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1 Introduction

The AdS/CFT correspondence has established a profound link between string/M-theory
in Anti-de Sitter (AdS) space and conformal field theory (CFT) [1-3]. The AdS/CFT
correspondence is a so-called strong/weak coupling duality; it requires non-perturbative
methods to unleash its true potential. Excitingly, in the planar limit, and usually for highly
supersymmetric configurations, integrability has emerged in some key examples such as
AdS5xS®, enabling exact computations [4-10]. In this theory, integrability has made it
possible to study the system from the classical string regime all the way to the weakly coupled
CFT regime. For reviews, see [11-14].

In this paper, we take steps to extend exact non-perturbative planar integrability to the
case of AdS3xS?xS3xS! when the radii of the two S? are equal. There is an extensive literature
on superstring theory on AdS3xS?x M*, with M* some compact 4-dimensional manifold [15-
21], a setting in which integrability has long been studied [22-26]. Historically, the main focus
of integrability has been the case M* = T*, and significant effort has been made in studying
these theories using various techniques [27-33]. In contrast, the case of My = S*xS! is still
relatively unexplored, although important steps have been taken [23, 34-36].

The primary technical tool of this paper is the Quantum Spectral Curve (QSC), the most
advanced integrability framework available to tackle the spectral problem [37]. In particular,
the QSC has enjoyed great success in planar N'=4 SYM and ABJM theory [38-40], where
it provides an efficient method to calculate the anomalous dimensions of local single trace
operators [41, 42] as well as quantities such as the slope function and exact correlators [43—
46]. More recently, the QSC has integrated with conformal bootstrap techniques, usually
referred to as “Bootstrability”, to study integrated correlators on a 2-dimensional defect
in N/ = 4 [47, 48] as well as for local operators in [49, 50]. Finally, the Q-function of the
QSC serves as one of the key building blocks for the modern integrability constructions
of correlation functions [51-53].

Due to its success in higher dimensions, the QSC was recently conjectured for AdS3 xS3 x T4
supported by pure Ramond-Ramond flux [30, 31]. The proposed QSC was “bootstrapped”
from symmetry assumptions, bypassing the standard route of deriving it from the so-called
thermodynamic Bethe Ansatz (TBA). These equations were only subsequently proposed for
AdS3xS?xT* [32]. The main purpose of this paper is to extend this construction to the case
of AdS3xS?xS3xS! by leveraging its underlying 08p(4|2) symmetry.



An important motivation to extend the frameworks proposed for T* to $%xS! is to provide
another example for studying the many additional nuances that appear in AdSs integrability
compared to higher-dimensional examples. In particular, the presence of gapless modes on
the string worldsheet introduces a significant technical challenge to the underlying integrable
structures; these excitations were only recently identified within the QSC framework [54].
Furthermore, there is also an increased interest in this particular background from orthogonal
points of view [55].

The remainder of this paper is structured as follows. In section 2, we review the QSC
construction for ABJM. In section 3 we propose a QSC for AdS3xS?xS3xS!. In 4 we present
two different presentations of the QSC, the so-called Q7-and Pv-systems. We also identify a
particular simple subsector of solutions, known as the symmetric sector. Finally, in section 5,
we test our proposal by deriving a large volume limit and comparing the results with the
ABA equations available in the literature. Finally, we conclude in section 6.

2 Quantum Spectral Curve and its AdS,;/CFTj; realisation

Our goal is to construct a proposal for QSC for free strings on AdS3xS?xS3xS!. The
construction is guided primarily by symmetry considerations. In the coset construction
of [22], the key starting point is that the (subspace) AdS3xS?xS3 has super-isometry algebra
08p(4/2)92. In analogy with all other known examples of the QSC, we will assume that
this symmetry survives on a quantum level, and we therefore require that our QSC exhibits
03p(4/2)-symmetry.

The QSC is constructed from a collection of Q-functions, which depend on a complex
variable u, the spectral parameter. These Q-functions satisfy various finite difference equations
among themselves, forming a so-called QQ-system. The algebraic structure of the QQ-system
is generally believed to be fully determined by the underlying symmetry algebra, in our case
03p(4/2). Altough QQ-systems have been studied intensively for gl(m|n) [56-59], much less
is known about other superalgebras. For recent progress on explicit operator constructions
of Q-functions for 08p, see [60-62]. In particular, to the best of the authors’ knowledge,
the only case of an 08p QQ-system studied with typical QSC notation in the literature
is that of 08p(6[4) of ABJM [40]; see [63] for related extensions. In the first part of this
section, we review the ABJM QSC [40], which we use to motivate our proposal for the
AdS3xS3xS3xS! QSC in the next section.

The quasiclassical limit has been a key aspect of previously studied cases of the QSC [38,
40]. The semi-classical limit of type IIB string theory on AdS3xS?xS3xS! has been previously
studied in [64]. In the second half of this section, we review these results with a view to
their application to our proposed QSC.

2.1 The ABJM QSC: a constructive example

The ABJM QSC is based on the superalgebra 03p(6]|4) and was derived from the Thermo-
dynamic Bethe Ansatz (TBA) in [40, 65]. Let us remind the reader of the key result; see
also [66] for a comprehensive review.



Algebraic construction of Q-functions. The basic building blocks of the 08p(6|4) QQ-
system are two matrices: Qq);(u) and Qj;(u). Here, the subscript a = 1,...,4 indexes the
80¢ ~ 8114 representation 4, while the superscript a is for 4. Finally, ¢ = 1,...4 labels the
8p, representation 4. The two matrices can be contracted to produce the main “bosonic”
Q-functions (traditionally denoted as P and Q)

Pab = Qb_ﬁQ;'jﬁij P Pab = _QbﬁQarj—‘Hij ) Qij = Qa|—ii- (;\j . (21>

Here r;; is the invariant 8p(4) inner form, given as k;; = (—1)""1,4;5. In (2.1), we have
introduced standard notation for shifting the spectral parameter

fizf(uig), f[’flzf(wr%). (2.2)

The antisymmetric tensors Py (u) and P®(u) are not independent but are inverse matrices
of each other, up to a rescaling; more precisely, they are related as follows:

Pabea =4, Pf(Pab) =1, (23)

where Pf(P,;) is the Pfaffian of the matrix P,. Similarly, the determinants of Q,; and
Q"); must be constant, which, in our convention, becomes

det (Qa‘i> = det (Q“‘i) =—1. (2.4)
The matrix Q%); is related to the inverse transpose of Qy);
QU =QWrji, QuiQW =0/, QuQ" =0, (2:5)
Using (2.5) in (2.1), we find the following finite difference equations
Q;i = Pab(Qbu)_ , (QU)T = Pabe_‘i ; (2.6)

which we can combine to obtain a matrix-Baxter equation for @)y, i.e., a linear finite
difference equation
bey[—2] A[—3
fi=Pa(P*)2QL Y (2.7)
Provided that the functions P are known, Q,|; can then be found by solving (2.7). This is
the standard approach to numerically or analytically solving the QSC.

Analytic properties of P and Q. Historically, the analytic properties of Q-functions were
understood by decoding them from the TBA. Here, we recap the final output, which appears
to be universal for all iterations of the QSC relevant to AdS/CFT integrability.

The first requirement is that P and Q both have powerlike asymptotics fixed by the
charges of the state under consideration.

! All notation introduced in this paragraph is specific to the 08p(6]4) case and does not hold for the rest of
the paper.
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Figure 1. Two contours we use for analytic continuation. For the ABJM case, there is no difference
between the two, since all cuts are quadratic there. For AdS3, however, one has to distinguish between
the two.

The functions Py, (u) have a single quadratic branch cut on the first Riemann sheet
stretching from —2g to 2g along the real line and can, hence, be written as a Laurent series
expansion in the Zhukovsky variable x(u):

Pwm%fghx+x:g, (2.8)
which is absolutely convergent on the first sheet, |z| > 1, and a bit further under the cut.

The cut structure of Q is more complicated. We require that Q is analytic in the upper
half-plane. Due to the QQ-relations (2.1) and the analytic properties of P, Q must feature an
infinite ladder of cuts in the lower-half-plane. However, a semblance of democracy between P
and Q is restored by demanding that Q has only one cut when considered as a function with
long cuts. In practice, this means that upon traversing the branch points +2¢g, one should
find a function that is analytic in the lower half-plane. Let us introduce notation f7 for the
analytic continuation of a function f around —2g clockwise, and f7 for going anti-clockwise.
We depict this action in figure 1. With this notation at hand, we can state the additional
analytic property we impose on Q, usually referred to as the gluing condition. We require

L= F i QM) i (2.9)

where Q* is the complex conjugate of Q and Q;;Q’* = 6¥. As argued in [40], the matrix
Fl-l is constant. Furthermore, many of the components of F' are, in fact, zero, as was shown
in [40]. Schematically, it looks as follows:

* 00 %
0x00
Fl= , 2.10
! 00%0 ( )
* 00 %

where % is generally a non-zero number.

2.2 Quasiclassics in AdS3xS3xS3xS?!

Another source of information is the classical integrable structure of the worldsheet sigma
model, known as the classical spectral curve [67, 68]. Using the classical curve, one can con-
struct infinitely many conserved integrals of motion, often conveniently encoded in the so-called
quasi-momenta p, which are related to the eigenvalues of the classical monodromy matrix.



As the QSC must know about the classical worldsheet in the appropriate limit, the Q-
functions should encode the quasi-momenta. The exact relation between the Q-functions and
the quasi-momenta is similar to the relationship between a wave function and its quasiclassical
approximation in terms of the classical momenta. The relation is well established in N = 4
and ABJM [38, 69], schematically it takes the form

Pre 9Pl Qe e9fpdu (2.11)

which should still be decorated with appropriate indices to be an exact equation. We will
explain how to do this in AdS3 in the next section.

The classical curve for AdS3xS3xS? has been studied in [64]. The algebraic charges are
the conformal scaling dimension A, the spin S, and the charges from the two spheres, which
we denote as Ji, Jo and Kj, Ks. They are encoded in 6 4+ 6 quasi-momenta as

D1 +A -8 D1 +A+ S
D2 -A+S 52 -A-S
p| 1 |+h-K pl o1 [+h+K (2.12)
Do 2u | +Jo — Ko ’ D2 2u | +J2 + Ko
Ps3 —Jo + Ko D3 —Jo — K>
P4 -J1+ Ky Da —-J1 — Ky

This determines, through (2.11), the asymptotic behaviour of the Q-functions when all
quantum numbers are large. This information can be used to determine how the large u
asymptotic of the Q-functions is related to the quantum numbers of the global symmetry.

3 The AdS;xS2xS3xS! QSC proposal

In this section, we formulate our proposal for a 08p(4]2)®? QSC. At its heart, the QSC
construction is a system of functional relations between Q-functions — the QQ-system —
which is expected to be universal among different integrable systems with the same symmetry.
In an ideal world, the QQ-system corresponding to an integrable model would be derived
from first principles, for example, by starting from the underlying Yangian when considering
rational spin chains.

As stated above, since we currently lack a thermodynamic Bethe ansatz or a similar
framework to describe free strings on AdS3xS3xS3xS!, we cannot derive the QSC directly by
following the standard approach. We will instead rely on intuition derived from systems with
similar symmetries and general features of integrable models, such as the ABJM QQ-system
described in the previous section. Since 08p(4]2) is a subalgebra of 08p(6|4), part of the
strategy to recover the 03p(4|2) QSC is to truncate the ABJM QSC reviewed in the previous
section. This truncation is depicted schematically in figure 2.

Restricting 03p(6[4) to 08p(4/|2) suggests that we should replace the two basic matrices
Qqjr and Q%) in the ABJM case with Qg and Qgx, where a,a = 1,2 are the two spinor
representations of 80(4) while k = 1,2 is associated with the fundamental representation of
81(2). All indices a, a, k can be raised and lowered by a fully antisymmetric tensor &

. g 01
€ab =€, =Eqp = gab =W = €ij = (_1 0) , (31)



03p(4[2)

Figure 2. The Dynkin diagram for 03p(6[4) (on the left) and its subdiagram 08p(4|2) (on the right).
Each node has a Q-function associated with it. The diagram encodes relations between the functions,
forming a closed QQ-system.

and we will use conventions

Qa\k = GGbe\k, Qa\k = —ﬁabe|k' (3.2)

We also use vector indices A =1...4 and I = 1,2,3 which are raised and lowered by the

metrics nap and pry

0001
0010 001
" =nap = 01001 ' =py=(010]. (3.3)
100
1000

These are appropriately reduced (and rescaled) versions of those encountered in ABJM.

Vector and spinor representations are connected through o-matrices. For 80(4), we will
use two sets of 2 x 2 matrices (0 4)% and (UA)“i’. The 81, representation is built using three
Pauli matrices (X7)¥. Further explicit expressions for o, ¥-matrices are given in appendix A.

Let us outline the structure of this section. In section 3.1, we will define the algebraic
properties of a single 08p(4]2) QQ-system, and subsequently, in section 3.2 and section 3.3,
we will postulate the analytic structure of the Q-functions. Finally, in section 3.4 we specify
asymptotics for the two copies of 08p(4|2) Q-systems in terms of the quantum numbers
of the state under consideration.

3.1 The 08p(4|2) QQ-system

As explained in section 2, key players in the ABJM QSC are the Q-functions P and Q, we
will now construct them for 08p(4(2) starting from Qq;, Q-
In analogy with (2.1) we define

Py= ekladAbQ(ikQ;r‘l . (3.4)

Due to the finite shifts of Q-functions in (3.4) this definition does not treat the two spinor
representations of 80(4) in a democratic way (as Qq); is shifted by —i/2, whereas Qy; is
shifted in the opposite direction). It has previously been observed in Q-systems for 8o(2n)
that one can form a consistent system by demanding that one finds the same P, upon



exchanging the two representations [61, 62, 70], the same phenomenon is also true in ABJM.
We follow this prescription and require

Kkl ~— + _ kln+ -
€ Qd‘ka“ =¢ Qd‘ka“ ) (3.5)
By taking the determinant of (3.5), we get

det Q)  det Qg
det Q(; e det Qg‘ & ’

(3.6)

det Qa\k
det Qg
to be upper-half-plane analytic and with a finite number of zeros; hence, this periodic function

implying that the ratio is a periodic function. As usual, we will require our Q-functions
should be a constant. If, in addition, we set P 4P# to be a constant, we also conclude that
each individual determinant is a constant. By fixing the normalisation, we set for convenience

det Qalk = det Qalk =-1 N (37)
which then also implies that
PAPA=-2. (3.8)

Just as for P4, we will build Q; from the same basic building blocks. However, from
group theory, it is clear that we need only Q,; to construct a vector, 3, of p(2) and the
singlet Q.. We define

Qx =+ QQy 0 Qo = Qg Qi (39)

and find from (3.5), and using (3.7), that Qx, Qo can also be constructed using Qg as

Qx = _zgedb%i (j‘] Q. = Q;le;j”ga”ak’. (3.10)

Note that whereas Q. is not sensitive to interchanging the dotted and undotted indices,
the vector representation Qg changes the sign.

Using the QQ-relations presented above, one can derive all further relations used in this
paper. We emphasise that the above set presents the complete defining set for the QQ-system,
which is a major part of the QSC construction.

Exact Bethe equations from QQ-relations. To motivate the definition (3.5), we now
show how to reproduce the exact Bethe equations from our QQ-system. A standard way
to deduce Bethe equations is to consider the Cartan-matrix, C4p, of the underlying (super-

[CaB] c
%z = (—1)% at Q4 = 0. There

)algebra and use it to define Bethe equations as [Jg_, oL ca
B

is no unique Cartan matrix in a superalgebra, since there exist different inequivalent choices of

positive roots. Below, we consider the specific choice depicted in figure 3. For this particular

choice, the Bethe equations are

Q93
% Qs |,

Q5O
Qz__ QT Qo=

Q93791

=—-1
’ —— Ot
Q3 Ql Q3=

0

1=0

= 1. (3.11)
0



. 0 -1 -1
C=|-12 0
10 2

3

Figure 3. Dynkin diagrams for 08p(4|2) and its Cartan matrix, encoding the structure of the
Bethe equations.

Let us now show how to reproduce these equations and identify Q4 in our formalism. First,
we simply write out the definitions of Q; using both (3.9) and (3.10). For the first component
of Qi, we find

—Q,Qy, + Q1 Q5 = Qu, Qi+|1Q§|1 - Q{HQ;l =Qu, (3.12)
and the third identity we need is
P1Q = Q),Qf), — Q@i (3.13)

which is a direct consequence of the definitions (3.4), (3.9) and (3.7) (for detailed derivation
see appendix B).

We now shift « in (3.12) as u — u + £ and thereafter evaluate at Qi =0and Qj; =0.
In (3.13) we simply evaluate at Q; = 0, this gives the equations

+ of ++ ++
@up@ip _ 1 Q — “in Q =-1 (3.14)
— — — 4 J— + - ’ J— + - ’ .
Q1|1Qi\1 Q1=0 Q1|1 Q| Q11=0 Qi|1 Qi Qi;;=0

and upon identifying Qi = Q1, Q2 = Q11,93 = Qj)y, we reproduce (3.11).

Spinor notation and Baxter equations. In the previous paragraph, we defined P as
a vector of 30(4). However, it is often much more convenient to use spinor indices. We
define Py, as

Pu =P (0a)as - (3.15)
Substituting this into (3.4) and (3.5) gives
— _Ot k- — _ = K
Pa = —Qd‘pep Qb\k = _Qd‘ke anp, (3.16)

which is reminiscent of the ABJM results (2.1). For the next step, it is convenient to
introduce the Q-functions with raised indexes, using e

Qa\k _ €ab5kab\pv Qa|k — EabEkaHp, Péc — gabngPi)d7 (317)

which due to the normalisation (3.7) are minus inverse of @, with lower indexes Q“'an‘q =
—of and Qa‘anm = —0f. This allows us to linearise the equation for @ (3.16)

ok = Q") Py e, Qo = QNP e . (3.18)



By applying this relation twice, we can get a finite difference equation for Q,;

A2 -3 a2 =3
Qa|k: = Pba (Pb ) Q[c|k} ) Qa|k’ (P b) Q[c\k} s (319)

which we will henceforth refer to as a matrix Baxter equation.
Analogously, one can express Q using spinor indices as

Qu = Q' (S - (3.20)

It turns out to be even more convenient to define an object from which we can readily recover
not only Qg but also Q.. We define

Qu = Qu+ 5 5 Qoent = Q7 Qp = < Q3,5 (3.21)

where in order to find the last two equalities, one uses the completeness relations for X,
we have listed them in (A.7). We also find

Qr=-3MQu, Q.="Qu. (3.22)

Finally, let us mention the following relation, mapping Q to P
Puw=— a‘l bUQZ] +Qa‘]Qb‘ QZ (3'23)

where we used e to raise the index in Q;;.

3.2 Analytic structure of Q-functions

In the previous section, we proposed an algebraic formulation of an 03p(4|2) Q-system. In
order to obtain a discrete spectrum from this system, it must be supplemented with analytic
constraints on the Q-functions. In this section, in analogy with ABJM and AdS3xS3xT*,
we conjecture what analytic structure to impose on the Q-functions in order to reproduce
the spectrum of free strings on AdS3xS3xS3xS!.

The main feature that distinguishes the Q-functions that appear in AdS/CFT integrability,
in comparison to other integrable models, is that they feature branch cuts. We will assume
the same to be true for our Q-functions and allow for branch points situated at [—2g+1in, 2g +
in], n € Z (for some Q-functions, like Q,;, the branch points can be shifted by i/2).

The size of the cut is parametrised by parameter g. For N' =4 SYM, it is known that
g = ‘/—; with A the 't Hoof coupling, while for ABJM this relation is more complicated
and was conjectured in [45]. In the current case, we do not have an exactly known dual
CFT, but we expect that when g becomes large, the dual classical string theory becomes
the right description for operators with large quantum numbers and hence g should be
related to the string tension.

We demand that P 4 is an analytic function away from a single branch cut on the real axis
located at [—2g,2g]. This simple structure also dictates the cut structure of Qg and Qg
through the Baxter equation (3.19). Indeed, the Baxter equation has two types of solutions

Qah Upper half-plane analytic (UHPA) , Q;l — Lower half-plane analytic (LHPA),

,10,



Figure 4. The analytic structure of the functions P and Q*/T.

each one having an infinite ladder of branch cuts. For real-valued parameters, the two
solutions can be simply related by complex conjugation, or in the case of parity symmetric
solutions, one can also use u — —u to generate one set from the other. The functions
Qi” in general have cuts at (—2¢g — % —1in,2g — % —in), n € Z>o while QZ” have cuts at
(=29 + 5 +in,2g + § +in), n € Z>o. These ladders of cuts further propagate into Q;;
through (3.9). This ensures that ij is analytic in the upper half-plane and Q;’ is analytic

in the lower half-plane. We summarise the analytic structure of P and Q in figure 4.
e

ali
set of 4 solutions of a second-order finite difference Baxter equation (3.19). Indeed, they

The four solutions, ) 1 =1, 2, cannot be independent of each other as they form a

are related to each other by a matrix jS

QZ\@ = Qi‘]( Ji)Jra th = Qi”( ]i)+ ) 9[4] = Qa 9[4] = Qa (324‘)
where the 2i periodicity follows from the fact that the Baxter equation (3.19) relates values
with a shift by 2i only, unlike in A" = 4 SYM. Notice that  and € are related as

= (@), o = (@), (3.25)
which is a consequence of (3.18) and the fact that we can express P in terms of both QT/+.

3.3 Gluing conditions

To complete the construction of the QSC, we must also specify the monodromies of Q around
its branch-points on the real axis. In analogy with all other known iterations of the QSC, the
idea is to require that Q is a function with a single long cut (—oo, —2g) U (2¢g, +00) and is
consistent with QQ-relations. This means that, when we analytically continue Q through
the shortcut on the real axis, we find a new sheet without any cuts in the lower half-plane.
There are many ways to accomplish this, but following the AdS3xS?xT* analysis [30, 31]
we will propose that the answer is to connect two hitherto unrelated 03p(4|2) QQ-systems
upon analytic continuation.

We thus postulate that there exist two copies of so-far independent 08p(4|2) QQ-systems.
We will distinguish these systems using barred indices, i.e Qg is from the first QQ-system
and Qg belongs to the second system. When we can be cavalier about indices, we will allow
ourselves to simply write Q, Q. We then glue along the short branch-cut according to

Qy;(u+1i0) = F,*F;' QL (u — i0), Q%(u +i0) = FFF'Ql, (u — i0), (3.26)

— 11 —



Q' Q' x Q Q'

Q'

Figure 5. The analytic structure of the functions P,, P, Qf/T and (Qi/T)i.

for u € (—2g,2g). Here Q was previously defined as (3.21). Alternatively, using our convention
for the contour «y (see figure 1), we rewrite (3.26) as
AV — kAT AV — kAT
@) = Rl (QL) = BFEQ),. (3.27)
Note that the way we perform gluing is by transforming separately the two indices. This should

be the case as the F-matrix must be a symmetry of the QQ-system to ensure consistency

with all QQ-relations introduced previously.
1

ij?
plane to create a single function analytic everywhere on the complex plane, except for a long

Using (3.27) one can combine Q;, in the upper half plane, with Q% in the lower half

cut (—oo, —2g) U (2g,4+00) on the real axis. We depict this in figure 5.
As the matrices F;* and ng are two constant independent matrices, we find using
unimodularity, see (3.7), that

det(F; ’5)2 = det (F’“)Q =1. (3.28)

3.4 Asymptotic behaviour

The asymptotic behaviour of Q-functions encodes the quantum number of the state under
consideration, which in particular includes A — the conformal dimension. Motivated by
the quasiclassical behaviour of the Q-functions in section 2, and taking into account small
shifts due to QQ-relations, we find

PacAsu ™™, Qe Bral, Qo (3.29)
where the powers are determined by the 08p(4|2) charges:

Ma={(J1 — K1 +1), (J2 = K3), —(J2 — K2), —=(J1 — K1+ 1)},

(3.30)
Mzy={(N+ K1), (J2+K2), —(J2+ K2), —(J1 + K1)},

and
Mr={+(A-S5+1),0, -(A-S+1)}, M;={(A+5),0, —(A+5)}. (3.31)

Here A and S are the AdS3 charges, representing the conformal dimensions and spin of the
gauge theory operators, they enter the asymptotics of Q. The charges corresponding to the
two copies of S? enter through the asymptotic of P.
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The coefficients A4, Bx are constrained by the algebraic equations of the QQ-system.
As we show in appendix B.2 the prefactors A and B are constrained by

I3, (MA - MI) K lﬂizl (MK - MA)
[Thya (Ma—Mp) 2 [Thepr (N — 37)

Let us also include the corresponding asymptotics of the spinorial-index Q-functions

Ap At = -2 ByB (3.32)

Py~ NN Qe ~ NN QNN (3.33)
where
M, + M. M, — M. .M
Na:%{_Ll}a Ndlez{_Ll}v -/\/:L:Tl{L_l}v (334)

and the same applies to the barred system.

This completes our QSC proposal. In the next section, we derive some additional relations
that follow from the proposal. We then subsequently test our proposal by taking the large
volume limit in section 5 and comparing the result with the ABA equations from the literature.

4 Deriving Q7T and Pv systems

In the previous section, we proposed a QSC by providing a QQ-system supplemented with
analytic conditions. In this section, we will recast the gluing conditions into so-called Qu-
and Pr-systems. These systems will play a key role when we consider the large volume
limit in section 5.

4.1 Qr-system

In this section, we derive the Q7-system from the gluing condition (3.27). Our method
largely follows [40]. We start by recasting the gluing conditions as analytic continuation and
use the fact that we can map UHPA Q-functions to LHPA Q-functions using the matrix
Q) defined in (3.24). This gives the relations

A\ A2 oA A\ [+2] A
(le) = (Tkm> 7" Qi (Q;}[) = (T;;m> Tanmnv (4.1)
where we recall that v denotes clockwise analytic continuation around the branch points
—2g as depicted in figure 1, and 7 is defined as
= F (), = BT (4.2)
Note that 7 inherits 2i periodicity from € and that its determinant is fixed from (3.28),
to summarize

(Tkz)[+4] = Tki, det (Tk5 =41. (4.3)

Of course the same properties hold for TEl. From (3.25) it is also natural to introduce the

following notation

F = 7t

T 2 — 7 , (4.4)

)

similar to the one used in the ABJM QSC.
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The function 7 has an infinite number of cuts, separated by ¢ going to infinity in both
upper and lower half-planes. The analytic continuation under the cut on the real axis along
7 can be extracted from the QQ-relations (3.16) and (3.21). We derive in appendix B
the following relation

— A =

(7™, ™) — 770" = Qu(Q™)T — (Qu) Q™. (4.5)

The equations (4.1) and (4.5) can be used to express Q and 7 on any sheet in terms of their
values on the first Riemann sheet, forming a closed system of equations. To make this even
more explicit, we will derive relations connecting Q with its analytic continuation along ~
performed consecutively n times. By adopting a trick from [30, 31] we introduce

_ A A =

U™ = (U™ = —nPnf(050; — Qp Q™) (4.6)
in terms of which (4.5) reads
mn )7 ma
(0" = U™, (4.7)

so we learn that U does not have a cut on the real axis. Now, let us note that we can
write (4.1) as

Qu™ =Uu™Q) (4.8)

mi -
Using that U does not have a cut on the real axis, we deduce

n

A AT — = A an—1 A o — = A AN—
QL =Uu™ Qs » Q) = U H™QLs - (4.9)

Since there is no reason for the equality UyP7Usg™™ = 6]"4" (or, in other words, that it would
be over-constraining to impose one), we have to assume that our model, in general, should
feature non-quadratic cuts. This makes our proposed QSC significantly different from ABJM,
where all Q-functions have quadratic cuts. Of course, this non-quadratic cut behaviour is
expected since it has been observed before in the AdS3xS3xT* QSC and TBA [30-32, 71].

4.2 Puv-system

The Pr-system is the analogue of the Q7-system for P-functions. Using (3.23) we can map
Q to P in the gluing equation (4.1). We find
e+ A Flk+ .k 1
PZa = Q;’Il :‘er' +Qf| i T [P§|f, (4.10)

where we have also used that Q:| ;. does not have a cut on the real axis. Let us define two

matrices I/af and Z/éé as
F - A flk—_k é — el
v, = Qalef‘ L Qc.‘l@e\ . (4.11)
Since ()y; and T both have a unit determinant, we have

det(v,/) = +1, det(v,5) = +1. (4.12)
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With the definition (4.11) at hand, (4.10) reads
P}, = (v, v P (4.13)

Importantly, I/af l/éé is mirror-periodic (i.e. periodic up to an analytic continuation under
the cut):

(v v = () (4.14)
as we show in detail in appendix C.2. Thus, the Pr-system can be cast into a more natural
form using the 7 contour, just as in AdS3xS?*xT* [30, 31]. We find

Pl = 5" P; (4.15)

ca >’

where v*, are obtained by raising and lowering the indices with ¢ from v,* e.g.

v = —e%epiv (4.16)

Furthermore, let us show that the functions v independently satisfy mirror-periodicity,
much like in the ABJM case. To see this, we invert (,)[¥? on the Lh.s of (4.14) to get

_ AT _
(yaf)[+2} _ (_W) (uaf)”’. (4.17)

It will be convenient to denote the term in the brackets here as e'F. Then, from the above
equation, along with (4.14), it follows that
=P, f)r, () = e P (). (4.18)
By taking determinant of (4.18) and keeping (4.12) in mind we get e!” = £1. This is similar
to the ABJM case, constrained to a symmetric sector (relating upper and lower indexes),
as in our case, they are related by definition with the € tensor.
There exists a discontinuity relation also for v; it reads

(v ) = v, = (Pea) TP — Peu(PE)T. (4.19)
To derive this equation, we simply start from the discontinuity equation for 7 and apply
Qg to map 7 to v.

Finally, let us emphasise that the Pr-system allows us to express P and v on any Riemann
sheet in terms of their values on the main sheet. Following the same method as for the Q7
system, we find the following recursive relations

1 ~n—1

P, =W, Pl Pl = (W), P, (4.20)
where ) .
W, = W1, = (6967 — PeaP®)13 v . (4.21)
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4.3 The symmetric sector

In this section, we discuss a large subsector of our proposed QSC, wherein we identify
Q-functions with dotted indices alongside their undotted counterparts. We will call this
sector the symmetric sector. The symmetric sector is characterised by the equation

Pu =P, (4.22)

By definition, P _; = P;_, and hence (4.22), reduce to P3 = P5. This, in particular, implies
that My = 0 is in the symmetric sector.

Using (4.22), it follows that Qg and Qg satisfy the same Baxter equation. They
furthermore have the same asymptotics and are both analytic in the upper half-plane. Hence,
they must be related by a constant linear transformation. We can write

Qapk = K" QuuGy! (4.23)

where both matrices K and G are constant, diagonal, and obey det(K) det(G) = 1. They
can further be restricted by (4.22), since P is related to Q,; by (3.16). We find

Kilgll _ *K22G22, KQZGll _ 7K11G22’ o4
KlG!'=-K.'G?, K’G'=—-K;>G (4.24)
1 1 — 1 2 2 1 — 2 2

which can be reduced to
Ki'=K?, G'=-G. (4.25)

Without loss of generality, we choose Kil = K22 = 1 and arrive at

. (10 L (—i0
Ka—<01>7 Gk—<0 z’)’ (4.26)

resulting in the following simple relation between Qgx and Qg
=i Q1 1 Q12
Qae = | . : : 4.27
& -1 Q2|1 ZQ2|2 ( )

With the matrices K and G fixed, there is one extra Q-function constraint left to discuss. We
recall that @, and Q4 were not independent of each other to begin with. Indeed, there
are two ways of defining Q;; (3.21), which can be viewed as an additional restriction on the
Q-system. It is inherited in the symmetric sector and looks as follows

Qu =—Gy"G"Qum = Qi2=-Q21,Q2=0. (4.28)

Lastly, let us address the Pv and Q7 systems. We first note that the matrices 7 and 7 are
related to each other. Indeed, from (3.24) and substituting (4.27), we find

el = (~1)FHn ] (4.29)

Recalling that 7 = 7172 we see that components of 7 are now either i-periodic or i-anti-
periodic. Finally, since K is simply the identity matrix, we have

i i3
i = (Vli u1§> ‘ (4.30)

Vo™ Vg
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5 The large volume limit and the asymptotic Bethe ansatz

To test our proposal, we now solve the QSC in the so-called large volume limit and compare
our results to the ABA in the literature [23, 35, 72]. The large volume limit of the QSC
has been considered before in AdS5xS®, AdS, x CIP3, and AdS3xS3xT* [30, 31, 38, 40, 54]
where the expected ABA equations were recovered. We will follow the procedure outlined
in these papers quite closely.

In the large volume limit, the various dressing phases that play a crucial role in the
ABA can be recovered from the QSC. This is particularly non-trivial in AdS3xS?xT* since
this background features several distinct dressing phases between particles in different wings
(dotted and undotted) and also with massless particles [54]. Finding the exact form of the
dressing phases in AdS3xS3xT* is, in general, tricky, especially in light of the lack of reliable
comparisons from gauge theory. Several iterations of these phases have been proposed using
non-QSC methods [71, 73, 74], and remarkably, the most up-to-date version, which appeared
after [54], perfectly agrees with the QSC calculation presented in [54].

In AdS3xS3xS3xS!, there are currently no proposals for the full non-perturbative dressing
phases, only a semi-classical approximation have been proposed [75]. However, the crossing
equations for the full dressing phases were written down in [34, 36]. Thus, we will only
compare crossing equations, not full solutions.

5.1 The large volume limit

The large volume limit is characterised by some of the quantum numbers becoming large.
To be precise, we will assume that A and J; are of order L > 1. We will assume that Q
and P scale according to their large u behaviour, which we will keep track of using the small
parameter € ~ u~". From the asymptotics (3.29) we find the following scalings

P1N67P2N17P3N17P4N1/€7Q1N1/57Q2N17Q?)Nga

N (1 e ae e (11/e (5.1)
Qali ~ Qalk (1/5 1>7 Q Q <5 ] >

13

Here “~” denotes the leading-order dependence on the asymptotically small parameter ¢.
The Q-functions in the second 08p(4|2) copy have the same asymptotic behaviour. Due to
its 2¢ periodicity, 7 cannot scale with ¢ and must behave as Tkl ~ 1. On the other hand,

v does scale non-trivially; we find
2 - - 1 éN — — .1
v = Q1|1Qi|1727 Vi = QQOTév (5.2)

as follows from the scaling of Qg and Qg in (5.1).
The scaling of v also implies that the analytic continuation of P simplifies significantly.
In particular, upon using (5.2) in (4.13) for Pi; = Py we find

(P1)7 ~ QTHQYWJQ 75 Qi (5-3)

Also, the matrix 2 that maps UHPA Q-functions to LHPA Q-functions simplifies con-
siderably in the large volume limit. Namely, it must be diagonal. This follows from the
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fact that  is periodic and hence cannot scale with €. Yet, from its definition in terms of
Qajk, the off-diagonal terms naively scale with €, which allows us to conclude that these
components must be 0. Thus, in the ABA limit

3
Q1|1 Q1|1(Q ) Q1|1 Q1|1( )+ } (54)
From the property of € it then follows from (5.4) that

We will now use these simplifications to construct all the key QSC quantities entering into
the ABA equations.

5.2 Finding ¢ and w

We will start by finding explicit expressions for v and 7 in the large volume limit. To do
S0, it is convenient to focus on the following bilinear combinations

pw= V1§y12 , W=Th 5. (5.6)
From (4.18) and (4.4), it follows that
pt2 = Wt =, (5.7)
Furthermore, from (5.2) we obtain the large volume limit

= QﬂlQﬂiQillQi

- (5.8)

As recently understood in the context of AdS3xS?xT* [76, 77], with important input from
the BFKL regime of N = 4 [54], to find massive Bethe equations, one should assume that
1 has a finite number of zeros u; at a finite distance from the cut on the defining Riemann
sheet (when g — 0), whereas the massless modes correspond to the roots sitting right on
the cut on the real axis. For simplicity, we consider only massive excitations in the main
text and present the generalisation to massless modes in appendix E.

We will introduce a polynomial @ that collects all massive roots of ™

M
Q) = [[u—w), u*| =0, (5.9)
i=1 ‘
so that the combination u*/Q does not have zeros or poles on the main sheet. Now, let
us consider the following function

2o p Q7 pQF (5.10)

e waQ

which is constructed in such a way that it has no zeros or poles on the first sheet, and

we used (5.7) in the second equality. Furthermore, because of (5.8) and the periodicity
of w (5.7), we also have

QﬂlQﬂiQi1Qi1 Q+ 5.1)
0= :
Q1|1Q1|1Q1|1Q Q

ij
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which immediately tells us that F? is analytic in the upper half plane. From (5.4), we imme-
diately conclude that F? does not have any cuts in the lower half plane either. Finally, (5.11)
implies that F2 — 1, as u — oo, due to the power-like asymptotic behaviour of Qqji- To
fix the sign of F', we require F' — 1.

Following the previous analysis of the AdS3xS?*xT* QSC [30, 31, 54], we will make an
additional assumption: we assume that g has square-root branch cuts in the large volume
limit. The square-root cut assumption for p implies that F' is also a function with square
roots. Assuming this is the case, from the last equality in (5.10), it follows that
Q+

Y — = .
FFT =& 0= (5.12)

To fix the sign, we can evaluate this expression right at the branch point, where F7 = F

+
and p = p7 are located, implying a plus above, which sets FFF7 = g

We know that F' has a cut with a single cut and no zeros or poles on the main sheet.
From (5.12), we learn that on the second sheet, there is still only one cut; however, there
are also some zeros and poles. This implies that F' is a rational function of the Zhukovsky
variable z with no zeros or poles outside the unit circle (corresponding to the upper sheet
in u); thus, we have the following solution of (5.12)

F= (ﬁ \/;—) B (5.13)

M
Beay) = [T /% (=97 )+ Renlo) = By (2)s BB = (-DV@*, (519)

and the factor in (5.13) is fixed to ensure F' — 1. Furthermore, from (5.14) we see that

FFY = (ﬁ x) Q" (5.15)

=L —,
1% ) Q
which, together with (5.12), implies the momentum quantisation condition

I1 %_ ~1. (5.16)

Finding p. Having found F', we can proceed with v and 7. We start by plugging (5.13)
into (5.10) which together with (5.16) results in a finite-difference equation

1 1 B\
+
= — = —_— . ~1
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To solve (5.17), we introduce an upper half-plane analytic function f and its complex
conjugate f*,?

o [+2n] o [—2n]
/ _Bw By . 1780
+2] T B, [+2n] [—2n]
f =) n=0 B(_) n=0 B(+)
where
M 1 M
B =[] <1 - ¥> . Ry =[[(z-4f), BuRe =h"Qb (5.19)
k=1 L i=1
Using these new functions, we solve (5.17) to find
poc QTS (5.20)
Finding w. In order to find w, we first use (5.11) to determine
Q1|1QI|1Q1|1Q1|1 xQ f?, (5.21)
as follows from UHP analyticity of the l.s.h. After that, from (5.8) we immediately determine w
w X ff . (5.22)

The analysis presented above closely follows that of the AdS3xS3xT? case. However, from
this point on, we will find significant differences.

The dispersion relation. From (5.6) together with (5.2) we find the asymptotic of u to be
o~ A2 (5.23)

We can now compare this to our exact expression. The only non-trivial asymptotic behaviour
is found in f, which behaves as

f>_ Bo) y
log <f[2} = log B, o = f~u’,

K. (5.24)
v =g > (1 — 1) .

ae{1|1,i|1,1|1,1

=

-
™
Il
i

Comparing then (5.20) with (5.23) we find

M

reproducing nicely the expected anomalous part of A in terms of momentum-carrying
roots [35].

2The infinite products in the definition of f are divergent, but the divergence can be absorbed into u
independent constant. In other words, in the products we assume the regularisation where we first compute
the derivative d,, log f as a convergent sum and then integrate in w.
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5.3 Finding Qui

In this section, we find Qq,a € {1|1, 1|1, i|1, 1|T}, in the ABA limit. We start from (5.21).
We see that all zeros of the 1.h.s. are contained in the polynomial @, and f is also defined
as a product overt the roots of @. We thus split

Ka .
Q=]]Q, Qu=]JJw-usi), f=][far a€{l1, 11,11, 1T} (5.26)
[e% =1 [e%
where %
fat Bao T 1
=22 B, = 1— . 5.27
fa Ba,(+) () Z:rll m(u)x?xz,i ( )

This notation allows us to write the most general ansatz for @, compatible with (5.21) as

Qh x Quy/Frh(u), ae {11, 1)1, i1, 1)1}, (5.28)

where hq is a UHP analytic function with no zeros or poles on the main sheet. Due to (5.21),
the h, is subject to the constraint

To find further constraints on hA’s, we need to consider the individual v’s, not only their
product. From (5.2), we identify the zeros of v and write a general ansatz

n? o Q@ ff - F v Q@ f (5.30)

where F has no zeros on the main sheet. Similarly, for the barred system, we make the
following ansatz:

v o QuuQpy/ [ s v Q@ S F T (5.31)
From these new expressions, we can also write individual 7’s via (5.2) as follows:

o - . I
Tli X T.F(h”lhiﬁ) 1, Tlé X f

Now let us constrain F and h, using the analytic properties of our QQ-system. Under-

f*l(hmhm)*l : (5.32)

standing these functions is crucial for identifying all dressing phases in the large volume
limit, as we will describe in section 5.6.

Constraining h’s. To further constrain h,, we use (5.5), which relates Q] and Q%. We
note that a standard way to construct Q¥ is to take the complex conjugate of Q¥; we will
denote this by *, just as we did for f. We then substitute (5.28) and (5.32) into (5.5), along
with their barred equivalents, to find

-1 -1
+ +_pr— + pr— r+ + pE= + o
FT hi|ih1\1 o (hi|1hil> , FTx hlllhﬂi o <hilhi|1) . (5.33)
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A lot of information can be extracted from equation (5.33) by utilising the analytic structure
of h. We recall that h, are UHP analytic, hence h}’s are LHP analytic. For example,

1
At W'~ oc [ hT_h¥™ can be written as hT-hT_ (h*_h*_)_l which tells us that hqj; o
1111 11 i 1171 i1 ) 11

hl_ﬁ This is so because the 1.h.s. has no cuts in the complex plane above —i/2, and the
r.h.s. is analytic below i/2; thus, these products are analytic functions without zeros. As
the asymptotic behaviour is at most power-like, we conclude that each of the products must

be a constant. Following this argument, we get

hajp o hi_ﬁ , hyjp o hi—& . (5.34)
We then simply denote
h=hyp hi h = hy o hi (5.35)
11 1)1

and so we find
Qi o< Quuy/ FHRT L Q@i ()7

Q%‘I (&8 Qﬂi f¢+ﬁ+ ) Q%ﬁ X Qﬂi f¢+(ﬁ+)_1 :

(5.36)

Let us note that if we are in the symmetric sector, see section 4.3, then we have QJy); o Qi\l
and thus trivially h,F are just constants.

Constraining F’s. Note that from (5.33) we have
Fr=nth*, Fr=hnth". (5.37)

In this equation, we fixed the arbitrary scale factor in F to make it an equality. We see
that for this choice (F*)* = F*.

To further constrain F and F, we impose the following two conditions. Firstly, we must
ensure that all v are mirror (anti-)periodic (4.18); secondly, we need to ensure compatibility
between the two expressions in (5.32), as we recall that T'li = (T%)HQ].

Imposing v7 = vl gives

_ + 00" O-
F F Q”l@ﬂi(@“l@iﬁ
709 = 7y - T =t o om.of oF (5.38)
Q1|1@I|1Q1|1Qi|1
while consistency with (5.32) implies
FFEA = ¢ (hhl@y (hn2y ) FFH2 = ¢5 (nh[) (RR1) | (5.39)

where we used the overall normalisation freedom in F to ensure the first equality. The last
equation still has an unfixed constant Cj,. Using (5.37), we find
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Note that we still have the freedom to rescale h and h by an arbitrary phase factor, which
must be the same for both functions.

Note that the functions F and F are both defined by the same system of equations, (5.38)
and (5.39). This means that their ratio Rr = F/F satisfies R} = R[]}FZ] = ¢/Rr, where
c = Cy/C;. The last equality implies that Rr has only quadratic cuts. Consider the
combination Rr/\/c + \/c/Rr, which is a periodic function and invariant under the analytic
continuation, which can only be a constant given that there are no poles or zeros in Rr and
it cannot grow faster than a power. Thus Rr itself is a constant, and it must be /c due
to R']V_- = ¢/RF, and thus F = /cF. Substituting here (5.37), we can again compare the
analyticity properties of both sides of the equation and conclude that

h=c/h. (5.41)
Finally, recall that we can still rescale h by an arbitrary phase factor. It is convenient to set
Cp=1, then, Cj = cl=e? gcR. (5.42)

The resulting constraints. Let us here summarise the conclusions we can draw from our
study of h and F. First, we recall that we managed to write all h, in terms of h = hy;.
It is convenient to package this object as

H=h""h=(R"Th)*. (5.43)

The reason being that (5.40) implies that H is a real function, and since h is UHPA, it
has only one cut on the real axis.
Using this new object, the constraining equations for F become

Fr=+FFAs FrA =t Ft =02t (h*)~. (5.44)

In appendix F we solve the system (5.44). With this, we have managed to constrain the
free parameters entering into our ansatz for Q4.

5.4 Finding P4 and Qj

The relevant Q-functions among P 4 and Q; in the ABA limit are P; and Q1. They are
distinguished by the fact that P becomes exponentially small, while Q; becomes exponentially
large; see (5.1). As motivated by the results of [30, 31, 54], we introduce the following notations

BO,(i) = B1|1,(i)Bi|1,(:|:) ) BS,(i) = Bi|L(i)Bi|i,(:t) (5.45)

as well as the following new functions S, parametrising P and Q, without reducing generality

1
Py x 2 "RiB;B, ()S, Qi xz"R\B / -, (5.46)
Bs+) S
- 1
P, oo “RiBiBs )5, QocaR:Bj—d L, 5.47
pocr BB )8, Qrecr il "Bay) S (5.47)
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where the functions R encode the roots of P and Q on the first sheet. We then define
5,87, 5,5 as functions without zeros and poles on the first sheet. The zeros of R and B
are called auxiliary roots. We have explicitly

K K
a a 1 =
R, = H(x —Ya,i), DBa= H <$ - ya,i> , acf{l, 1,1, 1}. (5.48)
i=1 i=1

The functions S, and S are constrained by the QQ@Q-relations. In particular, let us con-
sider (3.13) which in the large volume limit becomes

S B. ) o
griBiBi g, = = QL@ ST - @@y, (5.49)

With the use of (5.14) and (5.18) it simplifies to

S
g BBy = RapRip ) ByjiBig ) — RapRipo By Bigp)- (5:50)
From this equation, it is clear that S/S’ is a rational function of x. Now, writing down the

barred version of (5.50) we furthermore find that

(5/9) (;) x (5/8) (@) . (5.51)

This equation allows us to constrain the ratio S/S’. Indeed, by definition S/S’ cannot have
poles or zeros for finite |z| > 1, and by (5.51) the same is true for |z| < 1,z # 0. Thus,

S =g HKsg = § =yKsG, (5.52)

where we have imposed an exact equality (as opposed to ) since S is only defined up
to a constant.

To fix S and S, recall that we require (5.3), relating P to Q. Substituting the ansatz
for P; and Qj, as well as the relations (5.20) and (5.36), results in two relations for S
and S. These are

_ 1 RippRipgy % Rig Ry .
57S O, 878 s — - I gt (5.53)
25 Ry Rij o Rijg Ry
The system is solved using the following substitution
B _ B,
*,(+H) () -
S = Oep P, S= Oe PPK 5 (5.54)
B. () Bs-)

where the functions o, and p, p are defined exactly in the same way as in the AdS3xS3xT* [54].
They satisfy the functional relations

oloe o fPH*77, plpx

(5.55)

ppr = x5S, pipr = 2" (5.56)
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One can show that (5.56), supplemented with the condition that pg ~ 1, implies that Kg = 0
and pg o pg o 1. This precise calculation is presented in appendix B.2 in [54], and we
will therefore not repeat it here.

Now that S and S are known, the final expressions for P and Q become

P, o 2 LR B-\ [Buy i Bur youp. QioxabRyBy oncl o1 (5.57)
1 . o (—)lefl) 1 ’ '
11 (+) (=) B, ) B, (4) Tep
B, 1
P o o “RiBy\/Ba (1 Ba(youp, Qi o abR:By|on) S (5.58)

B (+) Be (1) 00

As we have now introduced all building blocks needed for the ABA equations, we can define,
in the next section, a particular combination that will be identified with the dressing phases
in the S-matrix bootstrap approach.

Quantum numbers and Bethe roots. With the explicit Q-functions at hand, we can now

relate the 08p(4]2)®? group charges (2.12) to the number of roots of our Q-functions. We do

so by comparing the asymptotic behaviour of our large volume solution with (3.29).
From the explicit expressions (5.36), (5.57), and (5.58), we find that

—L+K5 K1 +7v/2 ) Ki+7v/2
Pi~u i Ql\l"’u 1t/ Ql\lNu i1 / ,

)

PI ~ U—L-Hci , Q7 o~ uKI\i"‘V/Q Qﬂi N uKi‘i-l-’y/Q '

Then, upon using K3 = Ky + Ki|1 — K1 — 1, we obtain

My =L+K — Ky — Kjjp +1, My = K, — Ky,
Ml L—-K5, MQ = Kiﬁ — Kiﬁ , (5.59)

The above six equations, along with P and Q asymptotics (3.30) and (3.31), are enough
to find the group charges

Ky + Kj KKy

A=1L
+v+ 5 5 ,
B Kiﬁ +Kﬂi B K1+ K5
N 2 2
K + K; K1 — K5
Ji=I1— 1“2 LU 1, (5.60)
. K1|1 +Ki\1 B K1 +IC1
1 — 92 92 3
Kip — Kin - Ky — Ky
=ty
_ K — Ky N Kig — K
2 2 2

This nicely shows that it is indeed only A that develops an anomalous part.
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5.5 The dressing phases

Let us provide more details regarding the functions h,o,, p, p that appear in our final
expressions (5.36), (5.57), and (5.58). We will attempt to identify these objects as the basic
building blocks of the dressing phases that appear in the S-matrix approach.

0. and the BES phase. The function o, has appeared many times before in the QSC
context; it is a basic building block of the so-called BES phase. Since the right-hand side
of (5.55) is a product over all the massive excitations, it is natural to also write o, in this
fashion. For reasons that will soon become clear, we will not consider g,, but rather the
ratio o /o, . We find

oe(zT

Ko .
_) = H HUBES(x7xa,k’)7 I:{1|171|111|171|1}7 (561)
0e(27)  Siric

where opgg is the famous Beisert-Eden-Staudacher-phase [78].

p and p. The functions p and p first appeared in the proposed AdS3xS?*xT* QSC [30, 31].
Just as og,, they are written as a product over the momentum-carrying excitations. We write

Ka Ko Ko Ko
p= H H Q(xaxoz,k) H H @(.T,.%'a7k), p= H H @(xaxa,k> H H Q(x7xa,k)> (562)

a€clsr k=1 OzGIQ k=1 a€ls k=1 aEIQ k=1

where T, = {1]1,i|1}, Z; = {1|1,1/1}. Here, the newly introduced building blocks satisfy
the discontinuity equations [54]

o(z7,v)o(x,v) x %, o(z7,v)o(x,v) x ”H, v=g (y + ;) . (5.63)

It will be convenient to combine o,, p and p. We follow [54] and define

e@y) e _ o 2@ Y)
mv g (x7y)*UBES( ’y)é(a}_,y)

The H-phase. Just as for the other phases above, the defining equation for H (defined

o**(x,y) = opes(z,y) : (5.64)

in (5.44) and (5.43)) implies that it can be naturally written as a product over momentum-
carrying roots, explicitly

Ko Ko
H= [ [ T JJe He=wer). (5.65)

ae{1[1,1[1} k=1 ac{il11|i} k=1

The discontinuity equation for H(z,y) is significantly more complicated compared to o, g;
we work out the details in appendix F. The final result is

o0

1 u—v+1i/2
v _ = LY St T _1\n [—2n—2] _ 4/[+2n+2]
H' —H = 2log (u » 2/2) 302( 1) [’H H } , (5.66)

with H = H(z,y), H” = H(z",y), and we finally introduce the associated dressing phase

6(x,y) =exp (H(m+, y) — ’H(m_,y)> ) (5.67)

We also discuss massless dressing phases in appendix F.
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Figure 6. The path 7. depicted in the u-plane. Note that it first crosses the branch-cut of ™ and
thereafter the cut of 7.

5.5.1 Crossing equations

We now proceed to compute the so-called crossing equations for our phases. We note that
the dressing phases are functions with cuts at (—2g,2g) £ % The crossing equations are
obtained by analytically continuing the phases across these two cuts, following the path
Y. defined in figure 6.

The crossing for 0*® and 6°*® has been studied previously, see for example [54], the result is

e GO =y (7 ) (e~ )

R T T [T A

6 (@7, ()2 = LS y+)2(y+w‘ 1) (yrat - 1)
ey e ey

For the new piece &, we find in appendix F that the discontinuity relation (5.66) results in

%o N v —ytl -
0’(:(} ,y)U(m,y) = ot — y—1— 1 - (569>

5.6 The ABA equations

Having found the large volume limit for P, Q;, Qi|1 and Qq);, we can now find the cor-
responding Asymptotic Bethe Ansatz by plugging these expressions into the exact Bethe
Ansatz Equations. We start with the grading in (3.11):

QM Qr Q1 Q¥ Qrp
T

Q1|1 Q1 u: Q11=0 Qi\lQl\l u: Q1 =0 Qill Q1 u: Qi) =0
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Q1|1 Qiﬁ
Q1 Py

Qip Qi
Figure 7. We depict the grading of the ABA-equations as well as the Q-functions that explicitly appear.
The left grading corresponds to (5.71), (5.72), (5.73) while the right encodes (5.75), (5.76), (5.77).

The choice of grading is purely a matter of convenience. We have chosen Q-functions so that only the
auxiliary roots y; appear, while g are absent.

and plug (5.36) and (5.57) to find the following ABA equations

L [+2] _
C(®he\ @ BB
1k - @2 RfBf

, (5.71)
1)1
Ro,(Bs )
|- BenBeo) 7 (5.72)
R, \B;
OB,
+ L [+2] o
[ ik _Qiu Ry By B+( )B‘( ) oup H” (5.73)
- = — T ot )
Tij1 b Q[i\f] Ry By \ Bg By oep HT

T=Tq|1,k

We will consider the second copy in a different grading, the reason for this is simply to
ensure that only the auxiliary roots y1 4, Y1, appear while yj ,,
definition of P37 (3.9) it follows that

Y; ,, are absent. From the

+ol-2 + +l-2
_ Py Qi| Q1|1 11 B Py Qi\i
1= o] , 1= .,a, I S El (5.74)
Qﬂi u: Q7)7=0 1|1 Ly P;=0 IQi\i u: Qm:O
Plugging in (5.36) and (5.58) gives
+ \* R + p+ + - -
_ (fﬁm,k) _ Bine) Bl BIRT | B (+)B e odptHt (5.75)
— + — *
Lk Rii o Bijn o) Brr \BLoByyoep Ho|
Rs (Be(_
] = &) 2e(0) : (5.76)
ReBen |,
1,k
+ L _ + —
i B + pt+ + e
B (x1|1,k) Rl\l (=) 1L,(+) By Ri B-,(+)Bo,(+) ofptH (5.77)
N + N “R- + - TotHt )
i1k Rl\l( )Bi\i,(—) BiBy \ By ()Bo oy oep™H z=a5 7

Now, this system can be compared with the ABA equations derived in [35], using a very
different S-matrix bootstrap approach; we recall all the relevant equations in appendix D.
To begin with, we find an exact match for (5.72) and (5.76) with [35]. The remaining
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equations in the ABA also match our proposal structurally but feature unknown, so-called
dressing phases: S*%(z,y),a, = {1,3,1,3} [35]. Upon identifying factors evaluated at
the same roots, we find

1_I+ oo A :
Sll(xﬂl/):l_ilya ($,y)0($,y), Sls(xay): (578)

6 Yax,y),  (5.79)

and the remaining phases are given as 33 = Sl — 33 — gl .93 = §13 — S8 — S‘s’i,
S — gl — §33 — 533, and 13 = §31 = §13 = §31 Let us point out that the process
of deducing (5.78) from the Bethe equations is, to some extent, ambiguous. For example,
factors that cancel out in the product over all roots (e.g., due to the momentum conservation
condition (5.16)) can be distributed freely. We have fixed the exact proportionality to facilitate
easier comparison with the literature which uses the spin-chain frame. We expect that one
can explore the string-frame by redistributing factors of the Zhukovsky variable.

There are no proposals for the exact form of S*? in the literature; however, their crossing
equations have been proposed in [35]. Here, the crossing equation simply means an equation
constraining S*? upon analytic continuation along 4.. recall that this contour was defined in
figure 6. Simply substituting (5.68) and (5.69) into (5.78), found from QSC, we get

_ 1
511(z75 )Sn(xy /_1+1y+ 511@% 511 z,y) = /y+z+:zi /%’ (5.80)
1—
e 3@t y)S ¥ () = /15 ST [ (5.81)

which matches perfectly with the expressions from [35] assuming one interprets the crossing

transformation in that paper as being in the opposite direction of 7.. Such a change of
orientation was also necessary for AdS3xS3®xT#, see appendix B in [73] for a detailed
discussion. We discuss this change of orientation further in appendix D. This highly non-
trivial check grants some credence to the hope that our proposal can give the spectrum
of free strings on AdS3xS3xS3xS!.

5.7 Braiding unitarity of the dressing phases

Normally, in the S-matrix bootstrap approach, one constrains the dressing phases not only by
crossing equations but also by braiding unitarity; that is, for example, S'*(z,y)S* (y,z) = 1.
It is not a priori obvious that the phases arising in the ABA limit of QSC will satisfy this
requirement. In [54], it was shown that this will hold for o*®(u, v) and 5*®(u, v). The situation
with 6 (u, v) turns out to be more complicated. Firstly, no solution has been presented in the S-
matrix bootstrap literature that satisfies both. Furthermore, we also found that the equations
derived from QSC (which are normally more constraining than the crossing equations alone)
are in tension with unitarity while reproducing the crossing equation (or vice versa, depending
on the interpretation of the factors in the ABA limit), as discussed in appendix F.
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In the QSC, we can only compute Ht/H~, which is a product of individual factors, and
not the individual dressing phases. Previously, in this section, we decomposed

H+ a 117 K:Y a- u7 :Ca
HT I1 e{1]1,1]1} [ 6( ) (5.82)

- K & )
H Hae{iu,iﬁ} | st o (u, v k)

It is therefore natural to ask whether there exists another splitting that would yield phases
satisfying braiding unitarity. In appendix F, we show that this is the case, but it requires the
momentum-carrying roots to satisfy, in general, a non-trivial constraint; see (F.19) and (F.33).
These constraints are automatically satisfied in the symmetric sector, essentially because in
this sector H" /H~ = 1. The price to pay is that the resulting unitary phase, even in the
symmetric sector, will no longer satisfy the crossing equation (5.69). We have not been able
to find, nor rule out, a more complicated splitting that provides both the correct crossing
equation and braiding unitarity. This issue definitely deserves future investigation.

We emphasize that the Bethe equations proposed in [34, 35] were derived assuming
braiding unitarity of the dressing phase. To properly compare our QSC against S-matrix
derived Bethe equations, one would have to revisit the derivation of [34, 35] without assuming
braiding unitarity.

At the same time, in the symmetric sector, we expect that one should really only look at
the product S (u,v)S'3(u,v). This product satisfies both crossing and braiding unitarity;
thus, our equations appear perfectly consistent with the literature.

6 Conclusions

In this paper, we propose a quantum spectral curve (QSC) for AdS3xS?xS3xS! when the
radii of the two S? are equal. Our proposal is based on symmetry considerations and amounts
to connecting two separate 08p(4]2) QQ-systems through analytic continuation, a procedure
which closely follows that of the AdS3xS?*xT* QSC case [30, 31].

To test our proposal, we investigate the large-volume limit of the QSC, where the spectrum
is expected to be given by the Asymptotic Bethe Ansatz [35]. When comparing our QSC
equations with the ABA, we found agreement with the general structure and successfully
reproduced all the crossing equations for the product of the dressing phases appearing in the
Bethe ansatz. However, we were not able to split the product of dressing phases arising in
the ABA equations in the non-symmetric case into individual dressing phases that satisfy all
the assumptions made in the S-matrix bootstrap approach — namely, the crossing equations
and braiding unitarity. To the best of our knowledge, no such factors are currently known
to exist in the S-matrix literature.

In the symmetric sector, however, we do reproduce all previously known results. For this
sector, we furthermore extended the ABA in appendix E to also include massless modes,
following [54].

The issue regarding the dressing phases warrants further investigation. It may be
that additional ingredients are needed to define the QSC beyond the symmetric sector.
Alternatively, the problem could be an artefact of a possible Stokes phenomenon in the ABA
limit (i.e. non-commutativity of the large volume limit and analytic continuations), in which
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case extra care is needed when taking the large-volume limit. Another possibility is that our
original square-root assumption of y in the large volume limit must be revisited.

The most pressing task at present is to demonstrate that our QSC has non-trivial
solutions for finite quantum numbers, at least perturbatively and numerically, at weak
coupling. Furthermore, perturbative control is crucial to test the square-root assumption of
& in the large volume limit. We believe the techniques developed in [33] should be able to
accomplish this with minor modifications, and we hope that recent developments in AdSsxS®
will help extend numerics to strong coupling as well [79]. Unfortunately, since the dual
CFT is unknown, we currently lack data for comparison at weak coupling, and it appears
unlikely that this will change in the near future. At strong coupling, there is more hope for
the immediate future. The AdS Virasoro-Shapiro amplitude programme [80] has recently
yielded new predictions for AdS3xS3xT* [81, 82], and the extension to AdS3xS3xS3xS!
appears to be within reach.

In this paper, we have focused on understanding AdSzxS?xS?xS! supported by pure
RR flux; however, the pure NSNS case is also highly interesting. In particular, much more is
known about the dual CFT, especially in the case of minimal flux [83], but also beyond [84-86].
In AdS3xS3x T4, recent advances on both the integrability side [87-89] and the dual CFT
side [90-92] give hope that we will soon be able to compare explicit results. It would be very
exciting to extend these results and methods to AdS3xS?xS3xS!.

It would be interesting to attempt to generalise our construction away from equal radii.
This would presumably require gluing together two D(2, 1|a) QQ-systems. The first challenge
would be to construct these QQ-systems; to the best of our knowledge, they are not known
even for a rational spin chain. We expect that these systems will feature QQ-relations with
shifts of avi and (1 — «) i. Having two different shift values may be in tension with analytic
continuation; resolving this would be highly interesting.

Note added. As this work was nearing completion, we became aware of overlapping work
by Andrea Cavaglia, Rouven Frassek, Nicolo Primi, and Roberto Tateo, some of which were
presented by Nicolo Primi at IGST 2025 [93]. We thank them for interesting discussions,
especially during IGST 2025, and for agreeing to coordinate submissions.
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A Conventions

In this appendix, we summarise our conventions for the various explicit matrix representations
used throughout the paper.

Raising and lowering indices. We use indices i,a,6 = 1,2 and introduce the fully
antisymmetric tensors

y . 01
g = €4 = €ab = e =l = ¢y = , (A.1)
a -10
using which we raise and lower indices according to ¥® = €™y , 1y = —eapt)? . The equivalent

matrices for the vector representation indexed by A =1,2,3,4and [ = 1,2,3 are

0001
0010 001
UAB:UAB: 01001 PIJ:PIJ: 010] . (A.2)
1
1000 00

804 conventions. We map between spinors and vectors of 804 using Uf}f’, explicitly written as

. —-10 . 00 . 01 . 00
ab ab ab ab
_ _ _ _ A
i —-10 i 01 i 00 i 00
ab ab ab ab
pu— pu— pu— pu— . A.4

We also use (04),, = €ac€j, (UA)Cd~

8p, conventions. Analogous map for 8p, is performed using matrices ¥7,I = 1,2,3. They
take the following form

; 00 ; 1 (10 ; 01
E .‘7 = 5 E ,‘7 = — 5 2 -J == . A5
Note then that (X7);; = —€jx(37);* and (E])ij = ¢* (%), 7 are symmetric, explicitly
00 1 (01 —10
S1)ij = L (Da)iy = —= L (Da)y = , A6

s=(30) . == (1) - (0 0).

Useful relations. We widely use the so-called Fierz identities
(04)*(0Mea = —040%, (D) (2" = —6}6], — 57em,

. (A.7)
(0a)g5(0P) = =%, (SHu(E)* = —67.
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B Additional consequence of the QQ-system

In this appendix, we collect further algebraic relations that follow from those of our 08p(4|2)

QQ-system presented in section 3.

B.1 Fermionic QQ-relation

In this section, we derive the fermionic QQ-relation
QuPu = —Q;leak + Qp Q-
We start from the definitions of Q and P which give in product
QuPss = (QV)* Qe PeaPes .
To simplify it, we note that for any 2 x 2 matrix with unit determinant
PuyPea — PePud = caccbd -
Substituting this results in

Qk’lPéf = _Q;r‘l@;ﬂk - Q;|1Ql)+|k5abpéa~

(B.1)

(B.4)

The second term here is simplified using once more (3.18) and (B.3). As a result

a — + Nt - N
lePéf - _QéIlelk + QélefIl .

B.2 Vector representations of Q-function

In this section, we present some useful equations in vector representation.

introducing
Qar = =042 QuiQyyj»  Qajo = 047 QuiQy; -
using which we can rewrite (B.5) as
— O+ - _ O+ -
QIPA—QAH_QA‘]a QOPA—QA‘O+QA|O-
Furthermore, in vector notation, it is easy to rotate P into Q, we find
+ A + A
Qs = :FQA‘[P ;o Qo= _QA|OP )

which can also be inverted to give

_ 1 _
Pa= QIP”QAU + §Q°QA|0'

(B.5)

We begin by

(B.6)

(B.7)

(B.8)

(B.9)

Let us recall the constraint P4P4 = —2, by rotating P into Q here we find that

1
Qip'’Q, - 5Q2 = 2.
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B.3 Constraints on AA and BB

In this section, we constrain As AL and B;B!. We start from
Py~ AguMa, Q[EB[UMI_I. (B.11)
Recall that P4P4 = —2, which implies

> ApAP = -2, (B.12)
B

We then recall that

Q4P =FQr, (B.13)

which upon requiring (B.11) implies

B
ZABiAA:o. (B.14)
B Mp + Mg

Combining (B.12) and (B.14) we solve the above to find

—M} + N
M2}

M3 — M?

AgA? = Az A3 =21
2 3 M2 M22

Al AL = A AT = (B.15)

We can follow a similar path to find BxB%X. We make use of the following QQ-relations

Q-2
Pa=QQ + 2 2= - Q2 (B.16)

which, upon taking asymptotics into account, give the following constraints

3 I
BB M
Z ! =24 (B.17)
= Ma + M; 2
These can be solved to find
M2 _M2 M2 MQ M2 M2
BiB' = B3B3 = i 1)5 2 i) , BB =-L12. (B.18)
412 2012

C The Pu and Qw systems

C.1 Derivation of QT

Let us explain in more detail here the computation leading to the Q7 system in spinor
notation. Taking the difference between (B.5) and its analytic continuation along 7 gives

(Qu)"(Paw)” — QuiPas = —(Q7) (@) + Q) Qi (C.1)
Using (3.24) and contracting with F;"F;™ results in the discontinuity relation

(T (") = = Qr(QT)T - (Q) Q. (C.2)

— 34 —



C.2 Mirror-periodicity

In this appendix, we show the mirror-periodicity condition:

(R (€3)

We start from v definition through 7, see (4.11), this implies

(vtv ’2 Q* Q* QA+ QIIF((r kALY (C.4)
cé af QCU’Qa\k’Qe'l, Qflk/_ kl( v )[+2]
The first line can be simplified using the 7 discontinuity relation (4.5):
(v, )7 = Q1 Q7 QIR () 4 QM(Qr)T - (@) Qy)
and then further expanded using (4.8) to remove 7:
(Vééyaf)—l--‘r’y _ Q N ‘er|l+Qf|k+ (( )[+2] 1 le( ) [+2] Tk/Ql/k/—
— Q") Q + (Ql/k,)WQz'k/Q;;l‘le) - (C.5)

The second line should be brought exactly to this form. As it is now, it contains several
@~ functions, all of which should somehow be replaced by @Q*. This can be achieved by
considering one of the QQ-relation (B.5) rewritten as follows

Plugging it into the second line of (C.4) will reproduce (C.5) without any further simpli-
fications.
C.3 Quw system in vector notation

In this section, we rewrite the Quw-system using vector notation. To do so we define 3 new
objects: w, ¥ and x by

wil = (B0 () r <2J>w, (C.6)
Yr = — (S (n )7 e, (C.7)
X %6;(@1)[”]7}.7& (C.8)

The 2i periodicity of 7 manifests itself here as
j j 2
(W) =, w™ = e, = (C.9)
Then contracting the indices in equation (4.1) with (37)¥ gives
7 1 1
(@) =w,/Q5+5uiQt, (@Y =w, Q)+ JuiQL, (C.10)

and

QY7 =xQf —¢'Q, (QY) = vQf —v'QL. (C.11)
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The discontinuity equation (4.5) splits into
(wi) —wi! = -QHQ) +(Q))Q’,
()7 — 95 = —QHQY +(Q))QL, (C.12)
X7 - x = 5 (QHQYT - (@)al).

Similar relations for the second 03p(4|2) copy are obtained from (C.12) by switching barred

and unbarred indices.

C.4 Ppu system

In a similar fashion to w, we introduce u as the analogue of v in the vector representation.
We define matrix u as

nd =—(oa) v /v (") e, (C.13)
and note that it satisfies the mirror periodicity condition
() = (L) (C.14)
The vector form of relation (4.13) is then
P = (%) Pp. (C.15)

Alternatively, it can be inverted to give PL = p4 sPa. The discontinuity equation for

v becomes

(a®)" — s = P4(PP)T — (P4)PE. (C.16)

D The ABA equations

As in previous iterations of the QSC, we will test our proposal against the ABA derived

independently in [35]. The ABA contains a total of 4 different types of momentum carrying

massive roots {:pk}f:ll, {zk}i{:?’l, {ik}kK:ll, {ék}ﬁ’l as well as 2 auxiliary roots {yk}fil, {gk}fil
The ABA equations associated with the left system read

<JJ+>L _ Rl EiBL | Bio
- Ry BIBY \ By,
Kijp Kip ST Kiq )
X H 511(%1’1|1,k) H Slg(az,xm’k) H Sll(x,xm,k) H Slg(x’xﬂi,k) )
k=1 k=1 k=1 k=1 P
(D.1)
_ Re)Bs) (D.2)
R.)Bs) - ’
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Kjp, LSTH K11 Kiq

XHS xxmk HS ZL‘:UlHk HS xxmk HS33

T=T] |1k
(D.3)
While the right system reads
L R:. +n+ -
<ﬁ> _ tiney BB | Bow
- + - - +
z R/ BB\ Bl
Kig Kiq K Kyio
X H S (x, 211.4,) H S13(z, \Tipg ) IT 5" @ @) TT S (@ wip00) ;
k=1 k=1 Riﬁzo
(D.4)
B, Rs—
1 = —oH)e() (D.5)
BooRe) | _,
1,k
L - +n+ -
(fﬂ*) _ R BIBS (B
= + - - +
x Rili,(+) Ri By B.7(_)
Ky Kip Kip Ki\i
XHS (7, 21)1,) HS (@, iy 1) HS (T, 21)11) H53 l‘:l?luk)
k=1 k=1 k=1 T=TY|T g
(D.6)

Crossing equations. In [35], the following crossing equations were written down

B — — _ 1

511511 e —yt otz —y 511511 1 x+y+ 1 Ty~ (D.7)

W pm —ym Vot -yt S e A +1+ '
xty~ zty

§31681 _ at —y” ot Jam —y~ G81g31 _ 377
Ty~ xy - = —_ + .+ Yy~ xy
Yy T T Yy

To map these to our crossing equations, we need to slightly massage these expressions.

First, we use unitarity to rewrite the equations as

gligll _ i
-y

ly Jat -yt e _ LT
Silg D.9
Ty Ty o+ _ y+ T —y~ TyPry — 1— I+y+ 1_ ( )
513513 T -y Y at — y+ 5135«13 yf B J»’+y 73+y+ D 10)
wr eyt ey T b L

Next, we need to understand what the analytic continuation  means in our language. It

was pointed out in [73] that this analytic continuation should be interpreted as v, = 7, !
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Thus we apply 4. and find

1 1
1- 1_w+y+

SH (g7, )SH(JJ y) = 1y , (D.11)

11/, 7 11 Y x*—y*
S (27, y)S  (x,y) “y+x+—y+” —y*’ (D.12)
-1
S, y) S (w,y) = L I = y ; (D.13)
Yy - x—y+ - x*y*

/ = gt — ot
Fe 13 Yy T Y
SB (27, )8 (z, y) y+x+—y+ o (D.14)

E The massless ABA

In this appendix, we generalise the large volume considerations to incorporate massless degrees
of freedom. We propose, in analogy with AdS3xS3xT*%, that they manifest themselves as
zeros of p sitting on the cut (—2g,2g). To distinguish the cut from above and below, it is
convenient to use Zhukovsky parameters. We write {2}/, and encode them in

K:ﬁ(:c—zi), m*—ﬁ(a:—1>. (E.1)

. . 2;
i=1 i=1 ¢

We now proceed to modify the ABA construction of section 5, largely following the previous

analysis for AdS3xS3xT* QSC in [54].

E.1 The function F

We begin with generalising the function F', defined in the case of purely massive excitations
n (5.10). It now takes the form

2 k@7 _
- g F(c0) = 1. (E.2)
As in the massive case, using the definition of u, see (5.8), we find
F2 Ql‘lQl‘lQl‘lQlu QL—F* F2 Q1|1Q1|1Q1|1Q1|1 @+ (E 3)
Q1\1Q1\1Q1\1QIL|1 Q” & QIHQ1|1Q1|1QT|J; Q

As a consequence, F' is analytic both in the upper and lower halves of the complex plane.
Its analytic continuation under the cut on the real line is

Q+ 1
Q H'L IZZ'

These equations define a scalar Riemann-Hilbert problem which, along with F(c0) = 1,

FF'=FF = (E.4)

fixes the function F' uniquely and imposes a cyclicity constraint on the roots. The solution
to this problem is given as

B(+) M$» N
F=—=, J[=1Il==1. (E.5)
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E.2 Finding p and w
Now with an exact expression for F' (E.5), equation (E.2) can be solved to find p
[e.e]
[ o @_Mff*[_2] H K[Qn}n*[—2n—2] ) (EG)
n=0

The solution is defined up to an arbitrary function M which is periodic for N even and
anti-periodic for N odd, as follows from carefully treating the infinite product in (E.6). It is
constrained by the mirror-periodicity condition p¥ = pt2 which translates into

MY = (—z)V M. (E.7)

When solving (E.7) we will introduce cuts unless N is an even number; we will hence assume
that this is the case. The solution to (E.7) is given by

+oo 1 N/2
Mop [] (x[2n]> , P’ =p. (E.8)

We will keep the (anti)-periodic function p(x) here unidentified for now.
Just as in the massive case, using the explicit form of F' we find from (E.3)

5 [2n]
Q1|1Q1|1Q1|1Q1|1 xQf 1_[0 (E ) ’ (E.9)
which by (5.8) implies
*)[—2] Foo
w o M(f}z [T (s")E (E.10)

E.3 Finding Q;

We now proceed to modify the general ansatz for Qq; (5.28) to also include massless roots.
To do so, we introduce some notation that will soon become convenient. We write

+o0 /43[2”]

2 [2n]
fo - nl;[() (&*)[Zn} ) Mn_li[m f: —_— (Ell)
and then we find
Qb < Qo fH RS (w), e {11, 1)1, i1, i1}, (E.12)

where h, are constrained by (E.9) to satisfy

haphihiphy (E.13)

i

Following the massive analysis we split

n? o Qu @\ T fo TF . o Q@ T o TFT (B4)
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and find 7 via (5.2) as

SNy LA . _J:JJ;O__ TFninTt, o/ Lt _]:J{:O" IF kit (B15)

The same relations also hold for the barred counterparts. Finding the ABA expressions for
Qq)i now amounts to finding the functions h, and F, just as for the massive case. Using (5.5)
results in a series of relations:

FYTt oc RI-RET

L oc (W)™ FYIT oo highd o (ki) (E.16)

11 1)1 11 11 1

Looking at initial splitting (E.12) it is apparent that h, are UHPA, since Qih are. Following
the same reasoning as in the massive case, we arrive at

1\1’ 1|1

Denoting h = hy|y , h = hij1, the expression for the @-functions (E.12) simplifies

Qi1 < Qupy/ fHfEhT, Qi < Qi )

i i (E.18)
Qui < Qury/ fTfIRT, Qpp < Qg )

To proceed further, we now search for an appropriate choice of the function p.

Fixing p. To fix p, we start by slightly reshuffling the terms in w to write

x\[—2] +oo — * px)[—
w o MED T eyt - UR)2 s XMH ord So o SN2 (1)

) Ifo = 2 ffs
And the same notation results in
pocQ ffo (f1 AT (E.20)
We notice that
N
=M H [2”] 2 xp? H sinh 7 (u — 6) , (E.21)
n=—o00 k=1

where 0 = g(zi + i) The above identity follows from writing out all k’s in Z explicitly
in terms of massless roots zx, see [54] for more details.

We immediately observe that in general Z has exponential asymptotics. Then so do p and
w, but from experience with other instances of the QSC, we expect that these Q-functions
must have powerlike asymptotics. To fix this issue, we follow [54] and choose the so far
arbitrary function p such that Z = 1. Notice that this forces the massless roots to be 2
times degenerate in order not to introduce cuts in p?. We will soon see that the roots are
actually even further degenerate in the symmetric sector.

— 40 —



Fixing F and h. As we will now show, the defining relations for A and F are very similar
to the massive-case. We start by normalizing F and F so that

Fr=nth*, Ft=hnth". (E.22)

Then the first constraint on F, derived by applying mirror-periodicity to (E.14), is

F F 1+|1 ﬂiQﬁ Q

_ L1 —1
= == =8=4 — x O . (E.23)
Fl+2 — Fl+2 @m@m%l@fg

Here C, = ([Tn_; z7)"/* is the only contribution of the massless factors f,. The second
constraint on F, which we derive by applying 7112 = 7 to (E.15) is

FFEA = ¢ (hhly (R ) FFH2 = 5 (hh/2) (RA12) . (E.24)

Since the single change as compared to the massive case (5.44) is in the constant Cs, it is
straightforward to check that h = e®®/2h and the crossing is only slightly modified

- Yo — p[+2]
= = srmig s g H=n"h (E.25)

l(H+)7+]V‘ C, H-
Denoting our newly discovered phase in the massive limit (5.67) as d,, we see that the total
phase & receives a massless contribution defined by a very simple crossing relation

N 1/4
6 =06460, (65)7°6, = (H z,%> . (E.26)
k=1

This result might look suspicious at first, but it has some justification. Based on experience
with other QSC’s functions f, can be viewed as a massless limit of f, i.e limit xf — z,fl.
Notably, this transformation sends ratio of polynomials @*/Q™ to constant. So the r.h.s

of (E.23) should become constant in the massless limit, which is exactly what we find.

E.4 Restricting to the symmetric sector

As we explained in the main text, it appears that our proposal faces various additional
difficulties away from the symmetric sector. To avoid dealing with these problems, as well as
other technical difficulties, we will henceforth assume that we are in the symmetric sector,
see section 4.3 for details. An important simplification is that the functions h and F drop
out, as can be seen from setting dotted and non-dotted Q-functions equal in (E.18).

Let us summarise the most important expressions in the symmetric sector, the Q,;

Q1|1 X Ql\l V f+fcj— ) Qiﬁ X @Iﬁ V f+f<j— ) (E27>

while v and 7 are given as

fox@ljl@ii T e, Thx f_;]{" (E.28)

functions are
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We notice that / f, in general has a fourth-order branch-cut. However, no such cut should
be present in v, and we are led to deduce that all massless roots are four times degenerate. A
similar multiplicity of massless roots occurred in [54]. Let us introduce K, = N/4, and write

f<;:%4,%:H(x—zk). (E.29)

E.5 Finding P and Q

To find P and Q, we start from the following general ansatz, motivated by our massive analysis

B.) ff.
P —L - B- L+K, B- (=) o E.
1 Xz "Ry 1S, Q xx Ry 1TB;(+) G2 (E.30)
- -Bs) ff
P, x 2 LRiBS, QfxaltKep.pr7—2) e E.31
1 X 11 Q1 xX T 1 1TB.(+) 5%2 ( )
Then the QQ-relation (3.13) for barred and unbarred systems becomes
zlo BiRiBlRilf = R,;(JF)B.(,)%2>k - R;(,)B.(+)%2, (E32)
and
.’L‘KO RiBiRlBiT = R.(+)B;(_)%2* — R.(_)B;(+)%2. (E.33)

As in the massive case, these equations are related by analytic continuation, implying that
- /1
T(2) =T () (E.34)

The functions 7" and 7 are rational functions with no zeros or poles for |z| > 1, and hence also
for |x| < 1 using (E.34), and |z| =1 by (E.32). We then conclude that T is some power of

1

T = af7 | 7':foz—K
xhT

(E.35)
With similar arguments as in the AdSzxS3xT* case, it can be demonstrated that K7 = 0.
To fix S and S we consider (5.3) and substitute all the large volume expressions for all the
Q@-functions involved, namely (E.10), (E.18), (E.30) and (E.31). As a result

Re)Bs(- w[—2] pl42] px,[-2

el o) ] gl g2 g2 (E-36)

°x

S7S

x

The same equations also hold by “applying” bar. As before, we split S and S into a few

constituents that will later become the various dressing phases. To simplify the coming
expressions we parameterize S and S in analogy with the expression from [54], this gives

Be+)Ba(0)
£C_4K° (%%*)2

B (+)Bs, )
.%'_4K° (%%*)2

S = TeToPefo, S = CeT00Pefo - (E.37)

Here 0., pe = p are the same dressing phases defined from our analysis of the massive case,
see (5.55). In order to satisfy (E.36) the “massless” pieces 0, and p, are defined as

(>)?

_— E.38

++ pr——
U;YUOO(fo fo I pzpoOC
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These factors have been studied before [54] and the resulting phases are also connected to
Sine-Gordon dressing phases [94].

Upon plugging in the explicit expressions for S, S, the final asymptotic expressions for
P, Q takes the form

Bo Bo — _ ffo 1 %*
P x xR B- Mtf.aop.po , Q x xr K"RlB* —,
PITY 1K (505042 ! Be(4) Be(+) 0e00pepo
(E.39)
B, ff 1 "
P; x 2 “R;B; —(+) () Oe0oPefo, Qi x el KoR-B- ° — .
! ! x=4Ke (3030%)2 ! 1 Bs(+) B.(+) Oe0oPefo 7
(E.40)

E.6 Symmetric sector Bethe equations with massless modes

We can derive the massive ABA equations following the analysis presented in the main
part of the paper. To be precise, we use (5.70) and (5.74) using the Q-functions (E.39)
and (E.40) as well as (E.27).

Using (5.70)] we find for the first copy of 08py, Q-system

L-Ko [+2] _
(# _Quy BBy | BlwBoC) odptadpt HY (E.A1)
= + ot - ’ :
Tk @[uf RUBY \ B ()Be) oepeoops Ho|
R. B; _ *\ 2
1= et 7(+)B {2) (”) (E.42)
o, (— O ”
(-)Bs,(+) =
For the second copy, we use (5.74) to obtain
g\ e iy + + N2
_( 1|1k) B Bl BURY | Bl Ba od ot ol <% )
- ~ — “R- =\ ot
T Bl o Bie BUBRL BBy oepeoape \= )|
(E.43)
R; B, B *\ 2
| = B0 (%) (B.44)
Re()Be) \ >

T=Y1 k

These results are very similar to those in the main section. The most novel part is to find
the massless middle node equation. We start by considering (4.13) for both the barred
and unbarred system:

P, =u'v EPYf, P; = V— 6P7 (E.45)
Both sums here have four terms even in the large volume limit. However, in the symmetric
sector v;2 and 1/12 are identified, and will share the same sets of roots. The relations above
then simplify significantly when evaluated at points zx

Py = (1y)?P?, Py=(1")?P], z=2z. (E.46)
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Where all the dotted quantities have been eliminated using (4.30). From the definition of
v, see (4.11), it follows that in the ABA-limit we find

Vll x QilQQ_ﬁT% , VQQ x QQ_ﬁQl_\lT12’ (E.47)
and using the definition of 7 (4.2) we obtain

i 1 1 02
% Ty F505

2 1 102
Y3 T FL 0%

(E.48)

Il
TN

Q|

Here a and & are off-diagonal components of constant matrices ka and F’Z, and the ratio
025/0% is equal to one in the ABA limit. Since the determinant of v is equal to unity

1 =v'v| (E.49)
=z
Substituting this into the ratio of v functions above results in
+¢ = v;'y! (E.50)

T=z}
Taking the product of the two relations in (E.46), we can now get rid of all the v factors

PPy

_ S (E.51)
P]P’

+¢2

T=2z}

Finally, substituting (E.40) here we find

2 _ M ~
(2, ) = ("'“O’“) Pape ( zfa; ) BBy | abifib o 5
oe0dpd) pepe \ i Ry)Ry BiR;BiR:

This is our final result of this appendix and constitutes our proposal for a massless Bethe

equation.

F Dressing phases

In this appendix, we provide additional details regarding the new novel dressing phase &(u,v)
defined in (5.67). To find this phase, we must address the functional equations (5.44) that
control F and h. We recall those equations here, and slightly generalise them by writing

Fr=eNFRs — FFE = efg?  Ft=e02pt(h)~, (F.1)
where
1hQ7:Q7,Qx
S— |t UL = pal) = (hh)e, (F.2)
Q1|1Qi|IQi|1Qi‘i

and we perfectly recover (5.44) upon setting eV = +1. As we will show in this appendix,
and already discussed in section 5.7, the newly introduced A plays an important part in
understanding the unitarity of the dressing phase . We recall that this phase is related to
the ratio h[3]/h* = H*/H~ that appears in the ABA equations, see section 5.6.
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Solving the system. Combining the last two equations of (F.1) reveals that
H = hh? = prp =2 = g~ (F.3)

It then follows that H is real and has only a single cut on the real line, since h is UHPA and
so h* must be LHPA. In terms of H, the first two equations of (F.1) becomes

FIF =eNe?H2BBY, FFiHd = /g2, (F.4)
It is convenient to express h, h* and F in terms of H. From H = hhlt? we can express

h as a formal product

(e 9] o0

h— H (H[+2n})(—1)" b= H (H[_zn]>(—1)” ’ (F.5)

n=0 n=0
or equivalently
o0 rrln] HI—4n]
h = H HAn+2] - H FHl—4n—2] (F.6)

Then, using the last relation in (F.1) gives

/2 gl OV
!
=e""H H <H[+2n+2]> (F.7)
Since H only has a single cut on a real line, the above expression implies
F o F7
— = F.8
H O (F-8)
Eliminating F7 using (F.4) results in
HY H2 HY . L F2
R z./\/'e 0 S 2 e—z/\/'efzé"/Ti7 (Fg)

H F2 H H?S
where the second equation is acquired by analytically continuing the first one along v. Notably,
the terms on the r.h.s of these expressions have no cuts on the real line. We can clearly see
that HY # H7, so our proposed splitting for Qq)i and v will have non-quadratic cuts even in
the ABA limit. This is a novelty compared to known examples of the QSC.

Deriving the crossing equation. We would like to derive a crossing equation for A3l /h™,
which in terms of H means

hl+3] H+
h—  H-'

(F.10)

Our crossing contour is taken to be as depicted in figure 6. We derive crossing in two steps
in accordance with two parts of the contour 7.. First, taking an analytic continuation of
the above along 44 results in

(HO)™ v oo (F1)?

TN oy e (-11)
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where the rightmost equation of (F.9) has been used. To apply 7_ we slightly rearrange
the terms in the above relation and use the fact that F12/H = ¢ H/F and hence does not
have a cut due to (F.8). Using this fact, we have

g1 G THFHE?TT v s (F?
l( Hz ] =e 9[(H+‘é+ )] =e Y N[H 1" (H—()QI;FSJF’ (F.12)

whereupon we can once again use (F.9). After some simplifications using the rightmost
equation in (F.4), we arrive to

(F.13)

(H =" w1 H-
H- StS—Ht'

As a result, the additional phase factor 6 = H*/H~, which will appear in BAE, satisfies
the following crossing

[+2]

(=2 =2l ) [+2]
Qm @Iﬁ .Ql\l @1|1
+2] 2 (2]
Ql\ Qlll @1\1 Q1|1

(6)76 = e 2N (F.14)

where notation in terms of functions @ has been restored recalling (5.38). We see that for
eN' = +1 we find (5.69).
F.1 Finding H explicitly

In this subsection, we obtain H as a perturbative series in g. Our starting point is (F.9),
which we rewrite using (F.7) as

o 2
. —_1)"
HY = ezNHS/ <H (H[—Qn—2]/H[2n+2])( ) > . (F15)
n=0
In order to solve for H we take the logarithm of both sides
H[—2n-2]

In this form, it is clear that the equation is, in fact, a linear equation for log H. Let us
define an elementary building block #(z,y) such that

K, Kpg
log H(z) = Z ZH(m,xa,j)— Z Z/H(az,xﬁ,k), (F.17)

ac{1]1,1|1} j=1 ge{i|1,i|1} k=1

which reduces (F.16) to

’H”—’Hzlog( T—yY 1- ) 22 |: 2n—2]_/H[+2n+2}}_}_f(u)a(y:t)‘ (F.18)

r—yt 1— nyr
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Where we have introduced an arbitrary function a(y) constrained by (F.16) to satisfy

Ko
Yo > al@ag) = Y Z a(zg k) (F.19)

ae{11,1]T} j=1 pe{il,iTy k=1

We now describe how to perturbatively solve for H. The main idea is to write an ansatz
H=HO 4+ 1D 1> 4 (F.20)

where

(fH(p))7 —HP) = 0(g?), HP) = 0", (F.21)

which will allow us to solve (F.18) order by order in g.
We start from O(g"), then we can neglect the summation term in the r.h.s. of (F.18), that is

- |1
)7 _ 40 _ rtY zy~
() —n log( o 1_&). (F.22)

Since H© has only a single cut on the real line and is bounded at infinity, the above

Riemann-Hilbert problem has the following unique solution

29 _ ;
HO :/ w 1 <“’ v H,/Q) , (F.23)
w

_og dmiw —u —v—1/2

where u and v are defined via Zhukovsky map (2.8) as x = x(u) and y = x(v). The solution

expands at weak coupling as

™ 20+1 F o4
N g (4@'1 <2v—i)+16(1+4v(u+v)))+ (F.24)
3ru \u 8\ 20 + (1+ 40v2)2
We then proceed to the next order in (F.18), which becomes
[H(l) 22 {7—[(0[ 2n—2] _ H(o)[+2n+2}} : (F.25)

which we can solve with the same method as before

_i2(_1) /29 dqu [7‘[(0)[ 2n— 2}( ) H(O)[+2n+2}(w)} ) (F.QG)

2g2mw—u

We repeat this procedure several times to calculate higher order corrections H*) to reach
the desired accuracy in the coupling constant g, resulting in

ilog (3:51) 2 log(2) log (2271)

H=g " w2u
5 [ 16 (4uv + 4v% + 1) N 4i (48U2 log?(2) + 772) log (35;2)
3 (4uv? + u)? 3m3u3
; 2v—i 2 3 _ 9.2 2
4 [ 5l12vlog(2) 167 log (2U+Z~) (U (96 log®(2) — 3w C(3)) + log(4))
2 + 4.3 + ...
3u (4mv? + 1) 3rtu

(F.27)
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Finally, let us attempt to fix the arbitrary function a by demanding that & is unitary.
Including a we find

H(u,v) = ZH(k) (u,v) + a(v)p(u), (F.28)
k
where [ must satisfy
ﬁ'y . 5 —1_ i 2(_1)71 {/8[727172} - l@[+2n+2q ) (F.QQ)
n=0

This equation can be solved in the same manner as before. The weak coupling result is

. 3 279 2
2 16i loe(2 8ig® (48u®log”(2) +
a5 )

p= ™ T2 3m3u3 (F.30)
32ig* (u? (9610g®(2) — 372((3)) + 7% log(4) )
+ .
3mrdud

Requiring that the dressing phase 6 = H™/H™ is unitary, i.e
G(u,v)o(v,u) =1, (F.31)
we can determine a by evaluating at v = v to find

) — 7H(v+%,v) —H(v—%,v)
W = et 50— A= L) (F-32)

While we cannot prove at the moment that this indeed guarantees unitarity to all orders, we

do observe that it indeed holds to a high loop order. The weak coupling expansion for « is then

@+ 0(gh). (F.33)

1 <2v — z) 329v 5 5l2ivlog(2)
(

av) =—=1o - |+ —
() 2 %%\ 20+ 4v2+1)2‘q 3 (402 + 1)

We find the weak coupling expansion for a unitary solution H" is
_ 16¢3 (—8uv + 4v* + 1)
3 (4uv? + u)?
649° (192uv (402 — 1) — 4u? (480" + 802 — 1) + Suv (402 + 1) = 3 (4% +1)°)
- 157 (4uv? 4 u)?

’H’LL

~2569°¢(3) (8uv — 4v® — 1)
3m2u2 (402 +1)° '

(F.34)
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