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ARTICLE INFO ABSTRACT
Section Editor: Prof. Seth Pettie Making use of a newly developed package in the computer mathematics system SageMath, we
Handling Editor: Katie Harris show how to perform a full asymptotic analysis of certain types of sums that occur frequently

in combinatorics, including explicit error bounds. We present two applications of the general
approach to illustrate its use: the first concerns a classical problem due to Ramanujan, while the
second one concerns a question of B6na and DeJonge on 132-avoiding permutations with a unique
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1. Introduction

The aim of this paper is to present a package in the computer algebra system SageMath for performing asymptotic computations
with explicit error terms (i.e., error terms with explicit constants and an explicit range of validity). Its use will be illustrated with two
concrete examples where the need for such explicit bounds arises. The first is a classical problem that goes back to Ramanujan: the
Ramanujan Q-function is defined by
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is a complement of Q(n) in the sense that it is not hard to verify the relation

0 + Ry = 2

* This article is the full version of an extended abstract [1] that was presented at the 35th International Conference on Probabilistic, Combinatorial
and Asymptotic Methods for the Analysis of Algorithms (AofA 2024).
* Corresponding author.
E-mail addresses: benjamin.hackl@uni-graz.at (B. Hackl), stephan.wagner@tugraz.at (S. Wagner).
1 Stephan Wagner is supported by the Swedish research council (VR), grant 2022-04030.

https://doi.org/10.1016/j.tcs.2026.116011

Received 11 March 2025; Received in revised form 23 April 2026; Accepted 29 April 2026

Available online 8 May 2026

0304-3975/© 2026 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/tcs
https://www.elsevier.com/locate/tcs

$Q$


$e^x$


$\exp (k)$


$\zeta (1/2 + it)$


$B$


$Q$


\begin {equation*}Q(n) = \sum _{k=0}^{n-1} \frac {n!}{(n-k-1)!\, n^{k+1}} = 1 + \frac {n-1}{n} + \frac {(n-1)(n-2)}{n^2} + \cdots + \frac {(n-1)!}{n^{n-1}}.\end {equation*}


\begin {equation*}R(n) = \sum _{k=0}^{\infty } \frac {n!\, n^k}{(n+k)!} = 1 + \frac {n}{n+1} + \frac {n^2}{(n+1)(n+2)} + \cdots .\end {equation*}


$Q(n)$


\begin {equation*}Q(n) + R(n) = \frac {n! e^n}{n^n}\end {equation*}


$e^n$


$Q(n)$


$R(n)$


$R(n)$


$Q(n)$


\begin {equation*}R(n) - Q(n) = \frac {2}{3} + \frac {8}{135(n + \vartheta )}\end {equation*}


$\vartheta = \vartheta (n)$


$2/21 \leq \vartheta (n) \leq 8/45$


$O$


$a_n$


$n$


$n+1$


$2n$


$p_n = \frac {a_n}{C_n}$


$C_n = \frac {1}{n+1} \binom {2n}{n}$


$n$


$n$


$n+1$


$2n$


$p_n$


$n \geq 3$


$\lim _{n\to \infty } p_n = 1/2$


$p_n$


$p_n \geq 1/2$


$n$


$p_n \geq 1/2$


\begin {equation*}F(n) = \sum _{k=1}^n k \sigma (k) (k^2-3n+2)(2k^2-n) \binom {2n}{n-k} < 0\end {equation*}


$n \geq 5$


$\sigma (k)$


$k$


$k$


$\vartheta (n)$


\begin {equation*}\vartheta (n) = \frac {2}{21} + \frac {32}{441n} + \epsilon (n),\end {equation*}


$\epsilon (n)$


$K n^{-7/4}$


$K$


\begin {equation}\label {eq:asymptotics} F(n) = \binom {2n}{n} \Big ( - \frac {n^2}{8} + \frac {n}{24} + \delta (n) \Big ),\end {equation}


$\delta (n)$


$K n^{3/4}$


$K$


$n \geq 10000$


$F(n) < 0$


$n \geq 10000$


$n$


$F(n)$


$B$


$B$


$B$


$n^a \log (n)^b$


$a$


$b$


$(42/5)^n$


$n^{3n/7} = (e^{n \log n})^{3/7}$


\begin {equation*}\frac {1}{8} n^{3/2} \log (n)^{3/2} + O(n^{1/2} \log (n)^{1/2}),\end {equation*}


$O$


$B$


$O$


$O$


$\pi / n$


$O(y/x)$


$42^{-y} x$


$B$


$k = k(n)$


$c n^{\alpha } \leq k\leq C n^{\beta }$


$c, C > 0$


$\alpha \geq 0$


$\beta > \alpha $


$1 = n^0 \leq k \leq n^{4/7}$


$\alpha = 0$


$\beta = 4/7$


$42 n^{9/13}$


$O(n^{5/42})$


$\alpha \geq 0$


$c n^{\alpha } \leq k$


$c > 0$


$c = 1$


$\beta > \alpha \geq 0$


$k \leq C n^{\beta }$


$C > 0$


$C = 1$


$B$


$n$


$O$


$O(n^{-15/7})$


$(k/2 + 1/6)n^{-3}$


$B$


$B$


$O$


$B_{n\geq 10}(42 n^3)$


$42 n^3$


$n \geq 10$


$B$


$B$


$B$


$B_{n\geq 10}(5/n)$


$3/n^2$


\begin {equation*}\frac {3}{n^2} \leq \frac {3}{10n},\end {equation*}


$B$


$n \geq 10$


$53/10 = 5 + 3/10$


$B$


$\lceil (1 + 10^{-1/3}) \cdot 10^3 \rceil \cdot 10^{-3} = 293/200$


$1 \leq k \leq n^{4/7}$


$B$


$\Theta (n^{-3})$


$\Theta (n^{-13/7})$


$\Theta (n^{-5})$


$\Theta (n^{-23/7})$


$B$


$B$


\begin {equation*}\bigg \lvert \frac {1 - 2k + 3k - 4k^3}{n^5}\bigg \rvert \leq \frac {(1 + 2 + 3 + 4) k ^3}{n^5} = \frac {10 k^3}{n^5}.\end {equation*}


$k$


$k$


$B$


$B$


$k\leq n^{4/7}$


$n\geq 10$


\begin {equation*}\frac {10 k^3}{n^5} \leq \frac {10 k^2 n^{4/7}}{n^5} = \frac {10 k^2}{n^{31/7}} \leq \frac {10 k^2}{10^{10/7} \cdot n^3} = 10^{-3/7} \cdot \frac {k^2}{n^3},\end {equation*}


$B$


$B$


$\lceil (3 + 10^{-3/7}) \cdot 10^3 \rceil \cdot 10^{-3} = 3373/1000$


$B$


$B$


$f(t) = (1 - t^2)^{-1}$


$t = (1 + k)/n + B_{n\geq 10}(k^3/n^3)$


$B$


$B_{n\geq 10}(k^3/n^3)$


$n^{-2}$


$B$


$B$


$Q$


$Q(n)$


$R(n)$


\begin {equation*}Q(n) = \sum _{k=0}^{n-1} \frac {n!}{(n-k-1)!n^{k+1}} \quad \text {and} \quad R(n) = \sum _{k=0}^{\infty } \frac {n!n^k}{(n+k)!}.\end {equation*}


\begin {equation}\label {eq:ramanujan-theta} R(n) - Q(n) = \frac 23 + \frac {8}{135(n + \vartheta )}\end {equation}


$\vartheta = \vartheta (n)$


$2/21$


$8/45$


$Q(n)$


$R(n)$


\begin {equation*}Q(n) \sim \sqrt {\frac {\pi n}{2}} - \frac 13 + \frac 1{12} \sqrt {\frac {\pi }{2n}} - \frac {4}{135n} + \cdots \end {equation*}


\begin {equation*}R(n) \sim \sqrt {\frac {\pi n}{2}} + \frac 13 + \frac 1{12} \sqrt {\frac {\pi }{2n}} + \frac {4}{135n} + \cdots .\end {equation*}


$Q(n)$


\begin {equation*}Q(n) = \int _0^{\infty } e^{-x} {\Big (1 + \frac {x}{n} \Big )}^{n-1}\,dx.\end {equation*}


\begin {equation*}R(n) - Q(n) = \frac {n!}{n^{n-1}} \frac {1}{2\pi i} \oint _{\mathcal {C}} \log \frac {(1-y)^2}{2(1-y e^{1-y})} (1-y)e^{ny} \frac {dy}{y^{n+1}}\end {equation*}


$\mathcal {C}$


\begin {equation}\label {eq:r-q-diff} R(n) - Q(n) = \sum _{k=1}^{\infty } \Big (\frac {n!n^k}{(n+k)!} - \frac {n!}{(n-k-1)!n^{k+1}} \Big ),\end {equation}


$B$


$n \geq N$


$2/21 \leq \vartheta (n) \leq 8/45$


$n \leq N$


$N = 70000$


$R(n) - Q(n)$


$n, k \geq 1$


\begin {equation*}\frac {n!\, n^k}{(n + k)!} - \frac {n!}{(n-k-1)!\, n^{k+1}} \geq 0.\end {equation*}


\begin {align*}\frac {n!\, n^k}{(n+k)!} &= \frac {n^k}{(n+1) (n+2) \cdots (n+k)} = \prod _{j=1}^k \Bigl ( 1 + \frac {j}{n} \Bigr )^{-1} \\ &\geq \prod _{j=1}^k \Bigl ( 1 - \frac {j}{n} \Bigr ) = \frac {(n-1)(n-2) \cdots (n-k)}{n^k} = \frac {n!}{(n-k-1)!\, n^{k+1}}.\end {align*}


$\square $


$k \leq Cn^{\alpha }$


$C$


$\alpha $


$k > Cn^{\alpha }$


\begin {equation}\label {eq:ramanujan-tail1} 0 \leq \sum _{k > Cn^{\alpha }} \Big (\frac {n!n^k}{(n+k)!} - \frac {n!}{(n-k-1)!n^{k+1}} \Big ) \leq \sum _{k > Cn^{\alpha }} \frac {n!n^k}{(n+k)!}.\end {equation}


\begin {equation*}\sum _{k > Cn^{\alpha }} \frac {n!n^k}{(n+k)!} = \frac {n!e^n}{n^n} \sum _{k > Cn^{\alpha }} \frac {n^{n+k}e^{-n}}{(n+k)!} = \frac {n!e^n}{n^n} \sum _{\ell > n + Cn^{\alpha }} \frac {n^{\ell }e^{-n}}{\ell !}\end {equation*}


$\frac {n!e^n}{n^n}$


$X$


$n$


$n + Cn^{\alpha }$


\begin {equation*}\mathbb {P}(X > \ell ) \leq \inf _{t \geq 0} e^{-t\ell } \mathbb {E}(e^{tX}) = \inf _{t \geq 0} e^{(e^t-1)n-t \ell } = {\Big ( \frac {n}{\ell } \Big )}^{\ell } e^{\ell -n}\end {equation*}


$t = \log \ell - \log n$


$R(n)$


$n, k \geq 1$


\begin {equation*}\frac {n! n^k}{(n+k)!} \leq \exp \Bigl ( -\frac {(6n - 2k - 1) (k+1) k}{12n^2} \Bigr ),\end {equation*}


$k < 2n$


\begin {equation}\label {eq:ramanujan:exponential} \frac {n! n^k}{(n+k)!} \leq \exp \Bigl ( -\frac {k^2}{2n} + \frac {k^3}{6n^2} \Bigr ).\end {equation}


$\log (1 + x) \geq x - x^2/2$


$x \geq 0$


$\log (1+x) - x + x^2/2$


$x=0$


$0$


$x^2 / (1+x) \geq 0$


$x \geq 0$


$R(n)$


\begin {align*}\frac {n!\, n^k}{(n+k)!} &= \exp \Bigl ( -\sum _{j=1}^k \log \bigl (1 + \frac {j}{n}\bigr ) \Bigr ) \\ &\leq \exp \Bigl ( -\frac {1}{n} \sum _{j=1}^k j + \frac {1}{2n^2} \sum _{j=1}^k j^2 \Bigr ) \\ &= \exp \Bigl ( -\frac {(6n - 2k - 1) (k+1) k}{12n^2} \Bigr ),\end {align*}


$k < 2n$


$k = Cn^{\alpha }$


\begin {equation*}\exp \Bigl ( -\frac {C^2}{2} n^{2\alpha - 1} + \frac {C^3}{6} n^{3\alpha - 2} \Bigr ).\end {equation*}


$-\infty $


$2\alpha - 1 > 0$


$\alpha > \frac 12$


$0$


$3\alpha - 2 < 0$


$\alpha < \frac 23$


$\alpha \in (\frac 12, \frac 23)$


$\alpha = \frac 35$


$C = 4$


$C N^{\alpha } + 1 < 2N$


$N = 70000$


$\alpha = \frac 35$


$C = 4$


$N = 70000$


\begin {equation}\label {eq:ramanujan:tails-pruning} \sum _{k > Cn^{\alpha }} \Bigl ( \frac {n!n^k}{(n+k)!} - \frac {n!}{(n-k-1)!n^{k+1}} \Bigr ) = B_{n\geq N}(0.0374\, n^{-6}).\end {equation}


\begin {equation*}\sum _{k > Cn^{\alpha }} \frac {n!n^k}{(n+k)!}.\end {equation*}


$r_k = \frac {n!n^k}{(n+k)!}$


$K = \lfloor Cn^{\alpha } \rfloor + 1$


$\frac {r_{k+1}}{r_k} = \frac {n}{n+k+1}$


$j \geq 0$


\begin {equation*}r_{K+j} = r_K \prod _{\ell =1}^{j} \frac {n}{n+K+\ell } \leq r_K \Bigl ( \frac {n}{n+K+1} \Bigr )^j.\end {equation*}


\begin {equation*}\sum _{k > Cn^{\alpha }} \frac {n!n^k}{(n+k)!} = \sum _{k \geq K} r_k \leq r_K \sum _{j=0}^{\infty } \Bigl ( \frac {n}{n+K+1} \Bigr )^j = r_K \frac {n+K+1}{K+1} \leq r_K \Bigl ( 1 + \frac {n^{1-\alpha }}{C} \Bigr ),\end {equation*}


$K+1 > Cn^{\alpha }$


\begin {equation*}K \leq Cn^{\alpha } + 1 \leq \bigl (CN^{\alpha -1} + N^{-1}\bigr )n < 2n\end {equation*}


$n \geq N$


\begin {equation*}r_K \leq \exp \Bigl ( -\frac {K^2}{2n} + \frac {K^3}{6n^2} \Bigr ) \leq \exp \Bigl ( -\frac {C^2}{2} n^{2\alpha - 1} + \frac {C^3}{6} N^{3\alpha - 2} \Bigr ),\end {equation*}


$x \mapsto -x^2/(2n) + x^3/(6n^2)$


$[0,2n]$


$3\alpha - 2 < 0$


\begin {equation*}\sum _{k > Cn^{\alpha }} \Bigl ( \frac {n!n^k}{(n+k)!} - \frac {n!}{(n-k-1)!n^{k+1}} \Bigr ) \leq \Bigl ( 1 + \frac {n^{1-\alpha }}{C} \Bigr ) \exp \Bigl ( -\frac {C^2}{2} n^{2\alpha - 1} + \frac {C^3}{6} N^{3\alpha - 2} \Bigr ).\end {equation*}


$B$


$n$


$1 \leq k < C n^{\alpha }$


$n, k \geq 1$


\begin {equation}\label {eq:ramanujan:exp-sinh} \frac {n! n^k}{(n+k)!} - \frac {n!}{(n-k-1)! n^{k+1}} = 2 \exp \Bigl (- \sum _{j=1}^k \sum _{\substack {r \geq 1 \\ r \text { odd}}} \frac {j^r}{r n^r}\Bigr ) \sinh \Bigl (\sum _{j=1}^k \sum _{\substack {r \geq 1 \\ r \text { even}}} \frac {j^r}{r n^r}\Bigr ).\end {equation}


\begin {align*}\frac {n! n^k}{(n+k)!} &= \prod _{j=1}^k \Bigl (1 + \frac {j}{n}\Bigr )^{-1} = \exp \Bigl (- \sum _{j=1}^k \log \bigl (1 + \frac {j}{n}\bigr )\Bigr ) = \exp \Bigl (\sum _{j=1}^k \sum _{r \geq 1} \frac {(-1)^r j^r}{r n^r}\Bigr ), \\ \frac {n!}{(n-k-1)! n^{k+1}} &= \prod _{j=1}^k \Bigl (1 - \frac {j}{n}\Bigr ) = \exp \Bigl ( \sum _{j=1}^k \log \bigl (1 - \frac {j}{n}\bigr ) \Bigr ) = \exp \Bigl ( -\sum _{j=1}^k \sum _{r \geq 1} \frac {j^r}{r n^r} \Bigr ).\end {align*}


\begin {align*}\frac {n! n^k}{(n+k)!} - \frac {n!}{(n-k-1)! n^{k+1}} &= \exp \Bigl (\sum _{j=1}^k \sum _{r \geq 1} \frac {(-1)^r j^r}{r n^r}\Bigr ) - \exp \Bigl ( -\sum _{j=1}^k \sum _{r \geq 1} \frac {j^r}{r n^r} \Bigr ) \\ &= \exp \Bigl (- \sum _{j=1}^k \sum _{\substack {r \geq 1 \\ r \text { odd}}} \frac {j^r}{r n^r}\Bigr ) \\ & \qquad \times \biggl ( \exp \Bigl (\sum _{j=1}^k \sum _{\substack {r \geq 1 \\ r \text { even}}} \frac {j^r}{r n^r}\Bigr ) - \exp \Bigl (- \sum _{j=1}^k \sum _{\substack {r \geq 1 \\ r \text { even}}} \frac {j^r}{r n^r}\Bigr ) \biggr ),\end {align*}


$2\sinh (x) = e^x - e^{-x}$


$\exp $


$\sinh $


$1 \leq k < C n^{\alpha }$


$R \geq 1$


\begin {equation}\label {eq:sumestimate} 0 \leq \sum _{j=1}^k \sum _{\ell = 0}^\infty \frac {j^{R + 2\ell }}{(R + 2\ell )n^{R + 2\ell }} \leq \frac {1}{R n^R (1 - \frac {k^2}{n^2})} \Bigl (k^R + \frac {k^{R+1}}{R+1}\Bigr ).\end {equation}


$\frac {1}{R + 2\ell } \leq \frac {1}{R}$


$\sum _{j=1}^k j^R$


$B$


$\exp $


$\sinh $


$\exp $


\begin {equation}\sum _{1\leq k < C n^{\alpha }} \Bigl ( \frac {n! n^k}{(n+k)!} - \frac {n!}{(n-k-1)! n^{k+1}} \Bigr ) = \sum _{1 \leq k < C n^{\alpha }} e^{-\frac {k^2}{2n}} \bigl ( S(n, k) + S_B(n, k) \bigr ), \label {Xeqn9-9}\end {equation}


$S(n, k)$


$k$


$n^{-1}$


$S_B(n, k)$


$B$


$k$


$n^{-1}$


$\exp (-\frac {k^2}{2n})$


$r=1$


$\exp $


\begin {equation*}- \sum _{j=1}^k \frac {j}{n} = -\frac {k(k+1)}{2n} = -\frac {k^2}{2n} - \frac {k}{2n}.\end {equation*}


$\exp $


$R = 10$


$2\exp (\ldots )$


$\sinh (\cdots )$


\begin {align*}2 &\exp \Big ( {-}\sum _{j=1}^k \sum _{\substack {r=1 \\ r \text { odd}}}^{\infty } \frac {j^r}{r n^r} \Big ) \sinh \Big ( \sum _{j=1}^k \sum _{\substack {r=1 \\ r \text { even}}}^{\infty } \frac {j^r}{r n^r} \Big ) = e^{-\frac {k^2}{2n}} \Big ( \frac {2k^3 + 3k^2 + k}{6n^2} - \frac {2k^4 + 3k^3 + k^2}{12n^3} \\ & + \frac {34k^5 + 75k^4 + 45k^3 - 4k}{240n^4} - \frac {40k^7 + 222k^6 + 375k^5 + 225k^4 + 20k^3 - 12k^2}{1440 n^5} + \cdots \\ & + B_{n\geq N}\Bigl ( \frac {730 k^{33} + 91 k^{32}}{1000000000} \Bigr ) + \cdots \Big ),\end {align*}


$\cdots $


$k^{58} / n^{42}$


$B$


$\alpha = \frac 35$


$C = 4$


$R = 10$


\begin {equation}\label {eq:ramanujan:expansion-error} \sum _{1 \leq k < C n^{\alpha }} S_B(n, k) e^{-\frac {k^2}{2n}} = B_{n\geq N}\bigl (5913825.039\, n^{-4}\bigr ),\end {equation}


\begin {equation}\label {eq:ramanujan:tails-completion} \sum _{k > C n^{\alpha }} S(n, k) e^{-\frac {k^2}{2n}} = B_{n\geq N}(197293.89\, n^{-11/2}).\end {equation}


$f(t)$


$t_0$


\begin {equation}\label {eq:integral-inequality} \sum _{k = 1}^K f(k) \leq f(t_0) + \int _0^{K} f(t)\,dt.\end {equation}


$B_{n \geq N}(c_{a, b} k^a n^b)$


$S_B(n, k)$


$f(t) = t^a e^{-\frac {t^2}{2n}}$


$0$


$t_0 = \sqrt {an}$


\begin {align*}\sum _{1 \leq k < C n^{\alpha }} B_{n\geq N}(c_{a, b} k^a n^b) e^{-\frac {k^2}{2n}} & \leq c_{a, b} n^b \Bigl ( (an)^{a/2} e^{-a/2} + \int _0^{C n^{\alpha }} t^a e^{-\frac {t^2}{2n}}~dt \Bigr ) \\ & \leq c_{a, b} n^b \Bigl ( (an)^{a/2} e^{-a/2} + \int _0^{\infty } t^a e^{-\frac {t^2}{2n}}~dt \Bigr ) \\ & = c_{a, b} n^{a/2 + b} \Bigl ((a/e)^{a/2} + \sqrt {2^{a-1} n}\, \Gamma ((a+1)/2)\Bigr ).\end {align*}


$S_B(n, k)$


$S(n, k) e^{-\frac {k^2}{2n}}$


$k > C n^{\alpha }$


$S(n, k) / k^{\deg _k S(n, k)}$


$k$


$k$


$B$


$k > C n^{\alpha }$


\begin {equation*}\frac {S(n, k)}{k^{58}} = B_{n\geq N}(3.18\cdot 10^{-34}\, n^{-35}),\end {equation*}


\begin {equation*}S(n, k) = B_{n\geq N}\Bigl (3.18\cdot 10^{-34}\, \frac {k^{58}}{n^{35}}\Bigr ),\end {equation*}


\begin {align*}\sum _{k > C n^{\alpha }} S(n, k) e^{-\frac {k^2}{2n}} & \leq \frac {3.18\cdot 10^{-34}}{n^{35}} \sum _{k > C n^{\alpha }} k^{58} e^{-\frac {k^2}{2n}} \\ & \leq \frac {3.18\cdot 10^{-34}}{n^{35}} \int _{0}^{\infty } t^{58} e^{-\frac {t^2}{2n}}~dt, \\\end {align*}


$B$


$S(n, k)$


\begin {equation*}\sum _{k\geq 1} S(n, k) e^{-\frac {k^2}{2n}}\end {equation*}


$S(n, k)$


\begin {equation*}\sum _{k\geq 1} k^a n^b e^{-\frac {k^2}{2n}} =: g_{a, b}(n^{-1}).\end {equation*}


$a \geq 1$


$b \leq -1$


$g_{a, b}(t)$


\begin {equation}\label {eq:ramanujan:mellin-transform} g_{a, b}^*(s) = 2^{s-b} \Gamma (s-b) \zeta (2s - a - 2b),\end {equation}


$(b + \mathbb {Z}_{\leq 0}) \cup \{b + \frac {a+1}{2}\}$


$g_{a, b}^*(s)$


\begin {equation*}g_{a, b}^*(s) = \int _0^{\infty } g_{a, b}(t) t^{s-1}~dt = \sum _{k\geq 1} k^a \int _0^{\infty } e^{-\frac {k^2 t}{2}} t^{s-b-1}~dt,\end {equation*}


$\Gamma (s-b)$


$s \in b + \mathbb {Z}_{\leq 0}$


$\zeta (2s - a - 2b)$


$s = b + \frac {a+1}{2}$


$a \geq 1$


$b \leq -1$


$g_{a, b}(n^{-1})$


$S(n, k)$


$n\to \infty $


\begin {equation}\label {eq:ramanujan:mellin-contribution} \sum _{k\geq 1} S(n, k) e^{-\frac {k^2}{2n}} = \frac {2}{3} + \frac {8}{135 n} - \frac {16}{2835 n^2} - \frac {32}{8505 n^3} + B_{n\geq N}\bigl (67990.899\, n^{-15/4}\bigr ),\end {equation}


$B$


\begin {equation*}g_{a, b}(t) = \frac {1}{2\pi i} \int _{\sigma - i\infty }^{\sigma + i\infty } g_{a, b}^*(s) t^{-s}~ds\end {equation*}


$\sigma > b + \frac {a + 1}{2}$


$\Re (s) = -15/4$


$S(n, k)$


$-7/2$


\begin {equation}\label {eq:ramanujan:residues} \sum _{k\geq 1} S(n, k) e^{-\frac {k^2}{2n}} = \frac {2}{3} + \frac {8}{135}t - \frac {16}{2835}t^2 - \frac {32}{8505}t^3 + \sum _{a, b} \frac {S_{a, b}}{2\pi i} \int _{-15/4 - i\infty }^{-15/4 + i\infty } g_{a,b}^*(s) t^{-s}~ds,\end {equation}


$t = n^{-1}$


$S_{a, b}$


$g_{a, b}(t)$


$S(n, k)$


$c_{a, b} \in -\frac {15}{4} -\frac {1}{2}\mathbb {Z}_{\geq 0}$


$\Re (s) = -15/4$


$\Re (s) = c_{a,b}$


$g_{a,b}^*(s)$


\begin {equation*}\left \vert {\frac {S_{a, b}}{2\pi i} \int _{c_{a,b} - i\infty }^{c_{a,b} + i\infty } g_{a,b}^*(s) t^{-s}~ds}\right \vert \end {equation*}


$c_{a,b} + iw$


$|w| \leq 100$


$\Gamma (c_{a, b} - b + iw)$


$c_{a,b} - b < 0$


$\Gamma (s) = \frac {1}{s} \Gamma (s+1)$


$\zeta (2c_{a, b} - a - 2b + 2iw)$


$\zeta (3/2)$


$2c_{a, b} - a - 2b \geq 3/2$


$2c_{a, b} - a - 2b \leq -1/2$


$2c_{a, b} - a - 2b = 1/2$


\begin {equation*}|\zeta (1/2 + iw)| \leq 0.618\, w^{1/6}\log w \leq 0.618\, w^{1/2}\end {equation*}


$w\geq 100$


\begin {equation}\label {eq:ramanujan:shifted-integrals} \left \vert {\sum _{a, b} \frac {S_{a, b}}{2\pi i} \int _{-15/4-i\infty }^{-15/4 + i\infty } g_{a,b}^*(s) t^{-s}~ds}\right \vert = B_{n\geq N}\bigl (67990.899\, n^{-15/4}\bigr )\end {equation}


$R(n)$


$Q(n)$


$n\to \infty $


\begin {equation}\label {eq:expl-asy} R(n) - Q(n) = \frac {2}{3} + \frac {8}{135 n} - \frac {16}{2835 n^2} - \frac {32}{8505 n^3} + B_{n\geq 70000}(431565.86\, n^{-15/4}).\end {equation}


$\vartheta = \vartheta (n)$


$R(n) - Q(n) = \frac {2}{3} + \frac {8}{135(n + \vartheta )}$


\begin {equation}\label {eq:ramanujan:theta-asy} \vartheta (n) = \frac {2}{21} + \frac {32}{441n} + B_{n\geq 70000}(7282696.17 n^{-7/4}).\end {equation}


$\vartheta (n)$


$\vartheta $


$\vartheta (n)$


$2/21$


$8/45$


$n=0$


$\vartheta $


$n$


\begin {equation*}\vartheta (1) = \frac {368-135e}{135e-360} \approx 0.148098\end {equation*}


$8/45 = 0.17777\ldots $


$\vartheta $


$n \leq N$


$n$


$\vartheta $


$\vartheta $


$n$


$a_n$


$132$


$n$


$a_n$


$n+1$


$2n$


$(0,0)$


$(2n,0)$


$(1,1)$


$(1,-1)$


$h$


$h$


$a_n$


$n\geq 0$


$a_n$


$132$


$n$


\begin {equation}a_n = \sum _{k=1}^{n+1} \frac {4 k \sigma (k) (2k^2 - 3n - 2) (2n-1)!}{(n+1-k)!\, (n+1+k)!}, \label {Xeqn19-19}\end {equation}


$\sigma (k)$


$k$


$A(x) = \sum _{n\geq 0} a_n x^{2n}$


$2n$


$P_h(x)$


$0$


$h$


\begin {equation*}A(x) = \sum _{h=0}^{\infty } P_h(x)^2.\end {equation*}


$n$


$0$


$h$


\begin {equation*}2 [z^{n+1}] \frac {1}{U_{h+1}(\frac {1}{z})},\end {equation*}


$U_{h+1}$


$h+1$


$h$


$h-1$


$n$


$2^{-n}$


$h$


\begin {equation*}P_h(x) = \sum _{n \geq 0} 2^n x^{n+1} \cdot 2 [z^{n+1}] \frac {1}{U_h(\frac 1z)} = \frac {1}{U_h(\frac {1}{2x})}.\end {equation*}


\begin {equation*}P_3(x) = \frac {x^3}{1-2x^2} = x^3 + 2x^5 + 4x^7 + \cdots \end {equation*}


$3$


$h=0$


$P_0(x) = 1$


$x = \frac {\sqrt {t}}{1 + t}$


\begin {equation*}\frac {1}{2x} = \frac {1 + t}{2\sqrt {t}} = \cosh \Bigl (\frac {1}{2} \log t\Bigr ),\end {equation*}


$U_h(\cosh w) = \frac {\sinh ((h+1)w)}{\sinh w}$


\begin {equation*}U_h(1/(2x)) = \frac {\sinh (\frac {h+1}{2} \log t)}{\sinh (\frac 12 \log t)} = t^{-h/2} \cdot \frac {1-t^{h+1}}{1-t}.\end {equation*}


\begin {equation*}A(x) = \sum _{h=0}^{\infty } \frac {t^h(1-t)^2}{(1-t^{h+1})^2}.\end {equation*}


$a_n$


$A(x)$


$\mathcal {C}$


$\mathcal {C}'$


$0$


\begin {align*}a_n &= \frac {1}{2\pi i} \oint _{\mathcal {C}} \frac {A(\sqrt {z})}{z^{n+1}}\,dz = \frac {1}{2\pi i} \oint _{\mathcal {C}'} \sum _{h=0}^{\infty } \frac {t^h(1-t)^2}{(1-t^{h+1})^2} \cdot \frac {(1+t)^{2n+2}}{t^{n+1}} \cdot \frac {(1-t)\,dt}{(1+t)^3} \\ &= \sum _{h=0}^{\infty } \frac {1}{2\pi i} \oint _{\mathcal {C}'} \frac {(1-t)^3(1+t)^{2n-1}}{t^{n+1-h}(1-t^{h+1})^2}\,dt,\end {align*}


$\sqrt {z} = \sqrt {t} / (1+t)$


$z = t / (1+t)^2$


\begin {align*}a_n &= \sum _{h=0}^{\infty } [t^{n-h}] \frac {(1-t)^3(1+t)^{2n-1}}{(1-t^{h+1})^2} = [t^{n+1}] \sum _{h=0}^{\infty } \frac {t^{h+1}}{(1-t^{h+1})^2} (1-t)^3(1+t)^{2n-1} \\ &= [t^{n+1}] \sum _{k=1}^{\infty } \sigma (k) t^k (1-t)^3(1+t)^{2n-1} = \sum _{k=1}^{\infty } \sigma (k) [t^{n+1-k}] (1-t)^3(1+t)^{2n-1} \\ &= \sum _{k=1}^{n+1} \sigma (k) \Big ( \binom {2n-1}{n+1-k} - 3 \binom {2n-1}{n-k} + 3 \binom {2n-1}{n-1-k} - \binom {2n-1}{n-2-k} \Big ) \\ &= \sum _{k=1}^{n+1} \frac {4k \sigma (k) (2k^2-3n-2)(2n-1)!}{(n+1-k)!(n+1+k)!},\end {align*}


$[t^a] (1+t)^b = \binom {b}{a}$


$a$


$a>b$


$0$


$(p_n)_{n\geq 1} = (\frac {a_n}{C_n})_{n\geq 1}$


$n\geq 3$


\begin {equation}\label {eq:main_ineq} F(n) := \sum _{k=1}^n k \sigma (k) (k^2 - 3n + 2)(2k^2 - n) \binom {2n}{n-k} < 0\end {equation}


$n \geq 5$


$p_n = \frac {a_n}{C_n}$


$p_n > p_{n+1} \iff C_{n+1} a_n > C_n a_{n+1}$


$n\geq 3$


$C_{n+1} = \frac {4n+2}{n+2} C_n$


$(4n+2)a_n > (n+2)a_{n+1}$


\begin {equation*}\sum _{k=1}^{n+1} \frac {4k \sigma (k) (2k^2-3n-2)(4n+2)(2n-1)!}{(n+1-k)!(n+1+k)!} > \sum _{k=1}^{n+2} \frac {4k \sigma (k) (2k^2-3n-5)(n+2)(2n+1)!}{(n+2-k)!(n+2+k)!},\end {equation*}


\begin {equation*}\sum _{k=1}^{n+2} \frac {8k \sigma (k) (k^2-3n-4)(2k^2-n-2)(2n+1)(2n-1)!}{(n+2-k)!(n+2+k)!} < 0\end {equation*}


\begin {equation*}n(n+1)(n+2)(2n+3) = \frac {(2n)(2n+2)(2n+3)(2n+4)}{8},\end {equation*}


\begin {equation*}\sum _{k=1}^{n+2} k \sigma (k) (k^2-3n-4)(2k^2-n-2) \binom {2n+4}{n+2-k} < 0.\end {equation*}


$n+2$


$n$


\begin {equation*}\sum _{k=1}^n k \sigma (k) (k^2-3n+2)(2k^2-n) \binom {2n}{n-k} < 0\end {equation*}


$n \geq 5$


$F(n)$


$n \leq N = 10000$


$F(n) < 0$


$B$


$F(n)$


$n \geq N$


$n\in \Z _{\geq 1}$


$0\leq k \leq n$


$k < n$


\begin {equation}\label {eq:binomial_exact} \frac {\binom {2n}{n-k}}{\binom {2n}{n}} = \frac {n}{n-k} \exp \Bigl ( -\sum _{j=1}^k \sum _{\substack { r=1 \\ r \text { odd}}}^{\infty } \frac {2j^r}{rn^r} \Bigr ).\end {equation}


\begin {equation}\label {eq:binomial:bound} \frac {\binom {2n}{n-k}}{\binom {2n}{n}} \leq e\cdot \exp \Bigl (-\frac {k^2}{n}\Bigr ).\end {equation}


\begin {align*}\frac {\binom {2n}{n-k}}{\binom {2n}{n}} &= \frac {n(n-1) \cdots (n-k+1)}{(n+1)(n+2) \cdots (n+k)} = \frac {n}{n-k} \prod _{j=1}^k \frac {n-j}{n+j} = \frac {n}{n-k} \prod _{j=1}^k \frac {1-j/n}{1+j/n}\\ &= \frac {n}{n-k} \exp \Big ( \sum _{j=1}^k \log \bigl (1 - \frac {j}{n}\bigr ) - \log \bigl (1+\frac {j}{n}\bigr ) \Big ),\end {align*}


\begin {align*}\frac {\binom {2n}{n-k}}{\binom {2n}{n}} &= \prod _{j=1}^k \frac {1 - \frac {j-1}{n}}{1 + \frac {j}{n}} \leq \prod _{j=1}^{k-1} \frac {1 - \frac {j}{n}}{1 + \frac {j}{n}} \leq \prod _{j=1}^{k-1} \exp \Bigl ( -\frac {2j}{n} \Bigr ) = \exp \Bigl ( \frac {k}{n} - \frac {k^2}{n} \Bigr ) \\ &\leq e\cdot \exp \Bigl ( -\frac {k^2}{n} \Bigr ).\end {align*}


$\square $


$F(n)$


$\alpha $


$k = k(n) = n^{\alpha }$


$-\frac {k^2}{n}$


$-\infty $


$n\to \infty $


$\alpha > \frac {1}{2}$


$0$


$r=3$


$O(\frac {k^4}{n^3}) = O(n^{4\alpha - 3})$


$\alpha < \frac {3}{4}$


$\alpha \in (\frac {1}{2}, \frac {3}{4})$


$\sigma (k)$


$n, k\in \Z _{\geq 1}$


$k\leq n$


$n \geq N = 10000$


\begin {equation}\label {eq:sigma-bound} \sigma (k) \leq \frac {52}{25}\cdot k\cdot \log \log n\end {equation}


$N \leq k\leq n$


\begin {equation*}\frac {\sigma (k)}{k} \leq e^{\gamma } \log \log k + \frac {0.6483}{\log \log k} \leq e^{\gamma } \log \log n + \frac {0.6483}{\log \log N} \leq \bigg (e^{\gamma } + \frac {0.6483}{\log \log N}\bigg ) \log \log n.\end {equation*}


$N = 10000$


$e^{\gamma } + 0.6483/\log \log N \leq \frac {52}{25}$


$1\leq k\leq n = N$


$\alpha \in (\frac 12,\frac 34)$


$\frac 34$


$\alpha = \frac {7}{10}$


$k \geq n^{\alpha }$


$\binom {2n}{n}$


$\alpha = \frac {7}{10}$


$N = 10000$


\begin {equation}\label {eq:error-tails} \sum _{n^{\alpha } \leq k \leq n} \frac {\binom {2n}{n-k}}{\binom {2n}{n}} k \sigma (k) (k^2 - 3n + 2)(2k^2 - n) = B_{n\geq N}\Big ( \frac {34083}{5000} e^{-n^{2/5}} n^{9 / 2} \log \log n \Big ).\end {equation}


$n \geq N = 10000$


$k \geq n^{\alpha }$


$k^2 \geq 3n$


$\sigma (k)$


\begin {align}0 &\leq \sum _{n^{\alpha } \leq k \leq n} \frac {\binom {2n}{n-k}}{\binom {2n}{n}} k\sigma (k) (k^2 - 3n + 2)(2k^2 - n) \notag \\ &\leq \frac {104\, e}{25} \log \log n \sum _{n^{\alpha } \leq k \leq n} k^6 \exp \Bigl (-\frac {k^2}{n}\Bigr ). \label {eq:bona:tail-sum-bound}\end {align}


$t \mapsto t^6 e^{-t^2/n}$


$t \geq \sqrt {3n}$


$t \geq n^{\alpha }$


\begin {equation*}\sum _{n^{\alpha } \leq k \leq n} k^6 e^{-k^2/n} \leq n^{6\alpha } e^{-n^{2\alpha -1}} + \int _{n^{\alpha }}^{\infty } t^6 e^{-t^2/n}\,dt.\end {equation*}


$T = n^{\alpha }$


\begin {equation*}\int _{T}^{\infty } t^6 e^{-t^2/n}\,dt \leq \frac {1}{T} \int _{T}^{\infty } t^7 e^{-t^2/n}\,dt = \frac {n}{2T} \big (6 n^3+6 n^2 T^2+3 n T^4+T^6\big ) e^{-T^2/n}.\end {equation*}


$k < n^{\alpha }$


$n\to \infty $


$1 \leq k < n^{\alpha }$


$\alpha \in (\frac 12, \frac 34)$


\begin {equation}\frac {\binom {2n}{n-k}}{\binom {2n}{n}} = e^{-k^2/n} \big ( S(n, k) + S_B(n, k) \big ), \label {Xeqn25-26}\end {equation}


$S(n, k)$


$k$


$n^{-1}$


$S_B(n, k)$


$B$


$k$


$n^{-1}$


\begin {equation}\label {eq:error-summation-approximation} \sum _{1\leq k < n^{\alpha }} S_B(n, k) k \sigma (k) (k^2 - 3n + 2)(2k^2 -n) e^{-k^2/n} = B_{n\geq N} \Bigl ( \frac {146718899}{10000} \sqrt {n}\, \log \log n \Bigr ).\end {equation}


\begin {equation}\sum _{k \geq n^{\alpha }} S(n, k) k \sigma (k) (k^2 - 3n + 2)(2k^2 -n) e^{-k^2/n} = B_{n\geq N} \Bigl ( \frac {5747}{5000} e^{-n^{2/5}} n^{11/2} \log \log n \Bigr ). \label {Xeqn27-28}\end {equation}


$r$


$R=9$


\begin {align*}0 \leq \sum _{j=1}^k \sum _{\substack {r=R \\ r \text { odd}}}^{\infty } \frac {2j^r}{rn^r} &\leq \frac {2}{Rn^R(1-\frac {k^2}{n^2})} \Big ( k^R + \frac {k^{R+1}}{R+1} \Big ) \\ &\overset {R=9}{=} B_{n\geq N}\Big ( \Big (\frac {239}{10000} k^{10} + \frac {2223}{10000} k^9\Big ) n^{-9} \Big ).\end {align*}


$e^{-k^2/n}$


$\frac {n}{n-k}$


$\alpha = \frac {7}{10}$


\begin {align*}\frac {\binom {2n}{n-k}}{\binom {2n}{n}} &= e^{-k^2/n} \Big ( 1 - \frac {k^4 + k^2}{6 n^3} + \frac {k^8}{72 n^6} + \frac {k^2}{n^2} - \frac {k^{12}}{1296 n^9} - \frac {3 k^6}{20 n^5} + \frac {k^{16}}{31104 n^{12}} \nonumber \\ &\quad + \cdots + B_{n\geq N}\Big (\frac {k^{24}}{10000 n^{18}}\Big ) + B_{n\geq N}\Big (\frac {9 k^{21}}{10000 n^{16}}\Big ) + \cdots \Big ),\end {align*}


$\cdots $


$\vert {(k^2 -3n +2)(2k^2 - n)}\vert \leq 2k^4 + 3n^2$


$k$


$n$


\begin {align*}\sum _{1 \leq k < n^{\alpha }} S_B(n, k) k \sigma (k) (2k^4 + 3n^2) e^{-k^2/n} &\leq \frac {52}{25} \log \log n \sum _{1 \leq k < n^{\alpha }} S_B(n, k) (2k^6 + 3n^2k^2) e^{-k^2/n} \\ &\leq \frac {52}{25} \log \log n \sum _{k \geq 1} S_B(n, k) (2k^6 + 3n^2k^2) e^{-k^2/n},\end {align*}


$\sigma (k)$


$t\mapsto t^{j} e^{-t^2/n}$


\begin {equation*}\sum _{1 \leq k < n^{\alpha }} S(n,k) k \sigma (k) (k^2-3n+2)(2k^2-n) e^{-k^2/n}.\end {equation*}


$k \geq 1$


$k \geq n^{\alpha }$


$S(n, k)$


$1 \leq k \leq n^{3/4}$


$k \geq n^{3/4}$


$k\leq n^{3/4}$


$\vert {S(n, k)}\vert \leq c_1 \approx 4.372$


$k \geq n^{3/4}$


$\vert {S(n, k)}\vert \leq \frac {1}{10000} k^{20} n^{-15}$


$(k^2 - 3n + 2)(2k^2 -n)$


$2k^4$


$\sigma (k)$


$k \leq n^{3/4}$


$\sigma (k) \leq k^2$


$k \geq n^{3/4}$


\begin {align}\label {eq:error-completion-until-n34} & \sum _{n^{\alpha } \leq k < n^{3/4}} S(n, k) k \sigma (k) (k^2 - 3n + 2)(2k^2 -n) e^{-k^2/n} \nonumber \\ &\quad \leq \frac {104}{25} c_1 \log \log n \sum _{n^{\alpha } \leq k < n^{3/4}} k^6 e^{-k^2/n} = B_{n\geq N}\bigg ( \frac {12553}{5000} e^{-n^{2/5}} n^{19/4} \log \log n \bigg ),\end {align}


\begin {align}\label {eq:error-completion-after-n34} & \sum _{k \geq n^{3/4}} S(n, k) k \sigma (k) (k^2 - 3n + 2)(2k^2 -n) e^{-k^2/n} \nonumber \\ & \qquad \leq \frac {4251}{5000\, n^{15}} \sum _{k \geq n^{3/4}} k^{27} e^{-k^2/n} = B_{n\geq N}\bigg ( \frac {2867}{2500} e^{-n^{1/2}} n^{11/2} \bigg ),\end {align}


$n$


$n = 10000$


$26.1\%$


\begin {equation}\label {eq:sum-for-mellin} \sum _{k \geq 1} S(n,k) k \sigma (k) (k^2-3n+2)(2k^2-n) e^{-k^2/n}.\end {equation}


$S(n, k)$


\begin {equation}\label {eq:term-for-mellin} \sum _{k \geq 1} k^a n^b \sigma (k) e^{-k^2/n} =: g_{a, b}(n^{-1}).\end {equation}


$a \geq 1$


$b \leq -1$


$g_{a, b}(t)$


\begin {equation}\label {eq:bona:mellin} g_{a, b}^*(s) = \zeta (2s - 2b - a - 1) \zeta (2s - 2b - a) \Gamma (s - b)\end {equation}


$s\in (b + \Z _{\leq 0}) \cup \{b + \frac {a + 1}{2}, b + \frac {a}{2}\}$


$\sum _{k \geq 1} \frac {\sigma (k)}{k^s} = \zeta (s) \zeta (s-1)$


$\zeta $


$s = b + \frac {a + 1}{2}$


$s = b + \frac {a}{2}$


$\Gamma $


$s \in b + \Z _{\leq 0}$


$a$


$b$


$g_{a, b}(t)$


$S(n, k)$


$n\to \infty $


\begin {equation}\label {eq:bona:mellin-asymptotics} \sum _{k \geq 1} S(n,k) k \sigma (k) (k^2-3n+2)(2k^2-n) e^{-k^2/n} = -\frac {n^2}{8} + \frac {n}{24} + B_{n\geq 10000}\Big (\frac {20320803}{5000} n^{3/4}\Big ).\end {equation}


$\Re (s) = 3/4$


$s = 1$


$s = 2$


\begin {equation*}\sum _{s_0\in \{1, 2\}} \sum _{a, b} d_{a, b}\text {Res}(g_{a, b}(s) t^{-s}, s=s_0) = -\frac {1}{8t^2} + \frac {1}{24t} = -\frac {n^2}{8} + \frac {n}{24},\end {equation*}


\begin {align}\label {eq:error-integral} & \bigg \lvert \sum _{a, b} \frac {d_{a,b}}{2\pi i}\int _{3/4-i\infty }^{3/4+i\infty } g^{*}_{a, b}(s) t^{-s}~ds\bigg \rvert \nonumber \\ & \qquad \leq \frac {1}{2\pi } \sum _{a, b} d_{a, b} n^{c_{a, b}} \int _{-\infty }^{\infty } \lvert g^*_{a, b}(c_{a, b} + iw)\rvert ~dw = B_{n\geq N}\Big (\frac {20320803}{5000} n^{3/4}\Big ).\end {align}


$F(n)$


$n\geq 10000$


$F(n)$


\begin {equation}\label {eq:bona:asy} F(n) = \binom {2n}{n} \bigg ( -\frac {n^2}{8} + \frac {n}{24} + B_{n\geq 10000}\Big (\frac {19744693}{2500} n^{3/4}\Big ) \bigg ).\end {equation}


$n = 10000$


$63.19\%$


$F(n) < 0$


$n \geq 10000$


$-n^2/8 + n/24$


$5 \leq n < 10000$


$n \geq 5$


\begin {equation*}\sum _{k=1}^n k \sigma (k) (k^2 - 3n + 2)(2k^2 - n) \binom {2n}{n-k} < 0\end {equation*}


$132$


$n$


$132$


$n$


$n\geq 3$


$Q$


\begin {equation*}F(n) = \sum _{k=1}^n k \sigma (k) (k^2-3n+2)(2k^2-n) \binom {2n}{n-k} < 0.\end {equation*}


\begin {equation*}\sum _{n=k}^{\infty } \binom {2n}{n-k} x^n = x^k \sum _{m=0}^{\infty } \binom {2m+2k}{m} x^m = x^k \frac {1}{\sqrt {1-4x}} C(x)^{2k},\end {equation*}


$C(x) = \frac {1-\sqrt {1 - 4x}}{2x}$


$F(n)$


$C(x)$


\begin {align*}F(n) &= 3n^2 \sum _{k=1}^n k \sigma (k) \binom {2n}{n-k} - n \sum _{k=1}^n k(7k^2+2) \sigma (k) \binom {2n}{n-k} \\ &\qquad + \sum _{k=1}^n 2 k^3 (k^2+2) \sigma (k) \binom {2n}{n-k} \\ &= 3n^2 [x^n] \frac {1}{\sqrt {1-4x}} \sum _{k=1}^{\infty } k \sigma (k) (x C(x)^2)^k \\ &\qquad - n [x^n] \frac {1}{\sqrt {1-4x}} \sum _{k=1}^{\infty } k (7k^2+2) \sigma (k) (x C(x)^2)^k \\ &\qquad + [x^n] \frac {1}{\sqrt {1-4x}} \sum _{k=1}^{\infty } 2 k^3 (k^2+2) \sigma (k) (x C(x)^2)^k \\ &= 3n^2 [x^n] \frac {1}{\sqrt {1-4x}} f_1(H(x)) - n [x^n] \frac {1}{\sqrt {1-4x}} f_2(H(x)) + [x^n] \frac {1}{\sqrt {1-4x}} f_3(H(x)),\end {align*}


$H(x) = xC(x)^2 = \frac {1-2x-\sqrt {1-4x}}{2x}$


$f_1,f_2,f_3$


\begin {equation*}f_1(z) = \sum _{k=1}^{\infty } k \sigma (k) z^k, \quad f_2(z) = \sum _{k=1}^{\infty } k (7k^2+2) \sigma (k) z^k, \quad f_3(z) = \sum _{k=1}^{\infty } 2 k^3 (k^2+2) \sigma (k) z^k.\end {equation*}


$x = \frac 14$


$H(x)$


\begin {equation*}1 - 2 \sqrt {1-4x} + 2 (1-4x) + \cdots ,\end {equation*}


$f_1(z),f_2(z),f_3(z)$


$z=1$


$z = e^{-t}$


\begin {equation*}f_1(e^{-t}) = \sum _{k=1}^{\infty } k \sigma (k) e^{-kt},\end {equation*}


$\Gamma (s)\zeta (s-1)\zeta (s-2)$


$t$


\begin {equation*}f_1(e^{-t}) = \frac {\pi ^2}{3t^3} - \frac {1}{2t^2} + O(t^K)\end {equation*}


$K$


$f_2$


$f_3$


$f_1(H(x))$


$f_2(H(x))$


$f_3(H(x))$


$\frac 14$


$B$


$Q$
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by splitting the power series for e” into two parts. One of the problems posed by Ramanujan can be formulated in terms of Q(n) and
R(n) as follows.
Problem 1 (Ramanujan, Question 294 [2]). Show that the difference between R(n) and Q(n) can be expressed as

8
+ —_—
135(n+9)

for some 9 = 9(n) that satisfies 2/21 < 9(n) < 8/45.

R(n) - O(n) = %

This is not actually an open problem, as it was settled completely by Flajolet, Grabner, Kirschenhofer and Prodinger [3], following
earlier work of Ramanujan, Watson and Knuth [4,5]. A refined version of the problem with a more precise expansion of the difference
has been studied by Alzer [6].

Nevertheless, this classical problem is a good illustration of what we are aiming for: instead of purely asymptotic expansions with
unspecified constants hidden by O-notation, we are interested in explicit inequalities and quantified error terms. Moreover, the high
precision in Ramanujan’s statement makes it particularly challenging.

The second example we use to illustrate our methods is based on a question from a recent paper by Béna and DeJonge [7]: let
a, be the number of 132-avoiding permutations of length » that have a unique longest increasing subsequence, which is also the
number of plane trees with n+ 1 vertices with a single leaf at maximum distance from the root, or the number of Dyck paths of

length 2n with a unique peak of maximum height. Moreover, let p, = =, where C, = . (2:) is the n-th Catalan number. This can be

C, nl
interpreted as the probability that a 132-avoiding permutation of length » chosen uniformly at random has a unique longest increasing
subsequence—equivalently, that a plane tree with n + 1 vertices has a single leaf at maximum distance from the root, or that a Dyck

path of length 2n has a unique peak of maximum height.
Problem 2 (B6na and DeJonge [7]). Is it true that the sequence p, is decreasing for n > 3?

While Béna and DeJonge proved that lim,_,, p, = 1/2, both the monotonicity of p, and the question whether p, > 1/2 for all n
remained open. In the meantime, Van Nimwegen [8] has provided a nice combinatorial proof that establishes p, > 1/2 by constructing
a suitable injection. We will now discuss the monotonicity.

While it would obviously be interesting to have a combinatorial proof, it turns out (as we will explain in the following section) that
the problem can be translated in a fairly mechanical fashion (using generating functions) into a purely analytic problem: specifically,
the inequality

n
F(n) = Z ko (k)(k* = 3n + 2)(2k* — n)< n ) <0
= n—k
for all n > 5, where (k) is the sum of divisors of k.

Sums as they appear in these two problems are well-studied, with different established methods that allow extracting the asymp-
totic growth. In this article, we focus on the Mellin transform framework (see [9, Section 5] for a rigorous treatment). A schematic
overview of the general approach is given in Fig. 1, where the individual steps roughly proceed along the following lines:

o Split the sum into a main range and a tail range, depending on the value of the summation index k, then show that the contribution
of the tail range is negligible (cf. Fig. 1(a)).

e Approximate the summands in a suitable way and ensure that the (sum over the) approximation error is negligibly small (cf.
Fig. 1(b)).

e Turn the sum into an infinite sum, again at the expense of a negligible error term (cf. Fig. 1(c)).

Finally, apply the Mellin transform to obtain an integral representation for the resulting infinite sum. Use residue calculus to

derive the final asymptotic formula (cf. Fig. 1(d)).

As we will see, carrying out these steps and using the dependent_bterms package specifically to run the tedious asymptotic
expansion calculations, we are able to show that the function () in Ramanujan’s Problem 1 indeed satisfies

2 32
I(n) = 21 + ain +e(n),

where the error term e(n) is bounded in absolute value by Kn~7/4 for a constant K that is computed explicitly. The precise statement
and its consequences will be given later. All of the details, including links to the worksheets containing the corresponding code, can
be found in Section 3.

The same strategy is also followed to tackle Problem 2. As we will see, the problem is complicated in this particular instance
by the occurrence of nontrivial cancellations, making precise estimates challenging. However, we will be able to settle the problem
affirmatively by showing that

2n n? n
F(n) = ( Y ) 1
(n) <n> 8+24+('1) (€Y
where the error term 6(n) is bounded in absolute value by K/ for an explicit constant K whenever n > 10000. This constant is small
enough that the inequality F(n) < 0 is immediately implied for all n > 10000, while an exhaustive check settles the remaining values
of n.

Details are presented in Section 4, including all of the code responsible for the calculations that ultimately yield explicit error

bounds for the asymptotic expansion of F(n).
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(a) Split the summation range into a main range and a tail
range, prove that the contribution of the tail range is negli-
gible.
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S (k)

o
(b) Find a suitable summand approximation such that chang-

ing from the original summands to the approximated ones
only introduces a negligible error.

Sk

fHs) = / For! dt
0

0 " (d) The resulting infinite sum is amenable to analysis via the
Mellin transform by design — compute the transformation and
extract the asymptotic behavior using residue calculus and an
integral estimate.

(c) “Complete the tails” by showing that extending the sum-
mation range over the summand approximations all the way
to oo also just introduces a negligible error.

Fig. 1. Schematic overview of the Mellin transform approach to asymptotic analysis of sums.

sage: A.<n> = AsymptoticRing('n~QQ * log(n)~QQ', coefficient_ring=SR,
default_prec=5)

sage: A

Asymptotic Ring <n~QQ * log(n) QQ> over Rational Field

sage: A.an_element ()

1/8*n~(3/2) *1log(n)~(3/2) + 0(n~(1/2)*log(n)~(1/2))

Listing 1. Creation of an AsymptoticRing.

2. B-terms and asymptotics with explicit error bounds

In this section, we provide the necessary background on B-terms and their software implementation. We base our work on
the module for computing with asymptotic expansions [10] in SageMath [11]. While this module presently also offers some basic
support for B-terms, we have extended its capabilities to add support for computations involving an additional monomially bounded
“dependent” variable.

Before we go into the details of our new package, we briefly describe the architecture of SageMath’s asymptotic expansion module.

2.1. Asymptotic expansions in SageMath

Asymptotic expansions have been introduced to SageMath in a Google Summer of Code project in 2015 [10] and are part of
the standard library since SageMath 6.10. As is custom in SageMath for mathematical objects that should support some sort of
arithmetic, they are implemented within the Element/Parent framework. The parent structure (which, mathematically, corresponds
to the algebraic structure containing the elements) is the so-called AsymptoticRing.'

Broadly speaking, asymptotic expansions as implemented in SageMath are sums of asymptotic terms that have a certain growth that
follows a user-specified pattern. To make this rather abstract definition more concrete, let us consider an example.

Listing 1 demonstrates how an AsymptoticRing is created. The first argument to the constructor, the string *n"QQ * log(n)"QQ’,
is a short-hand notation that specifies the ring’s growth group—the parent that holds the “asymptotic growth templates” of the terms
in our expansions. The growth group specified here comprises all terms of the form n®log(n)?, where a and b are rational numbers.
These are not the only growth groups supported by the module: apart from parents for polynomial and logarithmic growth terms,
also iterated logarithms (Log(log(n)) "QQ), simple exponential terms (like (42/5)" in QQ"n), but also more complicated exponential
terms like n3"/7 = (¢"°27)3/7 from (e~ (n*1log(n))) "QQ. Extensive documentation on creating more specialized growth groups can be
found in the corresponding documentation page at https://doc.sagemath.org/html/en/reference/asymptotic/sage/rings/asymptotic/
growth_group.html.

! Comprehensive documentation for the AsymptoticRing can be found at https://doc.sagemath.org/html/en/reference/asymptotic/sage/rings/
asymptotic/asymptotic_ring.html.


https://doc.sagemath.org/html/en/reference/asymptotic/sage/rings/asymptotic/growth_group.html
https://doc.sagemath.org/html/en/reference/asymptotic/sage/rings/asymptotic/growth_group.html
https://doc.sagemath.org/html/en/reference/asymptotic/sage/rings/asymptotic/asymptotic_ring.html
https://doc.sagemath.org/html/en/reference/asymptotic/sage/rings/asymptotic/asymptotic_ring.html

B. Hackl and S. Wagner Theoretical Computer Science 1078 (2026) 116011

sage: n”3 + n”2 + n + 0(n"2)

n~3 + 0(n~2)

sage: 1/(n-1)

n~(-1) + n~(-2) + n~(-3) + n~(-4) + n~(-5) + 0(n~(-6))

sage: log(l + 1/n)

n~(-1) - 1/2*n~(-2) + 1/3*n~(-3) - 1/4*n~(-4) + 1/6*n~(-5) + 0(n~(-6))

sage: (1 + pi/n + 0(n~(-5)))"n

e"pi - 1/2*%pi~2xe~pi*n~(-1) + (1/24%(3*pi~4 + 8*pi~3)*e~pi)*n~(-2) +
(-1/48%(pi~6 + 8xpi~5 + 12*pi~4)*e~pi)*n~(-3) + 0(n~(-4))

Listing 2. Basic arithmetic with asymptotic expansions.

The second argument, coefficient_ring=SR, specifies that the coefficients of our terms are symbolic expressions living in Sage-
Math’s SymbolicRing.
Asking the AsymptoticRing to return an element (as in the last line of Listing 1) yields the expansion

%nm log(n)*/? + O(n'/? log(n)'/?),

which contains two of the three term types that are currently supported: exact terms (like the first summand, some non-zero constant
from the coefficient ring times a growth element) and O-terms. The third type, B-terms, are “quantified” O-terms and will be discussed
at length in Section 2.2.

Arithmetic with asymptotic expansions works exactly as one would expect: we can add, subtract, multiply arbitrary expansions;
O-terms automatically absorb terms of weaker growth. Division, raising to a power, and taking the logarithm are all supported too—
however, as the resulting expansions are required to be a finite sum of terms, the package computes expansions up to the specified
expansion precision (default_prec=5 in Listing 1). Examples of this mechanism are given in Listing 2.

A technical detail: as implicitly demonstrated by the last computation in Listing 2, the AsymptoticRing supports coercion. This
means that as long as SageMath is able to determine a suitable inclusion of the given parent into a compatible larger one, it will lift
the elements to the larger structure and perform the arithmetic there. In this case, the coefficient ring of the given parent has been
lifted from the rational field to the ring of symbolic expressions in order to construct the term = /n in our input.

Algorithmically, arithmetic with asymptotic expansions is implemented by means of operations on partially ordered sets, which
is what expansions use as their internal data structures. The partial order is determined by the specified growth group (which can
be significantly more complicated than a simple lexicographic order, in particular when the growth includes exponential elements or
multiple independent variables).

See Listing 3 for an example where the underlying growth group is not totally ordered. In particular the growth values of the terms
O(y/x) and 427 Yx are not comparable, which is reflected in the representation of the poset where both 0(x~(-1)*y) and x*(1/42) "y
have the artificial minimal element null as their predecessor.

2.2. The dependent_bterms package

Let us now turn to the new features that we have implemented in the dependent_bterms package. The main difference in contrast
to the implementation of B-terms shipped with SageMath is that we have added support for computations with a “dependent variable”
k = k(n) that is bounded by cn® < k < Cn” for positive constants ¢, C > 0 and real numbers a > 0 and § > a. Moreover, the package
also contains several useful utility functions like, for example, Taylor expansions with explicit error bounds.

Our package is not (yet) included in SageMath directly, but can easily be made available to your local installation by running”

sage -pip install dependent_bterms
from your terminal. Alternatively, the module can be installed by executing a cell containing
%pip install dependent_bterms

from within a SageMath Jupyter notebook. The source code is publicly available under a GPLv3 license on GitHub at https://github.
com/behackl/dependent_bterms. The computations in this paper were carried out using version v1.0.2 of the package.
We will now briefly walk through the core functionalities of our toolbox. The central interface is the function

AsymptoticRingWithDependentVariable,

which generates a suitable parent structure for our desired asymptotic expansions. Listing 4 demonstrates how it is used to instantiate
the structure that will be used throughout the following examples. We consider 1 = n® < k < n*/7,i.e., a =0 and g = 4/7.
The arguments passed to the interface are, in order,

2 To get the latest version of the package, in particular if an older version is already installed, the -U flag (for upgrade) should be added; i.e., sage
-pip install -U dependent_bterms or %pip install -U dependent_bterms.

4
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sage: B.<x, y> = AsymptoticRing('x~QQ * log(x)~QQ * (QQ_+)"y * y~QQ', QQ
); B

Asymptotic Ring <x~QQ * log(x)~QQ * QQ~"y * y~QQ> over Rational Field

sage: expr = Xx"2 * y + x *x y~2 + 42°(-y) * x + 0(y / x); expr

x*ky~2 + x"2xy + 0(x~(-1D)xy) + x*(1/42)"y

sage: print (expr.summands.repr_full (reverse=True))

poset (x*xy~2, x~2%y, 0(x~(-1)*y), x*x(1/42)"y)

+-- 00

| +-- no successors

| +-- predecessors: X*y~2, X"2%*y

+-- x*xy~2

| +-- successors: oo

| +-- predecessors: 0(x~(-1)*y), x*x(1/42) "y
+-- x72%y

| +-- successors: 0o

| +-- predecessors: 0(x~(-1D)*y), x*x(1/42)"y
+-- 0(x~(-1)=*y)

| +-- successors: X*y~2, X72xy

| +-- predecessors: null

+-- x*x(1/42) "y

| +-- successors: X*y~2, X"2*y

| +-- predecessors: null

+-- null

| +-- successors: 0(x~(-1)*y), x*x(1/42)"y

| +-- no predecessors

Listing 3. Visualization of the partially ordered set data structure holding the terms of an asymptotic expansion.

sage: import dependent_bterms as dbt

sage: AR, n, k = dbt.AsymptoticRingWithDependentVariable (

e 'n~QQ', 'k', 0, 4/7, bterm_round_to=3, default_prec=5
s0008 )

sage: AR

Asymptotic Ring <n~QQ> over Symbolic Ring

Listing 4. Setup of the modified AsymptoticRing.

e growth_group — the (univariate) growth group® modeling the desired structure of the asymptotic expansions. For example, *n~QQ’
represents terms like 422%/13 or O(n*/#2).

e dependent_variable — a string representation of the symbolic variable being endowed with asymptotic growth bounds, e.g., ’k’.

e lower_bound_power — a real number a > 0 representing the power to which the ring’s independent variable is raised when con-
structing the lower bound cn® < k.

¢ lower_bound_factor — a positive real number ¢ > 0, part of the lower bound of the dependent variable. By default, ¢ = 1.

e upper_bound_power — a real number # > « > 0, analogous to lower_bound_power, just for the upper bound k < Cnf

e upper_bound_factor — a positive real number C > 0, part of the upper bound of the dependent variable. By default, C = 1.

* bterm_round_to — a non-negative integer or None (the default), determining the number of floating point digits to which the
coefficients of B-terms are automatically rounded. If None, no rounding is performed.

Any other keyword arguments (like default_prec in Listing 4 above) are passed to the constructor of AsymptoticRing.

In this structure, arithmetic with asymptotic expansions in n can be carried out in the same way as in the standard AsymptoticRing,
see Listing 5 for a few examples that match the behavior discussed in the previous section.

In the implementation of AsymptoticRing shipped with SageMath, asymptotic expansions internally rely on ordering their sum-
mands with respect to the growth of the independent variable(s), regardless of attached coefficients.

3 See SageMath’s documentation on asymptotic expansions and the AsymptoticRing for an introduction to the algebraic terminology used here.

5
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sage: (1 + 3%n) * (4*n~(-7/3) + 42/n + 1)

3*n + 127 + 42*%n~(-1) + 12*n~(-4/3) + 4*n~(-7/3)

sage: prod((1 + n~(-j)) for j in srange(l, 10)) * (1 + 0(n~(-10)))
1 + n°(-1) + n~(-2) + 2%n~(-3) + 2*n~(-4) + 3*n~(-5) + 4*n~(-6)

+ 5xn~(-7) + 6*n~(-8) + 8*n~(-9) + 0(n~(-10))

sage: n / (n - 1)

1 + n°(-1) + n°(-2) + n~(-3) + n~(-4) + 0(n~(-5))

Listing 5. Arithmetic and automatic expansions in AsymptoticRing.

sage: k*n~2 + 0(n~(3/2)) + k~3*n

k~3*n + k*n~2 + 0(n~(3/2))

sage: for summand in expr.summands.elements_topological ():

R print (f"{summand} -> {summand.dependent_growth_range ()1}")
0(n~(3/2)) -> (n~(3/2), n~(3/2))

k*n~2 -> (n~2, n~(18/7))

k~3*n -> (n, n~(19/7))

Listing 6. Arithmetic involving the dependent variable.

sage: auto_expansion = exp((1 + k)/n)

sage: auto_expansion

1 + (k + 1)*n~(-1) + (1/2x(k + 1)~2)*n~(-2) + (1/6*(k + 1)°3)*n~(-3)
+ (1/24%x(k + 1)~4)*n~(-4) + 0(n~(-15/7))

sage: dbt.simplify_expansion(auto_expansion)

1 + (k + 1)*n~(-1) + (1/2%k~2 + k + 1/2)*n~(-2)

+ (1/6%k~3 + 1/2%xk~2)*n~(-3) + 1/24xk~4*n~(-4) + 0(n~(-15/7))

Listing 7. Automatic expansions and manual simplifications.

In the extension of our dependent_bterms module, expansions are aware of the growth range contributed by the dependent vari-
able appearing in coefficients. In fact, in our modified ring, expansions are ordered with respect to the upper bound of the coefficient
growth combined with the growth of the independent variable. This explains the—at first glance counterintuitive—ordering of the
summands in Listing 6. The individual growth ranges of the summands are printed at the end of the listing.

Automatic power series expansion (with an O-term error) also works natively in our modified ring, see Listing 7. Observe that the
error term O(n~"%/7) would actually be able to partially absorb some of the terms in the automatic expansion like (k/2 + 1/6)n=>. This
partial absorption is, however, not carried out automatically due to performance reasons. Using the simplify_expansion function
included in our module expands the symbolic coefficients and enables the error terms to carry out all allowed (partial) absorptions.

Now let us turn to the core feature of our extension: B-terms. In a nutshell, B-terms are O-terms that come with an explicitly
specified constant and validity point. For example, the term B, ((42n%) represents an error term that is bounded by 42n* for n > 10.

Listing 8 demonstrates basic arithmetic with B-terms. It is worth spending a moment to understand how the resulting constants
are determined. In the first example, the B-term B, ((5/n) absorbs the exact term 3/n? of weaker growth. It does so by automatically
estimating

3 3
T
given that the bound in the B-term is valid for n > 10, and then by absorbing this derived upper bound; 53/10 = 5 + 3/10.

The same mechanism happens in the second example. In order to avoid the (otherwise rapid) accumulation of complicated symbolic
expressions in the automatic estimates, we have specified (via the bterm_round_to-parameter that we have set to 3) that B-terms
should automatically be rounded up to three floating point digits. This is why the constant is given as [(1 + 107'/3)-10°] - 1073 =
293/200

The third example in Listing 8 illustrates arithmetic involving the dependent variable, which requires additional care. With
1 < k < n*7 in place, the growth of the given B-term ranges from ©(n~>) to @(n~'3/7). The growth of the explicit term that is added
ranges from @(n~>) to ©(n~23/7). In this setting, we consider the explicit term to be of weaker growth, as the lower bound of the
B-term is stronger than the lower bound of the explicit term, and likewise for the upper bound. Thus we may let the B-term absorb

6
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sage: 7#*n + AR.B(5/n, valid_from=10) + 3/n"2

7*n + B(53/10*n~(-1), n >= 10)

sage: AR.B(1/mn, valid_from=10) + n~(-4/3)

B(293/200*%n~(-1), n >= 10)

sage: AR.B(3*k~2/n~3, valid_from=10) + (1 - 2*k + 3%k~2 - 4xk~3)/n"5
B(3373/1000*abs(k~2)*n~(-3), n >= 10)

Listing 8. Arithmetic with B-terms and the dependent variable.

sage: arg = (1 + k)/n + AR.B(k~3/n"3, valid_from=10)

sage: ex = dbt.taylor_with_explicit_error(

50008 lambda t: 1/(1 - t~2), arg,

50008 order=3, valid_from=10)

sage: ex

1+ ((k + 1)°2)*n~(-2)

+ B((abs (7351/250%xk~3 + 30*k~2 + 30xk + 10))*n~(-3), n >= 10)
sage: dbt.simplify_expansion(ex)

1 + k~2*n~(-2)

+ B((abs (7351/250*xk~3 + 30*k~2 + 30xk + 10))*n~(-3), n >= 10)
+ (2xk + 1)*n~(-2)

sage: dbt.simplify_expansion(ex, simplify_bterm_growth=True)
1 + k~2*xn~(-2) + B(41441/1000%n~(-9/7), n >= 10)

Listing 9. B-term bounded Taylor expansions.

it. We do so by first estimating
1 — 2k + 3k — 4k3 <(1+2+3+4)k3 1043

nd nd nd
As the power of k in this bound is larger than the maximal power of k in the B-term, we may not yet proceed as above (otherwise we
would increase the upper bound of the B-term, which we must avoid). Instead, we first use k < n*/7, followed by n > 10, to obtain
3 2,4/7 2 2 2
1063 _ 10k2n%7 _ 10k 10K _ oo K
B = ws w3177 = 1010/7 . 3 w3’

which the B-term can now absorb directly. Hence the value of the B-term constant is determined by [(3 +1073/7).10%] . 1073 =
3373/1000

Finally, our module also provides support for B-term bounded Taylor expansion (again, also involving the dependent variable)
in form of the taylor_with_explicit_error function. An example is given in Listing 9: we first obtain a Taylor expansion of
f® =1 -)laroundr = (1 +k)/n+ B,so(k*/n?). Using the simplify_expansion function rearranges the terms and lets the B-term
absorb coefficients (partially) as far as it is able to. Observe that it may happen that the attempted simplification produces summands
with a smaller upper growth bound that the implementation cannot absorb (B, o(k*/n®) vs. n™2 in this case). The expansion is still
correct, just not as compact as it could be. We can also use the simplify_expansion function with the simplify_bterm_growth
parameter set to True to collapse the dependent variables in all B-terms by replacing them with their upper bounds, resulting in a
single “absolute” B-term.

3. A detailed example: the Ramanujan Q-function
As announced in the introduction, we now demonstrate how the dependent_bterms package can be used in practice. Recall that

Problem 1, based on Ramanujan’s Question 294, asks to find a precise asymptotic formula for the difference between two functions,
Q(n) and R(n), that are given by

n—1 )
n! n'nk
Q(n)_,;)(n—k—l)!nk“ and R(")_,;)(Hk)!‘
Explicitly, the problem is to show that
2 8
R(n) - =S4+ — 2
W =0W =3+ 55679 )

for some 9 = 9(n) between 2/21 and 8/45.



B. Hackl and S. Wagner Theoretical Computer Science 1078 (2026) 116011
3.1. Preliminaries

From works of Flajolet, Grabner, Kirschenhofer, and Prodinger [3], Ramanujan himself, as well as Watson [5] and Knuth [4], we
know that Q(n) and R(n) admit the asymptotic expansions

n 1 1 y 3 4
O ~\ 7 "3 2V Bt
n 1 1 T 4
R~ /224 L
W T3 eV T hea T

The proofs are based on integral representations: specifically, O(n) can be expressed as

o) = /Oooe"‘(l + 3)"71 dx.

Flajolet, Grabner, Kirschenhofer and Prodinger [3], on the other hand, use a complex integral, namely

! 1-y)? d
n L log i(l — e Y
nn—l 2ri c 2(1 _ yel—y) yn+1
for a small contour C around the origin.
Here we apply a “brute force” approach based directly on the series representations that does not require any of these ingenious
integral representations. Instead, we follow the strategy outlined in Fig. 1 in the introduction.

With computational assistance from our dependent_bterms package, this allows us to derive an asymptotic expansion for the sum

and

R(n) — O(n) =

[

n'nk n!
R(”)‘Q(”)=;((n+k)! T k= Dk ) ”

that includes a quantified error in form of a B-term valid from some threshold n > N onwards. Using this expansion, combined with
the explicit verification that 2/21 < 9(n) < 8/45 for all n < N, allows us to answer Problem 1 affirmatively. The threshold we use for
this problem is N = 70000.

All computations can be found in the ancillary SageMath notebook located at

https://arxiv.org/src/2403.09408/anc/2025-ramanujan-q.ipynb,
and for the sake of convenience a static version of this notebook showing the executed results of all computations can be found at
https://arxiv.org/src/2403.09408/anc/2025-ramanujan-q.html.

We will, however, for the sake of demonstration, also include individual code snippets that illustrate how the dependent_bterms
package is used throughout this section.

Now, before we start estimating the individual contributions, let us first observe some additional useful facts. The first such
observation concerns the individual summands in the difference R(n) — Q(n).

Lemma 1. For all n,k > 1 we have

n!nk n!

- >
(n+k)! (n—k—lnk+ =

Proof. Observe that

k k K

nlnk n _ AR
(n+k)!_(n+1)(n+2)~~(n+k)_jl_[l<1+;)
k
> -4y = D=2 -k _ n!
()

nk (n—k — D pk+t”

O
O

In the following, we split the sum in (3) into two parts: the main range, where k < Cn® for a suitable choice of C and «, and the
tail range, where k > Cn®. It follows from Lemma 1 that

1nk n! nink
0< ( n - ) < . 4
k%a (n+K)! (n—k— 1)lnk+! k;a (n+k)!
One can note here that
nlnk ple” z ntke=n  plen nle™"
(n+k) (n+k)! !

k>Cn* k>Cn“ £>n+Cn%
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n

is exactly ™2 times the probability that a Poisson-distributed random variable X with parameter n is greater than n + Cn®. This

probability can be estimated by means of the Chernoff bound*

13
P(X > £) < inf e E(e'X) = inf ¢ ~Dn—1¢ — (ﬁ) ol
>0 >0 4

(the last equality holds as the infimum is attained for 7 = log # — log n). However, we will use an approach to estimate the sum that
gives a slightly better bound and is more in line with the rest of the paper.

3.2. Negligible contribution of the tail range

We begin with an exponential bound for the individual summands of R(n).

Lemma 2. Forall n,k > 1, we have
n'nk ( (6n—2k—1)(k+1)k>
<exp|-———MmMM———),
(n+k)! 12n2
and if k < 2n, then
k

nln k2 i3
<exp(—=— + — ). 5
n+ k) < exp( 2n+6n2) ®
Proof. First, observe that log(1 + x) > x — x>/2 for all x > 0. To see this, note that evaluating the difference log(1 + x) — x + x2/2 for
x = 0 yields 0, while its derivative is x>/(1 + x) > 0 for all x > 0.
Rewriting the product representation of the summands of R(n) as a sum of logarithms, and then applying the inequality for the
logarithm gives
n!nk
(n+k)!

=exp(— , log(1+ ﬁ))

k
1 . 1 2
< —= _
_exp( n;_]+2n2 Z] )
. (_(6n -2k — )(k + Dk )
- 122 ’
as claimed. The second inequality follows directly from the first by using the additional assumption that k < 2n. O

To determine a suitable cutoff k = Cn* for the tail range, we look at the second estimate in Lemma 2. At the cutoff point, it gives
a bound of the shape

C? pe1, C° 3(1—2)
exp\ ——n + —n .
P ( 2 6
To ensure that the contribution of the tail range is exponentially small, the main negative term must tend to —oco, which requires
2a—1>0,ie., a> % At the same time, the correction term must tend to 0, which requires 3a —2 < 0, i.e., a < % Hence we need
a € (%, %). For our purposes, we choose a = % and C = 4. We then have CN* + 1 < 2N for N = 70000, so the second estimate in
Lemma 2 will apply at the cutoff point used below.

Lemma 3. Fora = %, C =4, and N = 70000, the contribution of the tail range satisfies

( nlnk n!

_ _ 6
GO ke D) = B 003740 ©

k>Cn*

Proof. By Lemma 1, it suffices to bound

nlnk
e (n+k)!"
_ nink _ a : Tet1 n i i i
Setr, = yeeey and K = |Cn®] + 1. Since e = e We obtain, for every integer j > 0,

J
n n J
Frgyi =T Sr( )
Ky Kgn+K+f Kn+K+1

Therefore,
nlnk Z < n J n+K+1 nl-«
z = rkSrKZ< ) =rg SrK(l+ ),
Wl (n+ k) = = n+K+1 K+1 C

4 We thank a referee for pointing out this approach to us.
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sage: assert C * N~alpha + 1 < 2 *x N

sage: tail_error_sym = (1 + n_sym~(1 - alpha) / C) \

....: x exp(-C"2 / 2 * n_sym~(2*alpha - 1) + C~3 / 6 * N~(3*alpha - 2))
sage: tail_error_power = 6

sage: tail_error_asy = tail_error_sym(n=N) * N~tail_error_power \

....: x AR.B(n~(-tail_error_power), valid_from=N)

sage: tail_error_asy

B(0.0373...*%n"(-6), n >= 70000)

Listing 10. Finding an explicit bound for the tail error. The variables n_sym and n represent » in the SymbolicRing and a suitable AsymptoticRing,
respectively.

since K + 1 > Cn®. Moreover,
K<Cn*+1<(CN“'+ N )n<2n

for all n > N, so Lemma 2 gives

2 3 2 3
rg < eXp(—K_ + 6I<2) exp(_%nﬁrfl + C_N3a72)’

2n 6
where the second inequality follows from x — —x2/(2n) + x> /(6n%) being decreasing on [0, 21] and because 3« — 2 < 0. Thus,
nink n! nl— C% 5y C3 54n
- 1 S et £ Nae2)),
k>w<(n+k)! =k _1)lnk+l) (1475 Jew(- 5+ 5 )

A numerical estimate now yields the stated B-term. [

Using our package, this bound can be derived by following the steps outlined in Listing 10.
3.3. Contribution of the main range

Now we consider the range 1 < k < Cn%, which carries the main contribution to the sum. To analyze this part, we first find a
suitable expansion of the summands that allows rewriting the sum in a way that makes it amenable to determining the asymptotic
growth using the Mellin transform.

Lemma 4. For all n,k > 1 we have

k
nlnk n! J J’
_ =2exp(—z Z —)Sm (Z Z —> ™
(n+ k) (n—k—1)nkt! =~ asm
r odd r even

Proof. Observe that the product representations of the two terms in the difference can be used to obtain

K k i k ror
(n+k)' H( ) —exp(—;log(l+£)>:exp(;;%),

Jj=1
k

. k ) X ‘
oo T 0 5) =ew(Freet =) =ew(- X X 27).

Hence, the difference can be expressed as

ik n! _exp(iz(—n J’ ) - exp(- i i)
(n+K)! (n—k— 1)lnk+! &5 P~
jr
(3T L)
jgl r>1 rn’
rodd

M=
g
:l\
S~—
|
s
S
/-\
M
3
S~—
g

<exp(

which then, after applying 2 sinh(x) = e¢* — e™¥, proves the claim. O

To get a finite bounded expansion out of the representation just given in Lemma 4, we need a suitable bound for the tail of the
sums appearing as arguments of exp and sinh. This is provided by the following lemma.

10
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sage: sum_odd_error = (dbt.taylor_with_explicit_error (lambda t: 1/(1 - t
), k°2/n"2, valid_from=N)

50008 * AR.B(1 / (R * n"R) * (k"R + k~“(R+1)/(R+1)), valid_from=N))

sage: sum_odd_expansion = -sum([sum(j~r, j, 1, k) / (r * n~"r) for r in
srange (1, R, 2)1)

sage: sum_odd_expansion += k~2/(2*%n) # remove asymptotic main term

sage: sum_odd_expansion += sum_odd_error

sage: exp_expansion = dbt.taylor_with_explicit_error (lambda t: 2*exp(t),

sum_odd_expansion, order=taylor_order, valid_from=N)

sage: exp_expansion

2 - k*n~(-1) + (-1/6*xk~4 - 1/3*xk~3 - 1/6*xk~2)*n~(-3) + ... + B(...*k~10%
n~(-9), n >= 70000) +

Listing 11. Computing an explicit expansion of 2 exp(...).

Lemma 5. Let 1 <k < Cn® and R > 1 be an integer. Then

o)

R+2f 1

k o
0< ZZ (R+2bﬂ)nR+2/ <

j=1£=0

2
RanR(1 - ’;—2)

Proof. The lower bound is trivial, as all summands are nonnegative. For the upper bound, observe that then use the

R+2f < R’
geometric series followed by an integral estimate for ZFI Jjt. g

The bound given in Lemma 5 allows us to construct a B-term bounded expansion of the sums appearing in the arguments of
exp and sinh in Lemma 4, which can then be used to compute a bounded expansion of the difference by using quantified Taylor
expansions. In this expansion, we choose to keep the main term in the exponent of exp as is, which will be useful later when applying
the Mellin transform. Qualitatively, we can summarize this as follows.

Lemma 6. The contribution of the main range can be expressed as

nlnk n! ) _2
( - = ¢ (S k) + Sp(n. k), )
(it (TR (n—k - Dkl 15/23,,”

where S(n, k) is a polynomial in k and n~!, and where Sy(n, k) is a sum of B-terms of monomials in k and n~'; both quantities can be

computed explicitly.
2
Proof. The exponential term exp(—%) results from the contribution of the sum where r = 1 in the argument of exp in (7), as

kGt _ Kk

2n 2n 20

M»

I_
n

1

J
The other contributions are a result of computing corresponding Taylor expansions. [

In terms of the illustration in Fig. 1, Lemma 6 corresponds to Part (B), the summand approximation. Carrying these computations
out practically for the expansion of the exp-factor using our dependent_bterms package with a value of R = 10 is done as shown in
Listing 11.

Combining this expansion with the expansion obtained from analogous computations for the expansion of sinh(---) yields

S S 23432+ ko 2k +3k3 + k2
2ex (— —)sinh( —):fﬁ( —

r odd r even
34K° + 75k* + 45K3 — 4k 40k” +222Kk5 + 375k + 225k* + 20k° — 1247
240n* 144015
730k3 + 91k
e (Bt )+ )
* BN 1000000000

where --- denotes omitted terms (as the total expression, an expansion of terms going up to k> /n*?, is very long). The full expansion
can be found in the corresponding SageMath notebook at https://arxiv.org/src/2403.09408/anc/2025-ramanujan-q.ipynb.

Next, we need to analyze the contribution of summing over the B-terms, as well as the error introduced by extending the summation
range (“completing the tails”, Fig. 1, Part (C)). The following result holds for our concrete choice of parameters, while the generic
estimates being used are discussed in the proof.

11
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Lemma 7. For our choice of parameters (a = %, C =4, R = 10), the total expansion error and the tail completion error satisfy

K2
Y Sp(n ke 7 = B,y (5913825.039n7%), (10)
1<k<Cn®
and
K2
Y S(nk)e 7 = B,y n(197293.89n7'1/2), an
k>Cn®

Proof. We begin by stating a useful integral inequality. For a positive function f(r) that is increasing up to some maximum #, and
decreasing thereafter, it is well known that

K K
Zf(k)ﬁf(to)+/ f@)dr. (12)
k=1 0

2
2
For a summand B, y(c, ;k“n’) in Sp(n, k) we make use of the fact that the function f(r) = t®¢” 2 is increasing from 0 to #, = y/an and
decreasing afterwards, so that we can estimate
2 Cn® 2
2 By n(cqpkn®)e” < Ca,bnb<(an)”/2e’”/2 + / %" dt)
0

1<k<Cn®

o 2
< Ca,bn”<(an)”/2e’”/2 +/ 19w dt)
0

= ¢, pn"/** ((a/e)”/ 24 V2 lnT((a + 1) /2)).

Combining the individual contributions for all summands in Sz(n, k) yields the overall estimate for the expansion error in (10).
2

Next we want to complete the tails: we need to make sure that extending the summation range of S(n, k)e_%n over k > Cn® also only
adds an error that is negligible. Practically, we can do this by considering S(n, k)/kd Sk an expression in which only non-positive
powers of k appear, then we replace k with the lower bound and let our package compute the corresponding B-term. Provided that
k > Cn%*, we find

S(n, k)
58

= B,sn(3.18 - 1073 n73),
or equivalently
_ k58
S0 = Boy (31810 20,
which we can then use with the same integral bound from (12) to get

K2 .10-34 2
Z S, k)e 7 < 3.18 - 10— 2 K386
35
k>Cn® k>Cn®

L1034 o0 2
< 3181077 3150 / P8 dt,
n 0

which then translates into the bound given in (11). See Listing 12 for the practical computations. [

Let us now turn to the last step according to Fig. 1, Part (D), the asymptotic evaluation of the completed sum
2

Z S(n, ke~ 3

k>1
using the Mellin transform (see [9] for a general reference). Given the nature of S(n, k), this sum is a linear combination of sums of
the form

K2
Zk‘lnl’e_E =: ga,b(n_l).
k=1
Lemma 8. For integers a > 1 and b < —1, the Mellin transform of the function g, ,(t) exists and satisfies
g, (5) = 2°7PI(s — b){(2s — a— 2b), (13)

with simple poles at (b + Z ) U {b+ ”—;’1 }, and no other singularities.

Proof. The formula for g7, (s) follows from a straightforward computation using the definition of the Mellin transform and an integral
substitution, '

[e] o k2r
g ()= / BapOF ™ dr =) ke / e 7 5l gy,
’ 0 0

k>1

12
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sage: expansion_deg_k = expansion_symbolic.degree(k); expansion_deg_k
56
sage: S_nk_normalized_bound = dbt.evaluate (

e (expansion_symbolic.subs(n=n_sym) / k~expansion_deg_k) (k=C*
n sym ~alpha) .expand (),

..... n=n) .B(valid_from=N)

sage: S_nk_normalized_bound

B(3.17900...e-34*n"(-35), n >= 70000)

sage: f(t) = t~j * exp(-t~"2 / 2 / n_sym)

sage: S_nk_tail_error = dbt.evaluate(

R integrate(f(t, j=expansion_deg_k), t, 0, oo).expand(), n=n

...t ) * S_nk_normalized_bound

sage: S_nk_tail_error

B(197293.8823...*%n"(-11/2), n >= 70000)

Listing 12. Computation of B-term representing the error made when completing the tails of the sum over S(n, k).

which ultimately leads to (13). The factor I'(s — b) introduces simple poles at s € b + Z,, while the factor {(2s — a — 2b) has a simple
poleats=b+ = "“ . Given that a > 1 and b < —1, these poles never coincide, and hence the Mellin transform only has simple poles. [

With our sum of interest expressed in terms of a finite linear combination of functions ga’b(rrl), we can now use the Mellin
transform to determine its asymptotic growth.

Proposition 1. Let S(n, k) be as in Lemma 6 and consider n — co. Then we have

_2 2 8 16 32 .
S ke 2 =3+ B35n ~ 2835 + B,y n (67990899 n~15/4 y
kz;,l (n, k)e 37 135n 283502 850513 o ( n ), a

where the value of the bound in the B-term depends on the choice of parameters in the previous steps.

Proof. The proof mainly consists of two main ingredients: first, the asymptotic contribution is expressed as a complex integral using
the converse mapping theorem for the Mellin transform. By shifting the line of integration to the left, residues of crossed poles are
collected to form the exact terms in the asymptotic expansion. Then, and for the second ingredient, estimates for the shifted integrals
are derived to quantify the error term.

The converse mapping theorem allows us to express

1 o+ico
8ap(®) = 2—7”/ & ()™ ds

o—ico

for suitable s > b + ”;" To achieve the desired precision in the asymptotic expansion, we shift the line of integration to R(s) = —15/4.

Starting with the explicit expression for S(n, k) derived previously (which for the chosen precision consists of over 900 summands),
we use the computer as illustrated in Listing 13 to compute the Mellin transform and collect the residues in all half-integers greater
than or equal to —7/2. This yields

2 8 6 , 3 s, —15/4+ic0

K2
S k m == 4+ —ft— —t" = ——1" + * t—sd , 15
,; (ke =3+ 35"~ 235" 8505 271'1 5 Sad S (15)

where 1 = n~! and where S, , are the coefficients of g, ,(+) in the expansion of S(n, k).

In order to find an estimate for the contribution of the integrals we investigate, individually for each summand in the Mellin
transform, how far we can shift the line of integration to the left without crossing any additional poles. In other words, we determine
a position ¢, , € L %Zzo such that shifting the line of integration from R(s) = —15/4 to R(s) = ¢,, does not cross any poles of

4
g ,(5)- The contribution of

Sa b CqpFHico ; s
i / ga,b(s)t Sds
Cqp—ico

is then estimated as follows.

In a central region of ¢, , + iw for |w| < 100 we use rigorous integration via interval arithmetic to determine a numerical upper
bound for the contribution of the shifted integrals.

Outside this region, we construct a suitable upper bound of the integrands. As long as the real part of the argument of I'(c,, ;, — b + iw)
is positive, we use [12, (5.6.9)], and when c,, — b < 0 we first shift the argument to the right via the functional equation I'(s) =
%F(s + 1) and then proceed as before. For {(2¢c,, — a — 2b + 2iw) we bound the modulus from above by {(3/2) if 2¢,, —a —2b > 3/2.

13
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sage: def mellin_from_exponents(a, b):

ce return 2°(s - b) * gamma(s - b) * zeta(2*s - a - 2x%b)

sage: mellin_transform = 0

sage: for k_poly, b in expansion_symbolic.coefficients(n_sym):

R for coef, a in k_poly.coefficients (k):

e mellin_transform += coef * mellin_from_exponents(a, b)
sage: mellin_transform *= t~(-s)

sage: growth_exact = dbt.evaluate(

50008 sum(mellin_transform.residue(s==s0) for sO in srange(-7/2, 30,

50008 t=n"(-1))
sage: growth_exact
2/3 + 8/135*n~(-1) - 16/2835*n~(-2) - 32/8505*n~(-3)

Listing 13. Computation of Mellin transform and sum of residues.

When 2¢,, — a —2b < —1/2 we first apply the reflection formula [12, (25.4.1)]; the resulting factors can all be estimated directly. For
the special case of 2¢,, — a — 2b = 1/2 we use the bound proved by Hiary, Patel, and Yang in [13, Theorem 1.1] to obtain

[€(1/2 + iw)| < 0.618 w'/%logw < 0.618 w'/?

for w > 100.
Letting a computer collect and combine all of these estimates lets us find the bound

S —15/4+ico

: (s d
S5mt [ Gt s
ab

15/4—ico

= B,»n (67990.899 n~15/4) (16)

for the contribution of the shifted integrals. Together with (15), this proves the claim. O

We are finally at the point where we can combine all the individual asymptotic contributions and errors we have collected
throughout this section, culminating in the following theorem.

Theorem 1. Let R(n) and Q(n) be as in Ramanujan’s formula from Problem 1. Then, for n — oo, we have

2. 8 16 32 1574
R(n) — ==4+—-—=—-——+8B 431565.86 . 17
=W =3 1350 " 2835w gs0swy T rzrovl e an
Furthermore, the quantity 9 = 9(n) from the representation R(n) — Q(n) = % + ﬁ satisfies
=2+ 32 4B (7282696.17n77/%), (18)
21 ' 441p | n=T0000

Proof. Collecting and combining the tail pruning error from (6), the expansion and tail completion errors from Lemma 7, and the main
contribution together with the corresponding error term from the Mellin analysis in Proposition 1 yields the asymptotic expansion
in (17). The formula for 9(n) then follows from solving for d in the defining relation and another quantified Taylor expansion carried
out using our dependent_bterms package. [

Having established a rigorous asymptotic expansion for d(n), we can draw the following conclusions regarding Ramanujan’s
question:

e The constant 2/21 in Ramanujan’s statement is indeed best possible and attained in the limit.
¢ On the other hand, the constant 8/45 is attained for n = 0, and the largest value of 9 for positive » is in fact

368 — 135¢
1= 22" 22¢ 1 0.14
) 135e — 360 0.148098
(compared to 8/45 = 0.17777 ...), which is proved by (18) combined with evaluating 9 for n < N.

Note that our asymptotic expansion effectively gives a decreasing upper bound (seen as a function in n) for —and while it is not
quite enough to prove it, it also makes it plausible that 9 is decreasing itself (which we have explicitly verified for “small” n).

4. The question of Béna and DeJonge
4.1. Enumeration and problem translation

Let us briefly recall the setting of Problem 2 as outlined in the introduction. The numbers a, count all 132-avoiding permutations
of length n with a unique longest increasing subsequence. By a standard bijection, a, also describes the number of plane trees with

14
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n+ 1 vertices with a single leaf at maximum distance from the root—or, equivalently, the number of Dyck paths of length 2x (i.e.,
lattice paths starting at (0, 0) and ending at (2n, 0) whose steps are either “up” (1, 1) or “down” (1, —1)) with a unique peak of maximum
height.

Such a path can be decomposed into two pieces: before and after the peak. The part before the peak needs to be a path that
finishes at its maximum height # (but does not reach it earlier, since the peak is unique), and the path after the peak needs to be a
path that starts at its maximum height /4 and never returns to it (which can also be seen as the reflection of a path that finishes at
its maximum height but does not reach it earlier). Such paths were analyzed as so-called “culminating paths” in, among others, [14]
and [15]. This observation is key to deriving the following explicit enumeration formula for a,,.

Proposition 2. For all n > 0, the number a, of 132-avoiding permutations of length n with a unique longest increasing subsequence satisfies

n+1 2 _ _ _
a, = Z 4ko(k)(2k= —3n —2)(2n 1)!’ 19)
k=1

m+1-k!n+1+k)!
where (k) is the sum of divisors of k.

Proof. Let A(x) =}, 50 a,x?" be the ordinary generating function enumerating Dyck paths of length 2n with a unique peak of max-
imum height. From the observation made above, if P,(x) is the generating function that enumerates simple symmetric lattice paths
that never drop below 0 and finish at the maximum height » without reaching that height before, then we have

Ax) =) Py(0)%

h=0
From [15, Proposition 2.1] we know that the probability of a simple symmetric random walk of length » never dropping below 0

and finishing at its maximum height » which can also be reached earlier is precisely

1

2[2"+1] =
Up1(3)

where U, is the Chebyshev polynomial of the second kind of degree h + 1. A path that finishes at its maximum height /# without
reaching that height before is obtained from a path that finishes at its maximum height » — 1 by adding one more step up. Since
every path of length » has probability 27" to occur under the model of a simple symmetric random walk, it follows that the (ordinary)
generating function for paths of maximum height 4 that finish at the maximum and do not reach it earlier is

P,(x) = Zznxn+l . 2[2n+1] 1 — = ;1
n20 Un(3)  Un()

z

For example,

Py(x) = =x3+20 +4x7 + -

X
1—2x2
is the generating function for paths that finish at their maximum height 3 and do not reach this height before the final step. Observe
that the formula is even true for 2 = 0: Py(x) = 1 is indeed the correct generating function in this case.

The substitution x = l—‘ft has a particularly useful effect on the Chebyshev polynomials. Observe that the argument satisfies

L = ﬂ = cosh(llogt>,
2x 24/t 2

sinh((h+1)w)

and since Uj,(cosh w) = , this implies that

sinh w
Lo hl
sinh(—— log?) 1 — ¢h+l
Up(1/@x)) = ———— ="
sinh(3 log 1) -1
Thus
X h 2
(1 —1)
A = _
(x) };} (1 — th+l)2

Now we can obtain an alternative expression for a, by applying Cauchy’s integral formula to the generating function A(x). For suitable
contours C and C’ around 0, we have

1 [ AW 1 ?{ i M- A+ (1-nadi
C/

a, = — —dz
“ - th+1)2 e+l (1 +1)3

" 2mi Joo ozt T 2z

5

_ i 1 (1= )3(1 + )2 ar
- = 2ri Jor tntl=h(] — gh+1y2

15



B. Hackl and S. Wagner Theoretical Computer Science 1078 (2026) 116011

using the substitution \/_ = \/;/ (1 +1) (or equivalently z = ¢/(1 + £)%). It follows that

an—};)[z =y =l %a_tw)z“ (1 +1)
=[] z sl (1=’ + 2! = Z (O™ 1K1 = H3(1 + 12!
k=1 k=1
n+l -1 2n—1 -1 m—1
E (7)) ()
=1 n+1—-k n—k n—1—k h—2—k
n+1

_ Z 4ko(k)(2k? —3n —2)2n — 1)!
A +l-Rin+l+

which proves the claim. We remark here that the identity [¢*](1 +1)® = (Z) that we are using even remains true for negative a or for
a > b if the binomial coefficient is considered to be 0 then. The manipulation in the final step is consistent with this. O

We can use this explicit formula to reformulate Problem 2 in terms of an inequality involving binomial sums.

Corollary 1. The sequence (p,),>; = (2—"),121 is decreasing for n > 3 if and only if

F(n) := Z ko(k)(k* = 3n + 2)(2k> — n)< n > <0 (20)
= n—k

foralln > 5.

Proof. To study the monotonicity of the sequence p, = 2—”, we need to consider the inequality p, > p,,; < C,;4, > C,a,,, for
n

4n+2
n+2

n>3.Since C, | = C,, it can also be expressed as (4n + 2)a, > (n + 2)a,, ;. Hence we are left to consider the inequality

”i 4ko(k)2K2 = 3n — 2)(4n + 2)(2n — 1) f 4ko(k)(2K2 = 3n — 5)(n + 2)2n + 1)!

m+1-=k)!n+1+k)! m+2-k)!n+2+k)! ’

k=1 k=1
which reduces to

"iz 8ko(k)(k* — 3n — 4)(2k* —n —2)2n + 1)(2n — 1)! <0

n+2—-k)n+2+k)

k=1
after some manipulations. After multiplication by

2n)2n+2)2n+3)2n+4)
3 ,

nn+ D(n+2)2n+3) =

this can be expressed as

n+2 ) 4
D ko(k) (k2 — 3n — 4)(2k> —n — 2)< "t ) <0.
= n+2—k
Finally, replacing n + 2 by n, what we have to prove in order to settle Problem 2 is that
- 2
> ko(k)(k* = 3n +2)(2k* - n)< " > <0
= n—k

for all n > 5, which is precisely (20). O
4.2. Asymptotic analysis: preliminaries

In the following, we provide the steps of the analysis of the sum F(n). The overall strategy is more or less the same as in the
analysis of Ramanujan’s problem in the previous section: up to a given threshold, in this case n < N = 10000, we verify that F(n) <0
by direct computation. Additionally, we use Mellin analysis to derive an asymptotic expansion with an explicit (B-term) error bound
that shows that F(n) is also negative for all n > N.

We start by collecting some helpful auxiliary estimates.

Lemma 9. Letn € Z,; and 0 < k < n be integers.

(a) For k < n, we have

(o) o

(3]

- ep(- Y X ). @1)
)

au
]
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(b) The quotient of binomial coefficients can be bounded above by

(22)

A
(Znn) p( n)'

Proof. Note that we have

n+
Jj=1 Jj

() ==+ 1) ﬁn—j_ n ﬁl—j/n
() D+ (k) =k Jon—kal1+j/n

k . .
nf](exp(j;log(l—ﬁ)—log(l%—ﬁ)),

from which the first claim follows by expanding the logarithms. For the second claim, we start from the same expression and estimate

2n k i1 k—1 i k-1

() - -7 2j kK2
oo = <TT— <ITew(-5) =ew(;; - )
(GORY= I SR = " noon

|

Remark 1. Recall that we want to split the sum in F(n) from (20) into a main range and a tail range (cf. Fig. 1(a)). The admissible
range for the constant « in the split threshold k = k(n) = n® can be determined from the expansion in (21): on the one hand, we need

2
the main term —k? in the argument of the exponential term to go to —co as n — oo, requiring a > % On the other hand, all other

terms in the expansion need to converge to 0. The strongest restriction is imposed by the term contributed by the sum where r = 3,
4
which is of order O(:—3) = O(n**3), thus requiring a < %. Hence we need to choose a € (%, %).

The next helpful ingredient is an explicit bound for the divisor function (k).
Lemma 10. Assume n,k € Z; with k < n and n > N = 10000. Then the estimate
52
o(k) < == -k -loglogn (23)
25
holds.
Proof. First, assume that N < k < n. In those cases, using an inequality due to Robin [16],

k
% <e’loglogk +

0.6483 < e loglogn + 0.6483 7y 0.6483
loglog N

log log n.
loglogk — loglog N — > oglogn

For N = 10000, we can bound e” + 0.6483/loglog N < %, and then let the computer verify that (23) alsoholdsfor 1 <k <n=N. O

4.3. Negligible contribution of the tail range

In accordance with Remark 1, we choose a € (%, %). As it turns out, for our purposes it is advantageous to choose a value close to
% ; we set a = % Let us first investigate the contribution of the tail range, i.e., the sum over all k£ > n®. As we have done before, it is
advantageous to normalize the sum by dividing it by (2:).

Lemma 11. Fora = % and N = 10000 we have

¥ ((nz_nk)

a )
n*<ksn

34083 e,n2/5 ey
5000

ko(k)(k2 = 3n +2)(2k% —n) = B,y N( log log n). (24)
Proof. Observe that as n > N = 10000 and k > n®, we can easily verify that k> > 3n holds, which in turn implies that our summands
of interest below are all non-negative. Thus, making use of (22) from Lemma 9 and the bound for ¢ (k) from Lemma 10, we find

0< z (nznk)

= ko (k) (K> = 3n + 2)(2k* — n)
n*<k<n ( :)

< 1g;‘eloglogn Z kﬁexp<—k72), (25)

n¥*<k<n
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The function ¢ — ¢~/ is decreasing for 7 > V/3n, thus in particular for > n* under our assumptions. Using the same integral
estimate as in (12) from the proof of Lemma 7, we find

o)
20— 2
z kSe —k2/n < b o= +/ et/ gy,
n«

n*<k<n

The integral can be estimated by elementary means: for T' = n?,
*© 2 1 & 2 n 2
/ O™ dr < —/ e /" gt = = (6n + 6n*T? +3nT* + T®)eT /n.
- T Jr 2T

Combining this with the previous estimate in (25), we can use our dependent_bterms package to find the explicit bound given in the
statement of the lemma. O

4.4. Approximating the summands
So we are left with the sum over k < n®. As outlined in Remark 1, we investigate the expansion of the quotient of binomial
coefficients.

Lemma 12. Consider n —> oo and 1 < k < n* with a € (%, %). Then the following statements hold:

(a) The quotient of binomial coefficients admits an asymptotic expansion of the form
2n

()
2n

()

where S(n, k) is a polynomial in k and n~', and Sg(n, k) is a sum of B-terms of monomials in k and n~'. Both sums can be effectively

computed.
(b) The approximation error satisfies the bound

= eI S(n, k) + Sp(n, k), (26)

> S50 kot =3+ 22K = me /" = B (LT og g ). 27)
1<k<n®

(¢) Finally, the error made by completing the tails is given by

5747 _,,2/5 nl1/2

> S ko(k)(K> = 3n +2)2k> = me /" = B, ( 5000

k>n®

log log n). (28)

Proof. For the first part of the lemma, we start from the expansion given in Lemma 9 (a). Cutting the sum over r at a suitable point
(as we will see, R =9 suffices for our purposes) and estimating the tail as in the proof of Lemma 5, we obtain

& ' kR-H
OSZ:ern RR(] )(kR+R+1>
rodd

=
< B"ZN((%HO + 120202030 kg) )

Expanding the exponential while keeping the factor K, followed by multiplying with #, we obtain a representation as claimed

in the first part of the lemma. For our concrete choice of « = —, the expansion reads

|0’

2i
YN Y RN LI CRNN R U o
& e T

n

+ S
6n3 72n6  n2  1296n° 20m5  31104n!2

k24 9k21
bt B (Y B (Y,
"N\ 10000118 "N\ 10000116

with omitted terms indicated by ---. The full expansion consists of over 100 summands and can be found in our auxiliary SageMath
notebook.

For the approximation error in part (b), first observe that since |(k* — 3n + 2)(2k? — n)| < 2k* + 3n? for all k and n, it suffices to
bound

Y S kko(k)@k* +3n7)e /" < % loglogn Y Sp(n. k)2K +3n2k2)e /"

1<k<n® 1<k<n®

< % loglogn 3" S(n, k)2K® + 3w k)e ™k,
k>1

where we have used the bound for (k) from Lemma 10. The bound given in (27) now follows from applying the integral estimate
from (12) to t = e~/ and some computer algebra supported automated calculations.
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For part (c), we are interested in the error made by completing the sum

S kko(k)(K> - 3n+ 22K — me /1.
1<k<n®
over all k > 1. In particular, we need to add the terms with k > n* and estimate their sum. We do so by finding estimates for .S(n, k)
in the range where 1 < k < n3/* and for k > n’/* separately.
To be more precise, a computer can verify easily that for k < n3/* we have |S(n, k)| < ¢, ~ 4.372, while for k > n*/* we can verify
that |S(n, k)| < ——k20n=15. As for the other factors in our summands, we can bound (k2 — 3n + 2)(2k? — n) from above by 2k*, and

10000
for o(k) we use (23) in the range k < n*/* and the well-known weaker bound (k) < k where k > n3/4. This leaves us with

> St kke(k)(K? = 3n+2)2k> - mye /"

n<k<n3/4
104 6 —k2/n 12553 _,2/5 19/4
< ——c; loglogn k°e =B,sn e n’/*loglogn |, (29)
25 o S§ﬂ3 P " 5000
and
B S kko(k)(k> —3n+2)(2k> — me /"
k>n3/4
4251 27 K (2867 a2 11 /2>
< — k™'e =B —e n s 30
5000n15 &, 72N \ 2500 (30)

where the sums have been bounded using the same integral estimate (12) as before. Combining the bounds in (29) and (30) yields
the claim in part (¢c). O

Remark 2. Note that the approximation error in (27) is no longer (sub)exponentially decreasing in n; it is, in fact, quite large
compared to the other errors we have collected so far. However, for n = 10000 it still only accounts for about 26.1% of the size of the
eventual main term.

Having estimated all error terms related to pruning and completing the tails of the sum, we now want to evaluate the completed
sum

Z S(n, kK)ka(k) (k2 = 3n + 2)(2k% — mye=K/n. (31)
k>1

Given the nature of S(n, k), this is a linear combination of sums of the form

3 knbo(kye ™/ =1 g, y(n7 ). (32)
k>1

Lemma 13. For integers a > 1 and b < —1, the Mellin transform of g, ,(¢) exists and is given by
g:_b(s) =(Q2s—2b—a—-1){Q2s—2b—a)'(s—b) (33)

a+1

with simple poles at s € (b+ Zy) U (b + = b+ g} and no other singularities.

Proof. The formula as given in (33) follows directly from the definition of the Mellin transform and the fact that }, .| 2B = r(s)¢(s —

o
1). The ¢-functions contribute simple poles at s = b + % and s = b+ g, while the I'-function has simple poles for s € b + Z_. Due to

our assumptions on a and b, these are all distinct, and no further singularities occur. [

All that remains is to use the converse mapping theorem to express g, ,(¢) in terms of a complex integral, shift the line of integration
to the left, collect residues and estimate the shifted integrals.

Proposition 3. Let S(n, k) be given as in Lemma 12. Then, for n — o,
2
z S(n, ko (k) (K> = 3n + 2)(2K> — n)e ™ /n = —% + (34)

n 20320803 n3/4).
k>1

at anmooo( 3000

Proof. The details of the proof for this proposition closely follow the steps outlined in the corresponding result for Ramanujan’s
problem, Proposition 1.

Shifting the line of integration to R(s) = 3/4 and collecting residues causes, as indicated in the introduction, massive cancellations
among the various summands. For our chosen expansion precision, we are dealing with a Mellin transform that consists of 121
individual summands, which makes carrying out these computations by hand rather unfeasible. Using a computer, however, we find
that only the residues at s = 1 and s = 2 remain, yielding

- 1 1 n?  n
Z Z daA,bReS(ga,b(S)t Sy = s)=——+—=—-—=+—,
so€L1,2} ab 812 24t s 24

which gives the exact part of the expansion claimed in (34).
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Fig. 2. Comparison of the absolute value of the asymptotic main term —n?/8 + n/24 (red) against the accumulated total error (blue) on the left. The
right plot depicts the ratio of the error bound to the main term. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Finally, following the same strategy for estimating the error contributed by the shifted integrals as in the proof of Proposition 1

leads us to
da b 3/4+ic0 B
/3 g;b(s)t Sds

ab 2ri /4—ico
1 @ ) 20320803
<3 Z; d, pnet /_oo lgk ,(cqp + iw)| dw = B,sy (WW“). (35)

Combining this with the exact part concludes the proof. [
4.5. Collection of all contributions

All that remains is to combine the partial results obtained throughout the past two sections to obtain the final asymptotic expansion
for F(n): Lemma 11 bounds the contribution from the tail range, Lemma 12 gives both the error made when approximating the
summands in the main range and the error for completing the tails, and Proposition 3 gives the (quantified) main contribution of the
completed sum via Mellin analysis.

Theorem 2. For n > 10000, the binomial sum F(n) satisfies the asymptotic formula

_(2n P n 19744693 54
F(n)—<n><—§+ﬂ+3nzloooo(wﬂ ) . (36)

A quick check of the magnitude of the error term in (36) compared to the exact part for n = 10000 shows that the error is less
than 63.19% of the absolute value of the main term, thus proving that F(n) < 0 for all n > 10000. See Fig. 2 for an illustration of the
behavior of the total error compared to the main term. Combined with a direct verification for 5 < n < 10000, we can settle Problem 2.

Corollary 2. For all integers n > 5, the inequality

Y ko(k)(k? = 3n +2)(2k* — n)< 2n > <0
n—k
k=1

holds, which is equivalent to the assertion that the proportion of 132-avoiding permutations of length n with a unique longest increasing
subsequence among all 132-avoiding permutations of length n is decreasing for n > 3.

5. Discussion

It is worth pointing out that the approach we were following is by no means the only possibility to analyze the sums in question, nor
necessarily the most precise or efficient. For example, as already mentioned in Section 3, other authors used integral representations
to study the Ramanujan Q-function.

Let us also mention an alternative approach to Problem 2 that was kindly pointed out to us by a referee of the extended abstract [1].
Recall that the task is to prove the inequality (20), i.e.,

n
F(n) = 2 ko(k)(k? — 3n + 2)(2k? — n)< n ) <0.
- n—k

k=1
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Now one can use the well-known generating function identity

oo} (o]
Z ( 2n )x" ok Z <2m+2k>xm VIR BT
ok Ak m=0 n V1 —4x

where C(x) = % is the generating function for the Catalan numbers, see e.g. [17, (5.72)]. This gives an expression for F(n) in

terms of coefficients of functions involving C(x). Specifically, we have

c 2n < 2n
F(n) = 3n? ;; ko(k) (n " k) —n z; k(7K + 2)o (k) (n ! k)

+ Z 203 (K2 + 2)0'(k)<n2_nk>

k=1

=3 [x"] ——— Z ko(k)(xC(x)H)¥
1 —4x k=

- n[x"]— Z k(7k* 4+ 2)o(k)(xC(x)*)¥

V1—4x k=1

+ [x"]— Z 23 (k2 + 2)6(k)(xC(x)*)k
1—4x =

= 302 [x" | —— f1(H (%)) — n[x"| —— f,(H(x)) + [x"] — ! f3(H (x)),
\/1—4 \/ —4x V1-4x

where H(x) = xC(x)? = H%T VH”, and f|, f,, f3 are given by the series

[ =Y ko()z¥,  fr(2) = ) kTR +2)0(k)z*,  f3(2) = Y 2K°(k* + o (k)z".
k=1 k=1

k=1

At the singularity x = j—l, H(x) has the expansion

1=2V1 —dx +2(1 — 4x) + -,

so we need the behavior of f(z), f,(z), f3(z) around z = 1. This can be determined by means of the Mellin transform: setting z = e/,
we obtain for instance

file™) = ko(ke ™,
k=1
whose Mellin transform is I'(s)¢(s — 1)¢(s — 2). Applying the inverse Mellin transform in the same way as in the proof of Proposition 3
(though now with complex parameter ¢) yields

1
212
for any positive real K. This and analogous asymptotic formulas for f, and f; give us the behavior of f(H (x)), f,(H (x)) and f3(H (x))
at the dominant singularity 1, from which the asymptotic formula (1) can be obtained by means of contour integration and singularity
analysis. Carrying all of this out with explicit error terms comes with its own challenges, though, as one now has to deal with complex
asymptotics.

On the other hand, the method that was applied in this paper has the general advantage of being well compatible with the use of
computer algebra (specifically the package for computations with B-terms that was presented here). Moreover, it is quite flexible and
applies in principle to many more examples, while other approaches might be more dependent on special properties of the problem
at hand (for example the aforementioned integral representations of the Ramanujan Q-function).

fie™) = 3:3 - = +0G")

CRediT authorship contribution statement

Benjamin Hackl: Writing — review & editing, Writing — original draft, Visualization, Validation, Software, Methodology, Inves-
tigation, Formal analysis, Conceptualization; Stephan Wagner: Writing — review & editing, Writing — original draft, Visualization,
Validation, Software, Methodology, Investigation, Formal analysis, Conceptualization.

Declaration of competing interests

The authors declare the following financial interests/personal relationships which may be considered as potential competing
interests: Stephan Wagner reports financial support was provided by Swedish Research Council. If there are other authors, they
declare that they have no known competing financial interests or personal relationships that could have appeared to influence the
work reported in this paper.

21



B. Hackl and S. Wagner Theoretical Computer Science 1078 (2026) 116011

Acknowledgment

We would like to thank the referees for their thorough reports and many useful suggestions, especially an improved treatment of
the tail bounds. The authors acknowledge the financial support by the University of Graz.

Supplementary material

Supplementary material associated with this article can be found in the online version at 10.1016/j.tcs.2026.116011.

References

[11
[2]
[3]

[4]
[5]

[6]
71

(8]

[91
[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

B. Hackl, S. Wagner, Binomial sums and mellin asymptotics with explicit error bounds: a case study, in: C. Mailler, S. Wild (Eds.), 35th International Conference
on Probabilistic, Combinatorial and Asymptotic Methods for the Analysis of Algorithms (AofA 2024), Vol. 302 of Leibniz International Proceedings in Informatics
(LIPIcs), Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl, Germany, 2024, pp. 19:1-19:15. https://doi.org/10.4230/LIPIcs.AofA.2024.19

S. Ramanujan, Question 294, J. Indian Math. Soc. 3 (1911) 128.

P. Flajolet, P.J. Grabner, P. Kirschenhofer, H. Prodinger, On Ramanujan’s Q-function, J. Comput. Appl. Math. 58 (1) (1995) 103-116. https://doi.org/10.1016/
0377-0427(93)E0258-N

D.E. Knuth, The Art of Computer Programming. Vol. 3: Sorting and Searching, Addison-Wesley, 1973. URL: www-cs-faculty.stanford.edu/~knuth/taocp.html.
G.N. Watson, Theorems stated by Ramanujan. V: approximations connected with e*, Proc. Lond. Math. Soc. (2) 29 (1929) 293-308. https://doi.org/10.1112/
plms/s2-29.1.293

H. Alzer, On Ramanujan’s inequalities for exp(k), J. Lond. Math. Soc., II. Ser. 69 (3) (2004) 639-656. https://doi.org/10.1112/50024610704005253

M. Béna, E. DeJonge, Pattern avoiding permutations with a unique longest increasing subsequence, Electron. J. Combin. 27 (4) (2020) Paper No. 4.44, 11.
https://doi.org/10.37236,/9506

N. van Nimwegen, Unique longest increasing subsequences in 132-avoiding permutations, Australas. J. Comb. 89 (2024) 397-399. URL: ajc.maths.uq.edu.au/
pdf/89/ajc_v89_p397.pdf.

P. Flajolet, X. Gourdon, P. Dumas, Mellin transforms and asymptotics: Harmonic sums, Theor. Comput. Sci. 144 (1-2) (1995) 3-58. https://doi.org/10.1016/
0304-3975(95)00002-E

B. Hackl, C. Heuberger, D. Krenn, Asymptotic Expansions in SageMath, 2015, http://trac.sagemath.org/17601. module in SageMath 6.10.

The SageMath Developers, SageMath, 2023, https://github.com/sagemath/sage. https://doi.org/10.5281/zenodo.593563

NIST Digital Library of Mathematical Functions, https://dlmf.nist.gov/, Release 1.1.12 of 2023-12-15. F.W.J. Olver, A.B. Olde Daalhuis, D.W. Lozier, B.I. Schneider,
R.F. Boisvert, C.W. Clark, B.R. Miller, B.V. Saunders, H.S. Cohl, M.A. McClain, Eds., https://dlmf.nist.gov/. 2023,

G.A. Hiary, D. Patel, A. Yang, An improved explicit estimate for {(1/2 + it), J. Number Theory 256 (2024) 195-217. https://doi.org/10.1016/].jnt.2023.09.003
M. Bousquet-Mélou, Y. Ponty, Culminating paths, Discrete Math. Theor. Comput. Sci. 10 (2) (2008) 125-152.

B. Hackl, C. Heuberger, H. Prodinger, S. Wagner, Analysis of bidirectional ballot sequences and random walks ending in their maximum, Ann. Comb. 20 (4)
(2016) 775-797. https://doi.org/10.1007/s00026-016-0330-0

G. Robin, Grandes valeurs de la fonction somme des diviseurs et hypothése de Riemann, J. Math. Pures Appl. (9) 63 (1984) 187-213.

R.L. Graham, D.E. Knuth, O. Patashnik, Concrete Mathematics: A Foundation for Computer Science, Amsterdam: Addison-Wesley Publishing Group, 2nd ed.,
1994.

22


http://dx.doi.org/10.1016/j.tcs.2026.116011
https://doi.org/10.4230/LIPIcs.AofA.2024.19
https://doi.org/10.4230/LIPIcs.AofA.2024.19
http://refhub.elsevier.com/S0304-3975(26)00261-6/sbref0002
https://doi.org/10.1016/0377-0427(93)E0258-N
https://doi.org/10.1016/0377-0427(93)E0258-N
https://doi.org/10.1016/0377-0427(93)E0258-N
https://doi.org/10.1016/0377-0427(93)E0258-N
www-cs-faculty.stanford.edu/~knuth/taocp.html
https://doi.org/10.1112/plms/s2-29.1.293
https://doi.org/10.1112/plms/s2-29.1.293
https://doi.org/10.1112/plms/s2-29.1.293
https://doi.org/10.1112/plms/s2-29.1.293
https://doi.org/10.1112/S0024610704005253
https://doi.org/10.1112/S0024610704005253
https://doi.org/10.37236/9506
https://doi.org/10.37236/9506
ajc.maths.uq.edu.au/pdf/89/ajc_v89_p397.pdf
ajc.maths.uq.edu.au/pdf/89/ajc_v89_p397.pdf
https://doi.org/10.1016/0304-3975(95)00002-E
https://doi.org/10.1016/0304-3975(95)00002-E
https://doi.org/10.1016/0304-3975(95)00002-E
https://doi.org/10.1016/0304-3975(95)00002-E
http://trac.sagemath.org/17601
http://www.sagemath.org/
https://github.com/sagemath/sage
https://doi.org/10.5281/zenodo.593563
https://doi.org/10.5281/zenodo.593563
https://dlmf.nist.gov/
https://dlmf.nist.gov/
https://doi.org/10.1016/j.jnt.2023.09.003
https://doi.org/10.1016/j.jnt.2023.09.003
http://refhub.elsevier.com/S0304-3975(26)00261-6/sbref0014
https://doi.org/10.1007/s00026-016-0330-0
https://doi.org/10.1007/s00026-016-0330-0
http://refhub.elsevier.com/S0304-3975(26)00261-6/sbref0016
http://refhub.elsevier.com/S0304-3975(26)00261-6/sbref0017
http://refhub.elsevier.com/S0304-3975(26)00261-6/sbref0017

	A computer algebra package for bivariate asymptotics with effective error boundstag=Referencetag=Reference 
	1 Introduction
	2 B-terms and asymptotics with explicit error bounds
	2.1 Asymptotic expansions in SageMath
	2.2 The dependent_bterms package

	3 A detailed example: the Ramanujan Q-function
	3.1 Preliminaries
	3.2 Negligible contribution of the tail range
	3.3 Contribution of the main range

	4 The question of Bóna and DeJonge
	4.1 Enumeration and problem translation
	4.2 Asymptotic analysis: preliminaries
	4.3 Negligible contribution of the tail range
	4.4 Approximating the summands
	4.5 Collection of all contributions

	5 Discussion
	CRediT authorship contribution statement
	Declaration of competing interests
	Acknowledgment
	Supplementary material
	References


