J. Math. Anal. Appl. 565 (2027) 130929

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

journal homepage: www.elsevier.com/locate/jmaa

Regular Articles

On positive Lyapunov exponents and SRB measures for partially | g

Check for

hyperbolic systems

Reza Mohammadpour

Department of Mathematics, Uppsala University, Box 480, SE-75106, Uppsala, Sweden

ARTICLE INFO ABSTRACT
Article history: In this paper we consider C! diffeomorphisms on compact Riemannian manifolds
Received 10 September 2025 admitting a dominated splitting E°® ¢ E°*. First, we prove that the smallest

Available online 8 July 2026

Lyapunov exponent along E°*, computed with respect to the Lebesgue measure
Submitted by L. Olsen yap p g £, p p o ,

is computable using observable measures. Then we show that if the Lyapunov
exponents along E°“ are positive Lebesgue almost everywhere and E°* admits

gjrytliuaol;qjs};yperbolic diffeomorphisms a finest 1-dominated splitting on the support of an ergodic observable measure
Observable measures then f is non-uniformly expanding along E°“. As a byproduct, every ClT¢
Lyapunov exponents diffeomorphism exhibiting a dominated splitting E° @& E°* where E°* fulfills the
Non-uniform expansion previous assumptions admits an SRB measure.

SRB measures © 2026 The Author. Published by Elsevier Inc. This is an open access article

under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Let (X,T) be a dynamical system where X is a compact manifold and T': X — X is a homeomorphism.
We denote by M(X) the space of all Borel probability measures on X, and by M(X,T) the space of all
T-invariant Borel probability measures, respectively. The space M(X) is endowed with the weak* topology,
and M(X,T) inherits the corresponding subspace topology.

A central question in dynamics is to understand how typical orbits distribute in X and which invariant
measures describe their long-term behavior. For any point z € X, let V(z) denote the set of accumulation
points (in the weak* topology) of the sequence

n—1
1
Yo = E 0: 073 ()5 (1.1)
J:

where 6, is the Dirac probability measure supported at y € X. The measures v, , are called the empirical
probability measures of the orbit of z.
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Given an T-invariant Borel probability measure u, the basin of attraction of p is

B(p) ={z € X : V(x) = {u}}.

We say that p is a physical measure for T if its basin of attraction B(u) has positive Lebesgue measure in
X. We denote by Phys the set of all physical measures of the system.

Definition 1.1. An invariant Borel probability measure p € M(X,T) is observable (or physical-like) if, for
any € > 0, the set

Be(p) ={z € X : dist(V(x),p) < €}

has positive Lebesgue measure. The set B () is called the basin of e-attraction of p. We denote by Or the
set of all observable measures.

Observable measures were introduced by Catsigeras and Enrich [9], who showed that the set Or is non-
empty and compact with respect to the weak* topology (see [9, Theorem 1.3]). Every physical measure is
observable, but an observable measure need not be physical. In general, a system may have no physical
measures (see Example 2.4); however, observable measures always exist (see [9, Theorem 1.3]).

Let f: M — M be a C' diffeomorphism on a compact Riemannian manifold M. Let A := Df denote
the derivative cocycle over f. For x € M and v € T, M, define the Lyapunov exponent of v at x by

1 1
Az, v, A) = limsup — log || A" (x)v]| = limsup — log || D f v]|.
n

n—oo N n—00

For each 2 € M, the Lyapunov exponent function A(z, -,.A) takes finitely many values
)\1($7~A) SR <)‘p(m)(x7~'4)7 p(.%') <dlmM7

and these values are invariant along orbits: A;(f(x),.A) = \i(z, A) and p(f(z)) = p(z).
A Borel f-invariant measure p is hyperbolic if, for p-almost every z, all Lyapunov exponents are nonzero
and satisfy

)\1($,A) <o <K )\k(fE,A) <0< )\k+1($,¢4) <o < )\p(x)(l',.A),

for some integer k = k(x), where the first k exponents are negative and the remaining p(z) — k are positive.
If p is ergodic, the Lyapunov exponents are constant almost everywhere, and we write

At(ps A) <o S Ap(ps A) <0< Apgr (i, A) <o < A (18, A).

We say that a Borel invariant measure p is SRB (Sinai-Ruelle-Bowen) measure if p is hyperbolic and
admitting a system of conditional measures such that the conditional measures on unstable manifolds are
absolutely continuous with respect to the Lebesgue measures on these manifolds induced by the restriction
of the Riemannian structure (see [5,21,25]). We denote by SRB the set of SRB measures and

In his celebrated ICM talk, M. Viana conjectured that a C” (r > 1) diffeomorphism of a compact manifold
admits an SRB measure whenever the set of points with positive Lyapunov exponents has positive Lebesgue
measure (see [10] for more details).

In the 1970s, Sinai, Ruelle, and Bowen introduced SRB measures for uniformly hyperbolic attractor sets
A under the assumption that A has a dense set of periodic points or, equivalently, that A is locally maximal
or has a local product structure. These three properties of uniformly hyperbolic sets are equivalent (cf. [14]).
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For partially hyperbolic attractors with the uniform expansion, Pesin and Sinai [22] developed a technique
called the push-forward in 1982 to construct special measures known as u-measures. These measures share
many geometric characteristics with the SRB measures. An ergodic SRB measure is physical, but not every
physical measure is necessarily an SRB measure. The easiest counterexamples are the point masses on
attractive fixed points and periodic orbits. Another interesting example is the figure-eight attractor that
has a physical measure with a positive Lyapunov exponent that is not an SRB measure.

Alves et al. [1] considered the more challenging setting of partially hyperbolic attractors with a continuous
splitting E*®E<* with uniform contraction E* and non-uniform expansion E*. In this case, the construction
of the SRB measure required significantly more complex techniques due to the non-uniform expansion along
Ec“. In fact, they showed that f admits at least one and finitely many ergodic physical SRB measures
under the assumption that there exists a set H of positive Lebesgue measure on which f is non-uniformly
expanding along E°": there exists A > 0 such that

. 1 ¢ -
lim sup - leog HDf\Elcu(fj(x))H <= for all x € H. (1.2)
i=

n—oo

In [2], they improved [1, Theorem A] by showing that the limsup condition (1.2) could be replaced by
the liminf condition, and they also used Young towers to construct the SRB measure. We recommend the
survey [10,14] for further references and results.

In this paper, we denote by Leb a normalized Lebesgue measure with Leb(X) = 1. Apart from the
one-dimensional setting, it has been difficult to work directly with Lyapunov exponents. As a result, [1,2]
introduced stronger versions of non-uniform expansion. Moreover, [1] asked whether their result is true if
non-uniformly expanding condition (1.2) replaced by

1
lim sup — log HDfleﬁu(fn(z)) ’ <0 (1.3)

n—oo N

for Leb almost every x, which is the positivity of all Lyapunov exponents in the center unstable direction.

For systems with partial hyperbolicity and non-uniform expansion in the E°* direction, [1] proved the
existence of invariant probability measures with absolutely continuous conditional measures along the center-
unstable direction with respect to Lebesgue measure. These measures are referred to as Gibbs cu-states (for
a precise definition and properties, see [5]).

In this work, we deal with C! diffeomorphisms admitting partially hyperbolic invariant sets, where the
tangent bundle over the set has an invariant dominated splitting into two subbundles, namely non-uniform
expansion E and non-uniform contraction E°. In this paper, we show that equation (1.3) implies equation
(1.2) under the assumption that the cocycle D f‘;cu ) has a 1-dominated splitting on the support of an
ergodic observable measure. Our key assumption is that the cocycle D flelw ) has a 1-dominated splitting
on the support of an ergodic observable measure (the measure always exists, cf. (1.7) and Definition 1.2) and
not on the entire manifold or the attractor. Our goal is to show that for partially hyperbolic systems, the
positive Lyapunov exponents in the center-unstable direction imply non-uniform expansion under a mild

assumption.

This paper is organized as follows. In Subsection 1.1, we state the main results. Section 3 is devoted
to some preliminaries, on observable and physical measures, matrix cocycles, dominated splitting and the
Proof of Corollary B. Finally, in Section 4 we prove the main results.
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1.1. Main results

1.1.1. Lyapunov ergodic optimization

Our first main result concerns ergodic optimization for Lyapunov exponents of diffeomorphisms exhibiting
a dominated splitting as above. Let f : M — M be a C* diffeomorphism on a compact Riemannian manifold
that admits a dominated splitting TM = E® F. Given a non-empty f-invariant compact set Y C M, we say
that D f|}1 has a 1-dominated splitting on Y if there exists a one-dimensional invariant cone fields (Cy)zecy
on Y for D f‘;}( - Given a D f-invariant subbundle F', the Lyapunov exponent of D fﬁ,l with respect to an
invariant measure y and f is defined by

du(x). (1.4)

_ .1 n
)\(,u,Df‘Fl) = lim —/logHDf |F(f"z)

We recall that Oy is non-empty and compact with respect to the weak* topology (see Subsection 3.1 for
more details). As the function Oy 5 p — A(u, D fl}l) is upper semi-continuous with respect to the weak*
topology (see [13, Proposition A.1]) and Oy is a compact metric space (see [9, Theorem 1.3]), one has

m(Df') = S A, Dfi) = max Ay, D) (1.5)

Definition 1.2. We say that an f-invariant observable measure 1 € Oy is a maximizing observable measure
if X, Df') = m(Dfz).

By (1.5), a maximizing observable measure always exists. In (1.4), the limit concerns Lyapunov exponents
for invariant measures, whereas the Lyapunov exponent defined in (1.3) is more difficult to handle due to
the possible non-invariance of the Lebesgue measure. In the next theorem, we not only relate the Lyapunov
exponents given by (1.3) to those for observable measures, but also conclude, in particular, that there exists
an (invariant) observable measure that realizes such Lyapunov exponents. More precisely:

Theorem A. Let f : M — M be a C* diffeomorphism on a compact Riemannian manifold that admits a
dominated splitting TM = E @ F. Assume Df‘}1 has a 1-dominated splitting on the support of an ergodic
mazximizing observable measure 1 € Of. Then,

n—oo N

1
esssup lim sup — lo HD B H:su M, DY = max M, Df2Y,
p p g .f |F(fa:) #e(g)f (:u f|F) /_LG(’)f (:u f|F)
where the esssup denotes the essential supremum with respect to the Lebesque measure Leb.

We recall that a maximizing observable measure p € Oy, which is stated in the above theorem, always
exists (see (1.5) and Definition 1.2). The result also applies to diffeomorphisms with partially hyperbolic
attractors by restricting the assumptions on the attractors (see Subsection 3.3).

Let f: M — M be a C* map on a compact smooth manifold M. Kozlovski [18] showed the following
integral formula for the topological entropy of C'*° smooth systems:

Riop(f) = lim l1og/ml?x||A’“Df;|{dLe]o(g:), (1.6)

n—o00 N

where A*Df? is a mapping between k-exterior algebras of the tangent spaces. The methods used in the
proof of Theorem A can be used to obtain the following consequence (see (1.3) in [7] for a similar result).
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Corollary B. Assume that f: M — M is a C* map on a compact smooth manifold M. Then

ess sup lim sup — log max | A D < hiop(f)

n—oo

< lim sup — log ess sup max | AR DFP,
n—oo

where the esssup denotes the essential supremum with respect to the Lebesque measure Leb.

1.1.2. SRB measures for partially hyperbolic systems

Assume that f : M — M is a C! diffeomorphism on a compact Riemannian manifold that admits
a dominated splitting TM = E° @ E* (see Subsection 3.3 for the definitions). Given an f-invariant
probability measure u, we denote by

— L — —1 o .
A7 (s ) 3= A (1 D fgepy) o= lim — /k’g HDf|Ew<fn<x>>H dp(x
the minimal Lyapunov exponent of y in the center-unstable direction. As the function Oy 5 p — A~ (i, f) is
upper semi-continuous with respect to the weak™* topology (see [13, Proposition A.1]) and Oy is a compact
metric space (see [9, Theorem 1.3]), one has

m(f) == sup A\~ (p, f) = max A~ (, f). (1.7)
er: ne0y

Definition 1.3. We say that an f-invariant observable measure y1 € Oy is a maximizing observable measure

if A7 (. ) = m(f).

By (1.7), a maximizing observable measure always exists. Given a non-empty f-invariant compact set
Y C M, we say that D flglm( I has a 1-dominated splitting on Y if there exists a one-dimensional invariant
cone fields (Cyp)zey on Y for D f@}w( s We can now state the main results of the paper, concerning the
existence of SRB measures for partially hyperbolic diffeomorphisms, which will follow as consequences of a
more general result for matrix cocycle (cf. Theorem 4.2). More precisely, the following theorem addresses
the relationship between the Lyapunov exponent in (1.3) and the non-uniformly expanding (1.2), and, as a
result, establishes the existence of an SRB measure.

Theorem C. (Partially hyperbolic diffeomorphisms) Let f : M — M be a C* diffeomorphism on a compact
Riemannian manifold that admits a dominated splitting TM = E¢ @& E*. Assume that Dfﬁglcu(f) has a
1-dominated splitting on the support of an ergodic mazimizing observable measure € Oy. The following
properties hold:

(1) If

lim sup — log HDf\Ecu(fn(x))H <0 Lebesgue a.e. x (1.8)

n—oQ

then there exist A > 0 and K € N such that

lim sup — e Zlog HDf\Ew(fiK( ) H <=2 <0, (1.9)

n—oo

for Lebesgue almost every x.
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(2) If we replace C* with CY*< for f and E° with E* (uniformly contracting) in the conditions of the
theorem, and (1.8) holds, then f has finitely many ergodic physical SRB measures, and the union of
their basins has full Lebesque measure.

SRB measures for such partially hyperbolic diffeomorphisms have been partially studied (see [8,15,12]
and references therein). We observe that it is clear that the two formulations of Lyapunov exponents in
the previous statement are equivalent when the non-uniformly expanding direction is 1-dimensional, i.e.
E* = E¢® E* with dim E¢ = 1 and E" is uniformly expanding. Theorem C is an extension of the latter
in the sense that one only requires the domination property on the support of an observable measure (such
measures always exist, cf. (1.7)) and not on the attractor.

Finally, it is not hard to deduce a version of Theorem C for invariant sets of positive Lebesgue measure
and observable measures relative to center-unstable disks, as defined in [12]. We leave this as an easy exercise
to the reader.

Corollary D. Let f : M — M be a C'*® diffeomorphism on a compact Riemannian manifold that admits
a dominated splitting TM = E° & E*, where E® is uniformly contracting. If Df@lw(f) has a 1-dominated
splitting on the support of an ergodic mazimizing observable measure u € Oy, then

1
limsup 1o || Dt oy || = 500 A~ (1,
esssuplimsup —log fimeu(pn(ay useu(g)f (1, f)

sup A~ (u, f)
p€Phys

= sup A (u f),
HESRB

where the essential supremum is taken with respect to the Lebesgue measure.

Remark 1.4. The assumption of uniform contraction in the previous corollary can be somewhat relaxed, as
explained in Section 6 of [1]. Let f : M — M be a C'** diffeomorphism on a compact Riemannian manifold
that admits a dominated splitting TM = E & E* with £ mostly contracting, meaning that for any local
unstable manifold v, then we have A°*(z) < 0 for a positive Leb.« measure set of points x € v*, where the
largest Lyapunov exponent in the E“*-direction

CcS : 1 n
A% (x) = limsup — log || D fges () () |-

n—oo N

Bonatti and Viana [6] showed that f has finitely many ergodic physical SRB measures and the union of their
basins has full Lebesgue measure. In consequence, Corollary D can admit a formulation in such context.

Remark 1.5. All results of the present paper also work for diffeomorphisms with partially hyperbolic attrac-
tors (see Subsection 3.3).

2. Applications

In the following section, we will present several examples which enlighten the concept of observable
measures and possible applications of our results.

Example 2.1. Let f : M — M be a C'-diffeomorphism on a smooth compact Riemannian manifold M
that admits a dominated splitting TM = E° @& E. Let u € O be an ergodic maximizing observable



R. Mohammadpour / J. Math. Anal. Appl. 565 (2027) 130929 7

measure. Assume that D fl_Elp ) satisfies the uniform 1-gap property with respect to u, i.e., there are a

C%-neighborhood UD s of Df‘;}cu(f) and f > 0 such that for every B € qu‘;i-u(f) we have

/<xl<x,B> xa(, B)) du(z) > 6,

where x1(x, B) and x2(x, B) are the largest and second-largest Lyapunov exponents for the cocycle B. Then,
[24] ensures that the cocycle D fﬁglcu( P has a 1-dominated splitting on the support of the ergodic maximizing
observable measure p. Therefore, by Theorem A,

Ecu(fng)

1
ess sup lim sup — log H Df™ = sup Ay, D fipen) = max A, D fgew)s
n— oo

HeOy

where the esssup denotes the essential supremum with respect to the Lebesgue measure Leb. Also, by our
Theorem C, there exist A > 0 and K € N such that

hmsup—ZlogHDfle(fzK *))H -\ <0,

n—-+4oo

for Lebesgue almost every x if esssup lim sup,,_, ., % log H Df*”|Euu(fnx)

Moreover, if we replace C' with C1T® for f and E°® with E° in the conditions of the current example,
then f has finitely many ergodic physical SRB measures and the union of their basins has full Lebesgue
measure by our Theorem C.

Example 2.2. Let f : T2 — T2 be a C'*® Anosov diffeomorphism. We know that there exists a unique
SRB measure piy for f. Let g : St — S be a North-South diffeomorphism, that is, a diffeomorphism with
exactly two fixed points: p1, the North Pole, which is repelling, and ps, the South Pole, which is attracting.
Suppose that

D fes

<m(Dg) < |[Dygll < IDfjzI,

where m(Dg) := ||Dg~!||7!. Then f x g : T3 — T3 is a partially hyperbolic diffeomorphism. The measures
vy i= pif X Op, and vy 1= py X Op, are observable measures (see Theorem 3.2). Moreover, the measure v is
a u-Gibbs and physical measure, while the measure v5 is a u-Gibbs measure, but not physical. It is simple
to check that D fl Beu(f has a 1-dominated splitting on the support of v;.

The following example relates to observable measures.

Example 2.3 (Bowen’s example). We consider the time-1 map of the flow as shown in Fig. 2.1. The Dirac
measure at the hyperbolic fixed point p is a hyperbolic physical measure whose basin of attraction includes
all points except ¢; and go. By slowing down the flow near p, one can adapt this example so that p becomes
an indifferent fixed point, and hence, the physical measure is no longer hyperbolic, but it is an observable
measure.

Example 2.4. Let g : T? — T2 be a transitive C? Anosov diffeomorphism. By Sinai’s theorem, there exists
a g-ergodic physical measure p on the two-torus, which is an SRB measure for g. Denote by f: T3 — T3
the C? map on the three-dimensional torus T3, defined by f(z,y,2) = (z,9(y, 2)). For Lebesgue almost
all initial states (z,y,2) € T3, the sequence (1.1) of the empirical probability measures converges to a
measure i, = 0, X i, which is supported on a 1-dimensional unstable manifold injectively immersed in the
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Fig. 2.1. Bowen’s example.

two-torus {z} x T?2. Measures p, are mutually singular for different values of x € S! as they are supported
on disjoint compact two-tori embedded on T2. The basin of attraction B(u.) has zero Lebesgue measure
in the ambient manifold, therefore, none of the probability measures p, is physical for f. Moreover, the set
of all those measures p,, which is weak™ compact, coincides with the set O7 of observable measures for f
by Theorem 3.2.

3. Preliminaries
3.1. Observable measures

In this section, we recall the notions and facts related with observable measures. Let T : X — X
be a homeomorphism on a compact manifold X and let Leb be a Lebesgue measure normalized so that
Leb(X) = 1.

A T-invariant Borel probability measure y € M(X,T) is observable or physical-like if for any ¢ > 0
the set B.(p) = {x € X : dist(V(x), ) < €} has positive Lebesgue measure. We call B.(u) the basin of
e-attraction of u. We denote by Or the set of all observable measures.

Remark 3.1. By the definition of observable measures, e-approximation in the space M(X,T) can be trans-
ferred to an e-approximation (in time-mean) towards an attractor in the ambient manifold X. In other
words, if p is observable and x € Bc(u), then the iterates T"(x) will e-approach the support of p with a
frequency which is asymptotically bounded away from zero.

We recall that B(u) = {z € X : V(x) = {u}} is the basin of attraction of the physical measure u.
Inspired by the latter definition, we define the basin of attraction Or:

G:=0(0r)={z e X:V(z)C Or}. (3.1)

Catsigeras and Enrich [9, Theorems 1.3] have shown that Or is non-empty. Let us collect some other relevant
properties from [9, Theorems 1.5-1.7]:

Theorem 3.2 ([9]). The following properties hold:

(1) Or is the smallest weak™® compact set that contains, for Lebesgue almost all initial states, the limits of
all convergent subsequences of (1.1);

(2) There are finitely many physical measures such that the union of their basins of attraction covers X
Lebesgue almost everywhere if and only if Or is finite and, if this is the case, Op =Phys;

(3) If Or is countably infinite, then there are countably infinitely many physical measures such that their
basins of attraction cover X Lebesque almost everywhere and, if this is the case, Or is the weak™ closure
of the set of physical measures.
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Note that item (1) above means that Or = [y, K, where
W :={K C M(X) : K is compact and Leb(G(K)) = 1}.
Moreover, it is worth noticing that, by Theorem 3.2, Leb(G) = 1.
3.2. Matrix cocycles

A matriz cocycle A over a topological dynamical system (X,T) is a continuous map A: X — GLg4(R).
For n € N and z € X, we define the product of A along the length n orbit of X as

A (@) = AT (@) AT 2(2)) - Alw). (3.2)
When the context is clear, we say that A is a cocycle. Also, it induces a skew-product
F:X xR?— X xR? given by  F(z,v) = (T(z), A(z)v).

Observe that F"(x,v) = (T"(z), A" (z)v) for each n > 1. In case T is invertible then so is F' and F~"(x) =
(T—"(x), A~™(z)v) for each n > 1, where

A™M(z) = A(T~™(x)) PAT " ()L AT ()L

Using the submultiplicativity of the norms of matrices, Kingman’s sub-additive ergodic theorem ensures
that if u € M(X,T) and log™ || A%!|| € L'(x) then the limit

1 n
x(z, A) = lim —log lA" ()],
is well defined p-almost everywhere, and it is called the top Lyapunov exponent at x.

Remark 3.3. An important class of matrix cocycles are derivative cocycles, which are defined as follows. Let
f M — M be a diffeomorphism on a manifold M. Assume that the tangent bundle T'M is trivial. We then
consider A(x) = Df, at each point as a matrix. Thus the tangent map

Df:TM —TM, Df(z,v) = (f(z), A(x)v)
is a skew product that generated by a matrix cocycle (f,.A), in the previous sense.

Theorem 3.4 (Oseledets). Let A : X — GL4(R) be a matriz cocycle over a homeomorphism (X,T) and
Gr(d) denote the Grassmanian of R%. Let p be an T-invariant measure. For p almost every v € X, there
are functions k = k(z), M\ (z, A) > Aoz, A) > ... > \(z,A) and a direct sum decomposition R =
El(x) ® E%(z) @ ... E¥(z) such that, for everyi=1,...,k:

1) The maps v — k(z), v — Mz, A) and x — E*(z) (with values N, R and Gr(d), respectively) are
measurable.

2) k(T(z)) = k(z), \i(T(z), A) = \i(x, A) and A(z)E'(z) = E{(T(x)).

3) For every non-null v € E'(x),

1
lim —log|A™(z)v|| = Ai(z, A).

n—+toco N
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4) For any disjoint sum of the spaces within the splitting

1 . .
lim —log|sin £(Dier B (T" (7)), ics B (T" ()] =0

n—+oon

whenever INJ = 0.

The splitting R? = El(x) @ ... E¥(x) is called the Oseledets splitting at x. We denote by x;(x,.A) >
x2(xz, A) > ... = xa(z, A) the Lyapunov exponents with respect to p, counted with multiplicity (the
multiplicity of \;(z,.A) is the dimension of E?(z)). This is the Lyapunov spectrum of the cocycle with respect
to some invariant measure p. Let x(u, A) := [ x1(., A)du. If the measure p is ergodic, then xi(z, A) =
x(u, A) for p-almost every z € X.

8.8. Dominated splitting

Let f belong to the space Diff" (M) of C"-diffeomorphisms endowed with the C"-topology, where r > 1
and M is a closed connected d-dimensional Riemannian manifold. For K C M, a splitting of Tx M =
E'® E?®...® E' is a linear decomposition T,M = E'(z) ® E?(x) ® ... ® E'(r) at each x € K such that
dim E‘(x) does not depend on x for any 1 <i < /.

Definition 3.5. Let X' C M be an f-invariant set (i.e., f(K) = K). We say that a splitting Tk M =
E'® E?®...® E' is a dominated splitting for the cocycle Df if and only if the following conditions hold:

o (Df-invariance) for every z € K and 1 < i < ¢, we have Df,(E(z)) = E'(f(x)).
o (domination) there exist constants ¢ > 0 and A € (0, 1) such that for every 1 <i < ¢ —1, every z € K,
and every nonzero vectors u € E¢(x) and v € E*T!(z), the following inequality holds:

IDfzull _ a DS

for all n > 0.
[l o]l

Definition 3.6. For a compact invariant set K, a D f-invariant bundle F is:

(1) uniformly contracted (by Df) if there are constants C' > 0 and A € (0, 1) such that for any point « € K
and any n > 0, we have HDf”|F(x) <O\
(2) uniformly expanded (by Df) if it is uniformly contracted by Df~!.

We say a compact invariant set K is partially hyperbolic if there is a D f-invariant dominated splitting
TkM = E* @ E{ & ES ® E° such that

e E™ is uniformly expanded and E? is uniformly contracted.
e E" or E® may be trivial, but not simultaneously.

The bundles EY, ES are called center bundles. We write E¢ := Ef @ ES, and refer to E“ = E°* &
E°¢ and FE := E" @ E€ as the center-stable and center-unstable subbundles, respectively.

Bochi and Gourmelon [4] showed that a cocycle has dominated splitting if and only if there is a uniform
exponential gap between singular values of its iterates. Indeed, assuming that X is a compact metric space,
and letting A : X — GL4(R) be a matrix cocycle over a homeomorphism (X, 7). Let Y C X be a non-empty
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T-invariant compact set. We say that the cocycle A has i-dominated splitting on Y if there are constants
C > 0and 0 <7 <1 such that

oit1(A"(z))

<CTt" Ve eY,¥n € N,
oi(A™(x))

where ¢;’s are singular values.

Dominated splitting can be characterized in terms of the existence of invariant cone fields (see [11]). We
say that a matrix cocycle A has 1-dominated splitting on Y, which Y C X is a non-empty T-invariant
compact set, if there exist one-dimensional invariant cones C := (Cy) ey such that

If this is the case, C is called unstable invariant cone field on'Y .

In this paper, we are interested in a C'! diffeomorphism f : M — M on a compact Riemannian manifold
that admits a dominated splitting TM = E° & E°.

In [19], the author showed that if a cocycle has 1-dominated splitting on some compact metric space,
which can be characterized in terms of the existence of invariant cone fields (or multicones), then ||.A™(x)||
is super-multiplicative for each n and .

Proposition 3.7 ([19, Proposition 5.8]). Let X be a compact metric space, and let A : X — GL4(R) be a
matriz cocycle over a homeomorphism (X, T). Assume that (Cy)rex is a I-dimensional invariant cone field
on X. Then, there exists k > 0 such that for every m,n > 0 and for every x € X we have

JA™ T (@)|| > £l A™ ()] - [|A(T™ (@))]]-

Theorem 3.8. Assume that (X,d) is a compact metric space. Let A : X — GLg(R) be a matriz cocycle
over a homeomorphism (X,T) and {vn,}52, be a sequence in M(X). We form the new sequence {n}o2 4
by pn = %Z::Ol Tiv,. Assume that w,, converges to p in M(X) for some subsequence {n;} of natural
numbers. Then p is an T-invariant measure and

1 )
limsup - / log [lA™ (z) | dvm, () < Xt A)-

1—00

Moreover, if A has 1-dominated splitting on X, then

o1 n;
tim - [ log A" (2) |dvi ) = X1 ).

71— 00 7

Proof. The first part follows from [13, Lemma A.2] and the second part follows from the combination of
[13, Lemma A.4] and Proposition 3.7. O

We also have continuity of Lyapunov exponents when an invariant cone-field exists.
Lemma 3.9. Let X be a compact metric space, and let A : X — GL4(R) be a matrixz cocycle over a
homeomorphism (X,T). Assume that A has 1-dominated splitting on X. Then, for every e > 0, there is

6 > 0 such that if p,v € M(X,T), and d(u,v) <6, then |x(u, A) — x(v, A)| < e.

Proof. It follows from the combination of Proposition 3.7 and [13, Lemma A.4]. O
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3.4. FErgodic optimization

Assume that (X, d) is a compact metric space. Let A : X — GLg(R) be a matrix cocycle over a home-
omorphism (X, T). Ergodic optimization of Lyapunov exponents concerns the supremum of the Lyapunov
exponents of measures over invariant measures:

BA) = sup (i A). (3.3)

HEM(X,T)

In (3.3), the supremum is always attained by an ergodic measure; such measures will be called Lyapunov
mazximizing measures. This follows from the fact that M(X,T) is a compact convex set whose extreme
points are exactly the ergodic measure, and x(-,.4) is upper semi-continuous with respect to the weak™*
topology (see [17,3,20]).

Let us stress that the maximal Lyapunov exponent can also be characterized as follows:

B(A) = hmsup 1 sup log || A" (2)]| = sup hm 1sup log [|A™ (). (3.4)

n—oo

We finish this section with the following instrumental result.

Lemma 3.10. Assume that X is a compact manifold. Let A : X — GL4(R) be a matriz cocycle over a
homeomorphism (X, T). Then

ess sup lim sup — log||.A"( )| < sup x(p,.A)

n— 00 pneOr

1
< lim sup — ess sup log [|A™ ()][,

n—o0

where the essential supremum is taken with respect to Leb.

Proof. Choose a point x € G (see (3.1)), and then a subsequence of integers {n;} such that
lim sup,,_, + log [|A™ ()| = lim; 00 - o log[|A™ (z)[|. Since z € G, there is a subsequence Yy, oz of Yn, 2
(see (1.1)) such that converges in weak* topology to an observable measure p when k — oo by definition.
Without loss of generality, we can suppose that v,, , converges to p as i — oco. Then, by Theorem 3.8,

1
i - [ log [ 4™ (28, < x(1A) < sup X A) (3.5)
i—00 n; HEOT
On the other hand,
1
lim —/logHA”l( JI|ds, = lim sup — log||.A"( 1 (3.6)
1—00 N n— o0

Combination (3.5) and (3.6) and the arbitrariness of z € G imply

ess sup lim sup — log||.A"( )| < sup x(u,.A).

n— oo neOr
We consider any subset U with full Lebesgue measure. We know that each subset of full Lebesgue measure

is dense, hence

1 1
hmsup - sup log || A™(z)|| = lim sup — sup log || A" (z)|| = B(A).
n—oo N zeX

n—oo
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By (3.4) and (3.3),

1
ebssuphmsup log||.A”( ) < sup x(u, A) < hmsup—esssuplogHA”( ). O

neOr n—o0o

Proof of Corollary B. We define ¢, () := max, || A¥ Df?||. By Kozlovski’s integral formula (1.6), the topo-
logical entropy of f satisfies

hiop(f) = lim _IOg/¢7L ) dLeb(x).

n—oo 1

For each n,

/(bn ) dLeb(x) < esssup ¢y, ().

Taking = log and limsup,,_, ., yields

n—oon n—00

hiop(f) = lim —log/gbn ) dLeb(z) < limsup — logesssup¢n( ). (3.7)

We denote by

Az) == hmsup log on (), A := esssup A\(x).

n—oo

For any € > 0, we define
E..={xeM:\Nz)>A—¢}

Then, by the definition of the essential supremum, we have Leb(E.) > 0. For each n € N, let

A, = {xGM: %log¢n(x)>A—s}.

If + € E., then limsup,,_, %log on(x) > A — ¢, hence x € A, for infinitely many n. Therefore E. C
limsup,, oo An = or—1 Upsm An- Consequently, for every m,

E.c | An

n>=m

hence

E.c | (B-nAy).

n>=m

As Leb(E.) > 0, we claim that for every § > 0, there exist infinitely many n such that
Leb(E. N A,) > e,
Indeed, suppose by contradiction that there exist 6 > 0 and N € N such that

Leb(E. N A,) <e™" VYn > N.
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Then, for every m > N,
Leb( [ J (B-nAn) | <> Leb(B-NA,) < ) e
n>=m nzm nzm

Since the geometric series converges, the right-hand side tends to 0 as m — co. On the other hand,

E. C U (BN Ap) Ym,

nzm
hence
0 < Leb(E.) <Leb| | J (B-nA4,) |,
n>=m

which is a contradiction.
Therefore, for every § > 0, there exists a sequence ny — oo such that

Leb(E. N A,,) > e o,

For such ny,

/ b, dLeb > / ¢y dLeb > Leb(E. N A, ) e™(A=2) > enn(d=e=0),

E.NA,,

Hence
1
—log/¢ndeeb>A—e—5.
g

Taking the lim sup yields

1
limsupglog/@ldLeb >A—e—0.

n—oo

Since € > 0 and 0 > 0 are arbitrary,

lim sup 1 log/qbn(x) dLeb(x) > A. (3.8)

n—oo N

Combining (3.7) and (3.8), we conclude

1 1
esssup limsup —log ¢, () < hop(f) < limsup —logesssup ¢, (). O

n—oo N n—oo N

4. Proofs
4.1. Proof of Theorem A

We recall that (X, T) is a homeomorphism on a compact manifold X and that Leb is a Lebesgue measure
normalized so that Leb(X) = 1. Let A : X — GL4(R) be a matrix cocycle over (X, T).
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As x(.,.A) is upper semi-continuous with respect to weak* topology and Or is weak* compact by Theo-
rem 3.2, we have

sup x(v,A) = max x(v, A). (4.1)

veOT veOr

Similar to Lyapunov maximizing measures, we define maximizing observable measures as follows:

Definition 4.1. An observable measure p is called a mazimizing observable measure for the matrix cocycle
A: X — GLg(R) over (X,T) if

x(p, A) = Sup X(v, A) = max x(v, A).

By (4.1), a maximizing observable measure always exists. Similar to (3.4) and (3.3), we obtain the
following theorem for observable measures.

Theorem 4.2. Let A: X — GLq(R) be a matriz cocycle over a homeomorphism (X, T'). Let y be an ergodic
maximizing observable measure. Suppose that the cocycle A has a 1-dominated splitting on the support ji.
Then

esssup lim sup — 1og||.A"( ) = sup x(p,.A) (4.2)
n—oo pneOr
1
hmsupfesssuplogH.A”( B (4.3)
n—roo

where the esssup denotes the essential supremum taken with respect to the Lebesgue measure Leb.
Remark 4.3. The inequality in the formula (4.3) could be strict (see Example 4.6).

We are now in a position to prove Theorem A. In fact, since this is a consequence of Theorem 4.2, we
shall prove it later.

Assume that p is an invariant measure which may not be ergodic. We consider its ergodic decomposition.
By the affine property of the Lyapunov exponent, the Lyapunov exponent of i equals the weighted average
of the exponents of its ergodic components (see [13, Proposition A.1 (3)]). Therefore, there exists at least
one ergodic component whose Lyapunov exponent equals the Lyapunov exponent of p. One may use this
fact in the proof below.

Proof of Theorem 4.2. Lemma 3.10 implies that one side of the equality (4.2) and the inequality (4.3) hold.
Now, we explain how one can tackle the other side of the equality (4.2) in Theorem 4.2.

Let G C X such that V(z) C Or for any € G. By Theorem 3.2, Leb(G) = 1. We fix a subset L C X
with the full Lebesgue measure.

The set of observable measures Op is weak* compact (see Theorem 3.2), hence there is a maximizing
observable measure p for the matrix cocycle A. Let p be an ergodic maximizing observable measure. More-
over, we recall that we assume the cocycle A has a 1-dominated splitting on Y := supp(p) (the support of
). By the robustness of dominated splittings (see [11, Corollary 2.8]), there exists a closed neighborhood
U of supp(u) such that Z := N,z T~*(U) 2 supp(p) is the maximal invariant set in this neighborhood.
Then, the restricted bundle F; over the compact invariant set Z admits a dominated splitting F & G such
that dim(F) = 1, extending the previously found dominated splitting on Ey. Therefore, the cocycle A has
1-dominated splitting on Z.
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We choose ¢ small enough such that Bs(i) C Z (see Remark 3.1). Note that the basin of §-attraction of
i, Bs(p), has positive Lebesgue measure by the definition of the observable measure.
Dominated splitting can be characterized in terms of the existence of invariant cone fields. Therefore,

there is a 1-dimensional family of invariant cones (Cy).cz such that
A(z)(Cy) C Copyy-

Hence, pu — x(u,.A) is continuous on M(Z,T)) by Lemma 3.9.

There is a compact set W with Leb(W) > 0 such that W C Bs(u). Let y € W C Bs(p) C ZNLNG.
Hence, there is a subsequence of integers {n;} such that ni E;;Bl d7i(y) converges to a measure v with
d(u,v) < ¢ (distance in weak* topology) by definition.

Now, we prove the other side of the equality (4.2).

1
lim sup — log [A™(y)|| = lim sup — log [|.A™ (y)||

n—00 i—oo Tl

1 .
= lim sup - log || A™ (y)||dd,, .

T—00 ?

Since - 35 "0ps () — v (in weak*topology) and there is the 1-dimensional family of invariant cones
(Cy)zez, by Theorem 3.8,

@ =x(r, A).

By continuity (Lemma 3.9), for given e > 0,

@ 2 X(H’vA) -

That implies

: 1 n
sup lim sup - log || A" (x)]| = x(p, A) —

€L n—oo

As we consider arbitrary L and e,

esssup lim sup — log||A"( )| = sup x(u, A). (4.4)

n—oo neOr
Combining (4.4) and Lemma 3.10 completes the proof of the theorem. O

Corollary 4.4. Under conditions of Theorem 4.2, we assume that the set of observable measures Or is at

most countable, then we have

esssuplimsup - log [4”(@)] = sup (1. 4) = sup x(11,A).
n—o0 pneOr € Phys

Proof. It is enough to prove that

sup x(p, A) = sup x(p,A),
pneOr pEPhys
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by Theorem 4.2.

If the set of observable measures Or is finite, then O = Phys by Theorem 3.2, and if O is countable
infinite, then O is the weak*closure of the set of Phys measures by Theorem 3.2. In both cases, the equality
is clear. 0O

Remark 4.5. The physical measures may not exist if the set O is uncountable. For instance, the identity
map on a manifold has observable measures but has no physical measures. Hence, the above result fails in
general when the set O is uncountable.

Proof of Theorem A. The proof follows from Theorem 4.2 by considering D fﬁrl(z) =A(z). O
The next example shows that the inequality (4.3) can be strict.

Example 4.6. Let f be a transitive C't® Anosov diffeomorphism and z be the unique observable measure,
which is the unique SRB measure. There are infinitely many other ergodic measures, which are not observable
(e.g. those supported on the periodic orbits). Hence, by [16, Theorem 1], one can find a continuous function
whose integral with respect to some ergodic measure is larger than its integral with respect to any observable
measure .

4.2. Proof of Theorem C'

Now we are in a position to prove Theorem C.
The starting point in the proof is the following result by Tian [23], which shows that the negative
Lyapunov exponents of all observable measures imply non-uniform expansion.

Theorem 4.7 ([23, Proposition A]). Let T : X — X be a continuous map on a compact manifold X. Assume
that a,, : X - R and b, : X — R, n > 0, are two sequences of continuous functions such that for every
zeX,n k>0,

an+k(2) < an(Tk(x)) +ag(@), bntr(z) < bn(Tk(I)) + bk (2); (4.5)

and
(@) < an k(@) + bi(T" (@), (4.6)

If

lim l/an(ac)clu(ac) <0

n—oo N

for every p € Op, then there are A > 0 and K € N such that Lebesqgue almost every x satisfies
n—1

1 A
lim sup % Z ag (T (z)) < =A< 0.

n
n—00 i—0

Proof of Theorem C. Note that condition (1.8) is equivalent to

. 1 “n
esssuphmsupﬁlogHDf‘Ew(fn(m))H <0. (4.7)

n— oo

On the other hand,
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: 1 —n -
ess sup lim sup - log ||Df|Ew(fn($))|| = i[e%}; A (1 f), (4.8)

n—oo

by Theorem A. Therefore, by (4.7) and (4.8),

A, f) <0 (4.9)

for any € Of. We denote a,(x) := log ||Df‘;’u(fn | and by () := log || D f/peu(, |- They satisfy conditions

(=)
(4.5) and (4.6) of Theorem 4.7. Moreover, Lyapunov exponents of all observable measures are negative (see

(4.9)). Then there are A > 0 and K € N such that Lebesgue a.e. z satisfies

. 1 & K
timsup 7 2o [ DA oo | < =2 <0

by Theorem 4.7. This completes the proof of the first part of theorem. The second part of the proof follows
from the combination of the first part of the Theorem and [2, Theorem A]. O

4.8. Proof of Corollary D
We aim to show that
Oy = Phys = SRB.

By Theorem C, there exist finitely many ergodic SRB measures for f%, say pui,...,pu, whose basins
cover a set of full Lebesgue measure, where K > 1 is the integer given by Theorem C.
To obtain measures that are invariant under f, we define, for each ¢ and any Borel set B,

n(B) = S (I (B))

Then each v; is f-invariant, ergodic, and an SRB measure for f. Note that if p; is already f-invariant,
then the formula gives v; = ;. In general, it may happen that v; = v; for some i # j. The set {v1,..., v}
forms a compact subset of Oy, and the union of their basins still has full Lebesgue measure.

Finally, by Theorem 3.2, Oy coincides with these finitely many measures v;. The result then follows from
Corollary 4.4.
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