : τn,k

(
ǐ
)
≤ d 1

3nke
}
;

J
(2)
k :=

{
i ∈ Ik : d 1

3nke < τn,k
(
ǐ
)
≤ b 2

3nkc
}
;

J
(3)
k :=

{
i ∈ Ik : b 2

3nkc < τn,k
(
ǐ
)}

;

with the notation ǐ := i− b 3(k−1)λ
1−q c. The reason we introduced I(2)k is that if i ∈ I

(2)
k and

i′ ∈ I
(2)
k′ for k < k′, then τn(i) < τn(i

′). Therefore:

Occ(π, τn) ≥
∑

1≤k1<···<kd≤m

d∏
j=1

Occ
(
πj ,pat

(
I
(2)
kj
, τn

))
. (5.3)

On the other hand, the definition of J (2)
k is motivated by the fact that the random

permutation τ
(2)
n,k := pat

(
J
(2)
k , τn

)
is Mallows

(
1
3nk+O(1), q

)
distributed. Indeed it can

be written as pat
([

1+d 1
3nke, b

2
3nkc

]
, τ−1

n,k

)−1

, which follows the claimed distribution by

Corollary 3.4 and the fact that if τ ∼ Mallows(n′, q) then τ−1 ∼ Mallows(n′, q).

We shall now prove that for many k’s, J (2)
k ⊆ I

(2)
k and Occ(πj , τn,k) has order n

|πj |
k . For

each k ∈ [m] and i ∈ Ik:

P
(
i /∈ I

(2)
k

)
≤ P

(
|τn(i)− i| ≥ λ

1− q

)
≤ 2e

log q
1−q λ ≤ 2e−λ

by Theorem 5.1. Hence E
[∣∣∣I(1)k ∪ I(3)k

∣∣∣] ≤ 2nke
−λ, and by Markov’s inequality:

P

(∣∣∣I(1)k ∪ I(3)k

∣∣∣ ≥ 1

3
nk

)
≤ 6e−λ.

Thus H1 :=
{
k ∈ [m] :

∣∣∣I(1)k ∪ I(3)k

∣∣∣ ≥ 1
3nk

}
satisfies E[|H1|] ≤ 6me−λ, and:

P

(
|H1| ≥

1

4
m

)
≤ 24e−λ. (5.4)
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Classical patterns in Mallows permutations

Let k ∈ [m] and suppose that k /∈ H1. Then
∣∣∣I(1)k

∣∣∣ < 1
3nk. Since max

i∈I
(1)
k

τn,k
(̌
i
)
=
∣∣∣I(1)k

∣∣∣,
we deduce that I(1)k ⊂ J

(1)
k . Likewise, it holds that I(3)k ⊂ J

(3)
k . Subsequently J (2)

k ⊂ I
(2)
k ,

and (5.3) implies:

Occ(π, τn) ≥
∑

1≤k1<···<kd≤m

d∏
j=1

Occ
(
πj , τ

(2)
n,kj

)
1kj /∈H1

. (5.5)

Recall that τ (2)n,k ∼ Mallows
(
1
3nk +O(1), q

)
, where 1

3nk(1 − q) → 1
3λ as n → ∞. Write

rj := |πj | for j ∈ [d]. Then by (1.1), uniformly in j ∈ [d] and k ∈ [m]:

P

(
Occ

(
πj , τ

(2)
n,k

)
≤ 1

2
dens

(
πj , µλ/3

) n
rj
k

3rjrj !

)
−→
n→∞

0.

Set cj,λ := 1
2

dens
(
πj ,µλ/3

)
3rj rj !

and H2 :=
{
k ∈ [m] : ∃j ∈ [d], Occ

(
πj , τ

(2)
n,k

)
≤ cj,λn

rj
k

}
. Then by

Markov’s inequality:

P

(
|H2| ≥

1

4
m

)
≤ 4

m

∑
1≤k≤m

∑
1≤j≤d

P
(
Occ

(
πj , τ

(2)
n,k

)
≤ cj,λn

rj
k

)
−→
n→∞

0. (5.6)

Now (5.5) yields:

Occ(π, τn) ≥
∑

1≤k1<···<kd≤m

d∏
j=1

Occ
(
πj , τ

(2)
n,kj

)
1kj /∈H1

1kj /∈H2

≥
∑

1≤k1<···<kd≤m

d∏
j=1

cj,λn
rj
kj
1kj /∈H1

1kj /∈H2

≥
∑

1≤k1<···<kd≤m

d∏
j=1

cj,λ

(
λ

1− q
− 2

)rj

1kj /∈H1
1kj /∈H2

≥ cλ(1− q)−r (m− |H1| − |H2|)d

for some cλ > 0. Therefore, using (5.4) and (5.6) and setting c′λ := 1
2cλ/(6λ)

d:

P

(
Occ(π, τn) ≥ c′λ

nd

(1− q)r−d

)
≥ P

(
|H1|+ |H2| <

1

2
m

)
≥ 1− 24e−λ − o(1)

Since 24e−λ goes to 0 as λ→ ∞, this concludes the proof of the probability lower bound.
The moment lower bound is then straightforward:

E[Occ(π, τn)
p
] ≥

(
1− 24e−λ − o(1)

)(
c′λ

nd

(1− q)r−d

)p

,

for any fixed λ > 0 such that 24e−λ < 1.

Remark 5.2. In the lower bound of the previous proof, we could replace the sub-

permutations pat
(
J
(2)
k , τn

)
by pat

(
I
(2)
k , τn

)
, which follow the Mallows distribution by [17,

Lemma 3.15]. In this case, instead of using the fact that many J (2)
k ’s are in I(2)k ’s, one

sould rely on the fact that many I(2)k ’s have size at least Ω(nk).
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6 The regenerative regime

6.1 Infinite Mallows permutations

The authors of [19] defined an infinite version of the Mallows distribution, as a
random element of S∞. In this section we recall their construction, and present a few
key properties.

Fix q ∈ [0, 1), and let (Ri)i≥1 be a sequence of i.i.d. Geom(1−q) r.v.’s. The sequence
(Ri−1)i≥1 almost surely satisfies the condition of Lemma 3.2, and we say that the random
permutation Σ ∈ S∞ with right-inversion counts (Ri − 1)i≥1 follows the Mallows(N∗, q)

distribution. An important property of theMallows(N∗, q)measure is that it can be seen as
the projective limit ofMallows(n, q)measures, in the following sense [19, Proposition A.6]:

Lemma 6.1. If Σ ∼ Mallows(N∗, q) then for any n ≥ 1, the finite sub-permutation
τn := pat([n],Σ) follows the Mallows(n, q) distribution.

Lemma 6.1 allows us to define τn ∼ Mallows(n, q) as a sub-permutation of the infinite
permutation Σ ∼ Mallows(N∗, q), and to study its asymptotic properties as n → ∞ for
fixed q ∈ [0, 1). We call this regime regenerative because of the following property [41,
Corollary 5.1] (see also the discussion at the beginning of [3, Section 3]):

Lemma 6.2. Let Σ ∼ Mallows(N∗, q). Then we can write Σ = B1 ⊕ · · · ⊕Bk ⊕ . . . where
(Bk)k≥1 is a sequence of i.i.d. random blocks. Conditionally given its size |B1|, the permu-
tation B1 is a random Mallows(|B1|, q) permutation conditioned to be indecomposable.

With the notation of the above lemma, we say that B1 is a Mallows block with param-
eter q, and we denote its distribution by MBlock(q). In [23], the random permutations
(Bk)k≥1 are called the excursions of Σ. In [3], their cumulative sizes are called regenera-
tion times because for each k ≥ 1, the processes (Σ(t))t≥1 and (Σ(|B1|+ · · ·+ |Bk|+t))t≥1

have the same distribution.
The exact laws of the regeneration times are described in [41, Corollary 5.1 (iv)]

and rather intricate. Nonetheless, they can be expressed as the return times of the
process

(
maxi∈[n] Σ(i)− n

)
n≥1

, which can be shown to be a recurrent Markov process
with explicit stationary distribution. Relying on this, along with a recursive description
of this Markov chain using geometric random variables, the authors of [3, 23] proved
that the excursion lengths (or, equivalently, the regeneration times) have finite moments:

Proposition 6.3 (Proposition 4.6 in [3] and Proposition 3.4 in [23]). For all p > 0, the
random variable |B1| is in Lp, that is, E[|B1|p] <∞.

As a consequence of Lemma 6.2, the sub-permutations τn = pat([n],Σ) are in a sense
“almost regenerative”. Indeed, let Kn := max {k ≥ 0 : |B1|+ · · ·+ |Bk| ≤ n}. Then τn can
be written as

τn = B1 ⊕ · · · ⊕BKn
⊕ σn (6.1)

for some pattern σn of BKn+1. Thanks to Proposition 6.3, it is well-known that Kn

satisfies a law of large numbers and a central limit theorem (see e.g. [28, Theorems 3.7,
3.8, 3.16]). More importantly, it will be important to argue that the contribution of the
remainder σn is negligible in the study of τn. To this aim, we can use standard facts
about renewal processes and their arrival times, see e.g. [21, Section 5]. For instance,
the random variable |BKn+1| asymptotically follows the size-biased distribution of |B1|:

P(|BKn+1| = s) −→
n→∞

sP(|B1| = s)

E[|B1|]
.

Non-asymptotic formulas can be found e.g. in [21, Equation (5.70)], and together with a
dominated convergence argument, we derive from Proposition 6.3 that:

Proposition 6.4. For all p > 0, it holds that lim supn→∞E[|BKn+1|p] <∞.
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6.2 Pattern-joint CLT

This section is devoted to the proofs of Theorem 2.4, Proposition 2.5, and Theorem 2.6.

Proof of Theorem 2.4. We will use Equation (6.1) and Theorem B.1, as in [29]. Through-
out the proof, B denotes a generic MBlock(q) random variable.

First, fix a pattern π = π1 ⊕ · · · ⊕ πd ∈ S. Observe that any occurrence of a block πj
in τn is wholly contained in a single term of the sum τn = B1 ⊕ · · · ⊕ BKn

⊕ σn. Define
Occinj (π, τn) as the number of occurences of π in τn where all πj ’s are contained in
distinct Bk’s, that is:

Occinj (π, τn) :=
∑

1≤k1<···<kd≤Kn

d∏
j=1

Occ
(
πj , Bkj

)
. (6.2)

It will be sufficient to prove the desired result for Occinj (π, τn), after showing that it
approximates Occ(π, τn) well. For any occurrence of π in τn which does not contribute
to Occinj (π, τn), either some πi appears in the same Bk as πi+1, or πd appears in BKn+1

(recall that σn is a sub-permutation of BKn+1). The first type of contribution is bounded
by

Occ−1 ≤
d−1∑
i=1

∑
1≤kj≤Kn, j 6=i

Occ
(
πi, Bki+1

)∏
j 6=i

Occ
(
πj , Bkj

)
≤

d−1∑
i=1

∑
1≤kj≤n, j 6=i

∏
j 6=i

∣∣Bkj

∣∣|π| ,
while the second one is bounded by

Occ−2 ≤
d∑

`=1

Occ(π` ⊕ · · · ⊕ πd, BKn+1)
∑

1≤kj≤Kn, j<`

`−1∏
j=1

Occ
(
πj , Bkj

)
≤ d |BKn+1||π|

∑
1≤kj≤n, j<d

d−1∏
j=1

∣∣Bkj

∣∣|π| .
Recall that (|Bk|)k≥1 is a sequence of i.i.d. random variables with finite moments of all
orders (Proposition 6.3). Together with Proposition 6.4, we get:

E
[∣∣Occ(π, τn)−Occinj (π, τn)

∣∣] ≤ E[Occ−1 +Occ−2
]
≤ O

(
nd−1

)
,

and more generally, for any p > 0:

E
[∣∣Occ(π, τn)−Occinj (π, τn)

∣∣p] ≤ E[(Occ−1 +Occ−2
)p] ≤ O

((
nd−1

)p)
.

Thus it suffices to prove Theorem 2.4 with Occ(π, τn) replaced by Occinj (π, τn).
Now, fix d ≥ 1 and a real vector Λ = (λπ)π=π1⊕···⊕πd

with finite support. Using (6.2),
we can write

∑
π=π1⊕···⊕πd

λπOccinj (π, τn) =
∑

1≤k1<···<kd≤Kn

∑
π=π1⊕···⊕πd

λπ

d∏
j=1

Occ
(
πj , Bkj

)
=:

∑
1≤k1<···<kd≤Kn

fΛ (Bk1 , . . . , Bkd
)

One may thus recognize an asymmetric U -statistic stopped at some threshold time, as
studied in [28]. From Theorem B.1 we get:

1

nd

∑
π=π1⊕···⊕πd

λπOccinj (π, τn) −→ 1

d!

∑
π=π1⊕···⊕πd

λπ

d∏
j=1

E[Occ(πj , B)]

E[|B|]
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almost surely, which concludes the proof of (2.2), and∑
π=π1⊕···⊕πd

λπOccinj (π, τn)−
(
n
d

)∑
π=π1⊕···⊕πd

λπeπ,q

nd−1/2
−→ N

(
0, γ2Λ

)
(6.3)

in distribution, for some γΛ ≥ 0. This also holds with convergence of all moments by
Proposition 6.3 and Theorem B.1. To describe the asymptotic variance γ2Λ, we first need
to introduce the (non-centered) univariate projections:

fΛ,j(B) := E
[
fΛ (B1, . . . , Bd)

∣∣Bj = B
]
=

∑
π=π1⊕···⊕πd

λπ
Occ(πj , B)

E[Occ(πj , B)]

d∏
k=1

E[Occ(πk, B)] ,

(6.4)
for j ∈ [d]. Note that E[Occ(π,B)] > 0 for all π ∈ S and q ∈ (0, 1), since the support of B
is the set of indecomposable permutations, and any given pattern is contained in at least
one indecomposable permutation. By Theorem B.1:

γ2Λ =E[|B|]1−2d
∑

1≤i,j≤d

(
i+j−2

i−1

)(
2d−i−j
d−i

)
1

(2d− 1)!
Cov[fΛ,j(B), fΛ,i(B)]

− 2E[|B|]−2d

(d− 1)!d!

( ∑
π=π1⊕···⊕πd

λπ

d∏
k=1

E[Occ(πk, B)]

)
d∑

i=1

Cov[|B| , fΛ,i(B)]

+
E[|B|]−2d−1

(d− 1)!2

( ∑
π=π1⊕···⊕πd

λπ

d∏
k=1

E[Occ(πk, B)]

)2

Var[|B|] . (6.5)

Substituting in (6.4) and expanding, we can write γ2Λ = ΛTΓ(d)Λ where, for all patterns
π = π1 ⊕ · · · ⊕ πd and ρ = ρ1 ⊕ · · · ⊕ ρd:

Γ(d)
π,ρ = E[|B|] eπ,qeρ,q

(
1

(2d−1)!

∑
1≤i,j≤d

(
i+j−2

i−1

)(
2d−i−j
d−i

)
Cov[Occ(πj , B) ,Occ(ρi, B)]

E[Occ(πj , B)]E[Occ(ρi, B)]

− 1

(d−1)!d!

d∑
i=1

(
Cov[|B| ,Occ(ρi, B)]

E[|B|]E[Occ(ρi, B)]
+

Cov[|B| ,Occ(πi, B)]

E[|B|]E[Occ(πi, B)]

)

+
1

(d−1)!2
Var[|B|]
E[|B|]2

)
. (6.6)

Then (2.3) follows from (6.3) and (6.6) along with the Cramér–Wold theorem.
Finally, to prove convergence of all joint moments in (2.3), by uniform integrability it

suffices to argue that all joint moments are bounded as n→ ∞. This simply follows from
Hölder’s inequality, and the fact that (6.3) holds with convergence of all moments.

Remark 6.5. For π = 21, the asymptotic equivalence E[inv(τn)] ∼ q
1−qn as n → ∞ is

known [5, Proposition 29]. This shows the equality

e2 1,q =
E[inv(B)]

E[|B|]
=

q

1− q
,

for which we do not have a direct proof. Since eπ,q =
∏

j eπj ,q, this also implies explicit
formulas for patterns whose blocks are only points or inversions. For example, we have
e1 3 2,q = e2 1 3,q = q

1−q . For other patterns π, computing eπ,q seems difficult.

Before computing the ranks of specific sub-matrices of Γ(d), we state and prove a
simple lemma which will be useful in the proof of Proposition 2.5.
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Lemma 6.6. Fix an integer d ≥ 2. Consider the linear system

∀j ∈ [d],
∑
i<j

λi,j +
∑
k>j

λj,k = 0 (E)

in the real variables (λi,k)1≤i<k≤d.
If d = 2 then this system has rank 1, and if d ≥ 3 then it has rank d.

Proof. The linear system (E) has d equations and
(
d
2

)
unknowns, thus we aim to prove

that it has full rank. If d = 2, this is immediate. If d ≥ 3, it suffices to find an invertible
sub-system of size d× d. The system (E) restricted to the variables λ1,2, λ1,3, . . . , λ1,d and
λd−1,d rewrites as:∑
k>1

λ1,k = 0; λ1,2 = 0; λ1,3 = 0; . . . ; λ1,d−2 = 0; λ1,d−1 + λd−1,d = 0; λ1,d + λd−1,d = 0,

which is easily seen to be invertible. This concludes the proof.

Proof of Proposition 2.5. First, fix a pattern π = π1 ⊕ · · · ⊕ πd. As in the proof of Theo-
rem 2.4, we can use the results of [28] recalled in Section B. In this case, the real vector
is set to Λ := (1ρ=π)ρ=ρ1⊕···⊕ρd

and the uncentered univariate projections of (6.4) are

given by fΛ,j(B) =
Occ(πj ,B)
E[Occ(πj ,B)]

∏d
k=1E[Occ(πk, B)] for j ∈ [d]. Therefore by Theorem B.1,

Γ
(d)
π,π = 0 if and only if for all j ∈ [d]:

E[|B|]
(

Occ(πj , B)

E[Occ(πj , B)]
− 1

) d∏
k=1

E[Occ(πk, B)] =
(
|B| − E[|B|]

) d∏
k=1

E[Occ(πk, B)]

almost surely. Since
∏d

k=1E[Occ(πk, B)] > 0, this happens if and only if for all j ∈ [d]:

Occ(πj , B)

E[Occ(πj , B)]
=

|B|
E[|B|]

almost surely. If π is not the identity permutation, then at least one of its blocks πj has
size at least 2. Since P(|B| = 1) = P(Σ(1) = 1) = 1 − q > 0, the event {Occ(πj , B) = 0}
then occurs with positive probability. Since P(B = πj) > 0, the event {Occ(πj , B) > 0}
also occurs with positive probability. Hence Γ

(d)
π,π > 0 in this case. On the other hand,

if π = idd then |πj | = 1 for all j ∈ [d], therefore Occ(πj , B) = |B| a.s. and this implies

Γ
(d)
id,id = 0. This concludes the proof of the first claim, about (non-)degeneracy of the

marginal CLT.
For any r ≥ d, we can compute the rank of the finite matrix Γ(d,r) by describing

its kernel. Fix a real vector Λ = (λπ)π=π1⊕···⊕πd∈Sr
. Then ΛTΓ(d,r)Λ = γ2Λ is given by

Equation (6.5). As before, by Theorem B.1, γΛ = 0 if and only if for all j ∈ [d]:

fΛ,j(B) = |B| E[fΛ,j(B)]

E[|B|]
(6.7)

almost surely. Before studying this relation in more detail, let us rewrite the univariate
projection fΛ,j of (6.4) as:

fΛ,j(B) =
∑

π=π1⊕···⊕πd∈Sr

λπ
Occ(πj , B)

E[Occ(πj , B)]

d∏
k=1

E[Occ(πk, B)]

=
∑
ρ∈S

∑
π=π1⊕···⊕πd∈Sr, πj=ρ

λπ
Occ(ρ,B)

E[Occ(ρ,B)]

d∏
k=1

E[Occ(πk, B)]

=
∑
ρ∈S

λρ,j Occ(ρ,B)
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where, for any j ∈ [d] and ρ ∈ S:

λρ,j =
∑

π=π1⊕···⊕πd∈Sr, πj=ρ

λπ
∏
k 6=j

E[Occ(πk, B)] . (6.8)

Note that λρ,j = 0 whenever |ρ| > r − d+ 1. Let us consider two complementary cases:
suppose that λρ,j = 0 for all j ∈ [d] and all ρ ∈ S such that |ρ| ≥ 2. Then fΛ,j(B) = λ1,j |B|
a.s. for all j ∈ [d], thus (6.7) is satisfied and γΛ = 0. On the other hand, suppose that
λρ0,j 6= 0 for some j ∈ [d] and some ρ0 ∈ S such that |ρ0| ≥ 2, and take such a ρ0 with
minimum size. The event {B = 1, fΛ,j(B) = λ1,j |B|} has positive probability, and the
event {B = ρ0, fΛ,j(B) = λ1,j |B|+ λρ0,j} as well. Hence the ratio fΛ,j(B)/ |B| is not
constant a.s., so (6.7) does not hold and we deduce γΛ > 0.

The above discussion shows that γΛ = 0 if and only if λρ,j = 0 for all j ∈ [d] and all
ρ ∈ S such that |ρ| ≥ 2, where λρ,j is defined by (6.8). We can use this criterium to study
the rank of Γ(d,r).

• If d = r, then the only pattern in Sr wih d blocks is the identity permutation. It has
already been established that Γ(r,r)

id,id = 0.

• If d = r − 1, then there are exactly r − 1 patterns in Sr with d blocks: for each
j ∈ [r − 1], the adjacent transposition π(j) which swaps j with j + 1. The only

non-trivial block of π(j) = π
(j)
1 ⊕ · · · ⊕ π

(j)
d is π(j)

j = 21. Therefore we simply have

λ21,j = λπ(j)E[|B|]r−2 for all j ∈ [d]. By the above discussion, ΛTΓ(r−1,r)Λ = 0 if
and only if λπ(j) = 0 for all j ∈ [d], that is if Λ is the null vector. Hence Γ(r−1,r) is
invertible.

• The case d = 1 corresponds to indecomposable permutations in Sr. Equation (6.8)
then becomes trivial: for each indecomposable π ∈ Sr, λπ,1 = λπ. Therefore
ΛTΓ(1,r)Λ = 0 if and only if Λ is the null vector, and thus Γ(1,r) is invertible.

• If d = r − 2 ≥ 2, then there are two types of patterns in Sr with d blocks: for each
1 ≤ i < j ≤ d, the bi-adjacent transposition π(i,j) which swaps i with i + 1 and
j + 1 with j + 2, whose only non-trivial blocks are π(i,j)

i = π
(i,j)
j = 21; and for each

j ∈ [d] and ρ ∈ {231, 312, 321}, the permutation π(ρ,j) whose only non-trivial block is

π
(ρ,j)
j = ρ. Thus for each j ∈ [d]:{

λρ,j = λπ(ρ,j)E[|B|]r−3 for all ρ ∈ {231, 312, 321};
λ21,j =

∑
1≤i<j λπ(i,j)E[|B|]r−4

+
∑

j<k≤d λπ(j,k)E[|B|]r−4
.

The equation ΛTΓ(r−2,r)Λ = 0 is then equivalent to the following for all j ∈ [d]:{
λπ(ρ,j) = 0 for all ρ ∈ {231, 312, 321};∑

1≤i<j λπ(i,j) +
∑

j<k≤d λπ(j,k) = 0.

If this holds then the variables (λπ(i,j))1≤i<j≤d solve the linear system (E). By

Lemma 6.6, the solution space of ΛTΓ(r−2,r)Λ = 0 has dimension
(
d
2

)
− d if d ≥ 3,

and dimension
(
d
2

)
− 1 = 0 if d = 2.

There are
(
d
2

)
+ 3d patterns in Sr with d = r − 2 blocks. If d = 2 then the matrix

Γd,r = Γ2,4 is invertible, and has full rank 7. If d ≥ 3 then the matrix Γd,r has rank(
d
2

)
+ 3d−

(
d
2

)
+ d = 4d; it is invertible only if d = 3.

This discussion concludes the proof of Proposition 2.5.

EJP 31 (2026), paper 21.
Page 24/39

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1480
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Classical patterns in Mallows permutations

Proof of Theorem 2.6. We have the following trivial identity:∑
π∈Sr

Occ(π, τn) =

(
n

r

)
.

We can distinguish between three types of patterns in Sr: the identity permutation; the
adjacent transpositions (which have r − 1 blocks); and the patterns which have at most
r − 2 blocks. The contribution of the latter to the above sum is bounded by Theorem 2.4
and (2.2): ∑

π=π1⊕···⊕πd∈Sr, d≤r−2

Occ(π, τn) ≤ OP

(
nr−2

)
,

whence:

Occ(idr, τn) =

(
n

r

)
−

∑
π=π1⊕···⊕πr−1∈Sr

Occ(π, τn)−OP

(
nr−2

)
. (6.9)

The contribution of adjacent transpositions is given by the joint convergence in distribu-
tion of Theorem 2.4:∑

π=π1⊕···⊕πr−1∈Sr
Occ(π, τn)−

(
n

r−1

)∑
π=π1⊕···⊕πr−1∈Sr

∏r−1
j=1

E[Occ(πj ,B)]
E[|B|]

nr−3/2

−→
n→∞

N
(
0,ΛTΓ(r−1)Λ

)
, (6.10)

where Λ =
(
1|π|=r

)
π1⊕···⊕πr−1∈S

. Since adjacent transpositions contain r−2 trivial blocks

and one 2 1 block, the asymptotic mean simplifies as:

∑
π=π1⊕···⊕πr−1∈Sr

r−1∏
j=1

E[Occ(πj , B)]

E[|B|]
= (r − 1)

E[inv(B)]

E[|B|]
.

It remains to compute the asymptotic variance ΛTΓ(r−1)Λ =: γ2r . It is positive, since the
matrix Γ(r−1,r) is invertible by Proposition 2.5. Furthermore it can be expressed via (6.4)
and (6.5):

fΛ,j(B) = inv(B) E[|B|]d−1
+ (d− 1) |B| E[|B|]d−2

E[inv(B)]

for all j ∈ [d], with d := r − 1. Subsequently:

γ2r =E[|B|]−3
∑
i,j

(
i+j−2

i−1

)(
2d−i−j
d−i

)
1

(2d−1)!
Var
[
inv(B)E[|B|]+(d−1) |B|E[inv(B)]

]
− 2E[|B|]−3

(d− 1)!d!
d2E[inv(B)] Cov

[
|B| , inv(B)E[|B|]+(d−1) |B|E[inv(B)]

]
+
E[|B|]−3

(d− 1)!2
d2E[inv(B)]

2
Var[|B|] .

To simplify this expression we can use the formula
∑

1≤i,j≤d

(
i+j−2
i−1

)(
2d−i−j
d−i

)
= (2d−1)!

(d−1)!2 ,

which can e.g. be obtained via Beta integrals, or combinatorially3. Therefore:

γ2r = E[|B|]−3 (
c1Var[|B|] + c2Cov[|B| , inv(B)] + c3Var[inv(B)]

)
3Indeed, rewrite it as∑

1≤i,j≤d

(i+ j − 2

i− 1

)(2d− i− j

d− i

)
=

d∑
i=1

i+d−1∑
k=i

(k − 1

i− 1

)(2d− 1− k

d− i

)
= d

(2d− 1

d

)
=

(2d− 1)!

(d− 1)!2
,

where the middle equality comes from counting pointed subsets E of [2d− 1] with d elements: k is the pointed
element of E, and i− 1 is the number of elements in E lower than k.
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where 
c1 =

(
(d−1)2

(d−1)!2 − 2d2(d−1)
(d−1)!d! + d2

(d−1)!2

)
E[inv(B)]

2
= 1

(d−1)!2E[inv(B)]
2
;

c2 =
(

2(d−1)
(d−1)!2 − 2d2

(d−1)!d!

)
E[inv(B)]E[|B|] = −2

(d−1)!2E[inv(B)]E[|B|] ;
c3 = 1

(d−1)!2E[|B|]2 .

Finally, we can write

γ2r =
E[|B|]−3

(d− 1)!2
Var
[
E[inv(B)] |B| − E[|B|] inv(B)

]
(6.11)

with d = r − 1. Convergence of moments also holds as usual, and this concludes the
proof.

7 Patterns in the continuous-time infinite Mallows process

7.1 The continuous-time infinite Mallows process

In order to define a continuous-time coupling of Σt ∼ Mallows(N∗, t) for t ∈ [0, 1), we
use continuous-time geometric processes along with Lemma 3.2. In [1, Section 3.2] this
is done for the bi-infinite Mallows distribution (on Z), which is trickier to construct than
the “unilateral” version (on N∗) considered here.

Say that a stochastic process X : R+ → N ∪ {∞} is a birth process if it is càdlàg,
time-inhomogeneous Markov, and admits infinitesimal birth rates p(j, t) ≥ 0 such that:

for all t ≥ 0 and j ∈ N,

{
P
(
Xt+h = j

∣∣Xt = j
)
= 1− hp(j, t) + o(h);

P
(
Xt+h = j+1

∣∣Xt = j
)
= hp(j, t) + o(h);

as h→ 0. (7.1)

The law of X is then uniquely determined by these birth rates along with the law of X0.
Conversely, these birth rates are uniquely determined by the functions t 7→ P(Xt = j),
j ∈ N. This follows from the Chapman–Kolmogorov forward equation (see e.g. the proof
of [1, Proposition 3.5]).

Lemma 7.1 ([1]). Let R : [0, 1) → N∗ be the birth process with R0 = 1 and birth rates
p(j, t) = j

1−t for j ∈ N∗, t ∈ [0, 1). Then R is non-explosive (i.e. it is a.s. well-defined
on [0, 1), and has finitely many jumps on any proper subinterval), and has marginal
distributions Rt ∼ Geom(1−t) for all t ∈ [0, 1). Conversely, if R : [0, 1) → N∗ is a birth
process with marginal distributions Rt ∼ Geom(1−t) for all t ∈ [0, 1), then it has birth
rates p(j, t) = j

1−t for j ∈ N
∗, t ∈ [0, 1).

The process R of Lemma 7.1 shall be refered to as the geometric birth process. We
can now state an infinite analog of [11, Theorem 1.1]. Note that the authors of [11]
and [1] chose to work with left-inversion counts, but for the purpose of this paper,
right-inversion counts seem better adapted. In particular, we do not know if an analog
of Theorem 7.3 would hold with left-inversions.

Theorem 7.2. There is a unique time-inhomogeneous Markov process Σ : [0, 1) → S∞
such that:

1. for all t ∈ [0, 1), Σt has marginal distribution Mallows(N∗, t);

2. the right-inversion counts ri(Σ) : [0, 1) → N, i ≥ 1 are independent birth processes.

Furthermore, we can write ri(Σt) = Ri,t−1 for all i ≥ 1 and t ∈ [0, 1), where (R1,t)t∈[0,1),

(R2,t)t∈[0,1), ... are i.i.d. geometric birth processes as defined in Lemma 7.1.

We call the process Σ = (Σt)t∈[0,1) of Theorem 7.2 the continuous-time infinite

Mallows process, and write
−→

Mallows(N∗) for its law.
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Proof. Let (Ri,·)i≥1 be i.i.d. geometric birth process. By the Borel–Cantelli lemma,
for any fixed t ∈ [0, 1), almost surely Ri,t = 1 for infinitely many i’s. Since the pro-
cesses (Ri,t)t∈[0,1) are monotone, almost surely, this holds for all t ∈ [0, 1). Therefore
by Lemma 3.2, almost surely, we can define Σt ∈ S∞ with right-inversion counts
ri (Σt) := Ri,t − 1 for all t ∈ [0, 1).

For each t ∈ [0, 1), Σt ∼ Mallows(N∗, t) by definition. Since there is a one-to-one
correspondence ψ∞ between infinite permutations and admissible sequences of right-
inversion counts, the Markov property of (Σt)t∈[0,1) follows from that of the independent
processes (Ri,t)t∈[0,1), i ≥ 1. Hence this proves the existence of continuous-time infinite
Mallows processes.

Now, let Σ′ be a time-inhomogeneous Markov process of infinite permutations, sat-
isfying Properties 1 and 2 in Theorem 7.2. Then for any fixed t ∈ [0, 1), by Property 1,
the sequence

(
R′

i,t

)
i≥1

:= (ri(Σ
′
t) + 1)i≥1 is a sequence of i.i.d. Geom(1− t) r.v.’s. Thus

by Property 2, the processes
(
R′

i,t

)
t∈[0,1)

, i ≥ 1, are independent birth process with geo-

metric marginal laws; therefore, by Lemma 7.1, they are i.i.d. geometric birth processes.
Using the one-to-one correspondence ψ∞, we see that the process (Σ′

t)t∈[0,1) has the
same distribution as (Σt)t∈[0,1).

When studying the infinite Mallows permutation Σ ∼ Mallows(N∗, q), it is useful to
decompose Σ = B1 ⊕ B2 ⊕ . . . as an infinite sum of i.i.d. blocks. Analogously, in order

to study the continuous-time infinite Mallows process (Σt)t∈[0,1) ∼
−→

Mallows(N∗), we
introduce i.i.d. block processes such that Σt = B1,t⊕B2,t⊕ . . . for t ≥ 0. Although we call
them “block” processes, the permutations Bi,t shall not necessarily be indecomposable
at all times t. It is more convenient for the i.i.d. property that these processes do not
“overlap”, thus we require the sizes |Bi,t| to be constant over t. The fact that Σt(1) → ∞
as t → 1− a.s. then forces us to restrict our processes to an arbitrary sub-interval
[0, q] ⊂ [0, 1).

Let us define
−→

MBlock(q) for any fixed q ∈ [0, 1). First, let Bq ∼ MBlock(q) be a
Mallows block with parameter q (as defined in Lemma 6.2) and set M := |Bq|. Then,
conditionally on Bq, let (R1,t)t∈[0,q] , . . . , (RM,t)t∈[0,q] be independent geometric birth

processes conditioned to satisfy Ri,q = ri (B
q) + 1 for all i ∈ [M ]. Finally, for all t ∈ [0, q],

define Bq
t ∈ SM as the permutation with right-inversion counts ri (B

q
t ) := Ri,t − 1. This

is well-defined by Lemma 3.1, since Ri,t − 1 ≤ Ri,q − 1 ≤M − i for all t ≤ q. We say that

(Bq
t )t∈[0,q] is a q-block process, and denote by

−→
MBlock(q) its law.

Note that Bq
q ∼ MBlock(q) is a.s. an indecomposable permutation, but this might not

be the case for all Bq
t , t ∈ [0, q). For instance, Bq

0 is a.s. an identity permutation. It is
easy to check with Lemma 3.5 that if Bq

t is not indecomposable for some t, then neither
is Bq

t′ for all t
′ ≤ t.

Theorem 7.3. Let (Σt)t∈[0,1) ∼
−→

Mallows(N∗). Then, for any fixed q ∈ [0, 1), we can write

Σt = Bq
1,t ⊕ · · · ⊕Bq

k,t ⊕ . . .

for all t ∈ [0, q], where
(
Bq

k,t

)
t∈[0,q]

, k ≥ 1, are i.i.d. q-block processes.

Proof. By Lemma 6.2, we can write Σq = Bq
1 ⊕ · · · ⊕ Bq

k ⊕ . . . where Bq
1 , . . . , B

q
k, . . .

are i.i.d. random blocks with MBlock(q) distribution. By Lemma 3.6, since the right-
inversion counts of (Σt)t∈[0,q] are non-decreasing as t goes from 0 to q, we can write
Σt = Bq

1,t ⊕ · · · ⊕ Bq
k,t ⊕ . . . for all t ∈ [0, q], where Bq

k,t has the same size as Bq
k for all

k ≥ 1 (but might not be indecomposable).
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For all i ≥ 1 and t ∈ [0, q], let Ri,t := ri (Σt) + 1. By Theorem 7.2, the processes

(Ri,t)t∈[0,q] are i.i.d. geometric birth processes. Write Mk :=
∣∣∣Bq

k,t

∣∣∣ for all k ≥ 1. An

important observation is that the cumulative sumsM1 + · · ·+Mk are stopping times for
the i.i.d. sequence of processes (Ri,·)i≥1. Indeed,M1 + · · ·+Mk is the first index m for
which the sequence R1,q, . . . , Rm,q defines a sum of k blocks. Furthermore, the sequence
(Ri,·)i≤M1

is independent from the sequence (Ri,·)i>M1
, and the latter is distributed like

(Ri,·)i≥1. As a consequence, the permutation processes
(
Bq

k,t

)
t∈[0,q]

, k ≥ 1 are i.i.d., and

it remains to check that they are distributed like q-block processes.
Conditionally given Σq, the processes (Ri,t)t∈[0,q], i ≥ 1, are independent geometric

birth processes conditioned to satisfy Ri,q = ri (Σq) + 1. Thus (Ri,t)t∈[0,q], i ∈ [M1], are

independent geometric birth processes conditioned to satisfy Ri,q = ri (B
q
1) + 1. Hence

the permutation process
(
Bq

1,t

)
t∈[0,q]

, which has right-inversion counts ri
(
Bq

1,t

)
= Ri,t − 1

for i ∈ [M1], is indeed a q-block process.

7.2 Time-joint CLT and limit Gaussian process

We construct a continuous-time coupling of finite Mallows permutations as follows:
let (Σt)t∈[0,1) be a continuous-time infinite Mallows process as defined in Theorem 7.2,
then let τn,t := pat([n],Σt) for all n ∈ N∗ and t ∈ [0, 1).

For any n ∈ N∗, the process (τn,t)t∈[0,1) has Mallows(n, t) marginals by Lemma 6.1.
Using the terminology of [11], it is therefore a Mallows process. However it is not
monotone (nor smooth), i.e. its number of inversions is not monotone. Moreover it
is not clear whether it is regular (with respect to its right-inversions rather than its
left -inversions), i.e. whether its right-inversion counts are independent and Markov.

Proof of Theorem 2.7. Arbitrarily fix q ∈ (0, 1). By Theorem 7.3, we can write (Σt)t∈[0,q]

as a sum of i.i.d. q-block processes:

Σt = Bq
1,t ⊕ · · · ⊕Bq

k,t ⊕ . . .

for all t ∈ [0, q]. Therefore

τn,t = Bq
1,t ⊕ · · · ⊕Bq

Kn,t
⊕ σn,t

for all t ∈ [0, q], where Kn := max {k ≥ 0 : |Bq
1 |+ · · ·+ |Bq

k| ≤ n} and σn,t is a pattern of
Bq

Kn+1,t. Note that Kn depends on q, but not on t. As in the proof of Theorem 2.4, we
can define

Occinj (π, τn,t) :=
∑

1≤k1<···<kd≤Kn

d∏
j=1

Occ
(
πj , B

q
kj ,t

)
,

and for any p > 0 we have

E
[∣∣Occ(π, τn,t)−Occinj (π, τn,t)

∣∣p] ≤ O
((
nd−1

)p)
(7.2)

for all t ∈ [0, q], where the constant inside the O depends on q but not on t. Now, fix
0 ≤ t1 ≤ · · · ≤ tm ≤ q and a real vector Λ = (λ`)1≤`≤m. We can write

m∑
`=1

λ`Occinj (π, τn,t`) =
∑

1≤k1<···<kd≤Kn

fΛ

(
Bq

k1,·, . . . , B
q
kd,·

)
(7.3)

where

fΛ

(
Bq

k1,·, . . . , B
q
kd,·

)
=

m∑
`=1

λ`

d∏
j=1

Occ
(
πj , B

q
kj ,t`

)
.
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One may thus see (7.3) as an asymmetric U -statistic with the underlying i.i.d. random

variables Bq
k,· =

(
Bq

k,t

)
t∈[0,q]

for k ≥ 1, and stopped at the threshold time Kn. Using

Theorem B.1 and (7.2), we deduce that

∑m
`=1 λ`Occ(π, τn,t`)−

(
n
d

)∑m
`=1 λ`

∏d
j=1

E
[
Occ

(
πj ,B

q
t`

)]
E[|Bq|]

nd−1/2
−→ N

(
0, η2Λ

)
(7.4)

in distribution, for some η2Λ ≥ 0, where (Bq
t )t∈[0,q] ∼

−→
MBlock(q). When applied with

m = 1, this yields (
n

d

)−1

Occ(π, τn,t) −→
n→∞

d∏
j=1

E[Occ(πj , B
q
t )]

E[|Bq|]

almost surely for each 0 ≤ t ≤ q < 1. Using Theorem 2.4 or the fact that q ∈ [t, 1) is
arbitrary, we deduce that

d∏
j=1

E[Occ(πj , B
q
t )]

E[|Bq|]
=

d∏
j=1

E[Occ(πj , B
t
t)]

E[|Bt|]
= eπ,t (7.5)

for all 0 ≤ t ≤ q < 1, which is a useful identity in itself. Thus (7.4) becomes∑m
`=1 λ`Occ(π, τn,t`)−

(
n
d

)∑m
`=1 λ`eπ,t`

nd−1/2
−→ N

(
0, η2Λ

)
. (7.6)

The asymptotic variance η2Λ is expressed in terms of the (non-centered) univariate
projections:

fΛ,j

(
(Bq

t )t∈[0,q]

)
:= E

[
fΛ

(
Bq

1,·, . . . , B
q
d,·

) ∣∣∣Bq
j,· = Bq

·

]
=

m∑
`=1

λ`
Occ

(
πj , B

q
t`

)
E
[
Occ

(
πj , B

q
t`

)] d∏
k=1

E
[
Occ

(
πk, B

q
t`

)]

for j ∈ [d], where we set
Occ

(
ρ,Bq

0

)
E
[
Occ

(
ρ,Bq

0

)] := 1 for all ρ /∈ {idr, r ≥ 1} by convention. Note that

E[Occ(π,Bq
t )] > 0 for all π ∈ S and 0 < t ≤ q < 1, since the support of Bq

t contains the
set of indecomposable permutations. Also, E[Occ(idr, B

q
0)] > 0 for all r ∈ N∗ since the

support of Bq
0 is the set of identity permutations. Then by Theorem B.1:

η2Λ =E[|Bq|]1−2d
∑

1≤i,j≤d

(
i+j−2

i−1

)(
2d−i−j
d−i

)
1

(2d− 1)!
Cov[fΛ,j (B

q
· ) , fΛ,i (B

q
· )]

− 2E[|Bq|]−2d

(d− 1)!d!

(
m∑
`=1

λ`

d∏
k=1

E
[
Occ

(
πk, B

q
t`

)]) d∑
i=1

Cov[|Bq
· | , fΛ,i (B

q
· )]

+
E[|Bq|]−2d−1

(d− 1)!2

(
m∑
`=1

λ`

d∏
k=1

E
[
Occ

(
πk, B

q
t`

)])2

Var[|Bq|] ,

where Bq
· = (Bq

t )t∈[0,q] ∼
−→

MBlock(q). As in the proof of Theorem 2.4, we can write
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η2Λ = ΛTHπΛ where for all 0 ≤ s, t ≤ q:

Hπ(s, t) = eπ,seπ,t

(
E[|Bq|]
(2d−1)!

∑
1≤i,j≤d

Cd
i,j Cov

[
Occ(πj , B

q
t )

E[Occ(πj , B
q
t )]
,

Occ(πi, B
q
s)

E[Occ(πi, B
q
s)]

]

− E[|Bq|]
(d−1)!d!

d∑
i=1

Cov

[
|Bq

· |
E[|Bq

· |]
,

Occ(πi, B
q
s)

E[Occ(πi, B
q
s)]

+
Occ(πi, B

q
t )

E[Occ(πi, B
q
t )]

]

+
E[|Bq|]
(d−1)!2

Var

[
|Bq|
E[|Bq|]

])
, (7.7)

where Cd
i,j :=

(
i+j−2
i−1

)(
2d−i−j
d−i

)
and

Occ
(
ρ,Bq

0

)
E
[
Occ

(
ρ,Bq

0

)] := 1 for all ρ /∈ {idr, r ≥ 1} by convention.
The identity ΛTHπΛ = η2Λ ≥ 0 for all vectors Λ shows that Hπ is positive semidefinite,
thus there exists a centered Gaussian process (Xπ,t)t∈[0,q] with covariance function Hπ.

Since (7.4) holds for all Λ = (λ`)1≤`≤m ∈ Rm, the Cramér–Wold theorem implies that the
random vector (

Occ(π, τn,t`)−
(
n
d

)
eπ,t`

nd−1/2

)
1≤`≤m

converges in distribution, as n → ∞, to a Gaussian vector with covariance matrix
(Hπ(t`, t`′))1≤`,`′≤m. Since this holds for any 0 ≤ t1 ≤ · · · ≤ tm ≤ q < 1, this proves the

finite-dimensional convergence in distribution of
Occ(π,τn,·)−(nd)eπ,·

nd−1/2 to Xπ, and also that
Hπ does not depend on q (hence Xπ,· can be extended to [0, 1)). Convergence of joint
moments holds as usual, by Theorem B.1, (7.2), and Hölder’s inequality.

7.3 Continuity of the limit Gaussian process

The goal of this section is to prove Proposition 2.8, using in particular the Kolmogorov
continuity theorem. This requires moment estimates on Occ(π,Bq

t )−Occ(π,Bq
s) for all

π ∈ S and 0 < s ≤ t ≤ q < 1, which we obtain by comparison with the number of jumps
in a continuous-time infinite Mallows process.

In what follows, we write µ∗k for the convolution of a measure µ with itself k times. If
µ is a probability distribution, then µ∗k is the distribution of the sum of k i.i.d. random
variables with law µ.

Lemma 7.4. Let s ∈ [0, 1) and k ∈ N∗. Let (Rt)t∈[s,1) be a birth process started at Rs = k,

with birth rates p(j, t) = j
1−t for j ∈ N

∗, t ∈ [s, 1). Its marginal distributions are given by

Rt ∼ Geom
(

1−t
1−s

)∗k
for all t ∈ [s, 1).

Proof. For all t ∈ [s, 1) and j ∈ N, write µk,s,t(j) := P(Rt = j | Rs = k) for the conditional
law of Rt. Clearly, µk,s,t(j) = 0 whenever j < k, and µk,s,s = δk. Moreover, the Chapman–
Kolmogorov forward equations (see e.g. the proof of [1, Proposition 3.5]) yield:

∂tµk,s,t(j) = µk,s,t(j − 1)
j − 1

1− t
− µk,s,t(j)

j

1− t

for every j ∈ N∗ and t ∈ [s, 1). The only solution of this system is given by

µk,s,t(j) =

(
j − 1

k − 1

)(
t− s

1− s

)j−k (
1− t

1− s

)k

.

for all j ≥ k. Indeed, this follows from the equality(
j − 1

k − 1

)
(j − k)(1− t)−

(
j − 1

k − 1

)
k(t− s) =

(
j − 2

k − 1

)
(j − 1)(1− s)−

(
j − 1

k − 1

)
j(t− s),
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which can be checked using the identity (j − k)
(
j−1
k−1

)
= (j − 1)

(
j−2
k−1

)
. Hence µk,s,t is

indeed the Geom
(

1−t
1−s

)∗k
distribution.

Remark 7.5. The expression µ∗k of the distribution of Rt in Lemma 7.4 can be related
to a “branching property”; it is a simple consequence of the fact that the birth rates are
of the form p(j, t) = j · p̃(t).
Corollary 7.6. Let (Rt)t∈[0,1) be a birth process started at R0 = 1, with birth rates

p(j, t) = j
1−t for j ∈ N

∗, t ∈ [0, 1). For all 0 ≤ s ≤ t < 1, we have:

E[Rt −Rs] =
t− s

(1− s)(1− t)
; Var[Rt −Rs] =

(t− s)(1 + st− 2s)

(1− s)2(1− t)2
.

Proof. Recall that Rt ∼ Geom(1− t) for all t ∈ [0, 1) by Lemma 7.1, therefore:

E[Rt −Rs] =
1

1− t
− 1

1− s
=

t− s

(1− s)(1− t)
.

Furthermore, by Lemma 7.4, the conditional law of Rt given Rs is Geom
(

1−t
1−s

)∗Rs

. Hence,

by the law of total variance:

Var[Rt −Rs] = Var
[
E
[
Rt −Rs

∣∣Rs

]]
+ E

[
Var
[
Rt −Rs

∣∣Rs

]]
= Var

[
Rs

1− s

1− t
−Rs

]
+ E

[
Rs

(t− s)(1− s)

(1− t)2

]
=

s

(1− s)2

(
t− s

1− t

)2

+
1

1− s

(t− s)(1− s)

(1− t)2

=
(t− s)(1 + st− 2s)

(1− s)2(1− t)2
,

as announced.

Lemma 7.7. Let q ∈ (0, 1). There exists a constant c = cq > 0 such that for all
0 ≤ s ≤ t ≤ q:

E[inv(Bq
t )− inv(Bq

s)] ≤ c(t− s) ; E
[(
inv(Bq

t )− inv(Bq
s)
)2] ≤ c(t− s) ,

where Bq
· ∼

−→
MBlock(q).

Proof. Let Σ· ∼
−→

Mallows(N∗), and let (Ri,·)i≥1 be its sequence of right-inversion counts.
For n ∈ N∗, define:

Jn,s,t :=

n∑
i=1

(Ri,t −Ri,s) .

On the one hand, since this is a sum of i.i.d. random variables, we can use Corollary 7.6
to compute its moments:

E[Jn,s,t] =
n(t− s)

(1− s)(1− t)
≤ n(t− s)

(1− q)2
; Var[Jn,s,t] =

n(t− s)(1 + st− 2s)

(1− s)2(1− t)2
≤ 2n(t− s)

(1− q)4
.

(7.8)

On the other hand, recall that Σ· = Bq
1,·⊕· · ·⊕Bq

k,·⊕ . . . by Theorem 7.3, where
(
Bq

k,·

)
k≥1

is a sequence of i.i.d. q-block processes. LetKn := max
{
k ≥ 0 :

∣∣Bq
1,·
∣∣+ · · ·+

∣∣∣Bq
k,·

∣∣∣ ≤ n
}

and

J ′
n,s,t :=

Kn∑
k=1

(
inv
(
Bq

k,t

)
− inv

(
Bq

k,s

))
.
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Then Jn,s,t = J ′
n,s,t +

∑n

i=
∣∣∣Bq

1,·

∣∣∣+···+
∣∣∣Bq

Kn,·

∣∣∣+1
(Ri,t −Ri,s), and thus

∣∣Jn,s,t − J ′
n,s,t

∣∣ ≤ inv
(
Bq

Kn+1,t

)
− inv

(
Bq

Kn+1,s

)
≤
∣∣∣Bq

Kn+1,·

∣∣∣2 , (7.9)

which is bounded over n in Lp for all p > 0 by Proposition 6.4. Since J ′
n,s,t is a U -

statistic stopped at a renewal time, we can apply Theorem B.1 and get the asymptotic
equivalence:

E
[
J ′
n,s,t

]
∼ n

E[inv(Bq
t )− inv(Bq

s)]

E[|Bq
· |]

(7.10)

as n→ ∞, where Bq
· ∼

−→
MBlock(q), and

Var
[
J ′
n,s,t

]
∼ n

(
Var[inv(Bq

t )− inv(Bq
s)]

E[|Bq
· |]

− 2
E[inv(Bq

t )− inv(Bq
s)] Cov[|B

q
· | , inv(Bq

t )− inv(Bq
s)]

E[|Bq
· |]2

+
E[inv(Bq

t )− inv(Bq
s)]

2
Var[|Bq

· |]
E[|Bq

· |]3

)
. (7.11)

Using the L1 bound from (7.9), we can identify the first equality of (7.8) with the
asymptotic equivalence (7.10) and deduce that:

E[inv(Bq
t )− inv(Bq

s)] = E[|Bq
· |]

t− s

(1− s)(1− t)
≤ cq(t− s)

for some constant cq > 0. Subsequently, the last term inside the brackets (7.11) is

bounded by O(1)(t− s)2 ≤ O(1)(t− s). Then, using inv(Bq
t )− inv(Bq

s) ≤ |Bq
· |2, the second

term in (7.11) is bounded by O(1)E[inv(Bq
t )− inv(Bq

s)] ≤ O(1)(t−s). Therefore, thanks to
the L2 bound from (7.9), we can identify the second equality of (7.8) with the asymptotic
equivalence (7.11) and obtain:

Var[inv(Bq
t )− inv(Bq

s)] ≤ c′q(t− s)

for some constant c′q > 0. Finally, we can write

E
[(
inv(Bq

t )− inv(Bq
s)
)2] ≤ c′q(t− s) + c2q(t− s)2 ≤

(
c′q + c2q

)
(t− s)

to conclude the proof.

Lemma 7.8. Let σ, σ′ ∈ Sn such that for all i ∈ [n], ri(σ) ≤ ri(σ
′). Then, for all ρ ∈ Sr:

|Occ(ρ, σ)−Occ(ρ, σ′)| ≤ 2 (inv(σ′)− inv(σ))nr−1.

Proof. By induction, it suffices to prove the inequality when inv(σ′) = inv(σ) + 1. In that
case, there exists i0 such that ri0(σ

′) = ri0(σ) + 1 and ri(σ′) = ri(σ) for all i 6= i0. It
is easily checked that σ′ is then obtained from σ by swapping σ(i0) with σ(j0), where
σ(j0) = min {σ(j) : j > i0, σ(j) > σ(i0)}. Consequently:

|Occ(ρ, σ)−Occ(ρ, σ′)| ≤
∣∣∣∣{I ∈

(
[n]

r

)
: I ∩ {i0, j0} 6= ∅

}∣∣∣∣ ≤ 2nr−1

as announced.
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Corollary 7.9. For all π ∈ S, q ∈ (0, 1), γ ∈ (0, 1), there exists c > 0 such that:

for all 0 ≤ s ≤ t ≤ q, |eπ,t − eπ,s| ≤ c(t− s)γ .

Proof. We can assume w.l.o.g. that γ ≥ 1/2. Recall that eπ,t =
∏d

j=1
E[Occ(πj ,B

q
t )]

E[|Bq|] for

all t ∈ [0, q] by Equation (7.5). Therefore it suffices to prove that for all ρ ∈ S, the
function t ∈ [0, q] 7→ E[Occ(ρ,Bq

t )] is γ-Hölder-continuous. Using Lemma 7.8 and Hölder’s
inequality, we can write for all 0 ≤ s ≤ t ≤ q:∣∣E[Occ(ρ,Bq

t )]− E[Occ(ρ,Bq
s)]
∣∣ ≤ E[2 (inv(Bq

t )− inv(Bq
s)
)
|Bq

· |
|ρ|−1

]
≤ 2E

[(
inv(Bq

t )− inv(Bq
s)
)1/γ]γ

E
[
|Bq|(|ρ|−1)/(1−γ)

]1−γ

.

Then, using the inequality
(
inv(Bq

t )− inv(Bq
s)
)1/γ ≤

(
inv(Bq

t )− inv(Bq
s)
)2
, Lemma 7.7

and Proposition 6.3, we deduce that:∣∣E[Occ(ρ,Bq
t )]− E[Occ(ρ,Bq

s)]
∣∣ ≤ c(t− s)γ

for some c > 0. This concludes the proof.

Corollary 7.10. For all π ∈ S, 0 < ε < q < 1, and γ ∈ (0, 1), there exists c > 0 such that:

for all ε ≤ s, t, u ≤ q, |Hπ(t, u)−Hπ(s, u)| ≤ c |t− s|γ ,

where Hπ is defined by (7.7).

Proof. We can assume w.l.o.g. that γ ≥ 1/2. Let Bq
· ∼

−→
MBlock(q). Write π = π1 ⊕ · · · ⊕ πd

as a sum of blocks, and set π0 := 1. Then for each 0 ≤ i, j ≤ d, define

for all 0 ≤ s, t < 1, fi,j(s, t) := Cov

[
Occ(πi, B

q
s)

E[Occ(πi, B
q
s)]
,

Occ(πj , B
q
t )

E[Occ(πj , B
q
t )]

]
where

Occ
(
ρ,Bq

0

)
E
[
Occ

(
ρ,Bq

0

)] := 1 for all ρ /∈ {idr, r ≥ 1}. Since Occ(π0, B) = |B|, Equation (7.7)

rewrites as:

for all 0 ≤ s, t < 1, Hπ(s, t) =
∑

0≤i,j≤d

ci,j,π,q eπ,s eπ,t fi,j(s, t) (7.12)

for some constants ci,j,π,q > 0. Therefore it suffices to prove that for each fixed 0 ≤ i, j ≤
d, there exists c > 0 such that:

for all ε ≤ s, t, u ≤ q,
∣∣eπ,ueπ,tfi,j(t, u)− eπ,ueπ,sfi,j(s, u)

∣∣ ≤ c |t− s|γ .

To this aim, let us state a few preliminary facts:

(a) The random variable |Bq
· | has finite moments of all orders by Proposition 6.3. For

each π and t ∈ [0, q], since Occ(π,Bq
t ) ≤ |Bq

· ||π|, the random variable Occ(π,Bq
t ) also

has finite moments of all orders.

(b) The function t ∈ [0, q] 7→ eπ,t is continuous by Corollary 7.9. Therefore, eπ,t can be
bounded by a O(1) which only depends on π and q, uniformly in t ∈ [0, q].

(c) For each i ∈ [d], the function t ∈ [ε, q] 7→ eπi,t is continuous and positive (indeed, the
support of the random variable Bq

t for t > 0 contains the set of all indecomposable
permutations). By (7.5), it follows that

for all i ∈ [d] and ε ≤ t ≤ q,
1

E[Occ(πi, B
q
t )]

≤ O(1)

where the latter only depends on π, ε, and q.
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(d) Combining facts (a) and (c), we get that

for all i, j ∈ [d] and ε ≤ s, t ≤ q, fi,j(s, t) ≤ O(1)

where the latter only depends on π, ε, and q.

In what follows, all O(1) bounds may depend on π, ε, q, γ, but not on u, s, t. We have:∣∣eπ,ueπ,tfi,j(t, u)− eπ,ueπ,sfi,j(s, u)
∣∣

≤
∣∣eπ,u (eπ,t − eπ,s

)
fi,j(t, u)

∣∣+ ∣∣eπ,ueπ,s (fi,j(t, u)− fi,j(s, u)
)∣∣

≤ O(1)
∣∣eπ,t − eπ,s

∣∣+O(1)
∣∣eπj ,ueπi,s

(
fi,j(t, u)− fi,j(s, u)

)∣∣ (7.13)

where the first O(1) bound comes from facts (b) and (d), and the second O(1) bound
comes from (7.5) and fact (b). The first term of (7.13) is bounded by O(1) |t− s|γ by
Corollary 7.9. Then, let α, ᾱ ∈ (1,∞) be arbirtrary Hölder conjugates. Recall that πi and
πj are indecomposable, and use (7.5) to write:∣∣eπj ,ueπi,s

(
fi,j(t, u)− fi,j(s, u)

)∣∣
= eπj ,ueπi,s

∣∣∣∣Cov[ Occ(πj , B
q
u)

E[Occ(πj , B
q
u)]

,
Occ(πi, B

q
t )

E[Occ(πi, B
q
t )]

− Occ(πi, B
q
s)

E[Occ(πi, B
q
s)]

]∣∣∣∣
= E

[
eπj ,u

∣∣∣∣ Occ(πj , B
q
u)

E[Occ(πj , B
q
u)]

− 1

∣∣∣∣ · eπi,s

∣∣∣∣ Occ(πi, B
q
t )

E[Occ(πi, B
q
t )]

− Occ(πi, B
q
s)

E[Occ(πi, B
q
s)]

∣∣∣∣]

≤ E

[∣∣∣∣Occ(πj , B
q
u)

E[|Bq|]
− eπj ,u

∣∣∣∣ᾱ
]1/ᾱ

· eπi,sE

[∣∣∣∣ Occ(πi, B
q
t )

E[Occ(πi, B
q
t )]

− Occ(πi, B
q
s)

E[Occ(πi, B
q
s)]

∣∣∣∣α]1/α .
(7.14)

The first term of (7.14) is bounded by a O(1) thanks to facts (a) and (b). For the second
term, by Minkowski’s inequality we have:

eπi,sE

[∣∣∣∣ Occ(πi, B
q
t )

E[Occ(πi, B
q
t )]

− Occ(πi, B
q
s)

E[Occ(πi, B
q
s)]

∣∣∣∣α]1/α
≤ eπi,sE

[∣∣∣∣ Occ(πi, B
q
t )

E[Occ(πi, B
q
t )]

− Occ(πi, B
q
t )

E[Occ(πi, B
q
s)]

∣∣∣∣α]1/α
+ eπi,sE

[∣∣∣∣ Occ(πi, B
q
t )

E[Occ(πi, B
q
s)]

− Occ(πi, B
q
s)

E[Occ(πi, B
q
s)]

∣∣∣∣α]1/α . (7.15)

We have:

eπi,sE

[∣∣∣∣ Occ(πi, B
q
t )

E[Occ(πi, B
q
t )]

− Occ(πi, B
q
t )

E[Occ(πi, B
q
s)]

∣∣∣∣α]1/α
= E

[
Occ(πi, B

q
t )

α]1/α · eπi,s

∣∣∣∣ 1

E[Occ(πi, B
q
t )]

− 1

E[Occ(πi, B
q
s)]

∣∣∣∣
=

E
[
Occ(πi, B

q
t )

α]1/α
E[|Bq

· |]E[Occ(πi, B
q
t )]

·
∣∣E[Occ(πi, B

q
s)]− E[Occ(πi, B

q
t )]
∣∣ (7.16)

where we used (7.5) to get the last line. The first term of (7.16) is bounded by a O(1)

thanks to facts (a) and (c). Therefore (7.16) is bounded byO(1) |t− s|γ for ε ≤ s ≤ t ≤ q by
Corollary 7.9. Then let β, β̄ ∈ (1,∞) be arbitrary Hölder conjugates, and use Lemma 7.8
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to write:

eπi,sE

[∣∣∣∣ Occ(πi, B
q
t )

E[Occ(πi, B
q
s)]

− Occ(πi, B
q
s)

E[Occ(πi, B
q
s)]

∣∣∣∣α]1/α
=

1

E[|Bq|]
E
[∣∣Occ(πi, B

q
t )−Occ(πi, B

q
s)
∣∣α]1/α

≤ O(1)E
[(
inv(Bq

t )− inv(Bq
s)
)α |Bq

· |
α(|πi|−1)

]1/α
≤ O(1)E

[(
inv(Bq

t )− inv(Bq
s)
)αβ]1/(αβ)

E
[
|Bq

· |
αβ̄(|πi|−1)

]1/(αβ̄)
. (7.17)

If we choose α, β to satisfy αβ = 1/γ, then this is bounded by O(1) |t− s|γ by Lemma 7.7
(recall that 1 ≤ 1/γ ≤ 2). Using the bounds on (7.16) and (7.17), we deduce that (7.15),
and therefore (7.14), is bounded by O(1) |t− s|γ . Hence such a bound holds for (7.13).
Thanks to (7.12), this concludes the proof.

The proof of Proposition 2.8 now follows readily.

Proof of Proposition 2.8. The first item is just Corollary 7.9. For the second item, we
study the moments of Xπ,t − Xπ,s for fixed 0 < ε < q < 1 and all ε ≤ s ≤ t ≤ q. The
random variable Xπ,t −Xπ,s follows the N

(
0,Hπ(t, t) +Hπ(s, s)− 2Hπ(s, t)

)
distribution,

thus for all p > 0:

E[|Xπ,t −Xπ,s|p] = cp
(
Hπ(t, t) +Hπ(s, s)− 2Hπ(s, t)

)p/2
≤ 2pcp

(∣∣Hπ(t, t)−Hπ(s, t)
∣∣p/2 + ∣∣Hπ(s, t)−Hπ(s, s)

∣∣p/2) ,
where cp = E[|Y |p] for Y ∼ N (0, 1). Let γ ∈ (0, 1). Using Corollary 7.10, we can write

E[|Xπ,t −Xπ,s|p] ≤ c′(t− s)γp/2

for some c′ > 0 and all ε ≤ s ≤ t ≤ q. Choosing p such that γp/2 > 1 allows us to apply
the Kolmogorov continuity theorem (see e.g. [33, Theorem 4.23]): there exists a version

of (Xπ,t)t∈[ε,q] that is locally γ̃-Hölder-continuous, for every γ̃ <
1
2γp−1

p . Since this holds

for any 0 < ε < q < 1, γ ∈ (0, 1) and large enough p, this concludes the proof.

A First appendix: Inversions in the globally uniform regime

In this appendix, we provide a proof of Theorem 1.2 concerning the first- and second-
order asymptotics of inv(τn) in the regime n(1 − q) → 0. We call this regime “globally
uniform” because τn has the same large scale limit as uniform permutations; indeed, the
limit permuton is the Lebesgue measure on [0, 1]2. Note that the same approach can be
used to tackle other regimes of q = qn.

Proof of Theorem 1.2. Using Lemma 3.3, we can write

inv(τn) =

n∑
k=1

Lk − n (A.1)

where Lk ∼ TruncGeom(k, q) are independent random variables. According to [14,
Property 4], we have:

E[inv(τn+1)] =
nq

1−q
−

n+1∑
j=2

jqj

1−qj
and Var[inv(τn+1)] =

nq

(1−q)2
−

n+1∑
j=2

j2qj

(1−qj)2
.
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The rest of the proof is standard computation. Since n(1−q) → 0, we can write uniformly
in j ∈ [n+ 1]:

qj = exp [j log (1− (1−q))]
= exp

[
j
(
−(1−q)− 1

2 (1−q)
2 − 1

3 (1−q)
3 · (1+o(1))

)]
= exp

[
−j(1−q)− 1

2j(1−q)
2 − 1

3j(1−q)
3 · (1+o(1))

]
= 1− j(1−q)− 1

2j(1−q)
2 − 1

3j(1−q)
3 · (1+o(1))

+ 1
2

(
j(1−q) + 1

2j(1−q)
2 + 1

3j(1−q)
3 · (1+o(1))

)2
− 1

6

(
j(1−q) + 1

2j(1−q)
2 + 1

3j(1−q)
3 · (1+o(1))

)3 · (1+o(1))
= 1− j(1−q) + (1−q)2

(
1
2j

2 − 1
2j
)
+ (1−q)3

(
− 1

6j
3 + 1

2j
2 − 1

3j
)
(1+o(1)).

Then:

jqj

1−qj
= j

(
1− j(1−q) + (1−q)2

(
1
2j

2 − 1
2j
)
(1+o(1))

)
·
(
j(1−q)− (1−q)2

(
1
2j

2 − 1
2j
)
− (1−q)3

(
− 1

6j
3 + 1

2j
2 − 1

3j
)
(1+o(1))

)−1

= j
(
1− j(1−q) + (1−q)2

(
1
2j

2 − 1
2j
)
(1+o(1))

)
· j−1(1−q)−1 ·

(
1− (1−q)

(
1
2j −

1
2

)
− (1−q)2

(
− 1

6j
2 + 1

2j −
1
3

)
(1+o(1))

)−1

=
(
(1−q)−1 − j + (1−q)

(
1
2j

2 − 1
2j
)
(1+o(1))

)
·
(
1 + (1−q)

(
1
2j −

1
2

)
+ (1−q)2

(
1
12j

2 − 1
12

)
(1+o(1))

)
= (1−q)−1 +

(
− 1

2j −
1
2

)
+ (1−q)

(
1
12j

2 − 1
12

)
(1+o(1)).

We can deduce the desired estimate for the mean:

E[inv(τn+1)] =
n

1−q
− n−

n+1∑
j=2

(1−q)−1 +
(
− 1

2j −
1
2

)
+ (1−q)

(
1
12j

2 − 1
12

)
(1+o(1))

= 1
4n

2 − 1
36 (1−q)n

3 + o
(
n3/2 ∨ (1−q)n3

)
.

Now, let us turn to the variance. We have, uniformly in j ∈ [n+ 1]:

j2qj

(1−qj)2
= j2

(
1− j(1−q) + (1−q)2

(
1
2j

2 − 1
2j
)
(1+o(1))

)
·
(
j(1−q)− (1−q)2

(
1
2j

2 − 1
2j
)
− (1−q)3

(
− 1

6j
3 + 1

2j
2 − 1

3j
)
(1+o(1))

)−2

= j2
(
1− j(1−q) + (1−q)2

(
1
2j

2 − 1
2j
)
(1+o(1))

)
· j−2(1−q)−2 ·

(
1− (1−q)

(
1
2j −

1
2

)
− (1−q)2

(
− 1

6j
2 + 1

2j −
1
3

)
(1+o(1))

)−2

=
(
(1−q)−2 − j(1−q)−1 +

(
1
2j

2 − 1
2j
)
(1+o(1))

)
·
(
1 + (1−q) (j − 1) + (1−q)2

(
5
12j

2 − 1
2j +

1
12

)
(1+o(1))

)
= (1−q)−2 − (1−q)−1 +

(
− 1

12j
2 + 1

12

)
(1+o(1)) +O

(
(1−q)j3

)
,

therefore:

Var[inv(τn+1)]

=
n

(1−q)2
− n

(1−q)
−

n+1∑
j=2

(1−q)−2 − (1−q)−1 +
(
− 1

12j
2 + 1

12

)
(1+o(1)) +O

(
(1−q)j3

)
= 1

36n
3 + o

(
n3
)
.
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It remains to deduce the announced asymptotic normality; it suffices to prove it for∑n
k=1 Lk. Since this is a sum of independent variables, it suffices to check Lyapunov’s

condition. For any δ > 0, we have:

1

Var[inv(τn)]
1+δ/2

n∑
k=1

E
[
|Lk − ELk|2+δ

]
≤ O(1)

n3+3δ/2

n∑
k=1

k2+δ ≤ O(1)

n3+3δ/2
n3+δ −→

n→∞
0.

We can thus conclude with Lyapunov’s CLT.

B Second appendix: Renewal theory for asymmetric U-statistics

In this section, we recall the main results of [28] that we profusely use in our study
of the regenerative regime (see Sections 2.4, 6 and 7).

With our notation, the context is as follows. Let (Bk)k≥1 be a sequence of i.i.d. random
variables taking values in an arbitrary measurable space S, let | · | : S → R∗

+ be
a measurable function, and let f : Sd → R be a multivariate measurable function.
Introduce:

Uk :=

k∑
i=1

|Bi| ; Ũk :=
∑

1≤i1<···<id≤k

f (Bi1 , . . . , Bid)

for k ≥ 0. These are U -statistics in the usual sense, as studied by Hoeffding in [24].
Note however that Ũk is an asymmetric U -statistic, because the function f is a priori
not assumed to be symmetric. One of the main results of [24] is a (possibly degenerate)
central limit theorem for such U -statistics. The asymptotic variance is expressed in
terms of the (non-centered) univariate projections:

fj(B) := E[f (B1, . . . , Bd) | Bj = B]

for B ∈ S and j ∈ [d]. The results from [28] we use, in our study of the regenerative
regime, concern the asymptotics of one U -statistic stopped when the other reaches a
given threshold. That is, we are interested in the asymptotics of ŨKn

where

Kn := sup {k : Uk ≤ n}

for n ≥ 1.

Theorem B.1 (derived from Theorems 3.9, 3.11, and 3.18 in [28]). If |B1| ∈ L1 and
f(B1, . . . , Bd) ∈ L1 then:

ŨKn

nd
−→ 1

d!

E[f(B1, . . . , Bd)]

E[|B1|]d

almost surely as n→ ∞. If |B1| ∈ L2 and f(B1, . . . , Bd) ∈ L2 then:

ŨKn −
(
n
d

)
E[f(B1,...,Bd)]

E[|B1|]d

nd−1/2
−→ N

(
0, γ2

)
(B.1)

in distribution as n→ ∞, where

γ2 =E[|B1|]1−2d
∑

1≤i,j≤d

(
i+ j − 2

i− 1

)(
2d− i− j

d− i

)
1

(2d− 1)!
Cov[fi(B1), fj(B1)]

− 2E[|B|]−2d
E[f (B1, . . . , Bd)]

(d− 1)!d!

∑
1≤j≤d

Cov[|B1| , fj(B1)]

+
E[|B|]−2d−1

E[f (B1, . . . , Bd)]
2

(d− 1)!
Var[|B1|] .
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Moreover:

γ = 0 ⇐⇒ for all j ∈ [d], fj(B1)E[|B1|] = |B1|E[fj(B1)] almost surely.

Furthermore, if |B1| ∈ Lp and f(B1, . . . , Bd) ∈ Lp for every p ≥ 1 then (B.1) holds with
convergence of all moments.
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