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1 Introduction

The AdS/CFT correspondence has established a profound link between string/M-theory
in Anti-de Sitter (AdS) space and conformal field theory (CFT) [1–3]. The AdS/CFT
correspondence is a so-called strong/weak coupling duality; it requires non-perturbative
methods to unleash its true potential. Excitingly, in the planar limit, and usually for highly
supersymmetric configurations, integrability has emerged in some key examples such as
AdS5×S5, enabling exact computations [4–10]. In this theory, integrability has made it
possible to study the system from the classical string regime all the way to the weakly coupled
CFT regime. For reviews, see [11–14].

In this paper, we take steps to extend exact non-perturbative planar integrability to the
case of AdS3×S3×S3×S1 when the radii of the two S3 are equal. There is an extensive literature
on superstring theory on AdS3×S3×M4, with M4 some compact 4-dimensional manifold [15–
21], a setting in which integrability has long been studied [22–26]. Historically, the main focus
of integrability has been the case M4 = T 4, and significant effort has been made in studying
these theories using various techniques [27–33]. In contrast, the case of M4 = S3×S1 is still
relatively unexplored, although important steps have been taken [23, 34–36].

The primary technical tool of this paper is the Quantum Spectral Curve (QSC), the most
advanced integrability framework available to tackle the spectral problem [37]. In particular,
the QSC has enjoyed great success in planar N = 4 SYM and ABJM theory [38–40], where
it provides an efficient method to calculate the anomalous dimensions of local single trace
operators [41, 42] as well as quantities such as the slope function and exact correlators [43–
46]. More recently, the QSC has integrated with conformal bootstrap techniques, usually
referred to as “Bootstrability”, to study integrated correlators on a 2-dimensional defect
in N = 4 [47, 48] as well as for local operators in [49, 50]. Finally, the Q-function of the
QSC serves as one of the key building blocks for the modern integrability constructions
of correlation functions [51–53].

Due to its success in higher dimensions, the QSC was recently conjectured for AdS3×S3×T4

supported by pure Ramond-Ramond flux [30, 31]. The proposed QSC was “bootstrapped”
from symmetry assumptions, bypassing the standard route of deriving it from the so-called
thermodynamic Bethe Ansatz (TBA). These equations were only subsequently proposed for
AdS3×S3×T4 [32]. The main purpose of this paper is to extend this construction to the case
of AdS3×S3×S3×S1 by leveraging its underlying 𝔬𝔰𝔭(4|2) symmetry.
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An important motivation to extend the frameworks proposed for T4 to S3×S1 is to provide
another example for studying the many additional nuances that appear in AdS3 integrability
compared to higher-dimensional examples. In particular, the presence of gapless modes on
the string worldsheet introduces a significant technical challenge to the underlying integrable
structures; these excitations were only recently identified within the QSC framework [54].
Furthermore, there is also an increased interest in this particular background from orthogonal
points of view [55].

The remainder of this paper is structured as follows. In section 2, we review the QSC
construction for ABJM. In section 3 we propose a QSC for AdS3×S3×S3×S1. In 4 we present
two different presentations of the QSC, the so-called Qτ -and Pν-systems. We also identify a
particular simple subsector of solutions, known as the symmetric sector. Finally, in section 5,
we test our proposal by deriving a large volume limit and comparing the results with the
ABA equations available in the literature. Finally, we conclude in section 6.

2 Quantum Spectral Curve and its AdS4/CFT3 realisation

Our goal is to construct a proposal for QSC for free strings on AdS3×S3×S3×S1. The
construction is guided primarily by symmetry considerations. In the coset construction
of [22], the key starting point is that the (subspace) AdS3×S3×S3 has super-isometry algebra𝔬𝔰𝔭(4|2)⊕2. In analogy with all other known examples of the QSC, we will assume that
this symmetry survives on a quantum level, and we therefore require that our QSC exhibits𝔬𝔰𝔭(4|2)-symmetry.

The QSC is constructed from a collection of Q-functions, which depend on a complex
variable u, the spectral parameter. These Q-functions satisfy various finite difference equations
among themselves, forming a so-called QQ-system. The algebraic structure of the QQ-system
is generally believed to be fully determined by the underlying symmetry algebra, in our case𝔬𝔰𝔭(4|2). Altough QQ-systems have been studied intensively for 𝔤𝔩(m|n) [56–59], much less
is known about other superalgebras. For recent progress on explicit operator constructions
of Q-functions for 𝔬𝔰𝔭, see [60–62]. In particular, to the best of the authors’ knowledge,
the only case of an 𝔬𝔰𝔭 QQ-system studied with typical QSC notation in the literature
is that of 𝔬𝔰𝔭(6|4) of ABJM [40]; see [63] for related extensions. In the first part of this
section, we review the ABJM QSC [40], which we use to motivate our proposal for the
AdS3×S3×S3×S1 QSC in the next section.

The quasiclassical limit has been a key aspect of previously studied cases of the QSC [38,
40]. The semi-classical limit of type IIB string theory on AdS3×S3×S3×S1 has been previously
studied in [64]. In the second half of this section, we review these results with a view to
their application to our proposed QSC.

2.1 The ABJM QSC: a constructive example

The ABJM QSC is based on the superalgebra 𝔬𝔰𝔭(6|4) and was derived from the Thermo-
dynamic Bethe Ansatz (TBA) in [40, 65]. Let us remind the reader of the key result; see
also [66] for a comprehensive review.
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Algebraic construction of Q-functions. The basic building blocks of the 𝔬𝔰𝔭(6|4) QQ-
system are two matrices: Qa|i(u) and Qa|i(u). Here, the subscript a = 1, . . . , 4 indexes the𝔰𝔬6 ≃ 𝔰𝔲4 representation 4, while the superscript a is for 4̄. Finally, i = 1, . . . 4 labels the𝔰𝔭4 representation 4.1 The two matrices can be contracted to produce the main “bosonic”
Q-functions (traditionally denoted as P and Q)

Pab = Q−
b|iQ

+
a|jκ

ij , Pab = −Qb−
|iQ

a+
|jκ

ij , Qij = Qa+
|iQ

−
a|j . (2.1)

Here κij is the invariant 𝔰𝔭(4) inner form, given as κij = (−1)i+1δi+j,5. In (2.1), we have
introduced standard notation for shifting the spectral parameter

f± ≡ f
(
u± i

2

)
, f [k] ≡ f

(
u+ ik

2

)
. (2.2)

The antisymmetric tensors Pab(u) and Pab(u) are not independent but are inverse matrices
of each other, up to a rescaling; more precisely, they are related as follows:

PabPba = 4 , Pf(Pab) = 1 , (2.3)

where Pf(Pab) is the Pfaffian of the matrix Pab. Similarly, the determinants of Qa|i and
Qa|i must be constant, which, in our convention, becomes

det
(
Qa|i

)
= det

(
Qa

|i
)

= −1 . (2.4)

The matrix Qa|i is related to the inverse transpose of Qa|i

Qa
|i = Qa|jκji , Qa|iQ

a|j = δj
i , Qa|iQ

b|i = δb
a . (2.5)

Using (2.5) in (2.1), we find the following finite difference equations

Q+
a|i = Pab(Qb

|i)− , (Qa
|i)+ = PabQ−

b|i , (2.6)

which we can combine to obtain a matrix-Baxter equation for Qa|i, i.e., a linear finite
difference equation

Q+
a|i = Pab(Pbc)[−2]Q

[−3]
c|i . (2.7)

Provided that the functions P are known, Qa|i can then be found by solving (2.7). This is
the standard approach to numerically or analytically solving the QSC.

Analytic properties of P and Q. Historically, the analytic properties of Q-functions were
understood by decoding them from the TBA. Here, we recap the final output, which appears
to be universal for all iterations of the QSC relevant to AdS/CFT integrability.

The first requirement is that P and Q both have powerlike asymptotics fixed by the
charges of the state under consideration.

1All notation introduced in this paragraph is specific to the 𝔬𝔰𝔭(6|4) case and does not hold for the rest of
the paper.
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Figure 1. Two contours we use for analytic continuation. For the ABJM case, there is no difference
between the two, since all cuts are quadratic there. For AdS3, however, one has to distinguish between
the two.

The functions Pab(u) have a single quadratic branch cut on the first Riemann sheet
stretching from −2g to 2g along the real line and can, hence, be written as a Laurent series
expansion in the Zhukovsky variable x(u):

Pab ∝
∑

n

cA,n

xn
, x+ 1

x
= u

g
, (2.8)

which is absolutely convergent on the first sheet, |x| > 1, and a bit further under the cut.
The cut structure of Q is more complicated. We require that Q is analytic in the upper

half-plane. Due to the QQ-relations (2.1) and the analytic properties of P, Q must feature an
infinite ladder of cuts in the lower-half-plane. However, a semblance of democracy between P
and Q is restored by demanding that Q has only one cut when considered as a function with
long cuts. In practice, this means that upon traversing the branch points ±2g, one should
find a function that is analytic in the lower half-plane. Let us introduce notation fγ for the
analytic continuation of a function f around −2g clockwise, and f γ̄ for going anti-clockwise.
We depict this action in figure 1. With this notation at hand, we can state the additional
analytic property we impose on Q, usually referred to as the gluing condition. We require

Qγ
ij = F l

i κlm(Qmn)∗κnkF
k

j , (2.9)

where Q∗ is the complex conjugate of Q and QijQjk = δk
i . As argued in [40], the matrix

F l
i is constant. Furthermore, many of the components of F are, in fact, zero, as was shown

in [40]. Schematically, it looks as follows:

F l
i =




⋆ 0 0 ⋆
0 ⋆ 0 0
0 0 ⋆ 0
⋆ 0 0 ⋆



, (2.10)

where ⋆ is generally a non-zero number.

2.2 Quasiclassics in AdS3×S3×S3×S1

Another source of information is the classical integrable structure of the worldsheet sigma
model, known as the classical spectral curve [67, 68]. Using the classical curve, one can con-
struct infinitely many conserved integrals of motion, often conveniently encoded in the so-called
quasi-momenta p, which are related to the eigenvalues of the classical monodromy matrix.
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As the QSC must know about the classical worldsheet in the appropriate limit, the Q-
functions should encode the quasi-momenta. The exact relation between the Q-functions and
the quasi-momenta is similar to the relationship between a wave function and its quasiclassical
approximation in terms of the classical momenta. The relation is well established in N = 4
and ABJM [38, 69], schematically it takes the form

P ∼ e−g
∫

p̂ du , Q ∼ e g
∫

p̃ du , (2.11)

which should still be decorated with appropriate indices to be an exact equation. We will
explain how to do this in AdS3 in the next section.

The classical curve for AdS3×S3×S3 has been studied in [64]. The algebraic charges are
the conformal scaling dimension ∆, the spin S, and the charges from the two spheres, which
we denote as J1, J2 and K1, K2. They are encoded in 6 + 6 quasi-momenta as




p̃1
p̃2
p̂1
p̂2
p̂3
p̂4




≃ 1
2u




+∆ − S

−∆ + S

+J1 −K1
+J2 −K2
−J2 +K2
−J1 +K1




,




˜̄p1
˜̄p2
ˆ̄p1
ˆ̄p2
ˆ̄p3
ˆ̄p4




≃ 1
2u




+∆ + S

−∆ − S

+J1 +K1
+J2 +K2
−J2 −K2
−J1 −K1




. (2.12)

This determines, through (2.11), the asymptotic behaviour of the Q-functions when all
quantum numbers are large. This information can be used to determine how the large u
asymptotic of the Q-functions is related to the quantum numbers of the global symmetry.

3 The AdS3×S3×S3×S1 QSC proposal

In this section, we formulate our proposal for a 𝔬𝔰𝔭(4|2)⊕2 QSC. At its heart, the QSC
construction is a system of functional relations between Q-functions — the QQ-system —
which is expected to be universal among different integrable systems with the same symmetry.
In an ideal world, the QQ-system corresponding to an integrable model would be derived
from first principles, for example, by starting from the underlying Yangian when considering
rational spin chains.

As stated above, since we currently lack a thermodynamic Bethe ansatz or a similar
framework to describe free strings on AdS3×S3×S3×S1, we cannot derive the QSC directly by
following the standard approach. We will instead rely on intuition derived from systems with
similar symmetries and general features of integrable models, such as the ABJM QQ-system
described in the previous section. Since 𝔬𝔰𝔭(4|2) is a subalgebra of 𝔬𝔰𝔭(6|4), part of the
strategy to recover the 𝔬𝔰𝔭(4|2) QSC is to truncate the ABJM QSC reviewed in the previous
section. This truncation is depicted schematically in figure 2.

Restricting 𝔬𝔰𝔭(6|4) to 𝔬𝔰𝔭(4|2) suggests that we should replace the two basic matrices
Qa|k and Qa|k in the ABJM case with Qa|k and Qȧ|k, where a, ȧ = 1, 2 are the two spinor
representations of 𝔰𝔬(4) while k = 1, 2 is associated with the fundamental representation of𝔰𝔩(2). All indices a, ȧ, k can be raised and lowered by a fully antisymmetric tensor ε

εȧḃ = εȧḃ = εab = εab = εij = εij =
(

0 1
−1 0

)
, (3.1)

– 6 –
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𝔬𝔰𝔭(6|4) Qa|i

QA|IJ

Qa|i

QA|IPA

𝔬𝔰𝔭(4|2)

Figure 2. The Dynkin diagram for 𝔬𝔰𝔭(6|4) (on the left) and its subdiagram 𝔬𝔰𝔭(4|2) (on the right).
Each node has a Q-function associated with it. The diagram encodes relations between the functions,
forming a closed QQ-system.

and we will use conventions

Qa
|k = ϵabQb|k , Qa|k = −ϵabQ

b
|k . (3.2)

We also use vector indices A = 1 . . . 4 and I = 1, 2, 3 which are raised and lowered by the
metrics ηAB and ρIJ

ηAB = ηAB =




0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



, ρIJ = ρIJ =




0 0 1
0 1 0
1 0 0


 . (3.3)

These are appropriately reduced (and rescaled) versions of those encountered in ABJM.
Vector and spinor representations are connected through σ-matrices. For 𝔰𝔬(4), we will

use two sets of 2 × 2 matrices (σA)ȧb and (σA)aḃ. The 𝔰𝔩2 representation is built using three
Pauli matrices (ΣI)ij . Further explicit expressions for σ,Σ-matrices are given in appendix A.

Let us outline the structure of this section. In section 3.1, we will define the algebraic
properties of a single 𝔬𝔰𝔭(4|2) QQ-system, and subsequently, in section 3.2 and section 3.3,
we will postulate the analytic structure of the Q-functions. Finally, in section 3.4 we specify
asymptotics for the two copies of 𝔬𝔰𝔭(4|2) Q-systems in terms of the quantum numbers
of the state under consideration.

3.1 The 𝖔𝖘𝖕(4|2) QQ-system

As explained in section 2, key players in the ABJM QSC are the Q-functions P and Q, we
will now construct them for 𝔬𝔰𝔭(4|2) starting from Qa|i, Qȧ|i.

In analogy with (2.1) we define

PA ≡ ϵklσȧb
A Q

−
ȧ|kQ

+
b|l . (3.4)

Due to the finite shifts of Q-functions in (3.4) this definition does not treat the two spinor
representations of 𝔰𝔬(4) in a democratic way (as Qȧ|i is shifted by −i/2, whereas Qb|l is
shifted in the opposite direction). It has previously been observed in Q-systems for 𝔰𝔬(2n)
that one can form a consistent system by demanding that one finds the same Pa upon

– 7 –
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exchanging the two representations [61, 62, 70], the same phenomenon is also true in ABJM.
We follow this prescription and require

ϵklQ−
ȧ|kQ

+
b|l = ϵklQ+

ȧ|kQ
−
b|l . (3.5)

By taking the determinant of (3.5), we get

detQ+
a|k

detQ+
ȧ|k

=
detQ−

a|k
detQ−

ȧ|k
, (3.6)

implying that the ratio det Qa|k
det Qȧ|k

is a periodic function. As usual, we will require our Q-functions
to be upper-half-plane analytic and with a finite number of zeros; hence, this periodic function
should be a constant. If, in addition, we set PAPA to be a constant, we also conclude that
each individual determinant is a constant. By fixing the normalisation, we set for convenience

detQa|k = detQȧ|k = −1 , (3.7)

which then also implies that

PA PA = −2 . (3.8)

Just as for PA, we will build QI from the same basic building blocks. However, from
group theory, it is clear that we need only Qa|i to construct a vector, 3, of 𝔰𝔭(2) and the
singlet Q◦. We define

QK = +Σij
Kϵ

abQ−
a|iQ

+
b|j , Q◦ = Q−

a|kQ
+
b|lε

abεkl , (3.9)

and find from (3.5), and using (3.7), that QK ,Q◦ can also be constructed using Qȧ|k as

QK = −Σij
Kϵ

ȧḃQ−
ȧ|iQ

+
ḃ|j , Q◦ = Q−

ȧ|kQ
+
ḃ|lε

ȧḃεkl . (3.10)

Note that whereas Q◦ is not sensitive to interchanging the dotted and undotted indices,
the vector representation QK changes the sign.

Using the QQ-relations presented above, one can derive all further relations used in this
paper. We emphasise that the above set presents the complete defining set for the QQ-system,
which is a major part of the QSC construction.

Exact Bethe equations from QQ-relations. To motivate the definition (3.5), we now
show how to reproduce the exact Bethe equations from our QQ-system. A standard way
to deduce Bethe equations is to consider the Cartan-matrix, CAB, of the underlying (super-
)algebra and use it to define Bethe equations as ∏3

B=1
Q[CAB ]

B

Q[−CAB ]
B

= (−1)
CAA

2 at QA = 0. There
is no unique Cartan matrix in a superalgebra, since there exist different inequivalent choices of
positive roots. Below, we consider the specific choice depicted in figure 3. For this particular
choice, the Bethe equations are

Q+
2 Q+

3
Q−

2 Q−
3

∣∣∣∣∣
Q1=0

= 1 ,
Q++

2 Q−
1

Q−−
2 Q+

1

∣∣∣∣∣
Q2=0

= −1 , Q++
3 Q−

1
Q−−

3 Q+
1

∣∣∣∣∣
Q3=0

= −1 . (3.11)

– 8 –
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2

1

3

C =




0 −1 −1
−1 2 0
−1 0 2




Figure 3. Dynkin diagrams for 𝔬𝔰𝔭(4|2) and its Cartan matrix, encoding the structure of the
Bethe equations.

Let us now show how to reproduce these equations and identify QA in our formalism. First,
we simply write out the definitions of Q1 using both (3.9) and (3.10). For the first component
of Q1, we find

−Q+
1|1Q

−
2|1 +Q−

1|1Q
+
2|1 = Q1 , Q+

1̇|1Q
−
2̇|1 −Q−

1̇|1Q
+
2̇|1 = Q1 , (3.12)

and the third identity we need is

P1Q1 = Q+
1|1Q

+
1̇|1 −Q−

1|1Q
−
1̇|1 , (3.13)

which is a direct consequence of the definitions (3.4), (3.9) and (3.7) (for detailed derivation
see appendix B).

We now shift u in (3.12) as u→ u± i
2 and thereafter evaluate at Q1|1 = 0 and Q1̇|1 = 0.

In (3.13) we simply evaluate at Q1 = 0, this gives the equations

Q+
1|1Q

+
1̇|1

Q−
1|1Q

−
1̇|1

∣∣∣∣
Q1=0

= 1 ,
Q++

1|1
Q−−

1|1

Q−
1

Q+
1

∣∣∣∣
Q1|1=0

= −1 ,
Q++

1̇|1
Q−−

1̇|1

Q−
1

Q+
1

∣∣∣∣
Q1̇|1=0

= −1 , (3.14)

and upon identifying Q1 = Q1,Q2 = Q1|1,Q3 = Q1̇|1, we reproduce (3.11).

Spinor notation and Baxter equations. In the previous paragraph, we defined P as
a vector of 𝔰𝔬(4). However, it is often much more convenient to use spinor indices. We
define Pȧb as

Pȧb ≡ PA(σA)ȧb . (3.15)

Substituting this into (3.4) and (3.5) gives

Pȧb = −Q+
ȧ|pϵ

pkQ−
b|k = −Q−

ȧ|kϵ
kpQ+

b|p , (3.16)

which is reminiscent of the ABJM results (2.1). For the next step, it is convenient to
introduce the Q-functions with raised indexes, using ϵ

Qa|k = εabεkpQb|p , Qȧ|k = εȧḃεkpQḃ|p , Pȧc = εȧḃεcdPḃd , (3.17)

which due to the normalisation (3.7) are minus inverse of Qa|p with lower indexes Qa|pQa|q =
−δp

q and Qȧ|pQȧ|q = −δp
q . This allows us to linearise the equation for Q (3.16)

Q+
a|k = (Qḃ|l)−Pḃaεlk , Q−

a|k = (Qḃ|l)+Pḃaεlk . (3.18)
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By applying this relation twice, we can get a finite difference equation for Qa|i

Q+
a|k = Pḃa

(
Pḃc

)[−2]
Q

[−3]
c|k , Q+

ȧ|k = Pȧb

(
Pċb

)[−2]
Q

[−3]
ċ|k , (3.19)

which we will henceforth refer to as a matrix Baxter equation.
Analogously, one can express Q using spinor indices as

Qkl = QI(ΣI)kl . (3.20)

It turns out to be even more convenient to define an object from which we can readily recover
not only Qkl but also Q◦. We define

Q̂kl ≡ Qkl + 1
2Q◦εkl = εabQ+

a|kQ
−
b|l = εȧḃQ−

ȧ|kQ
+
ḃ|l , (3.21)

where in order to find the last two equalities, one uses the completeness relations for ΣI ,
we have listed them in (A.7). We also find

QI = −Σkl
I Q̂kl , Q◦ = ϵklQ̂kl . (3.22)

Finally, let us mention the following relation, mapping Q to P

Pȧb = −Q+
ȧ|iQ

+
b|jQ̂ij = +Q−

ȧ|jQ
−
b|iQ̂

ij (3.23)

where we used ϵ to raise the index in Q̂ij .

3.2 Analytic structure of Q-functions

In the previous section, we proposed an algebraic formulation of an 𝔬𝔰𝔭(4|2) Q-system. In
order to obtain a discrete spectrum from this system, it must be supplemented with analytic
constraints on the Q-functions. In this section, in analogy with ABJM and AdS3×S3×T4,
we conjecture what analytic structure to impose on the Q-functions in order to reproduce
the spectrum of free strings on AdS3×S3×S3×S1.

The main feature that distinguishes the Q-functions that appear in AdS/CFT integrability,
in comparison to other integrable models, is that they feature branch cuts. We will assume
the same to be true for our Q-functions and allow for branch points situated at [−2g+ in, 2g+
in] , n ∈ ℤ (for some Q-functions, like Qa|i, the branch points can be shifted by i/2).

The size of the cut is parametrised by parameter g. For N = 4 SYM, it is known that
g =

√
λ

4π with λ the ’t Hoof coupling, while for ABJM this relation is more complicated
and was conjectured in [45]. In the current case, we do not have an exactly known dual
CFT, but we expect that when g becomes large, the dual classical string theory becomes
the right description for operators with large quantum numbers and hence g should be
related to the string tension.

We demand that PA is an analytic function away from a single branch cut on the real axis
located at [−2g, 2g]. This simple structure also dictates the cut structure of Qa|k and Qȧ|k
through the Baxter equation (3.19). Indeed, the Baxter equation has two types of solutions

Q↓
a|i − Upper half-plane analytic (UHPA) , Q↑

a|i − Lower half-plane analytic (LHPA) ,

– 10 –
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P Q↓ Q↑

Figure 4. The analytic structure of the functions P and Q↓/↑.

each one having an infinite ladder of branch cuts. For real-valued parameters, the two
solutions can be simply related by complex conjugation, or in the case of parity symmetric
solutions, one can also use u → −u to generate one set from the other. The functions
Q↓

a|i in general have cuts at (−2g − i
2 − in, 2g − i

2 − in), n ∈ ℤ≥0 while Q↑
a|i have cuts at

(−2g + i
2 + in, 2g + i

2 + in), n ∈ ℤ≥0. These ladders of cuts further propagate into Qij

through (3.9). This ensures that Q↓
ij is analytic in the upper half-plane and Q↑

ij is analytic
in the lower half-plane. We summarise the analytic structure of P and Q in figure 4.

The four solutions, Q↑/↓
a|i , i = 1, 2, cannot be independent of each other as they form a

set of 4 solutions of a second-order finite difference Baxter equation (3.19). Indeed, they
are related to each other by a matrix Ωj

i

Q↑
a|i = Q↓

a|j(Ωj
i)+ , Q↑

ȧ|i = Q↓
ȧ|j(Ω̇j

i)+ , Ω[4] = Ω , Ω̇[4] = Ω̇ , (3.24)

where the 2i periodicity follows from the fact that the Baxter equation (3.19) relates values
with a shift by 2i only, unlike in N = 4 SYM. Notice that Ω̇ and Ω are related as

Ω̇j
i = (Ωj

i)[+2] , Ωj
i = (Ω̇j

i)[+2] , (3.25)

which is a consequence of (3.18) and the fact that we can express P in terms of both Q↑/↓.

3.3 Gluing conditions

To complete the construction of the QSC, we must also specify the monodromies of Q around
its branch-points on the real axis. In analogy with all other known iterations of the QSC, the
idea is to require that Q is a function with a single long cut (−∞,−2g) ∪ (2g,+∞) and is
consistent with QQ-relations. This means that, when we analytically continue Q through
the shortcut on the real axis, we find a new sheet without any cuts in the lower half-plane.
There are many ways to accomplish this, but following the AdS3×S3×T4 analysis [30, 31]
we will propose that the answer is to connect two hitherto unrelated 𝔬𝔰𝔭(4|2) QQ-systems
upon analytic continuation.

We thus postulate that there exist two copies of so-far independent 𝔬𝔰𝔭(4|2) QQ-systems.
We will distinguish these systems using barred indices, i.e Qkl is from the first QQ-system
and Qk̄l̄ belongs to the second system. When we can be cavalier about indices, we will allow
ourselves to simply write Q, Q̄. We then glue along the short branch-cut according to

Q̂↓
ij(u+ i0) = F k̄

i F l̄
j Q̂↑

k̄l̄
(u− i0) , Q̂↓

īj̄
(u+ i0) = F k

ī F l
j̄ Q̂↑

kl(u− i0) , (3.26)
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Q↓ Q̄↑ ∝ Qγ Q↓

Q̄↑

Figure 5. The analytic structure of the functions Pa,Pa,Q↓/↑
i and (Q↓/↑)i.

for u ∈ (−2g, 2g). Here Q̂ was previously defined as (3.21). Alternatively, using our convention
for the contour γ (see figure 1), we rewrite (3.26) as

(Q̂↓
ij)γ = F k̄

i F l̄
j Q̂↑

k̄l̄
, (Q̂↓

īj̄
)γ = F k

ī F l
j̄ Q̂↑

kl . (3.27)

Note that the way we perform gluing is by transforming separately the two indices. This should
be the case as the F -matrix must be a symmetry of the QQ-system to ensure consistency
with all QQ-relations introduced previously.

Using (3.27) one can combine Q̂↓
ij , in the upper half plane, with Q̂↑

īj̄
in the lower half

plane to create a single function analytic everywhere on the complex plane, except for a long
cut (−∞,−2g) ∪ (2g,+∞) on the real axis. We depict this in figure 5.

As the matrices F k̄
i and F k

ī
are two constant independent matrices, we find using

unimodularity, see (3.7), that

det
(
F k̄

i

)2
= det

(
F k

ī

)2
= 1 . (3.28)

3.4 Asymptotic behaviour

The asymptotic behaviour of Q-functions encodes the quantum number of the state under
consideration, which in particular includes ∆ — the conformal dimension. Motivated by
the quasiclassical behaviour of the Q-functions in section 2, and taking into account small
shifts due to QQ-relations, we find

PA ≃ AA u
−MA , QK ≃ BI u

M̂I−1 , Q◦ ≃ u0 , (3.29)

where the powers are determined by the 𝔬𝔰𝔭(4|2) charges:

MA = {(J1 −K1 + 1), (J2 −K2), −(J2 −K2), −(J1 −K1 + 1)} ,
MĀ = {(J1 +K1), (J2 +K2), −(J2 +K2), −(J1 +K1)},

(3.30)

and

M̂I = {+(∆ − S + 1), 0, −(∆ − S + 1)} , M̂Ī = {(∆ + S), 0, −(∆ + S)} . (3.31)

Here ∆ and S are the AdS3 charges, representing the conformal dimensions and spin of the
gauge theory operators, they enter the asymptotics of Q. The charges corresponding to the
two copies of S3 enter through the asymptotic of P.
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The coefficients AA,BK are constrained by the algebraic equations of the QQ-system.
As we show in appendix B.2 the prefactors A and B are constrained by

AAAA = −2
∏3

I=1
(
MA − M̂I

)

∏4
B ̸=A (MA −MB)

, BKBK = 1
2

∏4
A=1

(
M̂K −MA

)

∏3
K ̸=I

(
M̂K − M̂I

) . (3.32)

Let us also include the corresponding asymptotics of the spinorial-index Q-functions

Pȧb ∼ uNȧ+Nb , Qa|k ∼ uNa+N̂k , Qȧ|k ∼ uNȧ+N̂k , (3.33)

where

Na = M1 +M2
2 {−1, 1} , Nȧ = M1 −M2

2 {−1, 1} , N̂i = M̂1
2 {1,−1} , (3.34)

and the same applies to the barred system.
This completes our QSC proposal. In the next section, we derive some additional relations

that follow from the proposal. We then subsequently test our proposal by taking the large
volume limit in section 5 and comparing the result with the ABA equations from the literature.

4 Deriving Qτ and P ν systems

In the previous section, we proposed a QSC by providing a QQ-system supplemented with
analytic conditions. In this section, we will recast the gluing conditions into so-called Qν-
and Pτ -systems. These systems will play a key role when we consider the large volume
limit in section 5.

4.1 Qτ -system

In this section, we derive the Qτ -system from the gluing condition (3.27). Our method
largely follows [40]. We start by recasting the gluing conditions as analytic continuation and
use the fact that we can map UHPA Q-functions to LHPA Q-functions using the matrix
Ω defined in (3.24). This gives the relations

(
Q̂kl

)γ
=
(
τ m̄

k

)[+2]
τ n̄

l Q̂m̄n̄ ,
(
Q̂k̄l̄

)γ
=
(
τ m

k̄

)[+2]
τ n

l̄
Q̂mn , (4.1)

where we recall that γ denotes clockwise analytic continuation around the branch points
−2g as depicted in figure 1, and τ is defined as

τk
l̄ = Fk

m̄(Ωl̄
m̄)+ , τk̄

l = Fk̄
m(Ωl

m)+ . (4.2)

Note that τ inherits 2i periodicity from Ω and that its determinant is fixed from (3.28),
to summarize

(τ l̄
k )[+4] = τ l̄

k , det
(
τ l̄

k

)
= ±1 . (4.3)

Of course the same properties hold for τ l
k̄

. From (3.25) it is also natural to introduce the
following notation

τ̇ ≡ τ [+2] , τ̇ [+2] = τ , (4.4)

similar to the one used in the ABJM QSC.
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The function τ has an infinite number of cuts, separated by i going to infinity in both
upper and lower half-planes. The analytic continuation under the cut on the real axis along
γ̄ can be extracted from the QQ-relations (3.16) and (3.21). We derive in appendix B
the following relation

(τ̇k
m̄τ n̄

l )γ̄ − τ̇k
m̄τl

n̄ = Q̂kl(Q̂m̄n̄)γ̄ − (Q̂kl)γQ̂m̄n̄. (4.5)

The equations (4.1) and (4.5) can be used to express Q and τ on any sheet in terms of their
values on the first Riemann sheet, forming a closed system of equations. To make this even
more explicit, we will derive relations connecting Q with its analytic continuation along γ
performed consecutively n times. By adopting a trick from [30, 31] we introduce

Ukl
m̄n̄ = (U−1)kl

m̄n̄ = −τ̇k
p̄τl

q̄(δm̄
p̄ δ

n̄
q̄ − Q̂γ

p̄q̄Q̂m̄n̄) , (4.6)

in terms of which (4.5) reads
(
Ukl

m̄n̄
)γ̄

= Ukl
m̄n̄ , (4.7)

so we learn that U does not have a cut on the real axis. Now, let us note that we can
write (4.1) as

Q̂kl
m̄n̄ = Ukl

m̄n̄Q̂γ̄
m̄n̄ . (4.8)

Using that U does not have a cut on the real axis, we deduce

Q̂γn

kl = Ukl
m̄n̄Q̂γn−1

m̄n̄ , Q̂γ̄n

kl = (U−1)kl
m̄n̄Q̂γ̄n−1

m̄n̄ . (4.9)

Since there is no reason for the equality Ukl
p̄q̄Up̄q̄

mn = δm
l δ

n
l (or, in other words, that it would

be over-constraining to impose one), we have to assume that our model, in general, should
feature non-quadratic cuts. This makes our proposed QSC significantly different from ABJM,
where all Q-functions have quadratic cuts. Of course, this non-quadratic cut behaviour is
expected since it has been observed before in the AdS3×S3×T4 QSC and TBA [30–32, 71].

4.2 Pν-system

The Pν-system is the analogue of the Qτ -system for P-functions. Using (3.23) we can map
Q to P in the gluing equation (4.1). We find

Pγ
ċa = Q+

ċ|lQ
+
a|kQ

˙̄e|l̄+Qf̄ |k̄+τ̇k
k̄
τ l

l̄
P ˙̄e|f̄ , (4.10)

where we have also used that Q+
a|k does not have a cut on the real axis. Let us define two

matrices ν f̄
a and ν ˙̄e

ċ as

ν f̄
a = Q−

a|kQ
f̄ |k̄−τk

k̄
, ν

˙̄e
ċ = Q−

ċ|lQ
˙̄e|l̄−τ̇ l

l̄
. (4.11)

Since Qa|i and τ both have a unit determinant, we have

det
(
ν f̄

a

)
= ±1 , det

(
ν

˙̄e
ċ

)
= ±1 . (4.12)
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With the definition (4.11) at hand, (4.10) reads

Pγ
ċa = (ν f̄

a ν
˙̄e

ċ )[+2]P ˙̄ef̄ . (4.13)

Importantly, ν f̄
a ν ˙̄e

ċ is mirror-periodic (i.e. periodic up to an analytic continuation under
the cut):

(ν f̄
a ν

˙̄e
ċ )[+2] = (ν f̄

a ν
˙̄e

ċ )γ (4.14)

as we show in detail in appendix C.2. Thus, the Pν-system can be cast into a more natural
form using the γ̄ contour, just as in AdS3×S3×T4 [30, 31]. We find

Pγ̄
ėf = ν

˙̄c
ėν

ā
f P ˙̄cā , (4.15)

where ν∗∗ are obtained by raising and lowering the indices with ϵ from ν ∗
∗ e.g.

νa
b̄
≡ −ϵacϵb̄d̄ν

d̄
c . (4.16)

Furthermore, let us show that the functions ν independently satisfy mirror-periodicity,
much like in the ABJM case. To see this, we invert (ν ˙̄e

ċ )[+2] on the l.h.s of (4.14) to get

(ν f̄
a )[+2] =

(
−(ν ċ

˙̄e)[+2](ν ˙̄e
ċ )γ

2 det(ν̇)

)
(ν f̄

a )γ . (4.17)

It will be convenient to denote the term in the brackets here as eiP . Then, from the above
equation, along with (4.14), it follows that

(ν f̄
a )[+2] = eiP(ν f̄

a )γ , (ν ˙̄e
ċ )[+2] = e−iP(ν ˙̄e

ċ )γ . (4.18)

By taking determinant of (4.18) and keeping (4.12) in mind we get eiP = ±1. This is similar
to the ABJM case, constrained to a symmetric sector (relating upper and lower indexes),
as in our case, they are related by definition with the ϵ tensor.

There exists a discontinuity relation also for ν; it reads

(ν ˙̄e
ċ ν

f̄
a )γ − ν

˙̄e
ċ ν

f̄
a = (Pċa)γP ˙̄ef̄ − Pċa(P ˙̄ef̄ )γ̄ . (4.19)

To derive this equation, we simply start from the discontinuity equation for τ and apply
Qa|k to map τ to ν.

Finally, let us emphasise that the Pν-system allows us to express P and ν on any Riemann
sheet in terms of their values on the main sheet. Following the same method as for the Qτ
system, we find the following recursive relations

Pγn

ċa = W
˙̄ef̄

ċa Pγn−1

˙̄ef̄
, Pγ̄n

ċa = (W−1) ˙̄ef̄
ċa Pγ̄n−1

˙̄ef̄
, (4.20)

where
W

˙̄ef̄
ċa = (W−1) ˙̄ef̄

ċa = −(δḋ
ċ δ

b
a − PċaPḋb)νb

f̄νḋ
˙̄e . (4.21)
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4.3 The symmetric sector

In this section, we discuss a large subsector of our proposed QSC, wherein we identify
Q-functions with dotted indices alongside their undotted counterparts. We will call this
sector the symmetric sector. The symmetric sector is characterised by the equation

Pȧb = Paḃ . (4.22)

By definition, Paḃ ≡ Pḃa, and hence (4.22), reduce to P3 = P2. This, in particular, implies
that M2 = 0 is in the symmetric sector.

Using (4.22), it follows that Qa|k and Qȧ|k satisfy the same Baxter equation. They
furthermore have the same asymptotics and are both analytic in the upper half-plane. Hence,
they must be related by a constant linear transformation. We can write

Qȧ|k = K a
ȧ Qa|lG

l
k , (4.23)

where both matrices K and G are constant, diagonal, and obey det(K) det(G) = 1. They
can further be restricted by (4.22), since P is related to Qa|i by (3.16). We find

K 1
1̇ G

1
1 = −K 2

2̇ G
2

2 , K 2
2̇ G

1
1 = −K 1

1̇ G
2

2 ,

K 1
1̇ G

1
1 = −K 1

1̇ G
2

2 , K 2
2̇ G

1
1 = −K 2

2̇ G
2

2 ,
(4.24)

which can be reduced to

K 1
1̇ = K 2

2̇ , G 1
1 = −G 2

2 . (4.25)

Without loss of generality, we choose K 1
1̇ = K 2

2̇ = 1 and arrive at

K a
ȧ =

(
1 0
0 1

)
, G l

k =
(
−i 0
0 i

)
, (4.26)

resulting in the following simple relation between Qa|k and Qȧ|k

Qȧ|k =
(
−iQ1|1 iQ1|2
−iQ2|1 iQ2|2

)
. (4.27)

With the matrices K and G fixed, there is one extra Q-function constraint left to discuss. We
recall that Qa|k and Qȧ|k were not independent of each other to begin with. Indeed, there
are two ways of defining Qij (3.21), which can be viewed as an additional restriction on the
Q-system. It is inherited in the symmetric sector and looks as follows

Q̂kl = −G m
k G n

l Q̂nm =⇒ Q̂12 = −Q̂21 ,Q2 = 0 . (4.28)

Lastly, let us address the Pν and Qτ systems. We first note that the matrices τ and τ̇ are
related to each other. Indeed, from (3.24) and substituting (4.27), we find

τ̇ l̄
k = (−1)k+l̄τ l̄

k . (4.29)

Recalling that τ̇ = τ [+2], we see that components of τ are now either i-periodic or i-anti-
periodic. Finally, since K is simply the identity matrix, we have

ν
˙̄e

ċ =
(
ν 1̄

1 ν 2̄
1

ν 1̄
2 ν 2̄

2

)
. (4.30)
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5 The large volume limit and the asymptotic Bethe ansatz

To test our proposal, we now solve the QSC in the so-called large volume limit and compare
our results to the ABA in the literature [23, 35, 72]. The large volume limit of the QSC
has been considered before in AdS5×S5, AdS4 × ℂℙ3, and AdS3×S3×T4 [30, 31, 38, 40, 54]
where the expected ABA equations were recovered. We will follow the procedure outlined
in these papers quite closely.

In the large volume limit, the various dressing phases that play a crucial role in the
ABA can be recovered from the QSC. This is particularly non-trivial in AdS3×S3×T4 since
this background features several distinct dressing phases between particles in different wings
(dotted and undotted) and also with massless particles [54]. Finding the exact form of the
dressing phases in AdS3×S3×T4 is, in general, tricky, especially in light of the lack of reliable
comparisons from gauge theory. Several iterations of these phases have been proposed using
non-QSC methods [71, 73, 74], and remarkably, the most up-to-date version, which appeared
after [54], perfectly agrees with the QSC calculation presented in [54].

In AdS3×S3×S3×S1, there are currently no proposals for the full non-perturbative dressing
phases, only a semi-classical approximation have been proposed [75]. However, the crossing
equations for the full dressing phases were written down in [34, 36]. Thus, we will only
compare crossing equations, not full solutions.

5.1 The large volume limit

The large volume limit is characterised by some of the quantum numbers becoming large.
To be precise, we will assume that ∆ and J1 are of order L ≫ 1. We will assume that Q
and P scale according to their large u behaviour, which we will keep track of using the small
parameter ε ≃ u−L. From the asymptotics (3.29) we find the following scalings

P1 ∼ ε , P2 ∼ 1 , P3 ∼ 1 , P4 ∼ 1/ε , Q1 ∼ 1/ε , Q2 ∼ 1 , Q3 ∼ ε ,

Qa|i ∼ Qȧ|k ∼
(

1 ε

1/ε 1

)
, Qa|k ∼ Qȧ|k ∼

(
1 1/ε
ε 1

)
.

(5.1)

Here “∼” denotes the leading-order dependence on the asymptotically small parameter ε.
The Q-functions in the second 𝔬𝔰𝔭(4|2) copy have the same asymptotic behaviour. Due to
its 2i periodicity, τ cannot scale with ϵ and must behave as τ l̄

k ∼ 1. On the other hand,
ν does scale non-trivially; we find

ν 2̄
1 ≃ Q−

1|1Q
−
1̄|1̄τ

1
2̄ , ν

¯̇2
1̇ ≃ Q−

1̇|1Q
−
˙̄1|1̄τ̇

1
2̄ , (5.2)

as follows from the scaling of Qa|k and Qȧ|k in (5.1).
The scaling of ν also implies that the analytic continuation of P simplifies significantly.

In particular, upon using (5.2) in (4.13) for P1̇1 = P1 we find

(P1)γ ≃ Q+
1|1Q

+
1̇|1τ̇

1
2̄ τ

1
2̄ Q1̄ . (5.3)

Also, the matrix Ω that maps UHPA Q-functions to LHPA Q-functions simplifies con-
siderably in the large volume limit. Namely, it must be diagonal. This follows from the
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fact that Ω is periodic and hence cannot scale with ϵ. Yet, from its definition in terms of
Qa|k, the off-diagonal terms naively scale with ϵ, which allows us to conclude that these
components must be 0. Thus, in the ABA limit

Q↑
1|1 ∝ Q↓

1|1(Ω1
1)+ , Q↑

1̇|1 ∝ Q↓
1̇|1(Ω1

1)[+3] . (5.4)

From the property of Ω it then follows from (5.4) that

Q↑
1|1 ∝ Q↓

1|1(τ 1
2̄ )+ , Q↑

1̇|1 ∝ Q↓
1̇|1(τ 1

2̄ )[+3] . (5.5)

We will now use these simplifications to construct all the key QSC quantities entering into
the ABA equations.

5.2 Finding µ and ω

We will start by finding explicit expressions for ν and τ in the large volume limit. To do
so, it is convenient to focus on the following bilinear combinations

µ ≡ ν1
2̄ν1̇

˙̄2 , ω ≡ τ1
2̄ τ̇

1
2̄ . (5.6)

From (4.18) and (4.4), it follows that

µ[+2] = µγ , ω[+2] = ω . (5.7)

Furthermore, from (5.2) we obtain the large volume limit

µ ≃ Q−
1|1Q

−
1̄|1̄Q

−
1̇|1Q

−
¯̇1|1 ω . (5.8)

As recently understood in the context of AdS3×S3×T4 [76, 77], with important input from
the BFKL regime of N = 4 [54], to find massive Bethe equations, one should assume that
µ has a finite number of zeros ui at a finite distance from the cut on the defining Riemann
sheet (when g → 0), whereas the massless modes correspond to the roots sitting right on
the cut on the real axis. For simplicity, we consider only massive excitations in the main
text and present the generalisation to massless modes in appendix E.

We will introduce a polynomial ℚ that collects all massive roots of µ+

ℚ(u) =
M∏

i=1
(u− ui) , µ+

∣∣∣
u=ui

= 0 , (5.9)

so that the combination µ+/ℚ does not have zeros or poles on the main sheet. Now, let
us consider the following function

F 2 ≡ µ

µ[+2]
ℚ+

ℚ− = µ

µγ

ℚ+

ℚ− , (5.10)

which is constructed in such a way that it has no zeros or poles on the first sheet, and
we used (5.7) in the second equality. Furthermore, because of (5.8) and the periodicity
of ω (5.7), we also have

F 2 =
Q−

1|1Q
−
1̄|1̄Q

−
1̇|1Q

−
¯̇1|1

Q+
1|1Q

+
1̄|1̄Q

+
1̇|1Q

+
¯̇1|1

ℚ+

ℚ− , (5.11)
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which immediately tells us that F 2 is analytic in the upper half plane. From (5.4), we imme-
diately conclude that F 2 does not have any cuts in the lower half plane either. Finally, (5.11)
implies that F 2 → 1, as u → ∞, due to the power-like asymptotic behaviour of Qa|i. To
fix the sign of F , we require F → 1.

Following the previous analysis of the AdS3×S3×T4 QSC [30, 31, 54], we will make an
additional assumption: we assume that µ has square-root branch cuts in the large volume
limit. The square-root cut assumption for µ implies that F is also a function with square
roots. Assuming this is the case, from the last equality in (5.10), it follows that

FF γ = ±ℚ+

ℚ− . (5.12)

To fix the sign, we can evaluate this expression right at the branch point, where F γ = F

and µ = µγ are located, implying a plus above, which sets FF γ = ℚ+

ℚ− .

We know that F has a cut with a single cut and no zeros or poles on the main sheet.
From (5.12), we learn that on the second sheet, there is still only one cut; however, there
are also some zeros and poles. This implies that F is a rational function of the Zhukovsky
variable x with no zeros or poles outside the unit circle (corresponding to the upper sheet
in u); thus, we have the following solution of (5.12)

F =




M∏

i=1

√
x−i√
x+

i


 B(+)
B(−)

, (5.13)

where

B(±)(u) =
M∏

i=1

√
g

x∓i

( 1
x(u) − x∓i

)
, R(±)(x) ≡ B(±)( 1

x) , R(±)B(±) = (−1)Mℚ± , (5.14)

and the factor in (5.13) is fixed to ensure F → 1. Furthermore, from (5.14) we see that

FF γ =
(

M∏

i=1

x−i
x+

i

)
ℚ+

ℚ− , (5.15)

which, together with (5.12), implies the momentum quantisation condition

M∏

i=1

x+
i

x−i
= 1 . (5.16)

Finding µ. Having found F , we can proceed with ν and τ . We start by plugging (5.13)
into (5.10) which together with (5.16) results in a finite-difference equation

µ

µ[+2] = µ

µγ
=
(
B(+)
B(−)

)2

. (5.17)
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To solve (5.17), we introduce an upper half-plane analytic function f and its complex
conjugate f∗,2

f

f [+2] =
B(+)
B(−)

, f ∝
∞∏

n=0

B[+2n]
(+)

B[+2n]
(−)

, f∗ ∝
∞∏

n=0

B[−2n]
(−)

B[−2n]
(+)

, (5.18)

where

B(±) =
M∏

k=1

(
1 − 1

xx∓k

)
, R(±) =

M∏

i=1

(
x− x∓k

)
, B(±)R(±) = h−Mℚ± . (5.19)

Using these new functions, we solve (5.17) to find

µ ∝ ℚ−f∗−−f . (5.20)

Finding ω. In order to find ω, we first use (5.11) to determine

Q1|1Q1̄|1̄Q1̇|1Q ˙̄1|1̄ ∝ ℚ f2 , (5.21)

as follows from UHP analyticity of the l.s.h. After that, from (5.8) we immediately determine ω

ω ∝ f∗−−

f
. (5.22)

The analysis presented above closely follows that of the AdS3×S3×T4 case. However, from
this point on, we will find significant differences.

The dispersion relation. From (5.6) together with (5.2) we find the asymptotic of µ to be

µ ∼ u2∆−2J1 . (5.23)

We can now compare this to our exact expression. The only non-trivial asymptotic behaviour
is found in f , which behaves as

log
(
f

f [2]

)
= log

(
B(+)
B(−)

)
∼ γ

iu
⇒ f ∼ uγ ,

γ = ig
∑

α∈{1|1,1̇|1,1̄|1̄, ˙̄1|1̄}

Kα∑

k=1

(
1
x+

α,k

− 1
x−α,k

)
.

(5.24)

Comparing then (5.20) with (5.23) we find

∆ = J1 + M

2 + γ , (5.25)

reproducing nicely the expected anomalous part of ∆ in terms of momentum-carrying
roots [35].

2The infinite products in the definition of f are divergent, but the divergence can be absorbed into u

independent constant. In other words, in the products we assume the regularisation where we first compute
the derivative du log f as a convergent sum and then integrate in u.
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5.3 Finding Qa|k

In this section, we find Qα , α ∈ {1|1, 1̄|1̄, 1̇|1, ˙̄1|1̄}, in the ABA limit. We start from (5.21).
We see that all zeros of the l.h.s. are contained in the polynomial ℚ, and f is also defined
as a product overt the roots of ℚ. We thus split

ℚ =
∏

α

ℚα , ℚα =
Kα∏

i=1
(u− uα,i) , f =

∏

α

fα , α ∈ {1|1, 1̄|1̄, 1̇|1, ˙̄1|1̄} (5.26)

where
f++

α

fα
=

Bα,(−)
Bα,(+)

, Bα,(±) =
Kα∏

i=1

(
1 − 1

x(u)x∓α,i

)
. (5.27)

This notation allows us to write the most general ansatz for Qa|k compatible with (5.21) as

Q↓
α ∝ ℚα

√
f+h+

α (u) , α ∈ {1|1, 1̄|1, 1̇|1, ˙̄1|1} , (5.28)

where hα is a UHP analytic function with no zeros or poles on the main sheet. Due to (5.21),
the hα is subject to the constraint

h1|1h1̄|1h1̇|1h ˙̄1|1̄ ∝ 1 . (5.29)

To find further constraints on h’s, we need to consider the individual ν’s, not only their
product. From (5.2), we identify the zeros of ν and write a general ansatz

ν 2̄
1 ∝ ℚ−

1|1ℚ
−
1̄|1̄

√
f∗−−f · F , ν1̇

˙̄2 ∝ ℚ−
1̇|1ℚ

−
˙̄1|1̄

√
f∗−−f · F−1 , (5.30)

where F has no zeros on the main sheet. Similarly, for the barred system, we make the
following ansatz:

ν1̄
2 ∝ ℚ−

1|1ℚ
−
1̄|1̄

√
f∗−−f · F̄ , ν 2̇

˙̄1 ∝ ℚ−
1̇|1ℚ

−
˙̄1|1̄

√
f∗−−f · F̄−1 . (5.31)

From these new expressions, we can also write individual τ ’s via (5.2) as follows:

τ1
2̄ ∝

√
f∗−−

f
F(h1|1h1̄|1̄)−1 , τ̇1

2̄ ∝
√
f∗−−

f
F−1(h1̇|1h ˙̄1|1̄)−1 . (5.32)

Now let us constrain F and hα using the analytic properties of our QQ-system. Under-
standing these functions is crucial for identifying all dressing phases in the large volume
limit, as we will describe in section 5.6.

Constraining h’s. To further constrain hα, we use (5.5), which relates Q↑
α and Q↓

α. We
note that a standard way to construct Q↓

α is to take the complex conjugate of Q↓
α; we will

denote this by ∗, just as we did for f . We then substitute (5.28) and (5.32) into (5.5), along
with their barred equivalents, to find

F+ ∝ h+
1̄|1̄h

∗−
1|1 ∝

(
h+

˙̄1|1̄h
∗−
1̇|1

)−1
, F̄+ ∝ h+

1|1h
∗−
1̄|1̄ ∝

(
h+

1̇|1h
∗−
˙̄1|1̄

)−1
. (5.33)
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A lot of information can be extracted from equation (5.33) by utilising the analytic structure
of h. We recall that hα are UHP analytic, hence h∗α’s are LHP analytic. For example,

h+
1̄|1̄h

∗−
1|1 ∝

(
h+

˙̄1|1̄h
∗−
1̇|1

)−1
can be written as h+

1̄|1̄h
+
˙̄1|1̄ ∝

(
h∗−1̇|1h

∗−
1|1
)−1

, which tells us that h1|1 ∝
h−1

1̇|1. This is so because the l.h.s. has no cuts in the complex plane above −i/2, and the
r.h.s. is analytic below i/2; thus, these products are analytic functions without zeros. As
the asymptotic behaviour is at most power-like, we conclude that each of the products must
be a constant. Following this argument, we get

h1|1 ∝ h−1
1̇|1 , h1̄|1̄ ∝ h−1

˙̄1|1̄ . (5.34)

We then simply denote

h = h1|1 ∝ 1
h1̇|1

, h̄ = h1̄|1̄ ∝ 1
h ˙̄1|1̄

, (5.35)

and so we find

Q↓
1|1 ∝ ℚ1|1

√
f↓+h+ , Q↓

1̇|1 ∝ ℚ1̇|1

√
f↓+(h+)−1 ,

Q↓
1̄|1̄ ∝ ℚ1̄|1̄

√
f↓+h̄+ , Q↓

˙̄1|1̄ ∝ ℚ ˙̄1|1̄

√
f↓+(h̄+)−1 .

(5.36)

Let us note that if we are in the symmetric sector, see section 4.3, then we have Q1|1 ∝ Q1̇|1
and thus trivially h,F are just constants.

Constraining F ’s. Note that from (5.33) we have

F+ = h̄+h∗− , F̄+ = h+h̄∗− . (5.37)

In this equation, we fixed the arbitrary scale factor in F to make it an equality. We see
that for this choice (F+)∗ = F̄+.

To further constrain F and F̄ , we impose the following two conditions. Firstly, we must
ensure that all ν are mirror (anti-)periodic (4.18); secondly, we need to ensure compatibility
between the two expressions in (5.32), as we recall that τ̇1

2̄ ≡ (τ1
2̄)[+2].

Imposing νγ = ±ν[2] gives

Fγ

F [+2] = F̄γ

F̄ [+2] = ±S ≡ ±

√√√√√
ℚ+

1|1ℚ
+
1̄|1̄ℚ

−
1̇|1ℚ

−
¯̇1|1̄

ℚ−
1|1ℚ

−
1̄|1̄ℚ

+
1̇|1ℚ

+
¯̇1|1̄

, (5.38)

while consistency with (5.32) implies

FF [+2] = Ch(hh[2]) (h̄h̄[2]) , F̄F̄ [+2] = Ch̄(hh[2]) (h̄h̄[2]) , (5.39)

where we used the overall normalisation freedom in F̄ to ensure the first equality. The last
equation still has an unfixed constant Ch. Using (5.37), we find

Ch = (hh[2])∗
hh[2] , Ch̄ = (h̄h̄[2])∗

h̄h̄[2] . (5.40)
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Note that we still have the freedom to rescale h and h̄ by an arbitrary phase factor, which
must be the same for both functions.

Note that the functions F and F̄ are both defined by the same system of equations, (5.38)
and (5.39). This means that their ratio RF ≡ F/F̄ satisfies Rγ

F = R
[+2]
F = c/RF , where

c = Ch/Ch̄. The last equality implies that RF has only quadratic cuts. Consider the
combination RF/

√
c+

√
c/RF , which is a periodic function and invariant under the analytic

continuation, which can only be a constant given that there are no poles or zeros in RF and
it cannot grow faster than a power. Thus RF itself is a constant, and it must be

√
c due

to Rγ
F = c/RF , and thus F =

√
cF̄ . Substituting here (5.37), we can again compare the

analyticity properties of both sides of the equation and conclude that

h̄ = c1/4 h . (5.41)

Finally, recall that we can still rescale h by an arbitrary phase factor. It is convenient to set

Ch = 1 , then , Ch̄ = c−1 ≡ e−2iθ , θ ∈ ℝ . (5.42)

The resulting constraints. Let us here summarise the conclusions we can draw from our
study of h and F . First, we recall that we managed to write all hα in terms of h ≡ h1|1.
It is convenient to package this object as

H ≡ h++h = (h++h)∗ . (5.43)

The reason being that (5.40) implies that H is a real function, and since h is UHPA, it
has only one cut on the real axis.

Using this new object, the constraining equations for F become

Fγ = ±F [+2]S , FF [+2] = eiθH2 , F+ = eiθ/2h+(h∗)− . (5.44)

In appendix F we solve the system (5.44). With this, we have managed to constrain the
free parameters entering into our ansatz for Qα.

5.4 Finding PA and QI

The relevant Q-functions among PA and QI in the ABA limit are P1 and Q1. They are
distinguished by the fact that P1 becomes exponentially small, while Q1 becomes exponentially
large; see (5.1). As motivated by the results of [30, 31, 54], we introduce the following notations

B•,(±) = B1|1,(±)B1̇|1,(±) , B•̄,(±) = B1̄|1̄,(±)B ˙̄1|1̄,(±) (5.45)

as well as the following new functions S, parametrising P and Q, without reducing generality

P1 ∝ x−LR1̃B˜̄1B•,(−)S , Q1 ∝ xLR1B1
f

B•̄,(+)

1
S′ , (5.46)

P1̄ ∝ x−LR1̄B1B•̄,(−)S̄ , Q1̄ ∝ xLR˜̄1B1̃
f

B•,(+)

1
S̄′ , (5.47)
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where the functions R encode the roots of P and Q on the first sheet. We then define
S, S′, S̄, S̄′ as functions without zeros and poles on the first sheet. The zeros of R and B

are called auxiliary roots. We have explicitly

Ra =
Ka∏

i=1
(x− ya,i) , Ba =

Ka∏

i=1

(1
x
− ya,i

)
, a ∈ {1, 1̃, 1̄, ˜̄1} . (5.48)

The functions S, and S̄ are constrained by the QQ-relations. In particular, let us con-
sider (3.13) which in the large volume limit becomes

S

S′R1̃B˜̄1R1B1̄f
B•,(−)
B•̄,(+)

= ℚ+
1|1ℚ

+
1̇|1f

++ −ℚ−
1|1ℚ

−
1̇|1f . (5.49)

With the use of (5.14) and (5.18) it simplifies to

S

S′R1̃B˜̄1R1B1̄ = R1|1(+)R1̇|1(+)B1̄|1̄(−)B ˙̄1|1̄(−) − R1|1(−)R1̇|1(−)B1̄|1̄(+)B ˙̄1|1̄(+). (5.50)

From this equation, it is clear that S/S′ is a rational function of x. Now, writing down the
barred version of (5.50) we furthermore find that

(
S/S′)

(1
x

)
∝ (S̄/S̄′) (x) . (5.51)

This equation allows us to constrain the ratio S/S′. Indeed, by definition S/S′ cannot have
poles or zeros for finite |x| ≥ 1, and by (5.51) the same is true for |x| ≤ 1, x ≠ 0. Thus,

S′ = x−KS S , S̄′ = xKS S̄ , (5.52)

where we have imposed an exact equality (as opposed to ∝) since S is only defined up
to a constant.

To fix S and S̄, recall that we require (5.3), relating Pγ
1 to Q1̄. Substituting the ansatz

for P1 and Q1̄, as well as the relations (5.20) and (5.36), results in two relations for S
and S̄. These are

SγS̄ ∝ 1
xKS

R1|1(+)R1̇|1(+)
R1|1(−)R1̇|1(−)

f∗−−f++ , S̄γS ∝ xKS

R1̄|1̄(+)R ˙̄1|1̄(+)
R1̄|1̄(−)R ˙̄1|1̄(−)

f∗−−f++ . (5.53)

The system is solved using the following substitution

S =
√

B•,(+)
B•,(−)

σ• ρ ρK , S̄ =
√

B•̄,(+)
B•̄,(−)

σ• ρ̄ ρ̄K , (5.54)

where the functions σ• and ρ, ρ̄ are defined exactly in the same way as in the AdS3×S3×T4 [54].
They satisfy the functional relations

σγ
•σ• ∝ f++f∗−− , ργ ρ̄ ∝

√
R•,(+)
R•,(−)

B•̄,(−)
B•̄,(+)

, ρ̄γρ ∝
√

R•̄,(+)
R•̄,(−)

B•,(−)
B•,(+)

, (5.55)

ργ
K ρ̄K = x−KS , ρ̄γ

KρK = xKS . (5.56)
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One can show that (5.56), supplemented with the condition that ρS ≃ 1, implies that KS = 0
and ρK ∝ ρ̄K ∝ 1. This precise calculation is presented in appendix B.2 in [54], and we
will therefore not repeat it here.

Now that S and S̄ are known, the final expressions for P and Q become

P1 ∝ x−LR1̃B˜̄1

√
B•,(+)B•,(−)σ•ρ , Q1 ∝ xLR1B1̄

√
B•,(−)
B•,(+)

f

B•̄,(+)

1
σ•ρ

, (5.57)

P1̄ ∝ x−LR1̄B1
√

B•̄,(+)B•̄,(−)σ•ρ̄ , Q1̄ ∝ xLR˜̄1B1̃

√
B•̄,(−)
B•̄,(+)

f

B•,(+)

1
σ•ρ̄

. (5.58)

As we have now introduced all building blocks needed for the ABA equations, we can define,
in the next section, a particular combination that will be identified with the dressing phases
in the S-matrix bootstrap approach.

Quantum numbers and Bethe roots. With the explicit Q-functions at hand, we can now
relate the 𝔬𝔰𝔭(4|2)⊕2 group charges (2.12) to the number of roots of our Q-functions. We do
so by comparing the asymptotic behaviour of our large volume solution with (3.29).

From the explicit expressions (5.36), (5.57), and (5.58), we find that

P1 ∼ u−L+K1̃ , Q1|1 ∼ uK1|1+γ/2 Q1̇|1 ∼ uK1̇|1+γ/2 ,

P1̄ ∼ u−L+K1̄ , Q1̄|1̄ ∼ uK1̄|1̄+γ/2 Q ˙̄1|1̄ ∼ u
K ˙̄1|1̄+γ/2

.

Then, upon using K1̃ = K1|1 + K1̇|1 − K1 − 1, we obtain

M1 = L+ K1 −K1|1 −K1̇|1 + 1 , M2 = K1̇|1 −K1|1 ,

M1̄ = L−K1̄ , M2̄ = K ˙̄1|1̄ −K1̄|1̄ , (5.59)

M̂1 = 1 + L+ K1 + γ , M̂1̄ = K1̄|1̄ +K ˙̄1|1̄ + L−K1̄ + γ .

The above six equations, along with P and Q asymptotics (3.30) and (3.31), are enough
to find the group charges

∆ = L+ γ +
K1̄|1̄ +K ˙̄1|1̄

2 + K1 −K1̄
2 ,

S =
K1̄|1̄ +K ˙̄1|1̄

2 − K1 + K1̄
2 ,

J1 = L−
K1|1 +K1̇|1

2 + K1 −K1̄
2 , (5.60)

K1 =
K1|1 +K1̇|1

2 − K1 + K1̄
2 ,

J2 =
K1̇|1 −K1|1

2 +
K ˙̄1|1̄ −K1̄|1̄

2 ,

K2 =
K1|1 −K1̇|1

2 +
K ˙̄1|1̄ −K1̄|1̄

2 .

This nicely shows that it is indeed only ∆ that develops an anomalous part.
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5.5 The dressing phases

Let us provide more details regarding the functions h, σ•, ρ, ρ̄ that appear in our final
expressions (5.36), (5.57), and (5.58). We will attempt to identify these objects as the basic
building blocks of the dressing phases that appear in the S-matrix approach.

σ• and the BES phase. The function σ• has appeared many times before in the QSC
context; it is a basic building block of the so-called BES phase. Since the right-hand side
of (5.55) is a product over all the massive excitations, it is natural to also write σ• in this
fashion. For reasons that will soon become clear, we will not consider σ•, but rather the
ratio σ+

• /σ
−
• . We find

σ•(x+)
σ•(x−) =

∏

α∈I

Kα∏

k=1
σBES(x, xα,k) , I = {1|1, 1̇|1, 1̄|1̄, ˙̄1|1̄} , (5.61)

where σBES is the famous Beisert-Eden-Staudacher-phase [78].

ρ and ρ̄. The functions ρ and ρ̄ first appeared in the proposed AdS3×S3×T4 QSC [30, 31].
Just as σ•, they are written as a product over the momentum-carrying excitations. We write

ρ =
∏

α∈I2

Kα∏

k=1
ϱ(x, xα,k)

∏

α∈I2̄

Kα∏

k=1
ϱ̄(x, xα,k) , ρ̄ =

∏

α∈I2

Kα∏

k=1
ϱ̄(x, xα,k)

∏

α∈I2̄

Kα∏

k=1
ϱ(x, xα,k) , (5.62)

where I2 = {1|1, 1̇|1}, I2̄ = {1̄|1̄, ˙̄1|1̄}. Here, the newly introduced building blocks satisfy
the discontinuity equations [54]

ϱ(xγ , v)ϱ̄(x, v) ∝
√
x− y−

x− y+ , ϱ̄(xγ , v)ϱ̄(x, v) ∝
√

1/x− y+

1/x− y−
, v = g

(
y + 1

y

)
. (5.63)

It will be convenient to combine σ•, ρ and ρ̄. We follow [54] and define

σ••(x, y) = σBES(x, y)ϱ(x+, y)
ϱ(x−, y) , σ̃••(x, y) = σBES(x, y) ϱ̄(x+, y)

ϱ̄(x−, y) . (5.64)

The H-phase. Just as for the other phases above, the defining equation for H (defined
in (5.44) and (5.43)) implies that it can be naturally written as a product over momentum-
carrying roots, explicitly

H =
∏

α∈{1|1,1̄|1̄}

Kα∏

k=1
eH(x,xα,k) ∏

α∈{1̇|1, ˙̄1|1̄}

Kα∏

k=1
e−H(x,xα,k) . (5.65)

The discontinuity equation for H(x, y) is significantly more complicated compared to ϱ, ϱ̄;
we work out the details in appendix F. The final result is

Hγ −H = 1
2 log

(
u− v + i/2
u− v − i/2

)
−

∞∑

n=0
2(−1)n

[
H[−2n−2] −H[+2n+2]

]
, (5.66)

with H = H(x, y),Hγ = H(xγ , y), and we finally introduce the associated dressing phase

σ̂(x, y) = exp
(
H(x+, y) −H(x−, y)

)
. (5.67)

We also discuss massless dressing phases in appendix F.
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Figure 6. The path γ̄c depicted in the u-plane. Note that it first crosses the branch-cut of x+ and
thereafter the cut of x−.

5.5.1 Crossing equations

We now proceed to compute the so-called crossing equations for our phases. We note that
the dressing phases are functions with cuts at (−2g, 2g) ± i

2 . The crossing equations are
obtained by analytically continuing the phases across these two cuts, following the path
γ̄c defined in figure 6.

The crossing for σ•• and σ̃•• has been studied previously, see for example [54], the result is

[σ••(xγ̄c , y)σ̃••(x, y)]2 = (y−)4 (x+ − y+) (x− − y+) (y+x+ − 1
)2

(y+)4 (x− − y−) (x+ − y−) (y−x+ − 1)2 ,

[σ̃••(xγ̄c , y)σ••(x, y)]2 = (y−)4 (x− − y+)2 (y+x− − 1
) (
y+x+ − 1

)

(y+)4 (x− − y−)2 (y−x− − 1) (y−x+ − 1)
.

(5.68)

For the new piece σ̂, we find in appendix F that the discontinuity relation (5.66) results in

σ̂(xγ̄c , y)σ̂(x, y) =

√√√√x− − y+

x+ − y−
1 − 1

x−y+

1 − 1
x+y−

. (5.69)

5.6 The ABA equations

Having found the large volume limit for P1,Q1, Q1̇|1 and Q1|1, we can now find the cor-
responding Asymptotic Bethe Ansatz by plugging these expressions into the exact Bethe
Ansatz Equations. We start with the grading in (3.11):

Q
[2]
1|1Q−

1

Q
[−2]
1|1 Q+

1

∣∣∣∣
u: Q1|1=0

= −1 ,
Q+

1̇|1Q
+
1|1

Q−
1̇|1Q

−
1|1

∣∣∣∣
u: Q1=0

= 1 ,
Q

[2]
1̇|1Q−

1

Q
[−2]
1̇|1 Q+

1

∣∣∣∣
u: Q1̇|1=0

= −1 , (5.70)

– 27 –



J
H
E
P
0
5
(
2
0
2
6
)
2
8
5

Q1|1

Q1

Q1̇|1

Q1̄|1̄

P1̄

Q ˙̄1|1̄

Figure 7. We depict the grading of the ABA-equations as well as the Q-functions that explicitly appear.
The left grading corresponds to (5.71), (5.72), (5.73) while the right encodes (5.75), (5.76), (5.77).
The choice of grading is purely a matter of convenience. We have chosen Q-functions so that only the
auxiliary roots yk appear, while ỹk are absent.

and plug (5.36) and (5.57) to find the following ABA equations

−

x

+
1|1,k

x−1|1,k




L

=
ℚ

[+2]
1|1

ℚ
[−2]
1|1

R−
1 B

−
1̄

R+
1 B

+
1̄

√√√√B+
•̄,(+)B

+
•̄,(−)

B−
•̄,(+)B

−
•̄,(−)

σ+
• ρ

+H+

σ−• ρ−H−

∣∣∣∣∣
x=x1|1,k

, (5.71)

1 =
R•,(+)B•̄,(−)
R•,(−)B•̄,(+)

∣∣∣∣∣
x=y1,k

, (5.72)

−


x+

1̇|1,k

x−1̇|1,k




L

=
ℚ

[+2]
1̇|1

ℚ
[−2]
1̇|1

·
R−

1 B
−
1̄

R+
1 B

+
1̄

√√√√B+
•̄,(+)B

+
•̄,(−)

B−
•̄,(+)B

−
•̄,(−)

σ+
• ρ

+H−

σ−• ρ−H+

∣∣∣∣∣
x=x1̇|1,k

. (5.73)

We will consider the second copy in a different grading, the reason for this is simply to
ensure that only the auxiliary roots y1,k, ȳ1,k appear while y1̃,k, y˜̄1,k

are absent. From the
definition of P1̄ (3.9) it follows that

1 =
P+

1̄ Q
[−2]
˙̄1|1̄

P−
1̄ Q

[+2]
˙̄1|1̄

∣∣∣∣∣
u: Q1̄|1̄=0

, 1 =
Q+

˙̄1|1̄Q
+
1̄|1̄

Q−
˙̄1|1̄Q

−
1̄|1̄

∣∣∣∣∣
u: P1̄=0

, 1 =
P+

1̄ Q
[−2]
1̄|1̄

P−
1̄ Q

[+2]
1̄|1̄

∣∣∣∣∣
u: Q ˙̄1|1̄=0

. (5.74)

Plugging in (5.36) and (5.58) gives

−


x+

1̄|1̄,k

x−1̄|1̄,k




L

=
R−

˙̄1|1̄,(−)

R+
˙̄1|1̄,(+)

B+
1̄|1̄,(+)

B−
1̄|1̄,(−)

B+
1 R

+
1̄

B−
1 R

−
1̄

√√√√B+
•,(+)B

−
•,(+)

B+
•,(−)B

−
•,(−)

σ+
• ρ̄

+H+

σ−• ρ̄−H−

∣∣∣∣∣
x=x1̄|1̄,k

(5.75)

1 =
R•̄,(+)B•,(−)
R•̄,(−)B•,(+)

∣∣∣∣∣
x=y1̄,k

, (5.76)

−


x+

˙̄1|1̄,k

x−˙̄1|1̄,k




L

=
R−

1̄|1̄,(−)

R+
1̄|1̄,(+)

B+
˙̄1|1̄,(+)

B−
˙̄1|1̄,(−)

B+
1 R

+
1̄

B−
1 R

−
1̄

√√√√B+
•,(+)B

−
•,(+)

B+
•,(−)B

−
•,(−)

σ+
• ρ̄

+H−

σ−• ρ̄+H+

∣∣∣∣∣
x=x ˙̄1|1̄,k

. (5.77)

Now, this system can be compared with the ABA equations derived in [35], using a very
different S-matrix bootstrap approach; we recall all the relevant equations in appendix D.
To begin with, we find an exact match for (5.72) and (5.76) with [35]. The remaining
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equations in the ABA also match our proposal structurally but feature unknown, so-called
dressing phases: Sαβ(x, y) , α, β = {1, 3, 1̄, 3̄} [35]. Upon identifying factors evaluated at
the same roots, we find

S11(x,y) =
1− 1

x+y−

1− 1
x−y+

σ••(x,y)σ̂(x,y) , S13(x,y) =σ••(x,y)σ̂−1(x,y) (5.78)

S11̄(x,y) =

√√√√1− 1
x+y−

1− 1
x−y+

σ̃••(x,y)σ̂(x,y) , S13̄(x,y) =

√√√√1− 1
x+y−

1− 1
x−y+

σ̃••(x,y)σ̂−1(x,y) , (5.79)

and the remaining phases are given as S33 = S1̄1̄ = S3̄3̄ = S11 , S31 = S13 = S1̄3̄ = S3̄1̄,
S11̄ = S1̄1 = S33̄ = S3̄3, and S13̄ = S3̄1 = S1̄3 = S31̄. Let us point out that the process
of deducing (5.78) from the Bethe equations is, to some extent, ambiguous. For example,
factors that cancel out in the product over all roots (e.g., due to the momentum conservation
condition (5.16)) can be distributed freely. We have fixed the exact proportionality to facilitate
easier comparison with the literature which uses the spin-chain frame. We expect that one
can explore the string-frame by redistributing factors of the Zhukovsky variable.

There are no proposals for the exact form of Sαβ in the literature; however, their crossing
equations have been proposed in [35]. Here, the crossing equation simply means an equation
constraining Sαβ upon analytic continuation along γ̄c. recall that this contour was defined in
figure 6. Simply substituting (5.68) and (5.69) into (5.78), found from QSC, we get

S11(xγ̄c ,y)S1̄1(x,y) =
1− 1

x−y−

1− 1
x+y−

√
1− 1

x+y+

1− 1
x−y−

, S1̄1(xγ̄c ,y)S11(x,y) =
√

y−

y+
x−−y+

x+−y+

√
x+−y+

x−−y+ , (5.80)

S13(xγ̄c ,y)S1̄3(x,y) = y−

y+

1− 1
x−y−

1− 1
x−y+

√
1− 1

x+y+

1− 1
x−y−

, S1̄3(xγ̄c ,y)S13(x,y) =
√

y−

y+
x+−y−

x+−y+

√
x+−y+

x−−y− , (5.81)

which matches perfectly with the expressions from [35] assuming one interprets the crossing
transformation in that paper as being in the opposite direction of γ̄c. Such a change of
orientation was also necessary for AdS3×S3×T4, see appendix B in [73] for a detailed
discussion. We discuss this change of orientation further in appendix D. This highly non-
trivial check grants some credence to the hope that our proposal can give the spectrum
of free strings on AdS3×S3×S3×S1.

5.7 Braiding unitarity of the dressing phases

Normally, in the S-matrix bootstrap approach, one constrains the dressing phases not only by
crossing equations but also by braiding unitarity; that is, for example, S11(x, y)S11(y, x) = 1.
It is not a priori obvious that the phases arising in the ABA limit of QSC will satisfy this
requirement. In [54], it was shown that this will hold for σ••(u, v) and σ̃••(u, v). The situation
with σ̂(u, v) turns out to be more complicated. Firstly, no solution has been presented in the S-
matrix bootstrap literature that satisfies both. Furthermore, we also found that the equations
derived from QSC (which are normally more constraining than the crossing equations alone)
are in tension with unitarity while reproducing the crossing equation (or vice versa, depending
on the interpretation of the factors in the ABA limit), as discussed in appendix F.
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In the QSC, we can only compute H+/H−, which is a product of individual factors, and
not the individual dressing phases. Previously, in this section, we decomposed

H+

H− =
∏

α∈{1|1,1̄|1̄}
∏Kα

k=1 σ̂(u, xα,k)
∏

α∈{1̇|1, ˙̄1|1̄}
∏Kα

k=1 σ̂(u, xα,k)
. (5.82)

It is therefore natural to ask whether there exists another splitting that would yield phases
satisfying braiding unitarity. In appendix F, we show that this is the case, but it requires the
momentum-carrying roots to satisfy, in general, a non-trivial constraint; see (F.19) and (F.33).
These constraints are automatically satisfied in the symmetric sector, essentially because in
this sector H+/H− = 1. The price to pay is that the resulting unitary phase, even in the
symmetric sector, will no longer satisfy the crossing equation (5.69). We have not been able
to find, nor rule out, a more complicated splitting that provides both the correct crossing
equation and braiding unitarity. This issue definitely deserves future investigation.

We emphasize that the Bethe equations proposed in [34, 35] were derived assuming
braiding unitarity of the dressing phase. To properly compare our QSC against S-matrix
derived Bethe equations, one would have to revisit the derivation of [34, 35] without assuming
braiding unitarity.

At the same time, in the symmetric sector, we expect that one should really only look at
the product S11(u, v)S13(u, v). This product satisfies both crossing and braiding unitarity;
thus, our equations appear perfectly consistent with the literature.

6 Conclusions

In this paper, we propose a quantum spectral curve (QSC) for AdS3×S3×S3×S1 when the
radii of the two S3 are equal. Our proposal is based on symmetry considerations and amounts
to connecting two separate 𝔬𝔰𝔭(4|2) QQ-systems through analytic continuation, a procedure
which closely follows that of the AdS3×S3×T4 QSC case [30, 31].

To test our proposal, we investigate the large-volume limit of the QSC, where the spectrum
is expected to be given by the Asymptotic Bethe Ansatz [35]. When comparing our QSC
equations with the ABA, we found agreement with the general structure and successfully
reproduced all the crossing equations for the product of the dressing phases appearing in the
Bethe ansatz. However, we were not able to split the product of dressing phases arising in
the ABA equations in the non-symmetric case into individual dressing phases that satisfy all
the assumptions made in the S-matrix bootstrap approach — namely, the crossing equations
and braiding unitarity. To the best of our knowledge, no such factors are currently known
to exist in the S-matrix literature.

In the symmetric sector, however, we do reproduce all previously known results. For this
sector, we furthermore extended the ABA in appendix E to also include massless modes,
following [54].

The issue regarding the dressing phases warrants further investigation. It may be
that additional ingredients are needed to define the QSC beyond the symmetric sector.
Alternatively, the problem could be an artefact of a possible Stokes phenomenon in the ABA
limit (i.e. non-commutativity of the large volume limit and analytic continuations), in which
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case extra care is needed when taking the large-volume limit. Another possibility is that our
original square-root assumption of µ in the large volume limit must be revisited.

The most pressing task at present is to demonstrate that our QSC has non-trivial
solutions for finite quantum numbers, at least perturbatively and numerically, at weak
coupling. Furthermore, perturbative control is crucial to test the square-root assumption of
µ in the large volume limit. We believe the techniques developed in [33] should be able to
accomplish this with minor modifications, and we hope that recent developments in AdS5×S5

will help extend numerics to strong coupling as well [79]. Unfortunately, since the dual
CFT is unknown, we currently lack data for comparison at weak coupling, and it appears
unlikely that this will change in the near future. At strong coupling, there is more hope for
the immediate future. The AdS Virasoro-Shapiro amplitude programme [80] has recently
yielded new predictions for AdS3×S3×T4 [81, 82], and the extension to AdS3×S3×S3×S1

appears to be within reach.
In this paper, we have focused on understanding AdS3×S3×S3×S1 supported by pure

RR flux; however, the pure NSNS case is also highly interesting. In particular, much more is
known about the dual CFT, especially in the case of minimal flux [83], but also beyond [84–86].
In AdS3×S3×T4, recent advances on both the integrability side [87–89] and the dual CFT
side [90–92] give hope that we will soon be able to compare explicit results. It would be very
exciting to extend these results and methods to AdS3×S3×S3×S1.

It would be interesting to attempt to generalise our construction away from equal radii.
This would presumably require gluing together two D(2, 1|α) QQ-systems. The first challenge
would be to construct these QQ-systems; to the best of our knowledge, they are not known
even for a rational spin chain. We expect that these systems will feature QQ-relations with
shifts of α i and (1 − α) i. Having two different shift values may be in tension with analytic
continuation; resolving this would be highly interesting.

Note added. As this work was nearing completion, we became aware of overlapping work
by Andrea Cavaglià, Rouven Frassek, Nicolò Primi, and Roberto Tateo, some of which were
presented by Nicolò Primi at IGST 2025 [93]. We thank them for interesting discussions,
especially during IGST 2025, and for agreeing to coordinate submissions.
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A Conventions

In this appendix, we summarise our conventions for the various explicit matrix representations
used throughout the paper.

Raising and lowering indices. We use indices i, a, ȧ = 1̇, 2̇ and introduce the fully
antisymmetric tensors

εȧḃ = εȧḃ = εab = εab = εij = εij =
(

0 1
−1 0

)
, (A.1)

using which we raise and lower indices according to ψa = ϵabψb , ψa = −ϵabψ
b . The equivalent

matrices for the vector representation indexed by A = 1, 2, 3, 4 and I = 1, 2, 3 are

ηAB = ηAB =




0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



, ρIJ = ρIJ =




0 0 1
0 1 0
1 0 0


 . (A.2)

𝖘𝖔4 conventions. We map between spinors and vectors of 𝔰𝔬4 using σȧb
A , explicitly written as

σȧb
1 =

(
−1 0
0 0

)
, σȧb

2 =
(

0 0
1 0

)
, σȧb

3 =
(

0 1
0 0

)
, σȧb

4 =
(

0 0
0 1

)
, (A.3)

σaḃ
1 =

(
−1 0
0 0

)
, σaḃ

2 =
(

0 1
0 0

)
, σaḃ

3 =
(

0 0
1 0

)
, σaḃ

4 =
(

0 0
0 1

)
. (A.4)

We also use (σA)aḃ = ϵacϵḃḋ (σA)cḋ.𝖘𝖕2 conventions. Analogous map for 𝔰𝔭2 is performed using matrices ΣI , I = 1, 2, 3. They
take the following form

(Σ1) j
i =

(
0 0
1 0

)
, (Σ2) j

i = 1√
2

(
1 0
0 −1

)
, (Σ3) j

i =
(

0 1
0 0

)
. (A.5)

Note then that (ΣI)ij ≡ −ϵjk(ΣI)j
k and (ΣI)ij = ϵik (ΣI)k

j are symmetric, explicitly

(Σ1)ij =
(

0 0
0 1

)
, (Σ2)ij = 1√

2

(
0 1
1 0

)
, (Σ3)ij =

(
−1 0
0 0

)
, (A.6)

(Σ1)ij =
(

1 0
0 0

)
, (Σ2)ij = − 1√

2

(
0 1
1 0

)
, (Σ3)ij =

(
0 0
0 −1

)
.

Useful relations. We widely use the so-called Fierz identities

(σA)aḃ(σA)ċd = −δa
dδ

ḃ
ċ , (ΣI)ij(ΣI)kl = −δi

lδ
j
k − 1

2ε
ijεkl ,

(σA)aḃ(σ
B)ḃa = −δB

A , (ΣI)kl(ΣJ)lk = −δJ
I .

(A.7)
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B Additional consequence of the QQ-system

In this appendix, we collect further algebraic relations that follow from those of our 𝔬𝔰𝔭(4|2)
QQ-system presented in section 3.

B.1 Fermionic QQ-relation

In this section, we derive the fermionic QQ-relation

Q̂klPȧb = −Q+
ȧ|lQ

+
b|k +Q−

b|lQ
−
ȧ|k . (B.1)

We start from the definitions of Q̂ and P which give in product

Q̂klPėf = (Qċ|j)+Q+
b|kεjlε

abPċaPėf . (B.2)

To simplify it, we note that for any 2 × 2 matrix with unit determinant

PȧbPċd − PċbPȧd = εȧċεbd . (B.3)

Substituting this results in

Q̂klPėf = −Q+
ė|lQ

+
f |k −Q−

f |lQ
+
b|kε

abPėa . (B.4)

The second term here is simplified using once more (3.18) and (B.3). As a result

Q̂klPėf = −Q+
ė|lQ

+
f |k +Q−

ė|kQ
−
f |l . (B.5)

B.2 Vector representations of Q-function

In this section, we present some useful equations in vector representation. We begin by
introducing

QA|I = −σaḃ
A Σij

I Qa|iQḃ|j , QA|◦ = −σaḃ
A ε

ijQa|iQḃ|j , (B.6)

using which we can rewrite (B.5) as

QIPA = Q+
A|I −Q−

A|I , Q◦PA = Q+
A|◦ +Q−

A|◦ . (B.7)

Furthermore, in vector notation, it is easy to rotate P into Q, we find

QI = ∓Q±
A|IPA , Q◦ = −Q±

A|◦P
A , (B.8)

which can also be inverted to give

PA = QIρ
IJQ−

A|J + 1
2Q◦Q

−
A|◦ . (B.9)

Let us recall the constraint PAPA = −2, by rotating P into Q here we find that

QIρ
IJQJ − 1

2Q2
◦ = −2 . (B.10)
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B.3 Constraints on AA and BB

In this section, we constrain AAAA and BIBI . We start from

PA ≃ AA u
−MA , QI ≃ BI u

M̂I−1 . (B.11)

Recall that PAPA = −2, which implies
∑

B

ABAB = −2. (B.12)

We then recall that

Q±
A|IPA = ∓QI , (B.13)

which upon requiring (B.11) implies

∑

B

ABAB

MB + M̂K

= 0 . (B.14)

Combining (B.12) and (B.14) we solve the above to find

A1A1 = A4A4 = −M2
1 + M̂2

1
M2

1 −M2
2
, A2A2 = A3A3 = M2

2 − M̂2
1

M2
1 −M2

2
. (B.15)

We can follow a similar path to find BKBK . We make use of the following QQ-relations

PA = Q−
A|IQI +

Q◦Q
−
A|◦

2 , −2 = QIQI − 1
2Q2

◦ , (B.16)

which, upon taking asymptotics into account, give the following constraints

3∑

I=1

BIBI

MA + M̂I

= MA

2 . (B.17)

These can be solved to find

B1B1 = B3B3 = (M2
1 − M̂2

1 )(M2
2 − M̂2

1 )
4M̂2

1
, B2B2 = −M

2
1M

2
2

2M̂2
1

. (B.18)

C The P µ and Qω systems

C.1 Derivation of Qτ

Let us explain in more detail here the computation leading to the Qτ system in spinor
notation. Taking the difference between (B.5) and its analytic continuation along γ̄ gives

(Q̂kl)γ̄(Pȧb)γ̄ − Q̂klPȧb = −(Q−
ȧ|l)

γ̄(Q−
b|k)γ̄ +Q−

ȧ|lQ
−
b|k. (C.1)

Using (3.24) and contracting with F n
l̄
F m

k̄
results in the discontinuity relation

(τ m++
k̄

)γ̄(τ n
l̄

)γ̄ − τ m++
k̄

τ n
l̄

= Q̂↓
k̄l̄

(Q̂mn↓)γ̄ − (Q̂↓
k̄l̄

)γQ̂mn↓. (C.2)
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C.2 Mirror-periodicity

In this appendix, we show the mirror-periodicity condition:
(
(ν ˙̄e

ċ ν
f̄

a )[2]
)γ̄

= ν
˙̄e

ċ ν
f̄

a . (C.3)

We start from ν definition through τ , see (4.11), this implies




(ν ˙̄e
ċ ν

f̄
a )++γ̄ = Q+

ċ|lQ
+
a|kQ

˙̄e|l̄+Qf̄ |k̄+((τk
k̄
)[+2]τ l

l̄
)γ̄

ν ˙̄e
ċ ν

f̄
a = Q−

ċ|l′Q
−
a|k′Q

˙̄e|l̄′−Qf̄ |k̄′−τk′

k̄′(τ l′

l̄′
)[+2]

(C.4)

The first line can be simplified using the τ discontinuity relation (4.5):

(ν ¯̇e
ċ ν

f̄
a )++γ̄ = Q+

ċ|lQ
+
a|kQ

¯̇e|l̄+Qf̄ |k̄+
(
(τk

k̄
)[+2]τ l

l̄
+ Q̂kl(Q̂k̄l̄)

γ̄ − (Q̂kl)γQ̂k̄l̄

)

and then further expanded using (4.8) to remove γ̄:

(ν ¯̇e
ċ ν

f̄
a )++γ̄ = Q+

ċ|lQ
+
a|kQ

¯̇e|l̄+Qf̄ |k̄+
(
(τk

k̄
)[+2]τ l

l̄
− Q̂kl(τ l′

k̄
)[+2]τk′

l̄
Q̂l′k′−

− (Q̂kl)γQ̂k̄l̄ + (Q̂l′k′)γQ̂l′k′Q̂k̄l̄Q̂kl
)
. (C.5)

The second line should be brought exactly to this form. As it is now, it contains several
Q− functions, all of which should somehow be replaced by Q+. This can be achieved by
considering one of the QQ-relation (B.5) rewritten as follows

Q−
b|lQ

−
ḋ|k = Q+

ḋ|l′Q
+
b|k′(δk′

k δ
l′
l − Q̂klQ̂k′l′) .

Plugging it into the second line of (C.4) will reproduce (C.5) without any further simpli-
fications.

C.3 Qω system in vector notation

In this section, we rewrite the Qω-system using vector notation. To do so we define 3 new
objects: ω, ψ and χ by

ω J̄
I = −(ΣI)ji(τ ī

i )[+2]τ j̄
j (ΣJ̄ )̄ij̄ , (C.6)

ψI = −(ΣI)ji(τ ī
i )[+2]τ j̄

j εīj̄ , (C.7)

χ = 1
2εīj̄(τ ī

i )[+2]τ j̄
j ε

ij . (C.8)

The 2i periodicity of τ manifests itself here as

(ω J̄
I )[+2] = ω J̄

I , ψ
[+2]
I = −ψI , χ[+2] = χ. (C.9)

Then contracting the indices in equation (4.1) with (ΣI)ij gives

(Q↓
I)γ = ω J̄

I Q↓
J̄

+ 1
2ψIQ↓

◦ , (Q↓
Ī
)γ = ω J

Ī
Q↓

J + 1
2ψĪQ↓

◦̄ , (C.10)

and
(Q↓

◦)γ = χQ↓
◦ − ψĪQ↓

Ī
, (Q↓

◦̄)γ = χ̄Q↓
◦̄ − ψIQ↓

I . (C.11)
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The discontinuity equation (4.5) splits into

(ω J
Ī

)γ̄ − ω J
Ī

= −Q↓
Ī
(QJ↓)γ̄ + (Q↓

Ī
)γQJ ,

(ψĪ)γ̄ − ψĪ = −Q↓
Ī
(Q↓

◦)γ̄ + (Q↓
Ī
)γQ↓

◦, (C.12)

χγ̄ − χ = 1
2(Q↓

◦̄(Q↓
◦)γ̄ − (Q↓

◦̄)γQ↓
◦).

Similar relations for the second 𝔬𝔰𝔭(4|2) copy are obtained from (C.12) by switching barred
and unbarred indices.

C.4 P µ system

In a similar fashion to ω, we introduce µ as the analogue of ν in the vector representation.
We define matrix µ as

µ B̄
A = −(σA)aċν f̄

a ν
¯̇e

ċ (σB̄)f̄ ¯̇e , (C.13)

and note that it satisfies the mirror periodicity condition

(µ B̄
A )[+2] = (µ B̄

A )γ . (C.14)

The vector form of relation (4.13) is then

Pγ
A = (µ B̄

A )γPB̄. (C.15)

Alternatively, it can be inverted to give Pγ̄

B̄
= µA

B̄
PA. The discontinuity equation for

ν becomes

(µ B̄
A )γ − µ B̄

A = PA(PB̄)γ̄ − (PA)γPB̄. (C.16)

D The ABA equations

As in previous iterations of the QSC, we will test our proposal against the ABA derived
independently in [35]. The ABA contains a total of 4 different types of momentum carrying
massive roots {xk}K1

k=1, {zk}K3
k=1, {x̄k}K̄1

k=1, {z̄k}K̄3
k=1 as well as 2 auxiliary roots {yk}K2

k=1, {ȳk}K2̄
k=1

The ABA equations associated with the left system read

(
x+

x−

)L

=
R+

1|1(+)

R−
1|1(−)

·
R−

1 B
−
1̄

R+
1 B

+
1̄

·

√√√√B+
•̄(−)

B−
•̄(+)

×

×
K1|1∏

k=1
S11(x, x1|1,k)

K1̇|1∏

k=1
S13(x, x1̇|1,k)

K1̄|1̄∏

k=1
S11̄(x, x1|1,k)

K ˙̄1|1̄∏

k=1
S13̄(x, x ˙̄1|1̄,k

)
∣∣∣∣∣
x=x1|1,k

,

(D.1)

1 =
R•(+)B•̄(−)
R•(−)B•̄(+)

∣∣∣∣∣
x=y1,k

, (D.2)
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(
x+

x−

)L

=
R+

1̇|1(+)

R−
1̇|1(−)

·
R−

1 B
−
1̄

R+
1 B

+
1̄

·
√√√√B+

•̄(−)

B−
2̄(+)

×

×
K1̇|1∏

k=1
S33(x, x1̇|1,k)

K1|1∏

k=1
S31(x, x1|1,k)

K1̄|1̄∏

k=1
S31̄(x, x1̄|1̄,k)

K ˙̄1|1̄∏

k=1
S33̄(x, x ˙̄1|1̄,k

)
∣∣∣∣∣
x=x1̇|1,k

.

(D.3)

While the right system reads
(
x+

x−

)L

=
R−

˙̄1|1̄(−)

R+
˙̄1|1̄(+)

·
R+

1̄ B
+
1

R−
1̄ B

−
1

√√√√B−
•,(+)

B+
•,(−)

×

×
K1̄|1̄∏

k=1
S1̄1̄(x, x1̄|1̄,k)

K ˙̄1|1̄∏

k=1
S1̄3̄(x, x ˙̄1|1̄,k

)
K1|1∏

k=1
S1̄1(x, x1|1,k)

K1|1̇∏

k=1
S1̄3(x, x1̇|1,k)

∣∣∣∣∣
R1̄|1̄=0

,

(D.4)

1 =
B•(+)R•̄(−)
B•(−)R•̄(+)

∣∣∣∣∣
x=y1̄,k

(D.5)

(
x+

x−

)L

=
R−

1̄|1̄,(−)

R+
˙̄1|1̄,(+)

·
R+

1̄ B
+
1

R−
1̄ B

−
1

·

√√√√B−
•,(+)

B+
•,(−)

×

×
K1|1∏

k=1
S3̄1(x, x1|1,k)

K1̇|1∏

k=1
S3̄3(x, x1̇|1,k)

K1̄|1̄∏

k=1
S3̄1̄(x, x1̄|1̄,k)

K ˙̄1|1̄∏

k=1
S3̄3̄(x, x ˙̄1|1̄,k

)
∣∣∣∣∣
x=x1̄|1̄,k

(D.6)

Crossing equations. In [35], the following crossing equations were written down

S11
xyS

11̄
xȳ = x− − y+

x− − y−

√
x+

x−

√
x− − y−

x+ − y+ , S11
xȳS

11̄
xy =

1 − 1
x+y+

1 − 1
x+y−

√√√√1 − 1
x−y−

1 − 1
x+y+

(D.7)

S31
xyS

31̄
xȳ = x+ − y−

x− − y−

√
x+

x−

√
x− − y−

x+ − y+ S31
xȳS

31̄
xy = x+

x−
1 − 1

x+y+

1 − 1
x−y+

√√√√1 − 1
x−y−

1 − 1
x+y+

(D.8)

To map these to our crossing equations, we need to slightly massage these expressions.
First, we use unitarity to rewrite the equations as

S1̄1
x̄yS

11
xy = x− − y−

x+ − y−

√
y−

y+

√
x+ − y+

x− − y−
S11

x̄yS
1̄1
xy =

1 − 1
x−y+

1 − 1
x+y+

√√√√1 − 1
x+y+

1 − 1
x−y−

(D.9)

S1̄3
x̄yS

13
xy = x− − y−

x− − y+

√
y−

y+

√
x+ − y+

x− − y−
S13

x̄yS
1̄3
xy = y−

y+
1 − 1

x+y−

1 − 1
x+y+

√√√√1 − 1
x+y+

1 − 1
x−y−

(D.10)

Next, we need to understand what the analytic continuation x̄ means in our language. It
was pointed out in [73] that this analytic continuation should be interpreted as γc = γ̄−1

c .
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Thus we apply γ̄c and find

S11(xγ̄c , y)S1̄1(x, y) =
1 − 1

x−y−

1 − 1
x+y−

√√√√1 − 1
x+y+

1 − 1
x−y−

, (D.11)

S1̄1(xγ̄c , y)S11(x, y) =
√
y−

y+
x− − y+

x+ − y+

√
x+ − y+

x− − y+ , (D.12)

S13(xγ̄c , y)S1̄3(x, y) = y−

y+
1 − 1

x−y−

1 − 1
x−y+

√√√√1 − 1
x+y+

1 − 1
x−y−

, (D.13)

S1̄3(xγ̄c , y)S13(x, y) =
√
y−

y+
x+ − y−

x+ − y+

√
x+ − y+

x− − y−
, (D.14)

E The massless ABA

In this appendix, we generalise the large volume considerations to incorporate massless degrees
of freedom. We propose, in analogy with AdS3×S3×T4, that they manifest themselves as
zeros of µ sitting on the cut (−2g, 2g). To distinguish the cut from above and below, it is
convenient to use Zhukovsky parameters. We write {zi}N

i=1 and encode them in

κ =
N∏

i=1
(x− zi) , κ∗ =

N∏

i=1

(
x− 1

zi

)
. (E.1)

We now proceed to modify the ABA construction of section 5, largely following the previous
analysis for AdS3×S3×T4 QSC in [54].

E.1 The function F

We begin with generalising the function F , defined in the case of purely massive excitations
in (5.10). It now takes the form

F 2 = µ

(µ)[+2]
ℚ+

ℚ−
κ∗

κ
, F (∞) = ±1 . (E.2)

As in the massive case, using the definition of µ, see (5.8), we find

F 2 ∝
Q−

1|1Q
−
1̄|1̄Q

−
1̇|1Q

−
˙̄1|1̄

Q+
1|1Q

+
1̄|1̄Q

+
1̇|1Q

+
˙̄1|1̄

ℚ+

ℚ−
κ∗

κ
, F 2 ∝

Q∗−
1|1Q

∗−
1̄|1̄Q

∗−
1̇|1Q

∗−
˙̄1|1̄

Q∗+
1|1Q

∗+
1̄|1̄Q

∗+
1̇|1Q

∗+
˙̄1|1̄

ℚ+

ℚ−
κ∗

κ
. (E.3)

As a consequence, F is analytic both in the upper and lower halves of the complex plane.
Its analytic continuation under the cut on the real line is

FF γ = FF γ̄ = ±ℚ+

ℚ−
1

∏N
i=1 zi

. (E.4)

These equations define a scalar Riemann-Hilbert problem which, along with F (∞) = 1,
fixes the function F uniquely and imposes a cyclicity constraint on the roots. The solution
to this problem is given as

F =
B(+)
B(−)

,
M∏

i=1

x+
i

x−i

N∏

k=1
zk = 1 . (E.5)
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E.2 Finding µ and ω

Now with an exact expression for F (E.5), equation (E.2) can be solved to find µ

µ ∝ ℚ−Mff∗[−2]
∞∏

n=0
κ[2n]κ∗[−2n−2] . (E.6)

The solution is defined up to an arbitrary function M which is periodic for N even and
anti-periodic for N odd, as follows from carefully treating the infinite product in (E.6). It is
constrained by the mirror-periodicity condition µγ = µ[+2] which translates into

Mγ = (−x)NM . (E.7)

When solving (E.7) we will introduce cuts unless N is an even number; we will hence assume
that this is the case. The solution to (E.7) is given by

M ∝ p
+∞∏

n=−∞

( 1
x[2n]

)N/2
, pγ = p . (E.8)

We will keep the (anti)-periodic function p(x) here unidentified for now.
Just as in the massive case, using the explicit form of F we find from (E.3)

Q−
1|1Q

−
1̇|1Q

−
1̄|1̄Q ˙̄1|1̄ ∝ ℚ−f2

+∞∏

n=0

(
κ

κ∗

)[2n]
, (E.9)

which by (5.8) implies

ω ∝ M(f∗)[−2]

f

+∞∏

−∞
(κ∗)[2n] . (E.10)

E.3 Finding Qa|i

We now proceed to modify the general ansatz for Qa|i (5.28) to also include massless roots.
To do so, we introduce some notation that will soon become convenient. We write

f2
◦ =

+∞∏

n=0

κ[2n]

(κ∗)[2n] , I2 = M
∞∏

n=−∞
(κ⋆)[2n] f◦

f∗,−−
◦

, (E.11)

and then we find

Q↓
α ∝ ℚα

√
f+f+◦ h+

α (u) , α ∈ {1|1, 1̄|1, 1̇|1, ¯̇1|1} , (E.12)

where hα are constrained by (E.9) to satisfy

h1|1h1̄|1h1̇|1h¯̇1|1̄ ∝ 1 . (E.13)

Following the massive analysis we split

ν 2̄
1 ∝ ℚ−

1|1ℚ
−
1̄|1̄

√
f∗−−ff∗−−◦ f◦ · IF , ν1̇

˙̄2 ∝ ℚ−
1̇|1ℚ

−
˙̄1|1̄

√
f∗−−ff∗−−◦ f◦ · IF−1 , (E.14)
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and find τ via (5.2) as

τ1
2̄ ∝

√
f∗−−f∗−−

◦
ff◦

· IFh−1
1|1h

−1
1̄|1̄ , τ̇1

2̄ ∝
√
f∗−−f∗−−

◦
ff◦

· IF−1h−1
1̇|1h

−1
˙̄1|1̄ . (E.15)

The same relations also hold for the barred counterparts. Finding the ABA expressions for
Qa|i now amounts to finding the functions hα and F , just as for the massive case. Using (5.5)
results in a series of relations:

F+I+ ∝ h+
1̄|1̄h

∗−
1|1 ∝ (h+

˙̄1|1̄h
∗−
1̇|1)−1 , F̄+I+ ∝ h∗−1̄|1̄h

+
1|1 ∝ (h∗−˙̄1|1̄h

+
1̇|1)−1 . (E.16)

Looking at initial splitting (E.12) it is apparent that hα are UHPA, since Q↓
a|i are. Following

the same reasoning as in the massive case, we arrive at

h1|1 ∝ h−1
1̇|1 , h1̄|1̄ ∝ h−1

˙̄1|1̄ . (E.17)

Denoting h ≡ h1|1 , h̄ ≡ h1̄|1̄, the expression for the Q-functions (E.12) simplifies

Q1|1 ∝ ℚ1|1
√
f+f+◦ h+ , Q1̇|1 ∝ ℚ1̇|1

√
f+f+◦ (h+)−1 ,

Q1̄|1̄ ∝ ℚ1̄|1̄

√
f+f+◦ h̄+ , Q ˙̄1|1̄ ∝ ℚ ˙̄1|1̄

√
f+f+◦ (h̄+)−1 .

(E.18)

To proceed further, we now search for an appropriate choice of the function p.

Fixing p. To fix p, we start by slightly reshuffling the terms in ω to write

ω ∝ M(f∗)[−2]

f

+∞∏

−∞
(κ∗)[2n] = (f∗f∗◦ )[−2]

ff◦
×M

+∞∏

−∞
(κ∗)[2n] f◦

f
∗[−2]
◦

= (f∗f∗◦ )[−2]

ff◦
I2 . (E.19)

And the same notation results in

µ ∝ ℚ−ff◦ (f∗f∗◦ )[−2] I2 . (E.20)

We notice that

I2 = M
∞∏

n=−∞
(κ∗)[2n] f◦

f∗−−◦
∝ p2

N∏

k=1
sinh π(u− θk) , (E.21)

where θk = g(zk + 1
zk

). The above identity follows from writing out all κ’s in I explicitly
in terms of massless roots zk, see [54] for more details.

We immediately observe that in general I has exponential asymptotics. Then so do µ and
ω, but from experience with other instances of the QSC, we expect that these Q-functions
must have powerlike asymptotics. To fix this issue, we follow [54] and choose the so far
arbitrary function p such that I = 1. Notice that this forces the massless roots to be 2
times degenerate in order not to introduce cuts in p2. We will soon see that the roots are
actually even further degenerate in the symmetric sector.
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Fixing F and h. As we will now show, the defining relations for h and F are very similar
to the massive-case. We start by normalizing F and F̄ so that

F+ = h̄+h∗− , F̄+ = h+h̄∗− . (E.22)

Then the first constraint on F , derived by applying mirror-periodicity to (E.14), is

Fγ

F [+2] = F̄γ

F̄ [+2] = S ≡ ±

√√√√√
ℚ+

1|1ℚ
+
1̄|1̄ℚ

−
1̇|1ℚ

−
¯̇1|1̄

ℚ−
1|1ℚ

−
1̄|1̄ℚ

+
1̇|1ℚ

+
¯̇1|1̄

× C−1
◦ . (E.23)

Here C◦ = (∏N
k=1 z

2
k)1/4 is the only contribution of the massless factors f◦. The second

constraint on F , which we derive by applying τ [+2] = τ̇ to (E.15) is

FF [+2] = Ch(hh[2]) (h̄h̄[2]) , F̄F̄ [+2] = Ch̄(hh[2]) (h̄h̄[2]) . (E.24)

Since the single change as compared to the massive case (5.44) is in the constant C◦, it is
straightforward to check that h̄ = eiθ/2h and the crossing is only slightly modified

[
(H+)γ̄+

H−

]γ̄−

= C◦
B+Bγ+B−Bγ−

H−

H+ , H ≡ h[+2]h . (E.25)

Denoting our newly discovered phase in the massive limit (5.67) as σ̂•, we see that the total
phase σ̂ receives a massless contribution defined by a very simple crossing relation

σ̂ = σ̂•σ̂◦ , (σ̂◦)γ̄c σ̂◦ =
(

N∏

k=1
z2

k

)1/4

. (E.26)

This result might look suspicious at first, but it has some justification. Based on experience
with other QSC’s functions f◦ can be viewed as a massless limit of f , i.e limit x±k → z±1

k .
Notably, this transformation sends ratio of polynomials ℚ+/ℚ− to constant. So the r.h.s
of (E.23) should become constant in the massless limit, which is exactly what we find.

E.4 Restricting to the symmetric sector

As we explained in the main text, it appears that our proposal faces various additional
difficulties away from the symmetric sector. To avoid dealing with these problems, as well as
other technical difficulties, we will henceforth assume that we are in the symmetric sector,
see section 4.3 for details. An important simplification is that the functions h and F drop
out, as can be seen from setting dotted and non-dotted Q-functions equal in (E.18).

Let us summarise the most important expressions in the symmetric sector, the Qa|i
functions are

Q1|1 ∝ ℚ1|1
√
f+f+◦ , Q1̄|1̄ ∝ ℚ1̄|1̄

√
f+f+◦ , (E.27)

while ν and τ are given as

ν 2̄
1 ∝ ℚ−

1|1ℚ
−
1̄|1̄

√
f∗−−ff∗−−◦ f◦ , τ1

2̄ ∝
√
f∗−−f∗−−

◦
ff◦

. (E.28)
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We notice that
√
f◦ in general has a fourth-order branch-cut. However, no such cut should

be present in ν, and we are led to deduce that all massless roots are four times degenerate. A
similar multiplicity of massless roots occurred in [54]. Let us introduce K◦ = N/4, and write

κ = κ4 , κ =
K◦∏

k=1
(x− zk) . (E.29)

E.5 Finding P and Q

To find P and Q, we start from the following general ansatz, motivated by our massive analysis

P1 ∝ x−LR1̃B˜̄1S , Q1 ∝ xL+K◦R1B1̄T
B•(−)
B•̄(+)

ff◦
Sκ2 , (E.30)

P1̄ ∝ x−LR1̄B1S̄ , Q↓
1̄ ∝ xL+K◦R˜̄1B1̃T̄

B•̄(−)
B•(+)

ff◦
S̄κ2 . (E.31)

Then the QQ-relation (3.13) for barred and unbarred systems becomes

xK◦B1̃R˜̄1B1R1̄T̄ = R•̄(+)B•(−)κ2∗ − R•̄(−)B•(+)κ2, (E.32)

and
xK◦R1̃B˜̄1R1B1̄T = R•(+)B•̄(−)κ2∗ − R•(−)B•̄(+)κ2. (E.33)

As in the massive case, these equations are related by analytic continuation, implying that

T (x) = T̄
(1
x

)
(E.34)

The functions T and T̄ are rational functions with no zeros or poles for |x| > 1, and hence also
for |x| < 1 using (E.34), and |x| = 1 by (E.32). We then conclude that T is some power of x

T = xKT , T̄ = xKT̄ = 1
xKT

(E.35)

With similar arguments as in the AdS3×S3×T4 case, it can be demonstrated that KT = 0.
To fix S and S̄ we consider (5.3) and substitute all the large volume expressions for all the
Q-functions involved, namely (E.10), (E.18), (E.30) and (E.31). As a result

SγS̄ ∝ R•(+)B•̄(−)
x−K◦κ2 f [+2]f∗,[−2]f

[+2]
◦ f

∗,[−2]
◦ . (E.36)

The same equations also hold by “applying” bar. As before, we split S and S̄ into a few
constituents that will later become the various dressing phases. To simplify the coming
expressions we parameterize S and S̄ in analogy with the expression from [54], this gives

S =
√

B•(+)B•(−)
x−4K◦(κκ∗)2σ•σ◦ρ•ρ◦ , S̄ =

√
B•̄,(+)B•̄,(−)
x−4K◦(κκ∗)2σ•σ◦ρ̄•ρ◦ . (E.37)

Here σ•, ρ• ≡ ρ are the same dressing phases defined from our analysis of the massive case,
see (5.55). In order to satisfy (E.36) the “massless” pieces σ◦ and ρ◦ are defined as

σγ
◦σ◦ ∝ f++

◦ f∗−−
◦ , ργ

◦ρ◦ ∝
(κ∗)2

∏K◦
k=1 x/zk

. (E.38)
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These factors have been studied before [54] and the resulting phases are also connected to
Sine-Gordon dressing phases [94].

Upon plugging in the explicit expressions for S, S̄, the final asymptotic expressions for
P,Q takes the form

P1 ∝ x−LR1̃B˜̄1

√
B•(+)B•(−)
x−4K◦(κκ∗)2σ•σ◦ρ•ρ◦ , Q1 ∝ xL−K◦R1B1̄

√
B•(−)
B•(+)

ff◦
B•̄(+)

1
σ•σ◦ρ•ρ◦

κ∗

κ
,

(E.39)

P1̄ ∝ x−LR1̄B1

√
B•̄,(+)B•̄,(−)
x−4K◦(κκ∗)2σ•σ◦ρ̄•ρ◦ , Q1̄ ∝ xL−K◦R˜̄1B1̃

√
B•̄(−)
B•̄(+)

ff◦
B•(+)

1
σ•σ◦ρ̄•ρ◦

κ∗

κ
.

(E.40)

E.6 Symmetric sector Bethe equations with massless modes

We can derive the massive ABA equations following the analysis presented in the main
part of the paper. To be precise, we use (5.70) and (5.74) using the Q-functions (E.39)
and (E.40) as well as (E.27).

Using (5.70)] we find for the first copy of 𝔬𝔰𝔭4|2 Q-system

−

x

+
1|1,k

x−1|1,k




L−K◦

=
ℚ

[+2]
1|1

ℚ
[−2]
1|1

R−
1 B

−
1̄

R+
1 B

+
1̄

√√√√B+
•̄,(+)B

+
•̄,(−)

B−
•̄,(+)B

−
•̄,(−)

σ+
• ρ

+
• σ

+
◦ ρ

+
◦

σ−• ρ−• σ−◦ ρ−◦

H+

H−

∣∣∣∣∣
x=x1|1,k

, (E.41)

1 =
R•,(+)B•̄,(−)
R•,(−)B•̄,(+)

(κ∗

κ

)2
∣∣∣∣∣
x=y1,k

. (E.42)

For the second copy, we use (5.74) to obtain

−


x+

1̄|1̄,k

x−1̄|1̄,k




L−2K◦

=
R−

˙̄1|1̄,(−)

R+
˙̄1|1̄,(+)

B+
1̄|1̄,(+)

B−
1̄|1̄,(−)

B+
1 R

+
1̄

B−
1 R

−
1̄

√√√√B+
•,(+)B

−
•,(+)

B+
•,(−)B

−
•,(−)

σ+
• ρ̄

+
• σ

+
◦ ρ

+
◦

σ−• ρ̄−• σ−◦ ρ−◦

(
κ−

κ∗+

)2 ∣∣∣∣∣
x=x1̄|1̄,k

(E.43)

1 =
R•̄,(+)B•,(−)
R•̄,(−)B•,(+)

(κ∗

κ

)2
∣∣∣∣∣
x=y1̄,k

. (E.44)

These results are very similar to those in the main section. The most novel part is to find
the massless middle node equation. We start by considering (4.13) for both the barred
and unbarred system:

P1 = ν f̄
1 ν

˙̄e
1̇ Pγ̄

˙̄ef̄
, P1̄ = ν f

1̄ ν ė
˙̄1 Pγ̄

ėf . (E.45)

Both sums here have four terms even in the large volume limit. However, in the symmetric
sector ν 2̄

1 and ν
˙̄2

1̇ are identified, and will share the same sets of roots. The relations above
then simplify significantly when evaluated at points zk

P1 = (ν 1̄
1 )2Pγ̄

1̄ , P1̄ = (ν 1
1̄ )2Pγ̄

1 , x = zk . (E.46)
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Where all the dotted quantities have been eliminated using (4.30). From the definition of
ν, see (4.11), it follows that in the ABA-limit we find

ν 1̄
1 ∝ Q−

1|1Q
−
2̄|1̄τ

1
2̄ , ν 2

2̄ ∝ Q−
2̄|1̄Q

−
1|1τ

1̄
2 , (E.47)

and using the definition of τ (4.2) we obtain

ν 1̄
1
ν 2

2̄
=
τ1

2̄
τ 1̄

2
=
F 1

2̄
F 1̄

2

Ω2̄
2̄

Ω2
2

= ᾱ

α
≡ ζ (E.48)

Here α and ᾱ are off-diagonal components of constant matrices F k
m̄ and F p̄

q, and the ratio
Ω2̄

2̄/Ω22 is equal to one in the ABA limit. Since the determinant of ν is equal to unity

±1 = ν 1
1̄ ν

2
2̄

∣∣∣
x=zk

(E.49)

Substituting this into the ratio of ν functions above results in

±ζ = ν 1
1̄ ν

1̄
1

∣∣∣
x=zk

(E.50)

Taking the product of the two relations in (E.46), we can now get rid of all the ν factors

±ζ2 = P1P1̄
Pγ̄

1Pγ̄
1̄

∣∣∣
x=zk

(E.51)

Finally, substituting (E.40) here we find

±ζ2z
4(L−K◦)
k =

(
σ•σ◦ρ◦
σγ̄
•σ

γ̄
◦ρ

γ̄
◦

)2
ρ•ρ̄•
ργ̄
• ρ̄

γ̄
•

√√√√
(

M∏

k=1
x+

k x
−
k

)
B(+)B(−)
R(+)R(−)

×
R1̃B˜̄1R1̄B1

B1̃R˜̄1B1̄R1
(E.52)

This is our final result of this appendix and constitutes our proposal for a massless Bethe
equation.

F Dressing phases

In this appendix, we provide additional details regarding the new novel dressing phase σ̂(u, v)
defined in (5.67). To find this phase, we must address the functional equations (5.44) that
control F and h. We recall those equations here, and slightly generalise them by writing

Fγ = eiNF [2]S , FF [2] = eiθH2 , F+ = eiθ/2h+(h∗)− , (F.1)

where

S =

√√√√√
ℚ+

1|1ℚ
+
1̄|1̄ℚ

−
1̇|1ℚ

−
¯̇1|1̄

ℚ−
1|1ℚ

−
1̄|1̄ℚ

+
1̇|1ℚ

+
¯̇1|1̄

, H ≡ hh[2] = (hh[2])∗ , (F.2)

and we perfectly recover (5.44) upon setting eiN = ±1. As we will show in this appendix,
and already discussed in section 5.7, the newly introduced N plays an important part in
understanding the unitarity of the dressing phase σ̂. We recall that this phase is related to
the ratio h[3]/h− = H+/H− that appears in the ABA equations, see section 5.6.
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Solving the system. Combining the last two equations of (F.1) reveals that

H = hh[2] = h∗h∗[−2] = H⋆ . (F.3)

It then follows that H is real and has only a single cut on the real line, since h is UHPA and
so h∗ must be LHPA. In terms of H, the first two equations of (F.1) becomes

FγF = eiN eiθH2BBγ , FF [+2] = eiθH2 . (F.4)

It is convenient to express h, h∗ and F in terms of H. From H = hh[+2] we can express
h as a formal product

h =
∞∏

n=0

(
H [+2n]

)(−1)n

, h∗ =
∞∏

n=0

(
H [−2n]

)(−1)n

, (F.5)

or equivalently

h =
∞∏

n=0

H [4n]

H [4n+2] , h⋆ =
∞∏

n=0

H [−4n]

H [−4n−2] . (F.6)

Then, using the last relation in (F.1) gives

F = eiθ/2H
∞∏

n=0

(
H [−2n−2]

H [+2n+2]

)(−1)n

. (F.7)

Since H only has a single cut on a real line, the above expression implies

F
H

= Fγ

Hγ
. (F.8)

Eliminating Fγ using (F.4) results in

Hγ

H
= eiN eiθH

2S
F2 ,

H γ̄

H
= e−iN e−iθ F2

H2S , (F.9)

where the second equation is acquired by analytically continuing the first one along γ̄. Notably,
the terms on the r.h.s of these expressions have no cuts on the real line. We can clearly see
that Hγ ̸= H γ̄ , so our proposed splitting for Qa|i and ν will have non-quadratic cuts even in
the ABA limit. This is a novelty compared to known examples of the QSC.

Deriving the crossing equation. We would like to derive a crossing equation for h[+3]/h−,
which in terms of H means

h[+3]

h−
= H+

H− . (F.10)

Our crossing contour is taken to be as depicted in figure 6. We derive crossing in two steps
in accordance with two parts of the contour γ̄c. First, taking an analytic continuation of
the above along γ̄+ results in

(H+)γ̄+

H− = e−iN e−iθ (F+)2

H+H−S+ , (F.11)
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where the rightmost equation of (F.9) has been used. To apply γ̄− we slightly rearrange
the terms in the above relation and use the fact that F [2]/H = eiθH/F and hence does not
have a cut due to (F.8). Using this fact, we have

[
(H+)γ̄+

H−

]γ̄−

= e−iθ

[
H−(F+/H−)2

H+S+

]γ̄−

= e−iθe−iN [H−]γ̄− (F+)2

(H−)2H+S+ , (F.12)

whereupon we can once again use (F.9). After some simplifications using the rightmost
equation in (F.4), we arrive to

[
(H+)γ̄+

H−

]γ̄−

= e−2iN 1
S+S−

H−

H+ . (F.13)

As a result, the additional phase factor σ̂ ≡ H+/H−, which will appear in BAE, satisfies
the following crossing

(σ̂)γ̄c σ̂ = e−2iN

√√√√√√
ℚ

[−2]
1|1 ℚ

[−2]
1̄|1̄

ℚ
[+2]
1|1 ℚ

[+2]
1̄|1̄

·
ℚ

[+2]
1̇|1 ℚ

[+2]
˙̄1|1̄

ℚ
[−2]
1̇|1 ℚ

[−2]
˙̄1|1̄

, (F.14)

where notation in terms of functions ℚ has been restored recalling (5.38). We see that for
eiN = ±1 we find (5.69).

F.1 Finding H explicitly

In this subsection, we obtain H as a perturbative series in g. Our starting point is (F.9),
which we rewrite using (F.7) as

Hγ = eiNHS/
( ∞∏

n=0

(
H [−2n−2]/H [2n+2]

)(−1)n
)2

. (F.15)

In order to solve for H we take the logarithm of both sides

logHγ − logH = log S + iN −
∞∑

n=0
2(−1)n log

(
H [−2n−2]

H [+2n+2]

)
(F.16)

In this form, it is clear that the equation is, in fact, a linear equation for logH. Let us
define an elementary building block H(x, y) such that

logH(x) =
∑

α∈{1|1 ,1̄|1̄}

Kα∑

j=1
H(x, xα,j) −

∑

β∈{1̇|1 , ˙̄1|1̄}

Kβ∑

k=1
H(x, xβ,k) , (F.17)

which reduces (F.16) to

Hγ−H= log



√√√√x−y−
x−y+

1− 1
xy−

1− 1
xy+


−

∞∑

n=0
2(−1)n

[
H[−2n−2]−H[+2n+2]

]
+f(u)α(y±) . (F.18)
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Where we have introduced an arbitrary function α(y), constrained by (F.16) to satisfy

∑

α∈{1|1 ,1̄|1̄}

Kα∑

j=1
α(xα,j) −

∑

β∈{1̇|1 , ˙̄1|1̄}

Kβ∑

k=1
α(xβ,k) = iN . (F.19)

We now describe how to perturbatively solve for H. The main idea is to write an ansatz

H = H(0) + H(1) + H(2) + . . . (F.20)

where (
H(p)

)γ
−H(p) = O(gp) , H(p) = O(gp+1) , (F.21)

which will allow us to solve (F.18) order by order in g.
We start from O(g0), then we can neglect the summation term in the r.h.s. of (F.18), that is

(
H(0)

)γ
−H(0) = log



√
x− y−

x− y+

√√√√1 − 1
xy−

1 − 1
xy+


 . (F.22)

Since H(0) has only a single cut on the real line and is bounded at infinity, the above
Riemann-Hilbert problem has the following unique solution

H(0) =
∫ 2g

−2g

dw

4πi
1

w − u
log

(
w − v + i/2
w − v − i/2

)
, (F.23)

where u and v are defined via Zhukovsky map (2.8) as x = x(u) and y = x(v). The solution
expands at weak coupling as

H(0) = ig

πu
log

(2v − i

2v + i

)

+ g3

3πu2

(4i
u

log
(2v − i

2v + i

)
+ 16(1 + 4v(u+ v))

(1 + 4v2)2

)
+ . . .

(F.24)

We then proceed to the next order in (F.18), which becomes

[H(1)]γ −H(1) = −
∞∑

n=0
2(−1)n

[
H(0)[−2n−2] −H(0)[+2n+2]

]
, (F.25)

which we can solve with the same method as before

H(1)(u) = −
∞∑

n=0
2(−1)n

∫ 2g

−2g

dw

2πi
1

w − u

[
H(0)[−2n−2](w) −H(0)[+2n+2](w)

]
. (F.26)

We repeat this procedure several times to calculate higher order corrections H(k) to reach
the desired accuracy in the coupling constant g, resulting in

H = g
i log

(
2v−i
2v+i

)

πu
+ g2

8i log(2) log
(

2v−i
2v+i

)

π2u

+ g3


16

(
4uv + 4v2 + 1

)

3π (4uv2 + u)2 +
4i
(
48u2 log2(2) + π2

)
log

(
2v−i
2v+i

)

3π3u3




+ g4


 512v log(2)

3u (4πv2 + π)2 +
16i log

(
2v−i
2v+i

) (
u2
(
96 log3(2) − 3π2ζ(3)

)
+ π2 log(4)

)

3π4u3


+ . . . .

(F.27)
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Finally, let us attempt to fix the arbitrary function α by demanding that σ̂ is unitary.
Including α we find

H(u, v) =
∑

k

H(k)(u, v) + α(v)β(u) , (F.28)

where β must satisfy

βγ − β = 1 −
∞∑

n=0
2(−1)n

[
β[−2n−2] − β[+2n+2]

]
. (F.29)

This equation can be solved in the same manner as before. The weak coupling result is

β = 2i
πu
g + 16i log(2)

π2u
g2 +

8ig3
(
48u2 log2(2) + π2

)

3π3u3

+
32ig4

(
u2
(
96 log3(2) − 3π2ζ(3)

)
+ π2 log(4)

)

3π4u3 .

(F.30)

Requiring that the dressing phase σ̂ = H+/H− is unitary, i.e

σ̂(u, v)σ̂(v, u) = 1 , (F.31)

we can determine α by evaluating at u = v to find

α(v) = −H(v + i
2 , v) −H(v − i

2 , v)
β(v + i

2 , v) − β(v − i
2 , v)

. (F.32)

While we cannot prove at the moment that this indeed guarantees unitarity to all orders, we
do observe that it indeed holds to a high loop order. The weak coupling expansion for α is then

α(v) = −1
2 log

(2v − i

2v + i

)
+ 32iv

(4v2 + 1)2 g
2 − 512iv log(2)

3π (4v2 + 1)2 g
3 + O(g4) . (F.33)

We find the weak coupling expansion for a unitary solution Hu is

Hu = 16g3 (−8uv + 4v2 + 1
)

3π (4uv2 + u)2

−
64g5

(
192u3v

(
4v2 − 1

)− 4u2 (48v4 + 8v2 − 1
)

+ 8uv
(
4v2 + 1

)2 − 3
(
4v2 + 1

)3)

15π (4uv2 + u)4

− 256g6ζ(3)
(
8uv − 4v2 − 1

)

3π2u2 (4v2 + 1)2 .

(F.34)
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