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Abstract
We propose a new approach to conjugation-invariant random permutations. Namely,
we explain how to construct uniform permutations in given conjugacy classes from
certain point processes in the plane. This enables the use of geometric tools to study
various statistics of such permutations. For their longest decreasing subsequences, we
prove universality of the 2

√
n asymptotic. For Robinson–Schensted shapes, we prove

universality of theVershik–Kerov–Logan–Shepp limit shape, thus solving a conjecture
of Kammoun. For the number of records, we establish a phase transition phenomenon
as the number of fixed points grows. For pattern counts, we obtain an asymptotic
normality result, partially answering a conjecture of Hamaker and Rhoades.

Keywords Random permutations · Conjugation-invariance · Longest increasing
subsequences · Robinson-Schensted correspondence · Records · Patterns

Mathematics Subject Classification 60C05 · 05A05

1 Introduction

1.1 Conjugation-invariant random permutations

We say that a random permutation τ of [n] := {1, . . . , n} is conjugation-invariant
when for any fixed permutation ρ, the conjugate ρ ◦ τ ◦ ρ−1 follows the same law
as τ . Standard examples of conjugation-invariant permutations are uniformly random
permutations, random involutions, Ewens random permutations [12], their general-
izations [6, 28, 37], and many more.

An equivalent description of conjugation-invariance makes use of the cycle decom-
position. Define the cycle type of τ as the sequence t = (t1, t2, . . . , tn) where tp is the
number of p-cycles in τ . We also say that t has size

∑n
p=1 ptp = n and that τ is t-

cyclic. Since the cycle type is a total invariant for conjugation in the symmetric group,
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a random permutation τ is conjugation-invariant if and only if, when conditioned
on its cycle type t , τ is a uniform t-cyclic permutation. Thus, studying conjugation-
invariant random permutations often amounts to studying uniform permutations with
given cycle types.

There are reasons to believe in universality phenomena for several statistics of
conjugation-invariant permutations, with a dependence on the number of fixed points
and sometimes 2-cycles. Recent advances motivate this idea by generalizing asymp-
totic properties of uniformly random permutations to conjugation-invariant random
permutations under certain hypotheses [13, 15, 18, 25]. The aim of this paper is to
make further progress in this direction by introducing a “geometric” construction for
random permutations in given conjugacy classes, see Lemma 1.3 in Section 1.2. This
new point of view allows us to establish asymptotic results on the longest monotone
subsequences, Robinson–Schensted shape, number of records, and pattern counts.

Longest monotone subsequences. The maximum length of a monotone subse-
quence in a uniform permutation famously
behaves as 2

√
n [38]. Baik and Rains [5] showed

similar asymptotics for random involutions, with
a dependence on the number of fixed points, and
Kammoun [25] proved that the 2

√
n asymptotic

holds for conjugation-invariant random permuta-
tions with few cycles. In Section 2.1 we extend
these results to general conjugation-invariant
permutations for their longest decreasing sub-
sequences. Longest increasing subsequences are
harder to handle, and we only provide such
asymptotics up to a multiplicative constant.

Robinson–Schensted shape. TheRobinson–Schensted shape of a uniformper-
mutation converges, after suitable rescaling, to a
limit curve [30, 38].Kammoun [25] extended this
result to conjugation-invariant permutations with
few cycles, and conjectured that this assumption
could be lifted. In Section 2.2 we provide a pos-
itive answer to this conjecture.

Records. The numbers of records in uniform permutations
are known to satisfy asymptotic normality. In
Section 2.3 we prove a general limit theorem
for the number of high records (or left-to-right
maxima) in conjugation-invariant permutations,
showcasing a phase transition as the number of
fixed points grows.More precisely, the number of
high records interpolates from logarithmic with
Gaussian fluctuations to asymptotically Gamma,
when the number of non-fixed points is of order
n/

√
log n.We alsofind thefirst order asymptotics
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of low records (or left-to-right minima), and their
second order asymptotics in some cases.

Pattern counts. Janson et al. [24] established asymptotic normal-
ity for all pattern counts in uniform permuta-
tions. Kammoun [26] and Hamaker and Rhoades
[18] extended this to conjugation-invariant per-
mutations, under certain assumptions on their
cycles. The authors of [18] conjectured that the
(non-degenerate) asymptotic normality of pat-
tern counts holds for all conjugation-invariant
permutations, where the asymptotic variance
depends on the numbers of fixed points and 2-
cycles. In Section 2.4 we partially answer this
conjecture, by proving asymptotic normality for
all conjugation-invariant permutations, and non-
degeneracy in some cases.

Our results can be applied to most models of conjugation-invariant permutations,
with virtually no restrictions on their cycle types. For example, they are novel for
random permutations with cycle weights, some of which have a lot of cycles [6, 11],
and for central virtual permutations, some of which have a macroscopic number of
fixed points [37].

1.2 A geometric construction

We begin by recalling the notion of standardization: if (y1, . . . , yn) is a sequence of
pairwise distinct numbers, define τ = st〈y1, . . . , yn〉 as the unique permutation of [n]
such that:

for all 1 ≤ i, j ≤ n, τ (i) < τ( j) ⇔ yi < y j .

The following two results are classical and easy to check:

Lemma 1.1 Let μ be an atomless probability distribution on R, and let Y1, . . . ,Yn be
i.i.d. random variables distributed underμ. Then Y1, . . . ,Yn are a.s. pairwise distinct,
and the permutation st〈Y1, . . . ,Yn〉 is uniformly random in Sn.

Lemma 1.2 Let t be a cycle type of size n, and let s be an arbitrary fixed t-cyclic
permutation. If σ is a uniformly random permutation of Sn then σ ◦ s ◦ σ−1 is a
uniformly random t-cyclic permutation.

Now, consider a finite subset P = {Z1 = (X1,Y1), . . . , Zn = (Xn,Yn)} of R2

with no redundant x- or y-coordinates. We can define a permutation τ of [n] by
letting τ(i) = j when the i-th point from the left in P is the j-th point from the
bottom; equivalently, τ = st〈Y(1), . . . ,Y(n)〉 where Z(1), . . . , Z(n) are ordered such
that X(1) < · · · < X(n). We denote by τ = Perm (P) this permutation.

By considering adequate planar point processesP , wemay obtain random permuta-
tions τ with various laws: for instance if Z1, . . . , Zn are i.i.d. Unif

([0, 1]2) variables

123



248 V. Dubach

Fig. 1 The geometric construction of a random t-cyclic permutation for t = (1, 2, 1, 1). Here we used the
arbitrary t-cyclic permutation s := (1)◦(2, 3)◦(4, 5)◦(6, 7, 8)◦(9, 10, 11, 12). The resulting permutation
τ is written in one-line notation and in cycle product notation, and its cycles are highlighted on the point
set. For example, the points (U6,U7), (U7,U8), (U8,U6) are linked by the red dotted line, and correspond
to the 3-cycle (9, 4, 12) in τ

then τ is uniformly random, and if we symmetrize this family with respect to the
diagonal of [0, 1]2 then τ is a uniform involution of size 2n with no fixed point. The
latter construction was notably used by Baik and Rains in [5]. An asset of this point
of view is that some properties of τ may be easier to derive directly from P: see e.g.
[1] for a study of increasing subsequences in uniform permutations, and [29] for the
case of involutions. Lemma 1.3 generalizes the geometric construction of Baik and
Rains for random involutions [5] to uniform permutations in any conjugacy class.
Although simple, this lemma is fundamental to our analysis: general conjugation–
invariant permutations do not benefit from the same valuable algebraic properties as
uniform permutations or involutions, and our geometric construction bypasses this
problem.

Lemma 1.3 Let t be a cycle type of size n, and let s ∈ Sn be an arbitrary t-cyclic
permutation. Let (Ui )i∈[n] be a sequence of i.i.d. Unif ([0, 1]) random variables. Set
Zi :=

(
Ui ,Us(i)

)
for each i ∈ [n], and P := {Zi , i ∈ [n]}. Then τ := Perm (P) is a

uniform t-cyclic permutation.

See Figure 1 for an illustration. In practice, instead of an arbitrary t-cyclic per-
mutation s, we will use a canonical one on an ad hoc set of indices: let Vt :={
(p, k, l) : p ∈ [n], k ∈ [tp], l ∈ [p]}, and s : (p, k, l) 	→ (p, k, l + 1) where
l+1 is taken modulo p. Then the construction of Lemma 1.3 works with a fam-

ily
(
Ul

p,k

)

(p,k,l)∈Vt
of i.i.d. Unif ([0, 1]) random variables, the points Zl

p,k :=
(
Ul

p,k,U
l+1
p,k

)
, and the point set P :=

{
Zl
p,k : (p, k, l) ∈ Vt

}
. With this notation,

we say that P is a geometric construction of t .

Proof of Lemma 1.3 Let σ = (σ1, . . . , σn) := st〈U1, . . . ,Un〉, i.e. Ui is the σi -th
lowest number in U := {Ui , i ∈ [n]}. Observe that U is the list of x-coordinates of P
and its list of y-coordinates as well; consequently, Ui is the σi -th lowest x-coordinate
of points in P and Us(i) is the σs(i)-th lowest y-coordinate of points in P .. Since(
Ui ,Us(i)

)
is inP , this precisely means that τ(σi ) = σs(i). Therefore, τ = σ ◦s◦σ−1.

Using Lemmas 1.1 and 1.2, this concludes the proof. ��
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Fig. 2 The dependency graph Lt associated with the cycle type t = (2, 1, 2, 0, 1)

As we explain in Section 2.1 to 2.3, monotone subsequences and records of τ =
Perm (P) can be read directly on P . This allows us to study these statistics of the
permutation by investigating the behavior of the point process in certain regions of
the plane. To this aim, a list of useful properties of the geometric construction may be
found in Section 3. Regarding pattern counts, we rather use the “weak dependency”
of points in P (see Section 2.4 for more details).

1.3 Notation

We denote by Sn the set of permutations of [n] and by � the diagonal of [0, 1]2.
Throughout this paperwe consider the standard partial order onR2 defined by (x, y) ≤
(x ′, y′) when x ≤ x ′ and y ≤ y′.

Let t be a cycle type of size n, and let P be a geometric construction of t . We can

decompose it into its cycles P = ⋃
p∈[n],k∈[tp] Pp,k where Pp,k :=

{
Zl
p,k : l ∈ [p]

}
.

We can also decompose it into P� := P ∩ � and P̌ := P \ �, and we write
ť := (0, t2, t3, . . . , tn) for the cycle type of size ň := n − t1 with no fixed point. It is
straightforward to check that P̌ is a geometric construction of ť .

Define a graphLt := (Vt , Et )with vertice Vt and edges between i and s(i) for each
i ∈ Vt (forgetting self-loops). We refer to Lt as the “dependency graph” associated
with t . See Figure 2 for an example, and Section 7.1 for an explanation of this name.

Let (an)n∈N be a sequence of positive numbers. We say that a sequence of random
variables (Xn)n∈N is a OP(an) as n → ∞ if

sup
n∈N

P (|Xn| > anM) −→
M→+∞ 0.

Also, (Xn)n∈N is a oP(an) as n → ∞ if Xn/an −→
n→∞ 0 in probability. Finally, a

sequence (An)n∈N of events happens with high probability (w.h.p.) as n → ∞ if
P (An) −→

n→∞ 1.

2 Results: universality and beyond

2.1 Longest monotone subsequences

Let τ be a permutation of [n]. An increasing subsequence of τ is a sequence of indices
i1 < · · · < i� such that τ(i1) < · · · < τ(i�), and the maximum length of an increasing
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subsequence of τ is denoted by LIS(τ ). We may define analogously LDS(τ ) as the
maximum length of a decreasing subsequence of τ .

The study of monotone subsequences in permutations has been an active and capti-
vating field of research; see [33] for an introduction. In particular when τn is uniformly
random, the law of LIS(τn) (which is the same as that of LDS(τn) in this case) is now
well-understood: it behaves asymptotically as 2

√
n [38], satisfies a large deviation

principle [10, 35], and admits Tracy–Widom fluctuations of order n1/6 [4].
One might expect these results to mostly hold when the law of τn is conjugation-

invariant. The first advance on this question was obtained by Baik and Rains, who
studied random involutions [5]. More recently, Kammoun [25, 27] and Guionnet [17]
could settle the case of conjugation-invariant random permutations with few cycles.
Here we start by stating first order asymptotic results and concentration inequalities
for the longest decreasing subsequences of uniform permutations with given cycle
types and no fixed points.

Theorem 2.1 For any δ > 0 there exists cδ > 0 such that the following holds. For
each n, let t (n) be a cycle type of size n such that t (n)

1 = 0 and let τn be a uniform
t (n)-cyclic permutation. Then:

P
(

1√
n
LDS(τn) < 2(1− δ)

)

≤ exp
(− cδn

)
;

P
(

1√
n
LDS(τn) > 2(1+ δ)

)

≤ exp
(−cδ

√
n
)
.

In particular 1√
n
LDS(τn) −→

n→∞ 2 in probability and in Lq for all q ≥ 1.

It is not difficult to add fixed points in the previous theorem, and to consider random
cycle types instead of deterministic ones. This yields the following corollary.

Corollary 2.2 For any δ > 0 there exists cδ > 0 such that the following holds. Let
(τn)n be a sequence of conjugation-invariant random permutations, where τn has size
n and (random) cycle type t (n). Then for any n:

⎧
⎪⎪⎨

⎪⎪⎩

P
(

LDS(τn) < 2(1− δ)

√

n − t (n)
1

)

≤ E

[
exp

(
− cδ

(
n − t (n)

1

))]
;

P
(

LDS(τn) > 2(1+ δ)

√

n − t (n)
1

)

≤ E

[

exp

(

−cδ

√

n − t (n)
1

)]

.

In particular if n−t (n)
1 → ∞ in probability then 1

1+
√

n−t (n)
1

LDS(τn) → 2 in probability

and in Lq for all q ≥ 1.

Although increasing and decreasing subsequences share the same distribution in
uniformly random permutations, this fact does not hold for conjugation-invariant ran-
dom permutations. The study of increasing subsequences in this context is trickier,
and we were only able to derive their first order asymptotics up to a multiplicative
constant. As before, we start by stating our result for uniform permutations with given
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cycle types and no fixed points, and then we generalize it to all conjugation-invariant
permutations.

Proposition 2.3 For any δ > 0 there exists cδ > 0 such that the following holds. For
each n, let t (n) be a cycle type of size n such that t (n)

1 = 0 and let τn be a uniform
t (n)-cyclic permutation. Then:

P
(

1√
n
LIS(τn) < 2(1− δ)

)

≤ exp (−cδn) ;

P
(

1√
n
LIS(τn) > 2(1+ δ)

√
3

)

≤ exp
(−cδ

√
n
)
.

Corollary 2.4 For any δ > 0 there exists cδ > 0 such that the following holds. Let
(τn)n be a sequence of conjugation-invariant random permutations, where τn has size
n and (random) cycle type t (n). Then for any n:

⎧
⎨

⎩

P
(
LIS(τn) < 2(1− δ)

√
n
) ≤ exp (−cδn) ;

P
(

LIS(τn) > t (n)
1 + 2(1+ δ)

√

3
(
n − t (n)

1

))

≤ E

[

exp

(

−cδ

√

n − t (n)
1

)]

.

In particular if 1√
n
t (n)
1 → α ≥ 0 in probability then 1√

n
LIS(τn) is asymptotically

bounded between 2 and α + 2
√
3 in probability.

Let us briefly explain the techniques used to prove the results of this section.
Deuschel and Zeitouni [9] studied the first order asymptotics of longest monotone
subsequences in Perm (Z1, . . . , Zn), where Z1, . . . , Zn are i.i.d. under certain prob-
ability densities on [0, 1]2 (such random permutations are called locally uniform in
[36]). This is made possible by the following key observation: increasing and decreas-
ing subsequences of τ = Perm (P) correspond to up-right and down-right paths of
points inP . The authors of [9] then slice the unit square into small rectangles in which
the points are almost uniformly distributed, so that they may locally apply the result of
[38], and finally stitch these local paths of points into one global path. When studying
uniform permutations in given conjugacy classes, the same method can be adapted to
the geometric construction of Lemma 1.3.

Finally, we state a reasonable conjecture in the direction of Proposition 2.3 and
Corollary 2.4. It was already established for random involutions in [5], and for
conjugation-invariant random permutations satisfying certain cycle constraints in [25,
Theorem 1.2] and [27, Theorem 3].

Conjecture 2.5 Let (τn)n be a sequence of conjugation-invariant random permuta-
tions, where τn has size n and (random) cycle type t (n). Suppose that t (n)

1 /
√
n → 0 in

probability. Then

1√
n
LIS(τn) −→

n→∞ 2

in probability.
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252 V. Dubach

Remark 1 Baik and Rains actually proved [5, Theorems 3.2 and 3.4] that if τn is a

uniform t (n)-cyclic permutation where t (n) =
(
t (n)
1 , t (n)

2 , 0, . . .
)
satisfies t (n)

1 /
√
n →

α ≥ 0, i.e. if τn is a uniform involution with α
√
n + o(

√
n) fixed points, then

1√
n
LIS(τn) −→

n→∞

{
2 if α ≤ 1
α + 1

α
if α ≥ 1

in probability. We could expect the same first order asymptotics for any sequence of
conjugation-invariant random permutations such that t (n)

1 /
√
n → α in probability.

However we chose not to include this refinement of Conjecture 2.5 in its statement,
as it might be more speculative.

The results of this section are proved in Section 4.

2.2 Robinson–Schensted shape

Let τ be a permutation of [n]. If x ≥ 0, we call x-decreasing subsequence any union
of �x� individually decreasing subsequences, and we define LDSx (τ ) as the maximal
size of an x-decreasing subsequence of τ .

The study of x-decreasing subsequences in permutations is partly motivated by
their fundamental link with the Robinson–Schensted correspondence. This is a one-
to-one correspondence between permutations and pairs of standard Young tableaux
with the same shape. This shape, which is a Young diagram, is called the RS shape
of the permutation: it appears in several domains, such as integrable probability or
representation theory. Awell-known theorem of Greene [16] states that for any integer
k, the number of boxes in the first k columns of the RS shape of τ equals LDSk(τ ).
Equivalently, the length of the k-th column equals LDSk(τ ) − LDSk−1(τ ). A similar
connection can be made between increasing subsequences of τ and the row lengths of
its RS shape.

Historically, studying the asymptotics of LIS(τn) andLDS(τn)when τn is uniformly
random actually required finding the asymptotics of its entire RS shape. The law of
this shape is known as the Plancherel measure, for which Vershik and Kerov and
simultaneously Logan and Shepp established the following.

Theorem 2.6 ( [30, 38]) For each n, let τn be a uniformly random permutation of [n].
Then there exists an explicit nondecreasing, concave function FLSKV : R+ → R+
such that for each r ≥ 0:

1

n
LDSr√n(τn) −→

n→∞ FLSKV(r)

in probability.

According to Greene’s theorem, FLSKV(r) thus describes the asymptotic proportion
of boxes in the first �r√n� columns of the RS shape of τn , and the derivative of FLSKV
describes the limit curve of this shape.
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A classical property of the Robinson–Schensted correspondence is that it induces
a bijection between involutions and (single) standard Young tableaux. If (τn) is a
sequence of uniformly random involutions, the proofs of [30] and [38] can then be
adapted to show that Theorem 2.6 still holds (see e.g. Equation (24) in [31] and the dis-
cussion below). More generally if (τn) is a sequence of conjugation-invariant random
permutations, Kammoun proved that Theorem 2.6 still holds under the assumption
that the number of cycles in τn is sublinear [25, Theorem 1.8]. He later conjectured
that this assumption could be lifted, provided we take into account the proportion of
fixed points [27, Conjectures 6 and 7]. The main difficulty is that none of the previous
approaches (via hook-length formula [30], representation theory [21, 31], coupling
[25]...) work in this wider setting. Here, using our geometric construction, we solve
this conjecture.

Theorem 2.7 For each n, let t (n) be a cycle type of size n with no fixed point and let
τn be a uniform t (n)-cyclic permutation. Then for each r ≥ 0:

1

n
LDSr√n(τn) −→

n→∞ FLSKV(r)

in probability.

Corollary 2.8 Let (τn)n be a sequence of conjugation-invariant random permutations,
where τn has size n and (random) cycle type t (n). Suppose that n − t (n)

1 → ∞ in
probability. Then for each r ≥ 0:

1

n − t (n)
1

LDS
r
√

n−t (n)
1

(τn) −→
n→∞ FLSKV(r)

in probability.

Let us briefly discuss the strategy of proof. As in Section 2.1, k-decreasing subse-
quences of τ = Perm (P) have a nice visual interpretation: they correspond to unions
of k down-right paths inP . In the continuity of [9], where the longest monotone subse-
quences of locally uniform permutations were studied with geometric tools, Sjöstrand
[36] recently studied the limit RS shape of locally uniform permutations using more
advanced analysis. His approach broadly consisted in computing the “score” associ-
ated with a bundle of decreasing curves, by decomposing the unit square into small
regions where the sampling density is almost constant and the curves are almost par-
allel. In Lemma 3.3 we show that the points of our geometric construction, when
restricted to any rectangle outside the diagonal of the unit square, are i.i.d. uniform.
This simple fact is at the basis of how we apply and adapt the results and methods of
[36].

The results of this section are proved in Section 5.

2.3 Records

Let τ be a permutation of [n]. We say that a position i ∈ [n] is a high record (or
left-to-right maximum) for τ if for any j < i , we have τ( j) < τ(i). We say that it is a
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low record (or left-to-right minimum) for τ if for any j < i , we have τ( j) > τ(i). We
denote by rec↑ (τ ) and rec↓ (τ ) the numbers of high and low records in τ , respectively.
Records and their many variants are standard statistics in enumerative combinatorics.

The numbers of low and high records in uniformly random permutations are well-
understood: thanks to a classical bijection they follow the same law as the number of
cycles (see e.g. [3, Section 1.2]), and this yields the following asymptotic normality
(found e.g. in [2, Equation (1.31)]).

Theorem 2.9 For each n, let τn be a uniformly random permutation of [n]. Then we
have the following convergence in distribution:

rec↑ (τn) − log n√
log n

−→
n→∞ N (0, 1) .

The same holds for rec↓ (τn).

Records can be interpreted nicely when the permutation is obtained from a family
of points in the plane. If τ = Perm (P), a point Z = (X ,Y ) ∈ P corresponds to a
high record in τ when no other point lies in its up-left corner [0, X ]×[Y , 1]. Similarly,
Z corresponds to a low record in τ when no other point lies in its down-left corner
[0, X ] × [0,Y ]. We write rec↑ (P) and rec↓ (P) as shortcuts for rec↑ (Perm (P)) and
rec↓ (Perm (P)).

There is no more link between the numbers of cycles and records in conjugation-
invariant permutations, but the geometric construction enables a new approach. We
prove a limit theorem for the number of high records, showcasing a phase transition
as the number of fixed points grows. First recall that, for n ∈ N

∗ and λ > 0, the
Gamma (n, λ) distribution is defined as the n-th convolution power of the Exp (λ)

distribution. By convention, Gamma (n,+∞) is the a.s. null distribution.

Theorem 2.10 For each n, let t (n) be a cycle type of size n and let τn be a uniform t (n)-
cyclic permutation. Write ň := n − t (n)

1 for the number of non-fixed points. Suppose
that ň −→

n→∞ ∞ and that

ň

n/
√
log n

−→
n→∞ α

for some α ∈ [0,∞]. Then we have the following convergence in distribution:

rec↑ (τn) − log
(
ň
)

t (n)
1 /ň +

√
log

(
ň
) −→

n→∞
α

α + 1
Y + 1

α + 1

2

where Y and 
2 are independent N (0, 1) and Gamma (2, 1) random variables. In

particular if ň = ω
(

n√
log n

)
as n → ∞ then:

rec↑ (τn) − log n√
log n

−→
n→∞ N (0, 1) .
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A geometric approach to conjugation-invariant random permutations 255

Similar to the case of monotone subsequences, the study of low records in
conjugation-invariant random permutations differs from that of high records. This
asymmetry is already seen in some regimes for the first order asymptotics, as shown
in the following theorem.

Theorem 2.11 For each n, let t (n) be a cycle type of size n and let τn be a uniform
t (n)-cyclic permutation.

1. If t (n)
1 = O (√

n
)
then we have the following convergence in probability:

rec↓ (τn)

log n
−→
n→∞ 1.

2. If
√
n � t (n)

1 � n, i.e.
√
n = o

(
t (n)
1

)
and t (n)

1 = o(n), then we have the following

convergence in probability:

rec↓ (τn)

log n − log t (n)
1

−→
n→∞ 2.

3. If t (n)
1 = �(n) then rec↓ (τn) = OP(1).

We could not compute fluctuations for the number of low records in general. To
simplify the analysis, we restrict ourselves to products of 2-cycles and products of
3-cycles, for which exhibit different fluctuations.

Proposition 2.12 For each n, let t (n) be a cycle type of size n such that t (n)
1 = O (√

n
)
,

and let τn be a uniform t (n)-cyclic permutation.

1. Suppose that t (n)
1 + 2t (n)

2 = n. Then we have the following convergence in distri-
bution:

rec↓ (τn) − log n√
log n

−→
n→∞ N (0, 2) .

2. Suppose that t (n)
1 + 3t (n)

3 = n. Then we have the following convergence in distri-
bution:

rec↓ (τn) − log n√
log n

−→
n→∞ N (0, 1) .

It would be interesting to find the interpolation between the two items of Proposition
2.12. However this would notably require understanding the interaction between 2-
cycles and other cycles, and its effect on the law of low records, which seems difficult
to grasp.

Remark 2 As in Corollaries 2.2, 2.4, 2.8 and 2.16, the results of this section remain true
if (τn) is a sequence of conjugation-invariant random permutations and the hypotheses
hold in probability.

The results of this section are proved in Section 6.
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2.4 Pattern counts

Let τ ∈ Sn and I = {i1 < · · · < ir } be a subset of [n]. We may define a permutation
π ∈ Sr by the following rule: for any j, k ∈ [r ], π( j) > π(k) if and only if
τ(i j ) > τ(ik). We write pat(I , τ ) for this permutation, and say that this is the pattern
induced by τ on I .

Permutation patterns are a natural notion of substructures for permutations, and as
such they have attracted a lot of interest. A central question is that of pattern counts:
given a permutation π of [r ], how many subsets of τ induce π as a pattern? In other
words, we are interested in the statistic

Xπ (τ ) :=
∑

I∈([n]r )

1pat(I ,τ )=π

where
([n]
r

)
denotes the subsets of [n] of size r . For example, X2 1(τ ) counts the number

of inversions in τ , and X1 2 ... r (τ ) counts the number of increasing subsequences of
length r in τ .

Pattern counts in uniformly random permutations are known to be asymptotically
normal since the works of Bóna for monotone patterns [7], and later Janson et al. for
all patterns:

Theorem 2.13 ( [24]) For each n, let τn be a uniformly random permutation of [n].
Then for any r ∈ N

∗:
(
Xπ (τn) −

(n
r

) 1
r !

nr−1/2

)

π∈Sr

−→
n→∞ N (0, �)

for some matrix �, of rank (r−1)2 and such that �π,π > 0 for all π ∈ Sr if r ≥ 2.

The convergence result in this theorem can be established via the method of depen-
dency graphs. To prove non-degeneracy, i.e. that �π,π is positive, Bóna was able to
find a lower bound for the variance of Xπ by expressing it in terms of covariances,
while the authors of [24] used the method of U-statistics.

In [13], Féray established a central limit theorem for pattern counts inEwens random
permutations, and conjectured its non-degeneracy. Kammoun [26, Proposition 31]
and Hamaker and Rhoades [18, Theorem 8.8] could generalize the non-degenerate
asymptotic normality of Theorem 2.13 to conjugation-invariant permutations, under
certain conditions on their cycles. It was conjectured in [18, Problem 9.9] that those
conditions could be lifted, and that the asymptotic variance would only depend on the
proportions of fixed points and 2-cycles.

Here, using the geometric construction of Lemma 1.3, we extend the convergence
of Theorem2.13 tomost conjugation-invariant permutations. If τn is a uniform t-cyclic
permutation then we can write, for any π ∈ Sr :

Xπ (τn) =
∑

I∈(Vt
r )

1Perm(Zi ,i∈I )=π (1)
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with the notation of Section 1.2. Thanks to the dependency graphLt defined in Section
1.3, we derive a limit theorem for Xπ (τn). More precisely, Stein’s method yields
explicit bounds on the speed of convergence. In the following, we denote by dK the
Kolmogorov distance between two probability distributions.

Theorem 2.14 Let Y ∼ N (0, 1). For each n, let t (n) be a cycle type of size n and τn
be a uniform t (n)-cyclic permutation. Fix r ∈ N

∗ and π ∈ Sr . Then for any n:

dK

(
Xπ (τn) − E [Xπ (τn)]√

Var [Xπ (τn)]
, Y

)

≤ 42
r

(r−1)!2
n2r−3/2

Var [Xπ (τn)]
+ 72

r

(r−1)!3
n3r−2

Var [Xπ (τn)]3/2
.

Furthermore, if Var [Xπ (τn)] = σ 2n2r−1 + o(n2r−1) for some σ ≥ 0 as n → ∞,
then

Xπ (τn) − E [Xπ (τn)]

nr−1/2 −→
n→∞ N

(
0, σ 2

)

in distribution, and if σ > 0 then the previous distance is bounded by O(n−1/2).

Thanks to [18, Proposition 7.2 and Theorem 8.14], the condition Var [Xπ (τn)] =
σ 2n2r−1+o(n2r−1) holds under the simple assumption that t (n)

1 /n and t (n)
2 /n converge.

We may still want to find an explicit formula for σ , and to understand in which cases
σ > 0. For this we use the method of U -statistics developed by Hoeffding [19], as
was done in [24]. Before stating our results, we need a few definitions.

Fix r ∈ N
∗ and p1 ∈ [0, 1]. Then let Ẑ1, . . . , Ẑr be i.i.d. variables distributed

under p1Leb� + (1−p1)Leb[0,1]2 , where Leb� denotes the Lebesgue measure on the
diagonal � of [0, 1]2. Define, for any z ∈ [0, 1]2:

ψ p1
π (z) := P

(
Perm

(
Ẑ1, . . . , Ẑr−1, z

)
= π

)

and

μp1
π := P

(
Perm

(
Ẑ1, . . . , Ẑr

)
= π

)
= E

[
ψ p1

π

(
Ẑr

)]
.

Theorem 2.15 Let (t (n))n be a sequence of cycle types of size n such that t (n)
1 =

np1 + o(
√
n) and 2t (n)

2 = np2 + o(n) as n → ∞, for some p1, p2 ∈ [0, 1]. For
each n, let τn be a uniform t (n)-cyclic permutation. Then for any r ∈ N

∗, we have the
following convergence in distribution:

(
Xπ (τn) −

(n
r

)
μ

p1
π

nr−1/2

)

π∈Sr

−→
n→∞N (

0, � p1,p2
)
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where for any π, ρ ∈ Sr , if U , V ,W are i.i.d. Unif ([0, 1]) variables:

(r−1)!2 � p1,p2
π,ρ = p1Cov

[
ψ p1

π (U ,U ), ψ p1
ρ (U ,U )

]

+(1− p1)Cov
[
ψ p1

π (U , V ), ψ p1
ρ (U , V )

]

+p2Cov
[
ψ p1

π (U , V ), ψ p1
ρ (V ,U )

]

+2(1− p1− p2)Cov
[
ψ p1

π (U , V ), ψ p1
ρ (V ,W )

]
.

Corollary 2.16 Let (τn)n be a sequence of conjugation-invariant randompermutations,
where τn has size n and (random) cycle type t (n). Suppose that t (n)

1 = np1 + oP(
√
n)

and 2t (n)
2 = np2 + oP(n) as n → ∞, for some p1, p2 ∈ [0, 1]. Then the convergence

of Theorem 2.15 holds.

Note that Theorem 2.15 states a joint convergence, rather than the marginal con-
vergence stated in Theorem 2.14. We stress that the true novelty of Theorem 2.15
lies in the computation of the variance, carried out by the method of U -statistics, and
not in the joint convergence. Indeed, Theorem 2.14 could have been stated for joint
convergence, but we chose not to do so for convenience.

Thematrix� p1,p2 turns out to be rather difficult to studywhen p1 ∈ (0, 1).Without
further hypotheses, we could only prove that Xπ (τn) satisfies non-degenerate asymp-
totic normality if π is an involution.

Proposition 2.17 If p1 < 1 and π ∈ Sr , r ≥ 2 satisfies π = π−1, then �
p1,p2
π,π > 0.

When fixed points vanish, i.e. when p1 = 0, Theorem 2.15 greatly simplifies. This
allows us to prove non-degeneracy for any non-trivial pattern and to compute the
dimension spanned by the limiting Gaussian variable, as in Theorem 2.13 of [24]. We
use the notation of Theorem 2.15 and drop the index p1 when it is null.

Theorem 2.18 Let (t (n))n be a sequence of cycle types of size n such that t
(n)
1 = o(

√
n)

and 2t (n)
2 = np2+o(n) as n → ∞, for some p2 ∈ [0, 1]. For each n, let τn be a uniform

t (n)-cyclic permutation. Then for any r ∈ N
∗, we have the following convergence in

distribution:
(
Xπ (τn) −

(n
r

) 1
r !

nr−1/2

)

π∈Sr

−→
n→∞N (

0, � p2
)

where for any π, ρ ∈ Sr , if U , V are i.i.d. Unif ([0, 1]) variables:

(r−1)!2 � p2
π,ρ = Cov

[
ψπ(U , V ), ψρ(U , V )

]+ p2Cov
[
ψπ(U , V ), ψρ(V ,U )

]
.

The matrix � p2 has rank (r−1)2 for any p2 < 1, and rank r(r−1)/2 for p2 = 1.
Moreover, � p2

π,π > 0 for any p2 ∈ [0, 1] and π ∈ Sr , r ≥ 2.

Remark 3 In parallel to this work, Féray and Kammoun [14] were able to prove a more
general result than Theorem 2.15 and Proposition 2.17, using the method of weighted
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dependency graphs. They could prove non-degeneracy for any (classical) non-trivial
pattern, i.e. that �

p1,p2
π,π > 0 for any p1 < 1 and π ∈ Sr , r ≥ 2. However, bounds

on the speed of convergence as in our Theorem 2.14 seem to be out of reach for their
methods.

Remark 4 Our method of (non-weighted) dependency graphs also allows the applica-
tion of [23, Theorem 2.1] to Equation 1 for large deviation estimates. Namely, for any
t > 0:

P
( |Xπ (τn) − E [Xπ (τn)]| ≥ t

) ≤ 2 exp

(−2(r − 1)!
3

t2

n2r−1

)

Remark 5 A popular generalization of patterns is that of vincular patterns, where
we require some positions of the pattern to be adjacent. Descents, peaks and valleys
are classical examples of vincular patterns. Asymptotic normality of vincular pattern
counts in uniform permutations was established in [20]. Regarding conjugation-
invariant permutations, the convergence results of [14, 18, 26] all hold within the
general context of vincular patterns. Unfortunately, it seems unlikely that our methods
would work for vincular patterns.

The results of this section are proved in Section 7.

3 Properties of the geometric construction

In this section, we present several interesting facts about the geometric construction
of Lemma 1.3. These will be essential to prove the results of this paper, generally
by reducing the study of conjugation-invariant permutations to uniformly random
permutations. We use the notation of Section 1.2 and 1.3.

Lemma 3.1 Let t be a cycle type of size n such that t1 = 0, and let P be a geometric
construction. Then it can be decomposed into an a.s. disjoint union

P = P(1) ∪ P(2) ∪ P(3)

where each P(i) is a family of i.i.d. uniform points in [0, 1]2, of (deterministic) sizes
n1, n2, n3 bounded between n/3−1 and n/3+1.

Proof The idea is to define the three subsets P(1),P(2),P(3) by assigning them the
points of each cycle in an alternating order. The rule for ensuring the i.i.d. uniformity
property is that whenever some point Zl

p,k lies in P(i), then the adjacent points Zl±1
p,k

shall not belong to P(i). To construct the P(i)’s in a balanced way while satisfying
this rule, we do the following:

• For each p such that p = 0 mod 3 and 1 ≤ k ≤ tp, the points of Pp,k can be put
in the three subsets by simply alternating:

Z1
p,k ∈ P(1), Z2

p,k ∈ P(2), Z3
p,k ∈ P(3), Z4

p,k ∈ P(1), . . . , Z p
p,k ∈ P(3).
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Then each Pp,k ∩ P(i) has size p/3 and contains i.i.d. uniform points.
• For each p such that p = 1 mod 3 and 1 ≤ k ≤ tp, the points of Pp,k can be put
in the three subsets by simply alternating, but then one subset will get a surplus.
Thus two of the subsets Pp,k ∩ P(i) have size (p−1)/3, the other one has size
1+ (p−1)/3, and they each contain i.i.d. uniform points. Namely if (i1, i2, i3) is
a permutation of (1, 2, 3) then the choice

Z1
p,k ∈ P(i1), Z2

p,k ∈ P(i2), Z3
p,k ∈ P(i3), Z4

p,k ∈ P(i1), . . . , Z p−1
p,k ∈ P(i3), Z p

p,k ∈ P(i2)

yields a surplus for P(i2). For each such (p, k) we can choose which subset gets
a surplus in order to balance out those surpluses over the (p, k)’s. Consequently
the sets

⋃

p=1 mod 3,1≤k≤tp

Pp,k ∩ P(i)

have sizes of the form m + εi for some integer m and εi ∈ {0, 1}, i = 1, 2, 3.
• For each p = 2 mod 3 and 1 ≤ k ≤ tp a similar reasoning can be made, except
this time one subset will get a deficit. By balancing out the deficits as before, we
can construct the sets

⋃

p=2 mod 3,1≤k≤tp

Pp,k ∩ P(i)

in such a way that they each contain i.i.d. uniform points and have sizes of the
form m′ − δi for some integer m′ and δi ∈ {0, 1}, i = 1, 2, 3.

In the end, by balancing out the surpluses with the deficits, the subsets P(i) have sizes
m′′+ηi for some integerm′′ and ηi ∈ {0, 1}, i = 1, 2, 3, and each contain i.i.d. uniform
points. The lemma follows. ��

Thanks to Lemma 3.1, we can apply Chernoff-type bounds to control the number
of points in any zone of the plane. Recall that P̌ := P \� is a geometric construction
for ť := (0, t2, . . . ) of size ň := n − t1.

Corollary 3.2 Let t be a cycle type of size n and P be a geometric construction. If C

is a measurable subset of [0, 1]2 then
∣
∣
∣P̌ ∩ C

∣
∣
∣ is distributed like a (correlated) sum

of Binom (ni ,Leb(C)) variables, where
∣
∣ni − ň/3

∣
∣ ≤ 1 for i = 1, 2, 3. In particular

for any δ > 0 there exists a constant c > 0, which depends only on δ and Leb(C),
such that:

P
(∣
∣
∣
∣
1

ň

∣
∣
∣P̌ ∩ C

∣
∣
∣− Leb(C)

∣
∣
∣
∣ > δ

)

≤ exp
(−cň

)
.

The following two lemmas informally state that conjugation-invariant random per-
mutations are, in some sense, “locally uniform”.
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Lemma 3.3 Let t be a cycle type and P be a geometric construction. If I , J are two
essentially disjoint intervals of [0, 1] then the set P ∩ (I × J ) is a (random-sized)
family of i.i.d. uniform points in I × J .

Proof It suffices to prove the lemma for each set Pp,k . Fix (p, k). Note that if some
point

(
Ul

p,k,U
l+1
p,k

)
is in I × J then a.s. neither

(
Ul−1

p,k ,Ul
p,k

)
nor

(
Ul+1

p,k ,Ul+2
p,k

)
are

in I × J , where all exponents are taken modulo p in [p]. Moreover,
(
Ul

p,k,U
l+1
p,k

)
is

independent of

Pp,k \
{(
Ul−1

p,k ,Ul
p,k

)
,
(
Ul

p,k,U
l+1
p,k

)
,
(
Ul+1

p,k ,Ul+2
p,k

)}
.

Thus for any l1, . . . , l j , the event

{

Pp,k ∩ (I × J ) =
{(
Ul1

p,k,U
l1+1
p,k

)
, . . . ,

(
U

l j
p,k,U

l j+1
p,k

)}
}

is either negligible or essentially rewrites as

(
Ul1

p,k,U
l1+1
p,k

) ∈ I× J , . . . ,
(
U

l j
p,k,U

l j+1
p,k

) ∈ I× J ,

(I× J ) ∩ Pp,k \
{(
Ul1−1

p,k ,Ul1
p,k

)
, . . . ,

(
U

l j+1
p,k ,U

l j+2
p,k

)} = ∅.

Conditionally on this event when it is non-negligible, these points are i.i.d. uniform in
I × J . This concludes the proof. ��
Lemma 3.4 Let t be a cycle type of size n and P = {

(Ui ,Us(i)) : i ∈ Vt
}
be a geo-

metric construction. Then conditionally given the unordered set {Ui : i ∈ Vt }, the
following holds a.s.:

1. Perm (P) is a uniform t-cyclic permutation.
2. If I , J are two essentially disjoint intervals of [0, 1] then, conditionally given

|P ∩ (I × J )|, the permutation Perm (P ∩ (I × J )) is uniformly random of size
|P ∩ (I × J )|.

Proof The conditional law ofP given {Ui : i ∈ Vt } can be a.s. re-described as follows.
Sort {Ui : i ∈ Vt } asU(1) < · · · < U(n), letρ be a uniformly randombijection from [n]
to Vt , then set Vi := U(ρ−1(i)) for any i ∈ Vt , and finally P = {

(Vi , Vs(i)) : i ∈ Vt
}
.

The first claim then follows from the same argument as in the proof of Lemma 1.3.
For the second claim, notice that P ∩ (I × J ) is a random subset of the finite

grid
{(
U(i),U( j)

) : i, j ∈ [n]} ∩ (I × J ). Consider 0 ≤ m ≤ n and indices
i1, . . . , im, j1, . . . , jm ∈ [n] such that for each r ∈ [m], U(ir ) ∈ I and U( jr ) ∈ J .
The sets of indices {i1, . . . , im} and { j1, . . . , jm} are then a.s. disjoint. Furthermore,
the probability

P
(∀r ∈ [m], (U(ir ),U( jr )

) ∈ P) = P (∀) r ∈ [m],
(
Vρ(ir ), Vρ( jr )

) ∈ P = P
(∀r ∈ [m], ρ( jr ) = s(ρ(ir ))

)
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only depends on i1, . . . , im, j1, . . . , jm through m. This readily implies that condi-
tionally given {Ui , i ∈ Vt } and |P ∩ (I × J )|, the permutation Perm (P ∩ (I × J )) is
uniformly random. ��

4 Proofs of the results onmonotone subsequences

4.1 Decreasing subsequences

Proof of Theorem 2.1 Throughout the proof we fix δ > 0 and let P be a geometric
construction of τn .
Upper tail bound: Suppose, without loss of generality, that δ = 1/β for some integer
β. Fix an arbitrary integer K > 16β2 and set �x := 1/K . Slice [0, 1]2 into a regular
grid

(
Ci, j

)
1≤i, j≤K made of square cells

Ci, j := [(i − 1)�x, i�x] × [( j − 1)�x, j�x].

Notice that any down-right path of points can only visit at most one diagonal square
cell Ci,i . Therefore:

LDS(τn) = LDS(P) ≤ LDS
(P̃)+ max

1≤i≤K
LDS

(P ∩ Ci,i
)

(2)

where P̃ is the restriction of P to the cells Ci, j with i �= j . For each i , Lemma
3.1 asserts that P ∩ Ci,i is a superposition of three (correlated) random-sized sets of
i.i.d. uniform points in Ci,i . Writing Lm for the LDS of a uniform permutation of size
m, we obtain:

P
(
LDS(P ∩ Ci,i ) > 2δ

√
n
)

≤ 3 max
1≤ j≤3

P
(

LDS
(P( j) ∩ Ci,i

)
>

2δ

3

√
n

)

≤ 3 max
1≤ j≤3

P
(

L|P( j)∩Ci,i | >
2δ

3

√
n

)

.

Since each size
∣
∣P( j) ∩ Ci,i

∣
∣ is stochastically dominated by Binom

(
n, K−2

)
and the

variables Lm are stochastically nondecreasing in m, this yields:

P
(

max
1≤i≤K

LDS(P ∩ Ci,i ) > 2δ
√
n

)

≤ 3KP
(

LBinom(n,K−2) >
2δ

3

√
n

)

. (3)

First off, Chernoff bounds imply

P
(
Binom

(
n, K−2

)
> 2nK−2

)
≤ exp (−cδn) (4)

for some constant cδ > 0 which depends only on δ and whose value may change
throughout the proof. Then, since 2

√
2K−1 <

√
2δ2/8 < 2δ/3, [35, Theorem 2]

implies
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Fig. 3 Representation of the down-right sequence of cells (highlighted) encoded by the admissible sequence(
(10, 8), (8, 7), (5, 4), (4, 4), (4, 2)

)
, with K = 5 and β = 2

P
(

L2nK−2 >
2δ

3

√
n

)

≤ exp
(−cδ

√
n
)

(5)

for some other cδ > 0. From Equations 3 to 5 we deduce

P
(

max
1≤i≤K

LDS(P ∩ Ci,i ) > 2δ
√
n

)

≤ exp
(−cδ

√
n
)

for some constant cδ > 0. Then by (2):

P
(
LDS(τn) > 2(1+ 3δ)

√
n
)
≤ P

(
LDS

(P̃) > 2(1+ 2δ)
√
n
)+ exp

(−cδ

√
n
)
.(6)

To study the remaining term, we can broadly rewrite the proof of [9, Lemma 9]. Set
�y := �x/β = 1/(Kβ) and slice [0, 1]2 into a thinner grid

(
C̃i, j

)
1≤i≤K ,1≤ j≤Kβ

made of rectangular cells

C̃i, j := [(i − 1)�x, i�x] × [( j − 1)�y, j�y].

Say a sequence of indices (a, b) = (ai , bi )1≤i≤K is admissible if it satisfies 1 ≤
bi+1 ≤ ai+1 ≤ bi ≤ ai ≤ Kβ for all i ∈ [K −1]. Informally, it encodes a down-right
sequence of cells where ai , resp. bi , is the highest, resp. lowest, cell in the i-th column.
See Figure 3 for a representation. Fix such (a, b) and write P̃(a,b) for the restriction
of P̃ to the cells associated with (a, b). For each 1 ≤ i ≤ K , write

Ri := [(i − 1)�x, i�x] × [(bi − 1)�y, ai�y]
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for the i-th column of (a, b), and set hi := ai − bi + 1. Since (a, b) encodes a
down-right path, we can write

LDS
(P̃(a,b)

) ≤
K∑

i=1

LDS(P̃ ∩ Ri ). (7)

Furthermore, at most one column Ri can intersect the diagonal square cellsCi,i . When
this happens, write i0 for the corresponding index, and arbitrarily set i0 := 1 otherwise.
Now notice that, by the Cauchy–Schwarz inequality:

K∑

i=1

√
hi�x�y ≤

√
√
√
√K

K∑

i=1

hi�x�y ≤ √
K�x�y(K + Kβ) = √

1+ δ

where the middle inequality is obtained by noticing that a down-right path has at most
K + Kβ cells. This yields

1+ 2δ ≥ δ +√
1+ δ

K∑

i=1

√
hi�x�y. (8)

Using Equations (7) and 8, we deduce:

P
(
LDS

(P̃(a,b)

)
> 2(1+ 2δ)

√
n
) ≤ P

(
∃i �= i0, LDS(P ∩ Ri ) > 2

√
1+ δ

√
nhi�x�y

)

+P
(
LDS

(P̃ ∩ Ri0
)

> 2δ
√
n
)
. (9)

We can decompose the family P̃ ∩ Ri0 = (P ∩ A)� (P ∩ B) into its points above and
below Ci0,i0 . Since we have Leb(A) ≤ �x < δ2/16, Corollary 3.2 yields:

P
(

|P ∩ A| >
δ2

16
n

)

≤ exp (−cδn) ,

and likewise for B. Lemma 3.3 asserts that the sets P ∩ A and P ∩ B consist of
i.i.d. uniform points, hence:

P
(
LDS

(P̃ ∩ Ri0
)

> 2δ
√
n
) ≤ P

(
L |P∩A| > δ

√
n
)+ P

(
L |P∩B| > δ

√
n
)

≤ 2P
(

L δ2
16 n

> δ
√
n

)

+ exp(−cδn).

Therefore, by [35, Theorem 2]:

P
(
LDS

(P̃ ∩ Ri0

)
> 2δ

√
n
) ≤ exp

(−cδ

√
n
)
. (10)
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The first term of (9) is handled in a similar way. If i �= i0, by Corollary 3.2:

P
(
|P ∩ Ri | > (1+ δ

2 )nhi�x�y
)
≤ exp (−cδn) .

We can then use Lemma 3.3 and [35, Theorem 2] as before:

P
(
∃i �= i0, LDS(P ∩ Ri ) > 2

√
1+ δ

√
nhi�x�y

)

≤ K exp (−cδn) + K max
i �=i0

P
(
L(1+ δ

2 )nhi�x�y > 2
√
1+ δ

√
nhi�x�y

)

≤ exp
(−cδ

√
n
)
. (11)

Finally, putting together Equations 9 to 11:

P
(
LDS

(P̃(a,b)

)
> 2(1+ 2δ)

√
n
) ≤ exp

(−cδ

√
n
)
.

Since any down-right path of points defines an admissible sequence and the number
of admissible sequences is bounded by (Kβ)2K , we deduce:

P
(
LDS(P̌) > 2(1+ 2δ)

√
n
)
≤ exp

(−cδ

√
n
)

for some constant cδ > 0 which depends only on δ. Using (6), this concludes the proof
of the upper tail bound.
Lower tail bound: Define C := [0, 1/2] × [1/2, 1] and C∗ := [1/2, 1] × [0, 1/2].
Then:

LDS(P) ≥ LDS(P ∩ C) + LDS(P ∩ C∗).

We can apply Corollary 3.2 to obtain

P
(
|P ∩ C | < (1− δ/2)2n/4

)
≤ exp (−2cδn)

for some cδ > 0. Therefore, by Lemma 3.3 and [10, Theorem 1]:

P
(
LDS(P ∩ C) < (1− δ)

√
n
)
≤ exp (−2cδn) + P

(
L(1−δ/2)2n/4 < 2(1− δ)

√
n/4

)

≤ exp (−cδn)

and likewise for C∗. Finally:

P
(
LDS(τn) < 2(1−δ)

√
n
)

≤ P
(
LDS(P ∩ C) < (1−δ)

√
n
)

+P
(
LDS(P ∩ C∗) < (1−δ)

√
n
)
≤ exp (−cδn)

for some cδ > 0, as desired.
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Convergence in probability readily follows from these inequalities. To obtain
Lq convergence for all q ≥ 1 we simply need to prove boundedness in n of

E

[(
LDS(τn)/

√
n
)q ′]

for any q ′ ≥ 1. This follows from

E

[(
LDS(τn)/

√
n
)q ′] ≤ (2+ δ)q

′ + (n/
√
n)q

′
exp

(−cδ

√
n
) = O

n→∞ (1)

where δ > 0 is arbitrary. This concludes the proof of Theorem 2.1. ��

Proof of Corollary 2.2 We work conditionally given t (n). Then for each n, τn is a uni-
form t (n)-cyclic permutation. Let P be a geometric construction of τn and P̌ be its
points outside the diagonal. Define ť (n) as the cycle type (0, t (n)

2 , t (n)
3 , . . . ) of size

ň := n− t (n)
1 . Then according to Lemma 1.3, τ̌n := Perm

(
P̌
)
is a uniform ť (n)-cyclic

permutation. Since fixed points contribute at most 1 to LDS(τn), we can write:

LDS(τ̌n) ≤ LDS(τn) ≤ 1+ LDS(τ̌n).

Thus by Theorem 2.1, for any δ > 0 there exists a universal constant cδ > 0 such that
for any n:

P
(
LDS(τn) > 2(1+ δ)

√
ň
)
≤ E

[
P
(
LDS(τ̌n) > 2(1+ δ)

√
ň

∣
∣
∣ t (n)

)]

≤ E

[
exp

(
−cδ

√
ň
)]

,

and likewise for the lower tail bound. If ň → ∞ in probability then the right-hand
side goes to 0 as n → ∞, and this proves convergence in probability. Convergence in
Lq follows as in the proof of Theorem 2.1, bounding LDS(τn) above by n − t (n)

1 + 1
and using the fact that the previous tail inequalities hold a.s. conditionally given t (n).

��

4.2 Increasing subsequences

The study of increasing subsequences is subtler than that of decreasing ones in our
geometric construction. Indeed, while down-right paths tend to stay away from the
diagonal of [0, 1]2, allowing us to use Lemma 3.3, up-right paths tend to stay very
close to it. Consequently, we settle for mere bounds here.

Proof of Proposition 2.3 Fix δ > 0. Let P be a geometric construction of τn as in
Lemma 1.3.
Lower tail bound: Set K = �2/δ and let (Ci, j )1≤i, j≤K be a regular square grid
defined by

Ci, j = [(i−1)/K , i/K ] × [( j−1)/K , j/K ].
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Then:

LIS(τn) = LIS(P) ≥
K−1∑

i=1

LIS(P ∩ Ci,i+1). (12)

Using Corollary 3.2, there exists cδ > 0 such that:

P
( ∣
∣P ∩ Ci,i+1

∣
∣ < (1− δ/2)2n/K 2

)
≤ exp (−2cδn) .

Then by [10, Theorem 1] along with Lemma 3.3, denoting by Lm the LIS of a uniform
permutation of size m:

P
(

LIS(P ∩ Ci,i+1) < (1− δ)
2
√
n

K − 1

)

≤ P
(

L(1−δ/2)2n/K 2 < (1− δ)
2
√
n

K − 1

)

+ exp (−2cδn) ≤ exp (−cδn)

since 1−δ/2
K > 1−δ

K−1 . Finally, using Equation (12):

P
(
LIS(τn) < (1− δ)2

√
n
)

≤ (K − 1) max
1≤i≤K−1

P
(

LIS(P ∩ Ci,i+1) < (1− δ)
2
√
n

K − 1

)

≤ exp (−cδn)

for some cδ > 0.
Upper tail bound: For this, simply use Lemma 3.1 and a rough union bound. Since

LIS(τn) = LIS(P) ≤ LIS(P(1)) + LIS(P(2)) + LIS(P(3)),

we can use [35, Theorem 2] to deduce

P
(
LIS(τn) > (1+ δ)2

√
3n
)
≤ 3P

(
L�n/3 +1 > (1+ δ)2

√
n/3

)
≤ exp

(−cδ

√
n
)
.

for some cδ > 0. This concludes the proof. ��

Proof of Corollary 2.4 The method is the same as in the proof of Corollary 2.2, using
rather the bounds

max
(
t (n)
1 ,LIS(τ̌n)

)
≤ LIS(τn) ≤ t (n)

1 + LIS(τ̌n)

and discussing whether t (n)
1 ≥ (1− δ)2

√
n for the upper tail bound. ��
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5 Proofs of the results on Robinson–Schensted shapes

In [36], Sjöstrand studied the limit RS shape of so-called locally uniform permu-
tations. The latter are random permutations of the form σn = Perm (Pn) where
Pn = {Z1, . . . , Zn} are i.i.d. random points distributed under some absolutely contin-
uous distribution ρ. In particular, he proved [36, Theorem 10.2] that the limit

lim
n→∞

1

n
LDSr√n (σn)

exists for any r ≥ 0. It is denoted by Fmax(r), where the dependence in ρ is implicitly
understood, and is characterized by some variational problem:

Fmax(r) = sup
u∈U0,r((0,1)2)

Fρ(u).

Precise definitions are postponed to Section 5.1. The approach in [36] relies on a
shift in point of view: instead of looking for large r

√
n-decreasing subsequences in

σn , one looks for suitable functions wn ∈ Ur
√
n

(
(0, 1)2

)
that “fit” the point set Pn .

The quantity Fρ(u) is constructed so that it can be thought of as a “score” associated
with u, that is, a measurement of how well the function u should fit the decreasing
subsequences of Pn after rescaling. [36, Proposition 4.5] shows that the function Fρ

can be used to locally approximate LDSr√n (σn); it is also reformulated in handier
terms into [36, Lemma 8.2] which yields a global upper bound, and [36, Lemma 6.3]
which yields a local lower bound.

The difference betweenour setting andSjöstrand’s is that the points of our geometric
constructionP are not globally independent. Nonetheless, they are locally i.i.d. thanks
to Lemma 3.3, allowing us to use the same techniques as in [36]. Moreover, the local
sampling density is constant in our case (ρ := 1), thus greatly simplifying several
steps of the proof.

This section is organized as follows. First, in Section 5.1, we recall the definitions
and results from [36] that will be relevant in our setting. Then, in Section 5.2, we
illustrate them with the case of i.i.d. points sampled uniformly inside an arbitrary
domain. Our contribution comes in Section 5.3, where we use these results to establish
Theorem 2.7, and finally Corollary 2.8.

5.1 Preliminaries

Let� be an open subset ofR2. If u : � → R is Lebesgue-measurable, write ‖u‖1,� :=∫
�
|u| dLeb for its L1 norm. Recall that we use the partial order on R

2 defined by:

(x, y) ≤ (x ′, y′) if and only if x ≤ x ′ and y ≤ y′.

Then, we call u doubly increasing if u(x, y) ≤ u(x ′, y′) whenever (x, y) ≤ (x ′, y′).
Denote byU(�) the set of doubly increasing functions on�, and byUh,r (�) its subset
consisting of functions with values in [h, h + r ]. For any u ∈ U(�), define
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Fig. 4 Left: a doubly increasing function u ∈ U0,r

(
(0, 1)2

)
for some 3 ≤ r < 4, with its integer level lines.

Darker colors indicate greater values of u. The set D(u) is highlighted in red. Right: in red, a 3-decreasing
point set P . The function κP indeed satisfies D(κP ) = P . Its values range from 0 to 3, with lighter colors
indicating lower values and darker colors indicating higher values

D(u) :=
{
(x, y) ∈ � : u(x, y) ∈ Z and u(x ′, y′)

< u(x, y) for any (x ′, y′) ∈ � \ {(x, y)} s.t. (x ′, y′) ≤ (x, y)
}
.

In words, D(u) is the set of “south-west corners” in the integer level lines of u. Also, if
P is a finite subset of�, define κP : (x, y) ∈ � 	→ LIS

(
P ∩ ((−∞, x] × (−∞, y])).

See Figure 4 for an illustration.
It is easy to check that if u ∈ U0,r (�) then D(u) is an �r�-decreasing subset of �,

see [36, Lemma 6.2]. Reciprocally, one can also check that if P is a k-decreasing subset
of� then κP is in U0,k(�) and satisfies D(κP ) = P , see again [36, Lemma 6.2]. Now,
if P is a finite point set in �, recall that LDSk(P) can be expressed as the maximum
of |P ∩ P| where P ranges over k-decreasing subsets of �. Subsequently, by [36,
Lemma 6.2]:

LDSk(P) = max
u∈U0,k (�)

|D(u) ∩ P| .

We shall use this equation after rescaling, that is:

LDSr√n(P) = max
w∈U0,r (�)

∣
∣D(w

√
n) ∩ P∣∣ . (13)

The main tool that we will use from [36] is a function F� : U(�) → R+ that
serves as a “score” associated with u: the quantity F�(u) is a limit approximation of
1
n

∣
∣D(w

√
n) ∩ σn

∣
∣, where σn is a homogeneous Poisson point process with intensity

n on � and w is close to u. The definition of F� hinges on the following lemma:

Lemma 5.1 (Theorem 3.2 in [36]) For β > 0, define

�β :=
{
(x, y) ∈ R

2 : 0 < x + y <
√
2 and 0 < y − x < β

√
2
}

.
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For γ > 0, letσγ be a homogeneous Poisson point process onR2 with intensity γ . Then
for each r ≥ 0, as β and γ tend to infinity, the random variable 1

βγ
LDSr√γ

(
σγ ∩ �β

)

converges in L1 to a constant φ(r).

Then, for θ ≥ 0, define L(θ) := φ
(√

2θ
)
. Finally, recall that each u ∈ U(�) admits

partial derivatives almost everywhere, and define F�(u) := ‖L(∂xu ∂yu)‖1,�. The
following two lemmas justify the aforementioned idea that F�(u) can be interpreted
as a score associated with u:

Lemma 5.2 (From Lemma 8.2 in [36]) Let � be an arbitrary open subset of R2, and
let σn be a homogeneous Poisson point process on � with intensity n. Then for any
u ∈ U(�) and any ε > 0, there exists δ > 0 such that, with high probability as
n → ∞:

sup
w∈U(�),‖w−u‖1,�<δ

1

n

∣
∣D(w

√
n) ∩ σn

∣
∣ < F�(u) + ε.

Lemma 5.3 (From Lemma 6.3 in [36]) For a, b, β > 0, define

�a,b,β :=
{
(x, y) ∈ R

2 : |ax + by| < 1 and |ax − by| < β
}

and for c ≥ 0, define

ua,b,c : (x, y) ∈ �a,b,β 	→ c(ax + by).

Let σn be a homogeneous Poisson point process on �a,b,β with intensity n. Then with
high probability as n → ∞, for any d ∈ R, there exists w(n) ∈ Ud,2c(�a,b,β) such
that:

1

n

∣
∣
∣D

(
w(n)

√
n
)
∩ σn

∣
∣
∣ ≥ F�a,b,β

(
ua,b,c

)− 6

β
Leb

(
�a,b,β

)
,

or equivalently:

1

n · Leb (�a,b,β
)
∣
∣
∣D

(
w(n)

√
n
)
∩ σn

∣
∣
∣ ≥ L (ca · cb) − 6

β
.

Contrary to Lemma 5.2, which yields a global upper bound, Lemma 5.3 yields a
local lower bound. In order to get a global lower bound, the broad idea is to cover most
of the global domain� by a family of adequate local parallelograms, apply Lemma 5.3
on each of them, and carefully “patch” the resulting family of local doubly increasing
functions into a global one. Let us introduce some notions from [36] to that aim.
Throughout, � denotes an arbitrary open subset of R2.

If u ∈ U(�) and ι > 0, we call (u, ι)-parallelogram any parallelogram P of the
form

P =
{
(x, y) ∈ R

2 :
∣
∣
∣̃uPx (x − xP ) + ũ Py (y − yP )

∣
∣
∣ ≤ ιcP and

∣
∣
∣̃uPx (x − xP ) − ũ Py (y − yP )

∣
∣
∣ ≤ cP

}
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where (xP , yP ) is a differentiability point of u, cP > 0, ũ P
x := ι3 ∨ ∂xu(xP , yP )

and ũ P
y := ι3 ∨ ∂yu(xP , yP ). We write uP

x and uP
y for the partial derivatives of u at

(xP , yP ), and say that P is well-behaved if uP
x = ũ P

x and uP
y = ũ P

y .

Lemma 5.4 (Lemma 7.4 in [36]) Let P be a (u, ι)-parallelogram. Then for each
(x, y) ∈ P:

|x − xP | + |y − yP | ≤ cP (1+ ι)ι−3.

Lemma 5.5 (FromLemma 7.7 in [36])Let u ∈ U(�) and ε > 0. For each 0 < ι < 1/2
there exists a measurable subset Sι ⊆ � on which u is differentiable, and a finite
collection Pι of disjoint (u, ι)-parallelograms, such that:

(a) Sι ⊆ ⋃
P∈Pι

P;
(b) ∂xu and ∂yu are bounded on

⋃
0<ι<1/2 Sι;

(c) Leb(� \ Sι) < ε + oι(1);

and for each P ∈ Pι:

(a’) P ⊆ � and (xP , yP ) ∈ Sι;
(f) for all (x, y) ∈ P:

∣
∣
∣u(x, y) −

(
u(xP , yP ) + (x − xP )uPx + (y − yP )uPy

)∣
∣
∣ ≤ ι5 (|x − xP | + |y − yP |) ;

(g)
∣
∣
∣ 1
Leb(P)

FP (u) − L(uP
x u

P
y )

∣
∣
∣ < ι.

In words, the set Sι covers most of the domain �, and on each parallelogram, the
function u is almost linear and the function L(∂xu ∂yu) is almost constant. This will
allow use to use Lemma 5.3 on each parallelogram. Then, patching the resulting local
doubly increasing functions into a global one will mainly rely on item (f) above and
on the following lemma:

Lemma 5.6 (FromLemma 9.1 in [36]) LetS be an open subset of�, and let u ∈ U(S).
Then, there exists w ∈ U(�) such that w|S = u and u(S) = w(�).

Finally, let us state a lemma about parallelograms that we could not find explicitly
stated in [36] but that we will need nonetheless:

Lemma 5.7 Let u ∈ U(�), 0 < ι < 1/2, and P be a (u, ι)-parallelogram. Let P ′
denote the open parallelogram obtained by shrinking P by a factor 1−2ι in width and
height, that is:

P ′ :=
{

(x, y) ∈ R
2 :

∣
∣
∣
∣
∣

ũ P
x

(1− 2ι)ιcP
(x − xP ) + ũ P

y

(1− 2ι)ιcP
(y − yP )

∣
∣
∣
∣
∣
< 1

and

∣
∣
∣
∣
∣

ũ P
x

(1− 2ι)ιcP
(x − xP ) − ũ P

y

(1− 2ι)ιcP
(y − yP )

∣
∣
∣
∣
∣
<

1

ι

}

.
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Let (x1, y1) ≤ (x2, y2) such that (x1, y1) is in P ′ and (x2, y2) is on the boundary of
P. Then necessarily (x2, y2) lies on the northeast boundary of P, that is:

ũ P
x (x2 − xP ) + ũ P

y (y2 − yP ) = ιcP .

Proof Obviously, (x2, y2) cannot lie on the southwest boundary of P . Assume that it
lies on the northwest boundary of P , that is:

ũ P
x (x2 − xP ) − ũ P

y (y2 − yP ) = −cP .

Since (x1, y1) ∈ P ′, we have that:

ũ P
x (x1 − xP ) − ũ P

y (y1 − yP ) ≥ −(1− 2ι)cP ,

whence:

ũ P
y (y2 − yP ) = ũ P

x (x2 − xP ) + cP ≥ ũ P
x (x1 − xP ) + cP ≥ ũ P

y (y1 − yP ) + 2ιcP .

Therefore:

ũ P
x (x2 − xP ) + ũ P

y (y2 − yP ) ≥ ũ P
x (x1 − xP ) + ũ P

y (y1 − yP ) + 2ιcP

≥ −(1− 2ι)ιcP + 2ιcP = ιcP + 2ι2cP ,

contradicting the definition of P . The computation works the same if we assume that
(x2, y2) lies on the southeast boundary of P , and this concludes the proof. ��

5.2 The uniform case

Now, let us illustrate the results recalled in the previous section with the case study
of i.i.d. uniform points inside an arbitrary domain. Note that this is a much simpler
framework than the one considered in [36] (since here we have ρ = 1), and that
Theorem 5.8 below is wholly contained in [36, Theorem 10.2]. Nonetheless, stating
it and recalling its proof will be useful for our proof of Theorem 2.7.

Theorem 5.8 (From Theorem 10.2 in [36]) Let � be an arbitrary open subset of R2,
and let σn be a homogeneous Poisson point process on � with intensity n. Then for
each r ≥ 0, the following convergence holds in probability as n → ∞:

1

n
LDSr√n(σn) −→ sup

u∈U0,r (�)

F�(u).

Proof Fix r ≥ 0. Thanks to Equation (13), our goal is to bound
∣
∣D(w

√
n) ∩ σn

∣
∣

above and below, uniformly over w ∈ U0,r (�). Fix ε > 0. As stated in the previous
section, the upper bound uses Lemma 5.2 whereas the lower bound uses Lemma 5.3
and requires more work.
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Upper bound: For each u ∈ U0,r (�), use Lemma 5.2 to find δu > 0 such that:

sup
w∈U0,r (�),‖w−u‖1,�<δu

1

n

∣
∣D(w

√
n) ∩ σn

∣
∣ < F�(u) + ε (14)

holds w.h.p. as n → ∞. Write Bu := {
w ∈ U0,r (�) : ‖w − u‖1,� < δu

}
. Then let

us use [36, Proposition 9.2], which states that U0,r (�) is compact for the L1 metric.
Since the open subsets Bu cover U0,r (�)when u ranges over U0,r (�), there is a finite
subcover

U0,r (�) ⊆ Bu1 ∪ · · · ∪ Buk .

By applying (14) to u1, . . . , uk , we get that

sup
w∈U0,r (�)

1

n

∣
∣D(w

√
n) ∩ σn

∣
∣ < sup

1≤ j≤k
F�(u j ) + ε (15)

holds w.h.p. as n → ∞.
Lower bound: This bound is broadly contained in the proof of [36, Lemma 10.1]. Fix
u ∈ U0,r (�).Wewish tofindwn ∈ U0,r (�) such that 1n

∣
∣D(wn

√
n) ∩ σn

∣
∣ ≥ F�(u)−ε

holds w.h.p. as n → ∞.
For each 0 < ι < 1/2, let Sι andPι be given by Lemma 5.5. Denote by P̃ι the set

of well-behaved parallelograms in Pι. For each P ∈ Pι, let ū P ∈ U(P) be defined
by

for all (x, y) ∈ P, ū P (x, y) := u(xP , yP ) + (x − xP )uP
x + (y − yP )uP

y

if P ∈ P̃ι, and by ū P := u|P if P ∈ Pι \ P̃ι. For each P ∈ Pι, let P ′ denote the
open parallelogram obtained by shrinking P by a factor 1−2ι in width and height, as
in Lemma 5.7. Now, For each P ∈ P̃ι, let us apply Lemma 5.3 to the linear function

ū P on the domain P ′, with corresponding values a := uP
x

(1−2ι)ιcP
, b := uP

y
(1−2ι)ιcP

,

c := (1 − 2ι)ιcP , and β := 1/ι. We get that, w.h.p. as n → ∞, there exists w
(n)
P ∈

Uu(xP ,yP )−(1−2ι)ιcP ,2(1−2ι)ιcP (P ′) such that

1

n · Leb(P ′)

∣
∣
∣D

(
w

(n)
P

√
n
)
∩ σn ∩ P ′

∣
∣
∣ ≥ L(uP

x u
P
y ) − oι(1) (16)

where oι(1) → 0 as ι → 0, uniformly in P and n. By [36, Lemma 4.9] and item (b)
of Lemma 5.5, the function L is increasing and uniformly continuous on the bounded
set

{
∂xu(x, y) · ∂yu(x, y) : (x, y) ∈

⋃

0<ι<1/2
Sι

}
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and satisfies L(0) = 0. By definition, for any P ∈ Pι\P̃ι wehavemin
(
uP
x , uP

y

)
< ι3,

and thus L(uP
x u

P
y ) ≤ L(Mι3) = oι(1) where M > 0 is the absolute bound given by

item (b) of Lemma 5.5. Therefore, for each P ∈ Pι \ P̃ι and any w
(n)
P ∈ U(P ′),

Equation (16) trivially holds (with an adequate oι(1)).
For fixed ι, under the event that w

(n)
P exists for all P ∈ P̃ι, define a function wn

on
⋃

P∈P̃ι
P ′ ∪

(
� \⋃P∈P̃ι

P̊
)
as follows: wn coincides with w

(n)
P on P ′ for each

P ∈ P̃ι, whereas is coincides with u on � \ ⋃P∈P̃ι
P̊ (we use the notation P̊ to

denote the interior of P). Let us check that wn is doubly increasing on this domain.
First consider (x1, y1) ≤ (x2, y2) such that (x1, y1) ∈ P ′ for some P ∈ P̃ι and
(x2, y2) is on the boundary of P . According to Lemma 5.7, we have:

ū P (x2, y2) − u(xP , yP ) = (x2 − xP )uP
x + (y2 − yp)u

P
y = ιcP . (17)

Since w
(n)
P ∈ Uu(xP ,yP )−(1−2ι)ιcP ,2(1−2ι)ιcP (P ′) and (x1, y1) ∈ P ′, we have:

∣
∣
∣w

(n)
P (x1, y1) − u(xP , yP )

∣
∣
∣ ≤ (1− 2ι)ιcP . (18)

Also, using item (f) of Lemma 5.5 and Lemma 5.7:

∣
∣
∣w

(n)
P (x2, y2) − ū P (x2, y2)

∣
∣
∣ = |u(x2, y2) − ū P (x2, y2)|

≤ ι5 (|x − xP | + |y − yP |)
≤ cP (1+ ι)ι3 ≤ 2cP ι2. (19)

Finally, putting Equation (17) to 19 together:

w
(n)
P (x2, y2) − w

(n)
P (x1, y1) ≥ ū P (x2, y2) − u(xP , yP )

−
∣
∣
∣w

(n)
P (x1, y1) − u(xP , yP )

∣
∣
∣

−
∣
∣
∣w

(n)
P (x2, y2) − ū P (x2, y2)

∣
∣
∣

≥ ιcP − (1− 2ι)ιcP − 2cP ι2 = 0,

that is, wn(x2, y2) ≥ wn(x1, y1). If (x1, y1) ≤ (x2, y2) are such that (x2, y2) ∈ P ′ for
some P ∈ P̃ι and (x1, y1) is on the boundary of P , it can be proven in the same way
that wn(x2, y2) ≥ wn(x1, y1). Since wn is doubly increasing on each P ′ for P ∈ P̃ι

and also on � \ ⋃P∈P̃ι
P̊ , and since the parallelograms forming the family P̃ι are

disjoint, this suffices to prove that wn is doubly increasing on its domain of definition.
Using Lemma 5.6, the function wn can be extended from

⋃
P∈P̃ι

P ′ ∪
(
� \⋃P∈P̃ι

P
)
to �, and we still write wn ∈ U(�) for this func-

tion. Since u ∈ U0,r (�), by construction we also have that wn ∈ U0,r (�). Using (16),
we can write w.h.p. as n → ∞:
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1

n

∣
∣D(wn

√
n) ∩ σn

∣
∣ ≥

∑

P∈Pι

1

n

∣
∣D(wn

√
n) ∩ σn ∩ P ′∣∣ ≥

∑

P∈Pι

Leb(P ′)
(
L(uPx u

P
y ) − oι(1)

)

(20)

where oι(1) is independent of P and n. By item (g) of Lemma 5.5:

∑

P∈Pι

Leb(P ′)L(uPx u
P
y ) = (1−2ι)2

∑

P∈Pι

Leb(P)L(uPx u
P
y ) ≥ (1−2ι)2F⋃

Pι
P (u) − oι(1).

(21)

Let us also use [36, Lemma 4.9], which states that 0 ≤ L(∂xu ∂yu) ≤ 1. Along with
items (a) and (c) of Lemma 5.5, we get:

Leb

⎛

⎝
⋃

P∈Pι

P

⎞

⎠ ≥ Leb (�) − ε − oι(1).

This implies F⋃
Pι

P (u) ≥ F�(u) − ε − oι(1). Along with (20) and (21), for small
enough ι this yields:

1

n

∣
∣D(wn

√
n) ∩ σn

∣
∣ ≥ F�(u) − 2ε

w.h.p. as n → ∞. Since this holds for abitrary u ∈ U0,r (�), we get that:

sup
w∈U0,r (�)

1

n

∣
∣D(w

√
n) ∩ σn

∣
∣ ≥ sup

u∈U0,r (�)

F�(u) − 3ε (22)

holds w.h.p. as n → ∞.
Putting Equation (15) and 22 together, we deduce that:

sup
w∈U0,r (�)

1

n

∣
∣D(w

√
n) ∩ σn

∣
∣ −→ sup

u∈U0,r (�)

F�(u)

in probability as n → ∞. Thanks to (13), this concludes the proof. ��

Theorem2.6 can in particular be applied to the domain� = (0, 1)2. UsingTheorem
5.8, this yields the formula:

FLSKV(r) = sup
u∈U0,r((0,1)2)

F(0,1)2(u). (23)
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Fig. 5 The bands defined in the proof of Theorem 2.7. On each Ai and each Bi , P is almost distributed
like a homogeneous Poisson point process

5.3 Application to our setting

We are now ready to prove Theorem 2.7. Thanks to Lemma 3.3, the proof is very close
to that of Theorem 5.8; the main difference is that we need to work individually on a
family of rectangular domains which do not intersect the diagonal of (0, 1)2, and we
combine them together with the same techniques as in the proof of Theorem 5.8.

Proof of Theorem 2.7 Fix r ≥ 0. Let P be a geometric construction of τn . As in the
proof of Theorem 5.8, we wish to bound

∣
∣D(w

√
n) ∩ P∣∣ above and below, uniformly

over w ∈ U0,r ((0, 1)2). Consider two essentially disjoint intervals I , J of [0, 1] and
write% for the symmetric difference of sets. Thanks to Corollary 3.2 and Lemma 3.3,
one can construct a homogeneous Poisson point process with intensity n on I × J ,
say σn , such that |σn % P|/n → 0 as n → ∞ almost surely.

Fix a large integer K , set ε := 1/K 2, and define bands

Ai :=
(

i − 1

K + 1
,

i

K + 1

)

×
(

i

K + 1
, 1

)

and Bi :=
(

i

K + 1
,
i + 1

K + 1

)

×
(

0,
i

K + 1

)

for i ∈ [K ], see Figure 5. These bands each fit in the setting of Lemma 3.3, and they
satisfy Leb(C) = 1

K+1 whereC := (0, 1)2\(⋃i Āi ∪ B̄i
)
. Moreover, using Corollary

3.2 and Lemma 3.3 as above, one can construct a point process σn on (0, 1)2 such that:

1. for each i ∈ [K ], σn ∩ Ai and σn ∩ Bi are both distributed like homogeneous
Poisson point processes with intensity n;
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2. σn coincides with P on C ;
3. |σn % P| /n → 0 as n → ∞, almost surely.

From here, the arguments for the lower and upper bounds differ.
Upper bound: For each i ∈ [K ], we can apply Lemma 5.2 to σn on Ai . Hence for
each u ∈ U(Ai ), there exists δu,Ai > 0 such that:

sup
w∈U(Ai ), ‖w−u‖1,Ai <δu,Ai

1

n

∣
∣D(w

√
n) ∩ σn ∩ Ai

∣
∣ < FAi (u) + ε

holds w.h.p. as n → ∞. The same holds with Bi instead of Ai . Moreover, a.s. for any
n:

sup
w∈U(C)

1

n

∣
∣D(w

√
n) ∩ σn ∩ C

∣
∣ <

1

n
|σn ∩ C | = 1

n
|P ∩ C | .

Moreover:

F(0,1)2(u) = FC (u) +
K∑

i=1

(FAi (u) + FBi (u)) ≥
K∑

i=1

(
FAi (u) + FBi (u)

)
.

By summing the previous inequalities we deduce that for each u ∈ U ((0, 1)2), with
δu := min1≤i≤K δu,Ai ∧ δu,Bi :

sup
w∈U((0,1)2), ‖w−u‖1,(0,1)2<δu

1

n

∣
∣D(w

√
n) ∩ σn

∣
∣ < F(0,1)2(u) + 2K ε + 1

n
|P ∩ C |

w.h.p. as n → ∞. Therefore:

sup
w∈U((0,1)2), ‖w−u‖1,(0,1)2<δu

1

n

∣
∣D(w

√
n) ∩P∣∣ < F(0,1)2 (u) + 2K ε + 1

n
|P ∩ C | + 1

n
|σn %P|

w.h.p. as n → ∞. Recall that ε = 1/K 2 and that 1
n |σn % P| → 0 a.s. as n → ∞.

Moreover, Corollary 3.2 implies that 1
n |P ∩ C | → Leb(C) = 1/(K + 1) a.s. as

n → ∞. Hence for each u ∈ U ((0, 1)2):

sup
w∈U((0,1)2), ‖w−u‖1,(0,1)2<δu

1

n

∣
∣D(w

√
n) ∩ P∣∣ < F(0,1)2(u) + 4/K

w.h.p. as n → ∞. Using the fact that U0,r
(
(0, 1)2

)
is compact for the L1 metric, as

in the proof of Theorem 5.8, we get:

sup
w∈U0,r ((0,1)2)

1

n

∣
∣D(w

√
n) ∩ P∣∣ < sup

u∈U0,r((0,1)2)
F(0,1)2(u) + 4/K (24)
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w.h.p. as n → ∞.
Lower bound: This bound is almost the same as the upper bound of Theorem 5.8,
mutatis mutandis. Fix an arbitrary u ∈ U0,r

(
(0, 1)2

)
; we wish to exhibit a well-crafted

wn ∈ U0,r
(
(0, 1)2

)
such that 1

n

∣
∣D(wn

√
n) ∩ P∣∣ ≥ F(0,1)2(u) − ε holds w.h.p. as

n → ∞.
First apply Lemma 5.5 to each domain Ai ∪ Bi for i ∈ [K ]. For each 0 < ι < 1/2,

let Siι andP
i
ι be the resulting sets. Then define Sι := ⋃

i∈[K ] Siι andPι := ⋃
i∈[K ] Pi

ι .

Denote by P̃ι the set of well-behaved parallelograms in Pι. For each P ∈ Pι, let P ′
denote the open parallelogram obtained by shrinking P by a factor 1−2ι in width and
height, as in Lemma 5.7.

Note that any parallelogram contained in Ai ∪ Bi is either wholly contained in Ai ,
or wholly contained in Bi . Since σn is distributed like a homogeneous Poisson point
process with intensity n on each Ai and each Bi , we can use Lemma 5.3: for each
P ∈ P̃ι, w.h.p. as n → ∞, there exists w

(n)
P ∈ Uu(xP ,yP )−(1−2ι)ιcP ,2(1−2ι)ιcP (P ′) such

that

1

n · Leb(P ′)

∣
∣
∣D

(
w

(n)
P

√
n
)
∩ σn ∩ P ′

∣
∣
∣ ≥ L(uP

x u
P
y ) − oι(1) (25)

where oι(1) → 0 as ι → 0, uniformly in P and n. This also holds for any P ∈ Pι \ P̃ι

and any w
(n)
P ∈ U(P ′), for the same reason as in the proof of Theorem 5.8.

Under the event thatw(n)
P exists for all P ∈ P̃ι, define a functionwn on

⋃
P∈P̃ι

P ′ ∪
(
(0, 1)2 \⋃P∈P̃ι

P̊
)
as follows: wn coincides with w

(n)
P on P ′ for each P ∈ P̃ι,

whereas is coincides with u on (0, 1)2 \⋃P∈P̃ι
P̊ . As in the proof of Theorem 5.8,

one can check that wn is doubly increasing. Then by Lemma 5.6, this function can be
extended town ∈ U0,r

(
(0, 1)2

)
. Therefore, using (25), we canwrite w.h.p. as n → ∞:

1

n

∣
∣D(wn

√
n) ∩ σn

∣
∣ ≥

∑

P∈Pι

1

n

∣
∣D(wn

√
n) ∩ σn ∩ P ′∣∣ ≥

∑

P∈Pι

Leb(P ′)
(
L(uPx u

P
y ) − oι(1)

)
(26)

where oι(1) is independent of P and n. By item (g) of Lemma 5.5:

∑

P∈Pι

Leb(P ′)L(uPx u
P
y ) = (1−2ι)2

∑

P∈Pι

Leb(P)L(uPx u
P
y ) ≥ (1−2ι)2F⋃

Pι
P (u) − oι(1).

(27)

Let us also use [36, Lemma 4.9], which states that 0 ≤ L(∂xu ∂yu) ≤ 1. Along with
items (a) and (c) of Lemma 5.5, we get:

Leb

⎛

⎝
⋃

Pι

P

⎞

⎠ ≥ Leb

⎛

⎝
⋃

i∈[K ]
Ai ∪ Bi

⎞

⎠− K ε − oι(1) = 1− 2/K − oι(1).
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This implies F⋃
Pι

P (u) ≥ F(0,1)2(u) − 2/K − oι(1). Along with (26) and (27), this
yields:

1

n

∣
∣D(wn

√
n) ∩ σn

∣
∣ ≥ F(0,1)2(u) − 2/K − oι(1)

w.h.p. as n → ∞, where oι(1) is uniform in n. Take ι such that this oι(1) is less than
1/K . Using the facts that this holds for any u ∈ U0,r

(
(0, 1)2

)
and that |σn % P| /n →

0, we deduce that:

sup
w∈U0,r ((0,1)2)

1

n

∣
∣D(w

√
n) ∩ P∣∣ ≥ sup

u∈U0,r ((0,1)2)
F(0,1)2(u) − 5/K (28)

w.h.p. as n → ∞.
Putting Equation (24) and 28 together, along with (23), we get that:

sup
w∈U0,r ((0,1)2)

1

n

∣
∣D(w

√
n) ∩ P∣∣ −→ sup

u∈U0,r ((0,1)2)
F(0,1)2(u) = FLSKV(r)

in probability as n → ∞. Thanks to (13), this concludes the proof. ��
Remark 6 With the same arguments as in the proof of [36, Lemma 10.1], we could
refine our proof of Theorem 2.7 to show that the longest decreasing subsequences of
P are located on the same limit curves as in the uniform case (see [36, Theorem 10.2
(a)] for a precise statement).

Proof of Corollary 2.8 Let P be a geometric construction of τn . Since each decreasing
subsequence of τn contains at most one fixed point, we can write:

LDSk(τ̌n) ≤ LDSk(τn) ≤ LDSk(τ̌n) + k

for any k ≥ 0. Hence:

P
(∣
∣
∣
∣
1

ň
LDSr

√
ň(τn) − FLSKV(r)

∣
∣
∣
∣ > ε

)

≤ P
(∣
∣
∣
∣
1

ň
LDSr

√
ň(τ̌n) − FLSKV(r)

∣
∣
∣
∣ > εn

)

where εn := ε − r
√
ň

ň −→
n→∞ ε in probability. Then by Theorem 2.7 and dominated

convergence theorem:

P
(∣
∣
∣
∣
1

ň
LDSr

√
ň(τ̌n) − FLSKV(r)

∣
∣
∣
∣ > εn

)

= E

[

P
(∣
∣
∣
∣
1

ň
LDSr

√
ň(τ̌n) − FLSKV(r)

∣
∣
∣
∣ > εn

∣
∣
∣
∣t

(n)

)]

−→
n→∞ 0,

which concludes the proof. ��
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6 Proofs of the results on records

6.1 High records

Lemma 6.1 For each n, let t (n) be a cycle type of size n such that t (n)
1 = 0, and P be

a geometric construction. Set C := [0, 1/2] × [1/2, 1]. Define Zleft =
(
Uleft, Vleft

)
as

the leftmost point in P , ZC
left =

(
UC
left, V

C
left

)
as the leftmost point of P ∩ C, and let

Zup, ZC
up be the upmost analogues. Those points are well-defined w.h.p. as n → ∞

and:

(
nUleft, n

(
1− Vup

)) −→
n→∞

(
E, E ′) ; nUC

left −→
n→∞ 2E ; n

(
1− VC

up

)
−→
n→∞ 2E

in distribution, where E, E ′ are independentExp (1) variables. Furthermore, w.h.p. as
n → ∞ the inequalities Uleft ≤ UC

left ≤ Vleft hold.

Proof Recall from the geometric construction that the lists of x- and y-coordinates of
points in P are both equal to the same family {Ui }i∈Vt of i.i.d. Unif ([0, 1]) variables.
Thus Uleft =: U(1) is their minimum and Vup =: U(n) is their maximum. For any
s, t ≥ 0 we have:

P
(
nU(1) ≥ s , n

(
1−U(n)

) ≥ t
) = P

(∀i, Ui ∈ [s/n, 1− t/n])

= (1− (s + t)/n)n −→
n→∞ e−se−t .

This proves the first convergence in distribution. For the second one, use Lemma 3.3
and write, conditionally given |P ∩ C |:

P
(
nUC

left ≥ s
)
=
(

1− s/(2n)

1/4

)|P∩C|
= (1− 2s/n)|P∩C|.

According to Corollary 3.2, |P ∩ C | is concentrated around n/4. This readily implies
P
(
nUC

left ≥ s
) → e−s/2 as n → ∞, and proves the second convergence in distribution.

The third one follows similarly.
For the last claim, it suffices to note thatUleft andUC

left are both oP(1) whereas Vleft
has distribution Unif ([0, 1]), and Uleft ≤ UC

left by definition. ��

Proof of Theorem 2.10 Let P be a geometric construction of τn . Decompose it into its
points outside the diagonal P̌ and its points on the diagonal P�. We shall use the
notation of Lemma 6.1, applied to the set P̌ of size ň := n − t (n)

1 . According to this
lemma, w.h.p. the point Z left is above the diagonal � and the rectangle [Uleft,UC

left] ×
[Vleft, VC

left] does not intersect �. Likewise, w.h.p. the point Zup is above the diagonal
and the rectangle [UC

up,Uup] × [VC
up, Vup] does not intersect �. Under those events,

the records of P are all contained in
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Fig. 6 The zones in which we can find records (high ones on the left and low ones on the right)

(
� ∩ [0,Uleft]2

) ⋃
[Uleft,U

C
left] × [Vleft, VC

left]
⋃

C
⋃

[UC
up,Uup] × [VC

up, Vup]
⋃ (

� ∩ [Vup, 1]2
)

.

This zone is shown on the left-hand side of Figure 6. Note that the rectangles
[Uleft,UC

left] × [Vleft, VC
left] and [UC

up,Uup] × [VC
up, Vup] may be flat, i.e. the identities

Uleft = UC
left and VC

up = Vup may occur with non-negligible probability.

Invertly, all points of P� in [0,Uleft]2 ∪ [Vup, 1]2, as well as the ones which are
high records in P ∩C , are high records in P . From the previous two observations we
deduce the following inequality w.h.p. as n → ∞:

∣
∣
∣rec↑ (P) −

(
rec↑

(
P̌ ∩ C

)
+ Sn

)∣
∣
∣ ≤

∣
∣
∣P̌ ∩

(
[Uleft,U

C
left] × [Vleft, VC

left]
)∣
∣
∣

+
∣
∣
∣P̌ ∩

(
[UC

up,Uup] × [VC
up, Vup]

)∣
∣
∣

where Sn := ∣
∣P� ∩ [0,Uleft]2

∣
∣ + ∣

∣P� ∩ [Vup, 1]2
∣
∣. For any M > 0, we may apply

Corollary 3.2 to the rectangle [0, M/ň]×[0, 1] to obtain
∣
∣
∣P̌ ∩ ([0, M/ň] × [0, 1])

∣
∣
∣ ≤

2M w.h.p. as n → ∞. Since ňUC
left is tight by Lemma 6.1, it holds that UC

left ≤
M/ň with probability tending to 1 as M → ∞, uniformly in n. This implies that

the random variable
∣
∣
∣P̌ ∩ ([Uleft,UC

left] × [Vleft, VC
left]

)∣∣
∣ is a OP(1). With the same

reasoning applied to 1− VC
up and the corresponding rectangle, we deduce:

∣
∣
∣rec↑ (P) −

(
rec↑

(
P̌ ∩ C

)
+ Sn

)∣
∣
∣ = OP(1). (29)

Now it remains to analyze both terms in the sum. According to Lemma 3.3 and
Corollary 3.2, P̌ ∩C is a family of i.i.d. uniform points in C , with size ň/4+ oP

(
ň
)
.

We can thus apply Theorem 2.9 to deduce
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rec↑
(
P̌ ∩ C

)
− log ň

√
log ň

−→
n→∞ N (0, 1) (30)

in distribution. Let us turn to the fixed points. P̌ and P� are independent, so
(Uleft, Vup) and P� are as well. Therefore, conditionally given (Uleft, Vup), Sn fol-

lows a Binom
(
t (n)
1 ,Uleft+1−Vup

)
law. Recall from Lemma 6.1 that

ň
(
Uleft + 1− Vup

) −→
n→∞ Gamma (2, 1) := Exp (1) ∗ Exp (1)

in distribution, where Exp (1)∗Exp (1) denotes the law of the sum of two independent
Exp (1) random variables. If t (n)

1 /ň = O(1) as n → ∞ then Sn = OP(1) (use e.g. the

Bienaymé—Chebyshev inequality), whereas if t (n)
1 /ň → ∞ as n → ∞ then

ň

t (n)
1

Sn −→
n→∞ Gamma (2, 1) (31)

in distribution. Now we can use Equation (29) to 31 to identify three regimes in the
asymptotics of rec↑ (P).
“Mostly uniform” regime: Assume ň

n/
√
log n

→ ∞. Then log n ∼ log ň as n →
∞, and since t (n)

1 ≤ n, we have
t (n)
1

ň
√

log ň
→ 0. Consequently the fluctuations of

rec↑
(
P̌ ∩ C

)
dominate, and

rec↑ (P) − log ň
√
log ň

−→
n→∞ N (0, 1) .

“Mostly fixed points” regime:Assume ň
n/

√
log n

→ 0 as n → ∞. Since log ň ≤ log n

and t (n)
1 = n−ň,wehave

t (n)
1

ň
√

log ň
→ ∞. Consequently thefluctuations of Sn dominate,

and

ň

t (n)
1

(
rec↑ (P) − log ň

)
−→
n→∞ Gamma (2, 1) .

“Intermediate” regime:Assume ň
n/

√
log n

→ α ∈ (0,∞). Then log ň ∼ log n as n →
∞, and since t (n)

1 = n− ň, we deduce
t (n)
1

ň
√

log(ň)
→ 1/α. Thus we need to understand

the interplay between the limit laws of Equation (30) and 31. To do this, notice that
conditionally given

(
Uleft, Vup

)
, the variables Sn and P̌ ∩ C are independent. Recall

that under this conditioning, Sn follows a Binom
(
t (n)
1 ,Uleft+1−Vup

)
law. According

to Lemma 3.4, the conditional law of Perm
(
P̌ ∩ C

)
given

(
Uleft, Vup

) = (
U(1),U(n)

)
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and
∣
∣
∣P̌ ∩ C

∣
∣
∣ is uniform. From this property we deduce independence of the limit laws

in Equation (31) and 30, whence:

rec↑ (P) − log ň

t (n)
1
ň +√

log ň
=

rec↑
(
P̌ ∩ C

)
− log ň

(1+ 1/α + o(1))
√
log ň

+ Sn

(1+ α + o(1))
t (n)
1
ň

+ oP(1)

−→
n→∞

α

α + 1
N (0, 1) ∗ 1

1+ α
Gamma (2, 1)

in distribution, as announced. ��

6.2 Low records

Lemma 6.2 For each n, let t (n) be a cycle type of size n such that t (n)
1 = 0, and P be

a geometric construction. Fix ε > 0 and define Bn := [
0, ε/

√
n
] × [

ε/
√
n, 1

]
and

B∗
n := [

ε/
√
n, 1

]× [
0, ε/

√
n
]
. Then

|P ∩ Bn|
ε
√
n

−→
n→∞ 1 ;

∣
∣P ∩ B∗

n

∣
∣

ε
√
n

−→
n→∞ 1

in probability. In particular w.h.p. we can define Z B
down = (

UB
down, V

B
down

)
as the

downmost point in P ∩ Bn and Z B∗
left =

(
UB∗
left , V

B∗
left

)
as the leftmost point in P ∩ B∗

n ,

and they satisfy:

ε
√
nV B

down − ε2 −→
n→∞ Exp (1) ; ε

√
nU B∗

left − ε2 −→
n→∞ Exp (1)

in distribution.

Proof By Corollary 3.2, |P ∩ Bn| is distributed like a sum of three
Binom

(�n/3� ± 1,
(
1− ε/

√
n
)
ε/

√
n
)
, and likewise for B∗

n . The first claim read-
ily follows from standard concentration inequalities. Then w.h.p. as n → ∞, the sets
P ∩ Bn and P ∩ B∗

n are non-empty and Z B
down, Z

B∗
left are well-defined. According to

Lemma 3.3, conditionally given |P ∩ Bn|, the set P ∩ Bn consists of i.i.d. uniform
points in Bn . We can thus write, for any s > 0 and large enough n, conditionally given
|P ∩ Bn|:

P
(
ε
√
nV B

down > s + ε2
)
= P

(

V B
down >

s

ε
√
n

+ ε/
√
n

)

=
(

1− 1

1− ε/
√
n

s

ε
√
n

)|P∩Bn |
.

Hence P
(
ε
√
nV B

down > s + ε2
) → e−s as n → ∞. The same holds forUB∗

left , and this
concludes the proof. ��
Proof of Theorem 2.11 For each n, let t (n) be a cycle type of size n andP be a geometric
construction of t (n). Fix ε > 0.
Case 1: Suppose t (n)

1 = O (√
n
)
.
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Define Cn :=
[
0, ε/

√
ň
]2
. Then

∣
∣
∣P̌ ∩ Cn

∣
∣
∣ is distributed like a sum of three

Binom
(�ň/3� ± 1, ε2/ň

)
variables by Corollary 3.2, and |P� ∩ Cn| follows a

Binom
(
t (n)
1 , ε/

√
ň
)
law. Therefore, there exists δ(ε) = o

ε→0
(1), independent of n,

such that:

lim sup
n→∞

P (P ∩ Cn �= ∅) ≤ δ(ε). (32)

Define Bn :=
[
0, ε/

√
ň
]
×
[
ε/

√
ň, 1

]
and B∗

n :=
[
ε/

√
ň, 1

]
×
[
0, ε/

√
ň
]
. According

to Lemma 6.2 we can define w.h.p. Z B
down = (

UB
down, V

B
down

)
as the downmost point in

P̌ ∩ Bn and Z B∗
left =

(
UB∗
left, V

B∗
left

)
as the leftmost point in P̌ ∩ B∗

n . See the right-hand

side of Figure 6 for a representation.

Define the event En := {P ∩ Cn = ∅} ∩
{
P̌ ∩ Bn �= ∅

}
∩
{
P̌ ∩ B∗

n �= ∅
}
. Under

this event, all points which are low records in P̌ ∩ Bn or in P̌ ∩ B∗
n are also low

records inP . Reciprocally, all low records ofP lie in Bn , in B∗
n , or in

[
ε/

√
ň,UB∗

left

]
×

[
ε/

√
ň, V B

down

]
. Hence under En :

∣
∣
∣rec↓ (P) − rec↓

(
P̌ ∩ Bn

)
− rec↓

(
P̌ ∩ B∗

n

)∣
∣
∣ ≤

∣
∣
∣P ∩

([
ε/

√
ň,UB∗

left

]
×
[
ε/

√
ň, V B

down

])∣
∣
∣ .

(33)

Using Lemma 6.2 and the fact that t (n)
1 = O (√

n
)
we obtain:

∣
∣
∣P ∩

([
ε/

√
ň,UB∗

left

]
×
[
ε/

√
ň, V B

down

])∣
∣
∣ = OP(1)

as n → ∞, for fixed ε > 0. Thus it suffices to study the records in Bn and B∗
n . We

can apply Lemma 3.3, Lemma 6.2 and Theorem 2.9 to obtain

rec↓
(
P̌ ∩ Bn

)

1
2 log (n)

−→
n→∞ 1

in probability, and likewise for B∗
n . Using Equation (33) and 32 we deduce that for

any η > 0:

lim sup
n→∞

P

(∣
∣
∣
∣
∣

rec↓ (P)
1
2 log (n)

− 2

∣
∣
∣
∣
∣
> η

)

≤ δ(ε).

Since this holds for any ε > 0, the desired convergence in probability follows.

Case 2: Suppose
√
n = o

(
t (n)
1

)
.
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Let Z� = (U�,U�) be the leftmost point of P�. Then it is standard that

t (n)
1 U� −→

n→∞ Exp (1) (34)

in distribution. By Corollary 3.2 and since ň/(t (n)
1 )2 → 0, w.h.p. it holds that P̌ ∩

[0,U�]2 = ∅. Define two bands B� := [0,U�] × [U�, 1] and B∗
� := [U�, 1] ×

[0,U�]. Then under the event
{
P̌ ∩ [0,U�]2 = ∅

}
we may write:

rec↓ (P) = 1+ rec↓
(
P̌ ∩ B�

)
+ rec↓

(
P̌ ∩ B∗

�

)
. (35)

Using Corollary 3.2 and Lemma 3.3 conditionally given U�, P̌ ∩ B� is a fam-
ily of i.i.d. uniform points in B� whose size is distributed like a sum of three
Binom

(�ň/3� ± 1,U�(1−U�)
)
variables. The same holds for B∗

�.

• If n = O
(
t (n)
1

)
then, by Equation (34), |P ∩ B�| and ∣∣P ∩ B∗

�

∣
∣ are both OP(1)

as n → ∞. Thus by Equation (35), rec↓ (P) is also a OP(1).

• If t (n)
1 = o(n) then, by Equation (34),

t (n)
1
n |P ∩ B�| −→

n→∞ Exp (1) in distribution.

Therefore:

log |P ∩ B�|
log

(
n/t (n)

1

) −→
n→∞ 1

in probability. In particular |P ∩ B�| → ∞ in probability and we can apply
Theorem 2.9 to deduce:

rec↓ (P ∩ B�)

log |P ∩ B�| −→
n→∞ 1

in probability. The same holds for B∗
�, and the previous two equations along with

Equation (35) yield:

rec↓ (P)

log
(
n/t (n)

1

) −→
n→∞ 2

as desired.

This concludes the proof of Theorem 2.11. ��
Proof of Proposition 2.12 We use the same notation as in the proof of Theorem 2.11.
Recall that under En :

∣
∣
∣rec↓ (P) − rec↓

(
P̌ ∩ Bn

)
− rec↓

(
P̌ ∩ B∗

n

)∣
∣
∣ ≤ OP(1) (36)
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where by Lemma 3.3, Lemma 6.2 and Theorem 2.9:

rec↓
(
P̌ ∩ Bn

)
− 1

2 log n
√

1
2 log n

−→
n→∞ N (0, 1) (37)

in distribution, and likewise for B∗
n . It remains to understand how rec↓ (P ∩ Bn) and

rec↓
(P ∩ B∗

n

)
are correlated.

Products of 2-cycles: Suppose that t (n)
1 +2t (n)

2 = n, i.e. that τn is a random involution

with t (n)
1 fixed points. Then the sets P̌∩Bn and P̌∩B∗

n are a.s. symmetricwith respect to

the diagonal. Therefore, Perm
(
P̌ ∩ Bn

)
and Perm

(
P̌ ∩ B∗

n

)
are a.s. inverse of each

other, and rec↓
(
Perm

(
P̌ ∩ Bn

))
= rec↓

(
Perm

(
P̌ ∩ B∗

n

))
almost surely. Using

Equation (32), 36 and 37 this yields:

rec↓ (P) − log n
√

1
2 log n

−→
n→∞ N (0, 4)

as announced.
Products of 3-cycles: Suppose that t (n)

1 +3t (n)
3 = n, i.e. that τn is a random product of

3-cycles. We claim the following: conditionally on the event En and given the family
P ∩ Bn , the permutation Perm

(P ∩ B∗
n

)
has size |P ∩ Bn| and is uniformly random.

Let us explain why.
Set εn := ε/

√
ň and Dn := [0, 1]2 \ (Cn ∪ Bn ∪ B∗

n

)
. Consider three indepen-

dent variables U , V ,W distributed under Unif ([0, 1]). We may a.s. distinguish four
outcomes:

• U , V ,W are all less than εn , i.e. (U , V ), (V ,W ), (W ,U ) all lie within Cn ;
• U , V ,W are all greater than εn , i.e. (U , V ), (V ,W ), (W ,U ) all lie within Dn ;
• at least one point, say (U , V ), is in Bn . Then either W < εn , in which case

(V ,W ) ∈ B∗
n and (W ,U ) ∈ Cn , or W > εn , in which case (V ,W ) ∈ Dn and

(W ,U ) ∈ B∗
n .

This holds for each tripleU 1
3,k,U

2
3,k,U

3
3,k in the construction ofP . Under the event En ,

only two possibilities remain: either Z1
3,k, Z

2
3,k, Z

3
3,k ∈ Dn , or exactly one point is in

Bn and another one is in B∗
n , and they share a coordinate. The conditional law ofP∩B∗

n
under En and P ∩ Bn can thus be described as follows: write P ∩ Bn = {(Ui , Vi )}; let
(Wi ) be i.i.d. Unif ([εn, 1]) variables; and setP∩B∗

n = {(Wi ,Ui )}. One can easily see
that for any distinct u1, . . . , ur , if W1, . . . ,Wr are i.i.d. Unif ([εn, 1]) variables then
Perm ((W1, u1), . . . , (Wr , ur )) is uniformly random (e.g. switchingWi withWj shows
that this is the Haar measure on the symmetric group). This proves that conditionally
on the event En and given the familyP ∩ Bn , the permutation Perm

(P ∩ B∗
n

)
has size

|P ∩ Bn| and is uniformly random.
This claim implies that conditionally on the event En and given the number

|P ∩ Bn|, the permutations Perm (P ∩ Bn) and Perm
(P ∩ B∗

n

)
have size |P ∩ Bn|

and are independent uniform. Using Equation (32), 36 and 37 we deduce:
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rec↓ (P) − log n
√

1
2 log n

−→
n→∞ N (0, 2) ,

and this concludes the proof of the proposition. ��

7 Proofs of the results on pattern counts

7.1 Dependency graphs and asymptotic normality

We recall the notion of dependency graph, as introduced in [32]. Let (Zi )i∈V be a
family of random variables indexed by some set V . We say that a graph (V , E) is a
dependency graph for (Zi )i∈V if it has the following property: for any disjoint subsets
V1, V2 of V which are not linked by any edge in E , the two families (Zi )i∈V1 and
(Zi )i∈V2 are independent.

Let t be a cycle type of size n, and Lt be the graph defined in Section 1.3. The
following lemma is a direct consequence of the definitions.

Lemma 7.1 In the geometric construction of Lemma 1.3, the graph Lt = (Vt , Et ) is a
dependency graph for the variables (Zi )i∈Vt .

Now we can use Lt to construct another dependency graph. Let
(Vt
r

)
denote the set

of subsets of size r in Vt . Define a graph
(Lt
r

)
with vertices

(Vt
r

)
as follows: I , J ∈ (Vt

r

)

share an edge if and only if there exist i ∈ I and j ∈ J such that i = j or i ∼ j in
Lt . Using Lemma 7.1, it is straightforward to check that

(Lt
r

)
is a dependency graph

for the family of random variables
(
(Zi )i∈I

)
I∈(Vt

r )
.

The idea that the variables (Zi )i∈Vt are “partly dependent” is motivated by the fact
that these graphs have low degrees: the degrees of Lt are bounded by 2, and a rough
upper bound for the degrees of

(Lt
r

)
is 3r

( n
r−1

) = O (
nr−1

)
. We could then apply

[22, Theorem 2] to deduce asymptotic normality for the pattern count Xπ (τn), but we
rather use Stein’s method to obtain a stronger result.

Proof of Theorem 2.14 We aim to apply [20, Theorem 3.5], which is based on the
results of [8] and [34], to the decomposition (1) of Xπ (τn). According to Lemma 7.1
and the discussion following it,

(Lt
r

)
is a dependency graph for the family of random

variables
(
1Perm(Zi ,i∈I )=π

)
I∈(Vt

r )
. Thus we can use [20, Theorem 3.5] with B = 1,

D ≤ 3r
( n
r−1

)
, and N = (n

r

)
. This yields the announced bound on the Kolmogorov

distance.
Now suppose Var [Xπ (τn)] = σ 2n2r−1 + o(n2r−1) as n → ∞, for some σ ≥ 0. If

σ = 0 then

Xπ (τn) − E [Xπ (τn)]

nr−1/2 −→
n→∞ 0

in probability, byBienaymé–Chebychev’s inequality. Ifσ > 0 then the previous bound
on the Kolmogorov distance is a O(n−1/2). In particular it goes to 0 as n → ∞,
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which implies convergence in distribution of the random variables. This concludes the
proof. ��

7.2 Computation of the variance

Proof of Theorem 2.15 We only prove marginal convergence, for convenience. Joint
convergence is proved by the same method, using the Cramér–Wold theorem.

Fix a pattern π ∈ Sr . Throughout the proof we may omit the indices π, p1, p2, n.
Thanks to Theorem 2.14, it suffices to compute the mean and variance of X := Xπ (τ ).
Let P = (Zi )i∈Vt be a geometric construction of τn . The first idea is to approximate
X with a new variable

Y :=
∑

I∈(Vt
r ) indep.

1Perm(Zi ,i∈I )=π ,

where the sum ranges over all subsets I ∈ (Vt
r

)
which induce an independent

(i.e. empty) subgraph of Lt . Since the number of non-independent r -sized subgraphs
ofLt is bounded by 2(r−1)

( n
r−1

)
, almost surely it holds that |X − Y | ≤ 2(r−1)

( n
r−1

)
.

In particular E [X ] = E [Y ]+O (
nr−1

)
and

√
Var [X ] = √

Var [Y ]+O (
nr−1

)
, so it

suffices to prove the desired result for Y . To do this, we shall rewrite Y while keeping
track of how many fixed points are picked in the sum.

DecomposeVt asV1�V2�V3 whereVm := {(p, k, l) ∈ Vt : p = m} form ∈ {1, 2}
correspond to fixed points and points in 2-cycles, and V3 := {(p, k, l) ∈ Vt : p ≥
3} corresponds to all other points. Let U1, . . . ,Ur , V1, . . . , Vr be i.i.d. Unif ([0, 1])
random variables. For any q ∈ {0, 1, . . . , r}, define:

μq := P
(
Perm

(
(U1,U1), . . . , (Uq ,Uq), (Uq+1, Vq+1), . . . , (Ur , Vr )

) = π
)
,

so that

μ := μp1
π =

r∑

q=0

(
r

q

)

pq1 (1− p1)
r−qμq .

Define Iq :=
{
I ∈ (Vt

r

)
indep., |I ∩ V1| = q

}
and cq := ∣

∣Iq
∣
∣. For any I ∈ Iq , the

variables Zi , i ∈ I are independent by Lemma 7.1, and P (Perm (Zi , i ∈ I ) = π) =
μq . Therefore, we can writeEY = ∑r

q=0 cqμq . Since the number of non-independent

I ∈ (Vt
r

)
is O(nr−1) and the total number of I ∈ (Vt

r

)
with |I ∩ V1| = q is

(|V1|
q

)(|Vt \ V1|
r − q

)

= (np1)q + o(nq−1/2)
q!

(n(1−p1))r−q + o(nr−q−1/2)
(r−q)!

=
(
n

r

)(
r

q

)

pq1 (1−p1)
r−q + o(nr−1/2),
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we deduce EY = (n
r

)
μ+ o(nr−1/2). It remains to study the variance of Y , and for this

we rely on the method of U -statistics developed in [19]. The idea is to decompose Y
using its univariate projections. First define:

Ȳ := Y − EY =
r∑

q=0

∑

I∈Iq
φ̄q (Zi , i ∈ I ) where φ̄q (z1, . . . , zr ) := 1Perm(z1,...,zr )=π − μq .

Then set for any q ∈ {0, 1, . . . , r−1} and z ∈ [0, 1]2:

ϕq (z) := P
(
Perm

(
(U1,U1), . . . , (Uq ,Uq ), (Uq+1, Vq+1), . . . , (Ur−1, Vr−1), z

) = π
)
,

so that for any z ∈ [0, 1]2:

ψ(z) := ψ p1
π (z) =

r−1∑

q=0

(
r − 1

q

)

pq1 (1− p1)
r−q−1ϕq(z). (38)

It follows from definition that for any I ∈ Iq we have:

E
[
φ̄q(Zi , i ∈ I )

∣
∣Z j

] =
{

ϕq(Z j ) − μq if j ∈ I \ V1;
ϕq−1(Z j ) − μq if j ∈ I ∩ V1.

(39)

Now for any I ∈ Iq and (zi )i∈I ∈ ([0, 1]2)I , define the “residual function”:

φ∗
I (zi , i ∈ I ) := φ̄q(zi , i ∈ I ) −

∑

i∈I∩V1

(
ϕq−1(zi ) − μq

)−
∑

i∈I\V1

(
ϕq(zi ) − μq

)
.

Notice that if the sum over i ∈ I ∩ V1 is non-empty then q ≥ 1 i.e. q−1 ≥ 0.
A key property of φ∗

I is that its univariate projections vanish: for any j ∈ I ,
a.s. E

[
φ∗
I (Zi , i ∈ I )

∣
∣Z j

] = 0. This is checked directly by distinguishing between
j ∈ V1 and j /∈ V1 to use (39), observing that most terms have zero mean and that
two of them cancel out. With this notation, we can decompose Ȳ as:

Ȳ =
∑

I∈(Vt
r ) indep.

φ∗
I (Zi , i ∈ I ) +

r∑

q=0

∑

I∈Iq

⎛

⎝
∑

i∈I∩V1

ϕq−1(Zi ) +
∑

i∈I\V1

ϕq (Zi ) − rμq

⎞

⎠

= Y∗ + Ŷ .

When expanding Y 2∗ , one can distinguish the pairs (I , J ) of r -sized independent sub-
graphs of Lt into three categories: the ones sharing no common vertex and connected
by no edge; the ones sharing exactly one vertex or connected by exactly one edge; and
the others. If (I , J ) is in the first category thenE

[
φ∗
I (Zi , i ∈ I )φ∗

J (Z j , j ∈ J )
] = 0 by

independence (see Lemma 7.1). If (I , J ) is in the second category, write (α, β) ∈ I× J
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for the unique pair of connected or equal vertices. Then I \{α} is independent of J \{β}
and we can write a.s.:

E
[
φ∗
I (Zi , i ∈ I )φ∗

J (Z j , j ∈ J )
∣
∣ Zα, Zβ

]

= E
[
φ∗
I (Zi , i ∈ I )

∣
∣ Zα

]
E
[
φ∗
J (Z j , j ∈ J )

∣
∣ Zβ

] = 0.

In particular E
[
φ∗
I (Zi , i ∈ I )φ∗

J (Z j , j ∈ J )
] = 0. Since the number of pairs in the

third category is bounded by 9r2
(n
r

)( n
r−2

)
, we deduceE

[
Y 2∗
] = O (

n2r−2
)
as n → ∞.

Thus
√
VarȲ =

√
VarŶ +O (

nr−1
)
, and it suffices to study Ŷ . Since

∑r
q=0 cqμq =

(n
r

)
μ + o

(
nr−1/2

)
, we can rewrite it as:

Ŷ =
∑

i∈V1

r∑

q=1

ci,qϕq−1(Zi ) +
∑

i∈Vt\V1

r−1∑

q=0

ci,qϕq(Zi ) − r

(
n

r

)

μ + o
(
nr−1/2

)
,

where the o is deterministic, and for any q ∈ {0, 1, . . . , r} and i ∈ Vt , ci,q is the
number of I ∈ Iq containing i . These numbers satisfy, as n → ∞:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ci,q = (|V1|−1
q−1

)(|Vt\V1|
r−q

)+O(nr−2) = ( n
r−1

)(r−1
q−1

)
pq−1
1 (1− p1)

r−q + o(nr−3/2)

uniformly in i ∈ V1;
ci,q = (|V1|

q
)(|Vt\V1|−1

r−q−1

)+O(nr−2) = ( n
r−1

)(r−1
q
)
pq1 (1− p1)

r−q−1 + o(nr−3/2)

uniformly in i ∈ Vt \ V1.

Then define

Ỹ :=
(

n

r−1

)∑

i∈Vt

(
ψ(Zi ) − μ

)
.

The previous calculation and (38) imply that
∣
∣
∣Ŷ − Ỹ

∣
∣
∣ = o(nr−1/2) a.s. for some

deterministic o, hence as before we just need to compute the variance of Ỹ . Using
Lemma 7.1 we can write:

Var

[(
n

r−1

)−1

Ỹ

]

=
∑

i, j∈Vt

Cov
[
ψ(Zi ), ψ(Z j )

]

=
∑

i∈Vt

Var [ψ(Zi )]+
∑

i∈V2

Cov
[
ψ(Zi ), ψ(Zs(i))

]

+
∑

i∈V3

(
Cov

[
ψ(Zi ), ψ(Zs(i))

]+ Cov
[
ψ(Zi ), ψ(Zs−1(i))

])

= np1Var [ψ(U ,U )]

+ n(1− p1)Var [ψ(U , V )]+ np2Cov [ψ(U , V ), ψ(V ,U )]

+ 2n(1− p1− p2)Cov [ψ(U , V ), ψ(V ,W )]+ o(n)
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whereU , V ,W are i.i.d. Unif ([0, 1]) variables. Thus Var [X ] = σ 2n2r−1 + o(n2r−1)

with σ 2 := �
p1,p2
π,π as defined in the statement of Theorem 2.15. Thanks to Theorem

2.14, this concludes the proof. ��
Proof of Corollary 2.16 Recall that conditionally given t (n), τn is a uniform t (n)-cyclic
permutation. Using Theorem 2.15, we can thus write for any x ∈ R:

P
(

Xπ (τn) −
(
n

r

)

μp1
π < nr−1/2x

)

= E

[

P
(

Xπ (τn) −
(
n

r

)

μp1
π < nr−1/2x

∣
∣
∣
∣

(
t (n)

)

n

)]

−→
n→∞ gp1,p2

π (x)

by dominated convergence theorem, where gp1,p2
π is the distribution function of

N (
0, � p1,p2

π,π

)
. Joint convergence is proved by the samemethod and the Cramér–Wold

theorem. ��

7.3 Non-degeneracy for involutive patterns

Lemma 7.2 For any p1 ∈ [0, 1] and π ∈ Sr , the function ψ
p1
π is (r−1)-Lipschitz

with respect to the L1-norm on [0, 1]2. Moreover, its restriction to {0} × [0, 1] is a
polynomial which is non-constant if p1 < 1 and r ≥ 2..

Proof Write ψ := ψ
p1
π . Recall the variables Ẑ1, . . . , Ẑr used to define ψ . For any

z = (u, v), z′ = (u′, v′) ∈ [0, 1]2:
∣
∣ψ(z) − ψ(z′)

∣
∣ ≤ P

(
Perm

(
Ẑ1, . . . , Ẑr−1, z

)
�= Perm

(
Ẑ1, . . . , Ẑr−1, z

′)) .

Define Bz,z′ as the set of points in [0, 1]2 having x-coordinate between u and u′ or
y-coordinate between v and v′. For the permutations Perm

(
Ẑ1, . . . , Ẑr−1, z

)
and

Perm
(
Ẑ1, . . . , Ẑr−1, z′

)
to differ, there needs to be a Ẑi whose position with respect

to z (NW, NE, SW, or SE) is not the same as with respect to z′. Therefore:

∣
∣ψ(z) − ψ(z′)

∣
∣ ≤

r−1∑

i=1

P
(
Ẑi ∈ Bz,z′

)
≤ (r−1)

(|u − u′| + |v − v′|)

and ψ is indeed (r−1)-Lipschitz. Now fix v ∈ [0, 1] and let Q be the number of Ẑ ′
i s,

i ≤ r−1 on the diagonal �. The random variable Q follows a Binom (r−1, p1) law.
Now let q, jSW, jSE, jNE, jNW, kSW, kNE be nonnegative integers satisfying

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

q ∈ {0, 1, . . . , r − 1};
jSW + jSE + jNE + jNW + kSW + kNE = r − 1;
kSW + kNE = q;
jSW + jSE + kSW = π(1) − 1;
jNE + jNW + kNE = r − π(1);

(40)
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(the last line is redundant, but we keep it for clarity). Under this condition we write
Aq,j,k(v) for the event that Q = q; jSW, jSE, jNE, jNW are the numbers of non-
diagonal Ẑi ’s in each quadrant defined by (v, v); and kSW, kNE are the numbers of diag-

onal Ẑi ’s lying southwest, resp. northeast of (v, v). If Perm
(
Ẑ1, . . . , Ẑr−1, (0, v)

)
=

π then Aq,j,k(v) is verified for some q, j, k satisfying (40). Moreover, conditionally
on Aq,j,k(v), the probability of this event does not depend on v. Indeed one can con-
struct a straightforward coupling between (Ẑi )1≤i≤r−1 conditioned on Aq,j,k(v) and

(Ẑ ′
i )1≤i≤r−1 conditioned on Aq,j,k(v′) such that a.s. Perm

(
Ẑ1, . . . , Ẑr−1, (0, v)

)
=

Perm
(
Ẑ ′
1, . . . , Ẑ

′
r−1, (0, v

′)
)
. Therefore:

ψ(0, v) =
∑

q,j,k s.t. (40)

P
(
Perm

(
Ẑ1, . . . , Ẑr−1, (0, v)

)
= π

∣
∣
∣ Aq,j,k(v)

)
P
(
Aq,j,k(v)

)

=
∑

q,j,k s.t. (40)

cπ,q,j,k

(
r−1

q

)

pq1 (1−p1)
r−q−1

(
r−q−1

jSW, jSE, jNE, jNW

)

vkSW+2 jSW+jSE+jNW (1−v)kNE+2 jNE+jSE+jNW

= vπ(1)−1(1−v)r−π(1)
∑

q,j,k s.t. (40)

cπ,q,j,k

(
r−1

q

)

pq1 (1−p1)
r−q−1

(
r−q−1

jSW, jSE, jNE, jNW

)

v jSW+jNW (1−v) jNE+jSE

= vπ(1)−1(1− v)r−π(1)
r−1∑

q=0

r−q−1∑

m=0

c′π,q,m vm (1− v)r−q−1−m

for some non-negative constants cπ,q,j,k and c′π,q,m . Thus ψ(0, v) is a polynomial in
v. It remains to see that it is non-constant if p1 < 1 and r ≥ 2.

First suppose that π(1) �= 1. The polynomial ψ(0, v) contains a monomial
vπ(1)−1∑r−1

q=0 c
′
π,q,0 where c′π,q,0 ≥ 0, along with terms of higher degrees. Since

p1 < 1, the event A0,j,0(v) has positive probability for any (0, j, 0) satisfying (40),
and also cπ,0,j,0 > 0. In particular for jSW + jNW = 0, we deduce c′π,0,0 > 0. Thus
ψ(0, v) is indeed non-constant.

On the other hand if π(1) = 1 then π(1) �= r and we can do the same reasoning
with the polynomial ψ(0, 1− v) to conclude. ��
Proof of Proposition 2.17 By the law of total covariance, if U , V ,W are i.i.d.
Unif ([0, 1]) variables:

Cov [ψ(U , V ), ψ(V ,W )] = E
[
Cov

[
ψ(U , V ), ψ(V ,W )

∣
∣V
]]

+Cov
[
E
[
ψ(U , V )

∣
∣V
]
,E

[
ψ(V ,W )

∣
∣V
]]

.

Conditionally given V , the variables ψ(U , V ) and ψ(V ,W ) are independent, and
thus the first term is null. Now let us study the second term. Since π is an involution,
for any u1, v1, . . . , ur , vr we have Perm ((u1, v1), . . . , (ur , vr )) = π if and only if
Perm ((v1, u1), . . . , (vr , ur )) = π . Since the distribution p1Leb� + (1− p1)Leb[0,1]2
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is symmetric with respect to �, we deduce that ψ(u, v) = ψ(v, u) for any (u, v) ∈
[0, 1]2. Hence:

Cov [ψ(U , V ), ψ(V ,W )] = Cov
[
E
[
ψ(U , V )

∣
∣V
]
,E

[
ψ(W , V )

∣
∣V
]]

= Var
[
E
[
ψ(U , V )

∣
∣V
]] ≥ 0,

and in particular (r − 1)!2 �
p1,p2
π,π ≥ (1− p1+ p2)Var [ψ(U , V )]. By Lemma 7.2, ψ

is continuous and non-constant on [0, 1]2, and thus Var [ψ(U , V )] > 0. As p1 < 1,
this concludes the proof. ��

7.4 Cycle types with few fixed points

In this section we suppose p1 = 0, and drop the index p1. In particular μπ = 1/r ! for
any π ∈ Sr ,

ψπ(z) = P
(
Perm

(
Ẑ1, . . . , Ẑr−1, z

)
= π

)

where Ẑ1, . . . , Ẑr−1 are i.i.d. Unif
([0, 1]2) variables, and the matrix of Theorem 2.15

rewrites as:

(r−1)!2� p2
π,ρ = Cov

[
ψπ(U , V ), ψρ(U , V )

]+ p2Cov
[
ψπ(U , V ), ψρ(V ,U )

]

+2(1− p2)Cov
[
ψπ(U , V ), ψρ(V ,W )

]

where U , V ,W are i.i.d. Unif ([0, 1]) variables. To establish Theorem 2.18, we need
to study the function ψ a bit more.

Lemma 7.3 If p1 = 0 then for any π, ρ ∈ Sr :

Cov
[
ψπ(U , V ), ψρ(V ,W )

] = 0.

Proof For any distinct u1, v1, . . . , ur , vr ∈ [0, 1], we can write
Perm ((u1, v1), . . . , (ur , vr )) = σ−1

2 ◦ σ1 where σ1, σ2 ∈ Sr are characterized by
uσ1(1) < · · · < uσ1(r) and vσ2(1) < · · · < vσ2(r). If (U1, V1), . . . , (Ur , Vr ) are
i.i.d. Unif

([0, 1]2) variables then σ1, σ2 are i.i.d. uniform permutations of size r .
Conditionally given (V1, . . . , Vr ), σ2 is determined and σ1 is still uniformly random
in Sr . Subsequently

P
(
Perm ((U1, V1), . . . , (Ur , Vr )) = π

∣
∣V1, . . . , Vr

) = P
(
σ1 = σ2 ◦ π

∣
∣σ2

) = 1/r !

almost surely, and similarly

P
(
Perm ((U1, V1), . . . , (Ur , Vr )) = ρ

∣
∣U1, . . . ,Ur

) = P
(
σ2 = σ1 ◦ ρ−1 ∣∣σ1

)
= 1/r !

almost surely. We can thus write
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E
[
ψπ(U , V )ψρ(V ,W )

∣
∣V
] = E

[
ψπ(U , V )

∣
∣V
]
E
[
ψρ(V ,W )

∣
∣V
] = (1/r !)2

a.s., and the lemma readily follows. ��
This yields the announced formula for �

p2
π,ρ . It remains to compute the rank and

show non-degeneracy. For this we shall give an explicit polynomial formula for ψπ ;
it can already be found in [24] (see Equation (5) therein for its rescaled expression)
but we provide a proof below for completeness.

Lemma 7.4 Let π ∈ Sr . We can write, for any (u, v) ∈ [0, 1]2:

ψπ(u, v) = 1

(r − 1)!
r∑

i=1

gi (u)gπ(i)(v)

where for any j ∈ [r ] and w ∈ R, g j (w) := (r−1
j−1

)
w j−1(1 − w)r− j . Moreover, if

r ≥ 2 then the symmetrized function (u, v) 	→ ψ
sym
π (u, v) := ψπ(u, v) + ψπ(v, u)

is not constant.

Proof Weomit the indexπ in this proof.Writeψ = ψ1+· · ·+ψr where for any i ∈ [r ]
and (u, v) ∈ [0, 1]2, if Ẑ1, . . . , Ẑr−1 denote i.i.d. Unif

([0, 1]2) random variables:

ψi (u, v) := P
(
Perm

(
Ẑ1, . . . , Ẑr−1, (u, v)

)
= π , (u, v) is i-th from the left

)
.

For this event, say Ai (u, v), to be realized, there needs to be exactly i −1 points
left of (u, v) and π(i)−1 below (u, v). More precisely there needs to be exactly
jSW, jSE, jNE, jNW points in each quadrant defined by (u, v), where these quantities
depend only on π and i . Let Bi (u, v) be this last event; its probability can be written as( r−1
jSW, jSE, jNE, jNW

)
ui−1(1−u)r−ivπ(i)−1(1−v)r−π(i). Then conditionally on Bi (u, v),

the probability of Ai (u, v) does not depend on (u, v) anymore. Indeed by a coupling
argument, one can e.g. see that P

(
Ai (u, v)

∣
∣Bi (u, v)

)
is the probability that jSW uni-

form points in [0, 1/2]2, jSE uniform points in [1/2, 1]×[0, 1/2], jNE uniform points
in [1/2, 1]2, and jNW uniform points in [0, 1/2]×[1/2, 1], all independent, form the
permutation induced by π on [r ] \ {i}. Hence P

(
Ai (u, v)

∣
∣Bi (u, v)

)
equals a positive

constant, independent of (u, v), and we deduce that

ψi (u, v) = P
(
Ai (u, v)

∣
∣Bi (u, v)

)
P (Bi (u, v)) = ci u

i−1(1− u)r−ivπ(i)−1(1− v)r−π(i).

To find the value of ci , first notice that E [ψi (U , V )] = 1
r
1
r ! . Then in the previous

formula:

1

r

1

r ! = ci B
(
i, r−i+1

)
B
(
π(i), r−π(i)+1

)

where B denotes the Beta function, and thus

ci = (r − 1)!
(i−1)!(r−i)!(π(i)−1)!(r−π(i))! = 1

(r − 1)!
(
r−1

i−1

)(
r−1

π(i)−1

)

.
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This yields the announced formula for ψ = ∑
i ψi . Now let us turn to the last claim

of the lemma. By reindexing we can write ψ sym(u, v) = ∑r
i=1 u

i−1(1− u)r−i Qi (v)

where

Qi (v) := civ
π(i)−1(1− v)r−π(i) + cπ−1(i)v

π−1(i)−1(1− v)r−π−1(i).

Suppose that ψ sym is constant on [0, 1]2. Then by setting u = 0 we see that the
polynomial Q1(v) is constant in v. If π(1) > 1 then π−1(1) > 1 and the lowest
degree term of Q1 has positive degree and coefficient, which contradicts the fact that
Q1 is constant. Hence π(1) = 1. Likewise by setting u = 1 we see that Qr is constant,
which implies π(r) = 1 or π−1(r) = 1. Hence r = 1 and this concludes the proof. ��

Proof of Theorem 2.18 First, let us show non-degeneracy. Fix p2 ∈ [0, 1], r ≥ 2,
π ∈ Sr . Since ψπ is continuous and not constant on [0, 1]2 according to Lemma 7.4,
it holds that Var [ψπ(U , V )] > 0.

By Cauchy–Schwarz inequality, |Cov [ψπ(U , V ), ψπ(V ,U )]| ≤ Var [ψπ(U , V )].
Suppose by contradiction that �

p2
π,π = 0. Then necessarily p2 = 1 and

Cov [ψπ(U , V ), ψπ(V ,U )] = −Var [ψπ(U , V )]. This equality case can only hap-
pen if ψπ(U , V ) and ψπ(V ,U ) are linearly dependent, and here we would have
ψπ(U , V ) = −ψπ(V ,U ) almost surely. However it follows from Lemma 7.4 that
ψπ(U , V ) + ψπ(V ,U ) is not a.s. constant, and this proves by contradiction that
�

p2
π,π > 0.
Now,Let us study the rankof� p2 . Fixα, β ≥ 0 such thatα2+β2 = 1 and2αβ = p2

(this is possible since p2 ≤ 1), and define for any π ∈ Sr and (u, v) ∈ [0, 1]2:

χπ(u, v) := (r − 1)! (αψ̄π (u, v) + βψ̄π (v, u)
)

where ψ̄π := ψπ − 1
r ! . Then:

1

(r − 1)!2 Cov
[
χπ(U , V ), χρ(U , V )

] = Cov [α,ψ]π (U , V )

+ βψπ(V ,U )αψρ(U , V ) + βψρ(V ,U )

= (α2 + β2)Cov
[
ψπ(U , V ), ψρ(U , V )

]

+ 2αβCov
[
ψπ(U , V ), ψρ(V ,U )

]

= (r − 1)!2� p2
π,ρ.

Hence, up to a multiplicative constant,� p2 is the Grammatrix associated to the family
(χπ)π∈Sr in L2([0, 1]2). Therefore, the rank of � p2 equals the rank of this family.
Recall the notation of Lemma 7.4. For any (u, v) we have:

1 =
∑

π∈Sr

ψπ(u, v) =
∑

π∈Sr

1

(r − 1)!
r∑

i=1

gi (u)gπ(i)(v) =
∑

1≤i, j≤r
gi (u)g j (v).
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Thus as in [24] we can write:

ψ̄π (u, v) = −1

r ! + 1

(r − 1)!
r∑

i=1

gi (u)gπ(i)(v) = 1

(r − 1)!
∑

1≤i, j≤r

(

δ j,π(i) − 1

r

)

gi (u)g j (v)

where δ is the Kronecker symbol. Define Aπ as the matrix
(
δ j,π(i) − 1

r

)
1≤i, j≤r . Then

χπ(u, v) =
∑

1≤i, j≤r

(
αAπ

i, j + βA(π−1)
i, j

)
gi (u)g j (v).

Since the family
(
(u, v) 	→ gi (u)g j (v)

)
1≤i, j≤r is linearly independent in L2([0, 1]2),

the rank of (χπ)π∈Sr is equal to the rank of the family
(
αAπ + βA(π−1)

)

π∈Sr
in

Mr (R). As explained in [24] (see the proof of Theorem 2.5 therein), the family
(Aπ )π∈Sr spans the space of matrices with rows summing to 0 and columns summing
to 0, and thus has rank (r − 1)2.

First suppose p2 < 1, which corresponds to α �= β. This implies that each matrix

in (Aπ )π∈Sr is a linear combination of matrices in
(
αAπ + βA(π−1)

)

π∈Sr
and vice

versa, hence the latter family also has rank (r − 1)2.
Now suppose p2 = 1 i.e. α = β. It is easily checked that the family(
Aπ + A(π−1)

)

π∈Sr
spans the space of symmetric matrices with rows summing to 0

and columns summing to 0. Such amatrix A is exactly characterized by its coefficients
Ai, j with i ≤ j < r , hence this space has dimension r(r − 1)/2. This concludes the
proof. ��
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