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Abstract
We study a particular class of greedy algorithms for combinatorial optimization problems and present a generalized version
of this algorithmic pattern encompassing several previously published algorithms. We analyze the properties of the solutions
produced by such algorithms and provide proofs of their optimality through the concept of lexicographic max-ordering.
By presenting a unified formulation of this class of greedy algorithms, we hope to facilitate the development of new such
algorithms and to provide a deeper understanding on the properties of existing ones. To illustrate the utility of our results, we
present two case studies, where we study two previously published optimization algorithms and show that they can be seen
as instances of the proposed general algorithmic pattern. In doing so, we provide alternative proofs of correctness for these
algorithms and draw new conclusions about their properties.

Keywords Combinatorial optimization · Multicriteria optimization · Pareto optimality · Lexicographic max-ordering

1 Introduction

In the field of image processing and computer vision, several
greedy algorithms have been proposed for solving combina-
torial optimization problems. Examples include the work of
Cousty et al. [1, 2], Wolf et al. [3, 4], andMalmberg et al. [5–
8]. We observe that these algorithms all follow very similar
algorithmic patterns, yet their properties and optimality have
generally been studied for each method in isolation.

Here, we formulate a generalized version of this algo-
rithmic pattern that encompasses the methods cited above
and study the properties of the solutions computed with this
approach. To characterize the optimality of such solutions,
we study them through the lens of lexicographic max-
ordering (Lex-MO) multicriteria optimization. The notion
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of Lex-MO optimality was introduced by Ehrgott [9]. Our
key insight is that, under certain conditions, the problem of
finding a Lex-MO optimal solution to a multi-objective opti-
mization problem can be transformed into solving a sequence
of constraint satisfaction problems. That is, if we can solve
the associated constraint satisfaction problems, we will find
a Lex-MO optimal solution. In the case where the condi-
tions for the solution to be exactly Lex-MO optimal are not
met, we show that this algorithmic approach will still lead to
solutions that satisfy two very desirable properties of Lex-
MO optimal solutions, namely max-ordering optimality and
Pareto optimality.

We do not propose novel algorithms for solving spe-
cific classes of optimization problems. Instead, the general
methodpresented here showshowpreviously published algo-
rithms share similar characteristics and provide insights into
the properties of the solutions they produce. By identifying
a common algorithmic pattern for combinatorial Lex-MO
optimization, we hope to facilitate the development of new
such algorithms and shed light on how and why existing
algorithms work.

In Sections 2-4, we present our main results. In Sections 5
and 6, we show the utility of our proposed method by study-
ing two previously published optimization algorithms: The
mutex watershed algorithm proposed byWolf et al. [3, 4] and
theMalmberg–Ciesielski algorithm [7]. For each of these, we
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provide new alternative proofs of their correctness by show-
ing that they are specific instances of the general algorithmic
pattern proposed here.

This paper extends a previous paper conference pub-
lication [10], with sections 5 and 6 as the primary new
contribution.

2 Multicriteria Optimization

A multicriteria optimization problem can be defined as
a set X of solutions together with a set of n criteria
{ f1, f2, . . . , fn} [11]. Throughout, we assume thatX is non-
empty. Each criterion fi : X → R, i ∈ {1, . . . , n} maps
every candidate solution x ∈ X to a real number. Here, we
are only considering combinatorial optimization problems,
in which the set of solutions X is finite.

Without loss of generality, we assume here that we seek
solutions where the values attained by the criteria are as
small as possible, and we will thus use the terms optimal and
minimal interchangeably throughout the paper. We are thus
interested in finding a solution x ∈ X that in some sense
“minimizes” the criteria { f1, f2, . . . , fn} among all possi-
ble solutions in X . A central question is how to formally
define what a “minimal” solution is in the presence of mul-
tiple, possibly conflicting, criteria. In the following sections,
we review three different optimality concepts for multicrite-
ria optimization:Pareto optimality,max-ordering optimality,
and lexicographic max-ordering optimality. We also discuss
the relations between these different concepts.

2.1 Pareto Optimality

A fundamental notion when it comes to defining optimality
for multicriteria optimization is Pareto optimality, defined as
follows.

Definition 2.1 A solution x ∈ X is Pareto optimal if there is
no solution x ′ ∈ X such that

1. fi (x ′) ≤ fi (x) for all i = 1, . . . n and,
2. fi (x ′) < fi (x) for at least one i ∈ {1, . . . , n}.

It can be argued that a solution should only be called “opti-
mal” if it is Pareto optimal, since otherwise it is possible to
find another solution that improves one or more criteria with-
out making any other criterion worse. Nevertheless, the set
of Pareto optimal solutions to a given multicriteria problem
is often large, so a finer characterization of the solution set
is often desirable.

2.2 Scalarization andMax-ordering Optimality

Another common approach to defining optimality for mul-
ticriteria optimization is scalarization, which means that
we define some function F that aggregates the values of
f1, f2, . . . , fn to a single scalar value. An optimal solution
x is then defined as any solution that satisfies

F(x) = min
x ′∈X

F(x ′) . (1)

In this way, the multicriteria optimization problem is trans-
formed into a single-criterion problem, for which the notion
of a minimal solution is well defined.

Here, we will specifically consider the function

F∞(x) := max
i

fi (x) . (2)

Following the terminology of Ehrgott [11], we refer to a solu-
tion that minimizes F∞ as a max-ordering solution. Note
that a max-ordering solution is not necessarily Pareto opti-
mal [11].

If we assume for a moment that all criteria fi are non-
negative, then we can observe that the function F∞ is the
limit of a more general function

Fp(x) =
(

n∑
i=1

fi (x)
p

)1/p

, (3)

if we let p ∈ R tend to infinity. For non-negative criteria, Fp

can be recognized as the p norm of the vector containing all
the criteria.

2.3 Lexicographic Max-ordering Optimality

An alternative concept for optimality of multicriteria prob-
lems, proposed byEhrgott [9], is lexicographicmax-ordering
(Lex-MO) optimality.1 For any element v ∈ R

Q , we define
�(v) = (�1(v), . . . ,�Q(v)) to be the vector in R

Q con-
taining the components of v in non-increasing order, so
that �1(v) ≥ . . . ≥ �Q(v). We observe that even if the ele-
ment v contains multiple components of the same value,
the vector �(v) is uniquely defined. Let v and v′ be ele-
ments in R

Q . We say that v precedes v′ lexicographically
and denote this v ≺ v′, provided that there exists a j such
that � j (v) 	= � j (v

′), and for the smallest such j we have
� j (v) < � j (v

′). In addition, we write v 
 v′ provided
either v ≺ v′ or � j (v) = � j (v

′) for all j ∈ {1, . . . , Q}.
For multicriteria optimization, the values of the criteria

f1, . . . , fn for a given solution can be viewed as a vector in

1 The same concept was also later independently proposed by Levi and
Zorin [12], who used the term strict minimizers.
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Fig. 1 The relation between Pareto optimality, Max-ordering optimal-
ity, and Lex-MO optimality

R
n . For a solution x ∈ X , we denote this vector by �fx =

( f1(x), . . . , fn(x)).

Definition 2.2 A solution x ∈ X is said to be a Lex-MO
solution iff �fx 
 �fx ′ for all x ′ ∈ X .

As shownbyEhrgott [13], Lex-MOoptimal solutions have
the following favorable properties:

• They are Pareto optimal.
• They are max-ordering solutions.

Figure 1 illustrates the relationship between Pareto opti-
mality, max-ordering optimality, and Lex-MO optimality.

Similarly to max-ordering optimality, Lex-MO optimal-
ity can also be motivated in terms of p-norm optimization.
Consider the optimal solutions to the scalarization function
Fp, as p increases. Levi and Zorin [12] observe that for non-
negative criteria these solutions will converge to a Lex-MO
optimal solution as p approaches infinity. In fact, for a given
multicriteria optimization problem, there exists afinite p̂ ∈ R

such that any solution optimizing Fp is also a Lex-MO opti-
mal solution for p ≥ p̂. Wolf et al. [4] refer to such value
p̂ as a dominant power, and Malmberg and Ciesielski [7]
provide an example of how such a dominant power can be
determined for a specific optimization problem.

2.4 A Brief Discussion about Scalarization in
Relation to Multi- and Single-criterion
Optimization

As outlined in Section 2.2, scalarization provides a bridge
between multicriteria and single-criterion optimization. The
scalarization function aggregates all criteria fi into a single
scalar value. Levi andZorin [12] observe that in the context of
computational geometry, many commonly occurring single-
criterion optimization problems have objective functions that
can be viewed as consisting of:

• A set of “local” error measures or a cost function.

• A “global” error measure that aggregates the local costs
into a single scalar value.

The same observation can be made for many optimization
problems commonly occurring in image processing and com-
puter vision [1, 4, 7, 14].

Alternatively, we could also view this through the lens of
multicriteria optimization, where we interpret the local error
measures as a set of criteria and the global error measure
as a scalarization function. Consider, for example, the mini-
mal st-cut problem, which is an important primitive to solve
optimization problems in image processing and computer
vision [14, 15]. Given an edge-weighted graph, where two
special vertices are designated as s and t , the minimal st-cut
problem consists of finding a partition of the graph vertices
into two sets S and T , with s ∈ S, t ∈ T , such that the weight
sum of the edges spanning the boundary of the partition—the
cut—is minimal. If instead we seek to minimize the maxi-
mum edge weight along the cut, rather than the sum of the
edge weights, then the resulting optimization problem can be
solved via watershed cuts [1, 16].

Although these two optimization problems are typically
presented as single-criterion problems, the multicriteria opti-
mization view highlights the similarity between them. Both
problems have the same set of criteria (the individual edge
weights) but use different scalarization functions (sum ver-
sus maximum). Additionally, the multicriteria optimization
view allows for the use of non-scalarizing optimality con-
cepts, such as the Lex-MO optimality considered here.

3 Preliminaries: Partitions and Equivalence
Relations

We now introduce some concepts that will be required for
the presentation of our main results.

Let S be a set. A partition of S is a set of mutually dis-
joint subsets of S, whose union is S. We refer to an element
of a partition as a region of that partition. Let P and Q be
partitions of S. We say that Q is a refinement of P if every
region of Q is included in a region of P . Note that by this
definition, any partition is a refinement of itself.

Let∼ be a binary relation on the set S (a subset of S×S).
We recall that ∼ is an equivalence relation if and only if the
following properties hold for all a, b, c ∈ S:

1. a ∼ a (reflexivity).
2. a ∼ b if and only if b ∼ a (symmetry).
3. If a ∼ b and b ∼ c, then a ∼ c (transitivity).

The equivalence class of an element a ∈ S under the
relation ∼ is defined as {b ∈ S|b ∼ a}. The equivalence
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classes of a set under an equivalence relation are disjoint, and
their union is the set itself. Thus, every equivalence relation
on a set provides a partition of that set into its equivalence
classes.

In the context of multicriteria optimization, we observe
that for each individual criterion fi , the relation “equal with
respect to fi” is an equivalence relation on the set of solutions
X . We denote this relation by =

fi
.

4 Proposed Algorithmic Pattern

Consider a combinatorial optimization problem with a set of
solutions X and a set of n criteria { f1, f2, . . . , fn}. We are
interested in finding Lex-MO optimal solutions to this multi-
criteria optimization problem.We assume that |X | is large, so
finding optimal solutions by exhaustive search across the set
of solutions is not feasible. On the other hand, as observed
by Zorin and Levi, it is often the case that the criteria are
“local”, in the sense that they only consider some particular
aspect of each solution in X . Here, we take this to mean that
the set of distinct values attained by each criterion across X
is “very small” compared to |X |. For this scenario, we pro-
pose a general method for Lex-MO optimization, based on
iteration over the equivalence classes of all =

fi
.

On a broad level, our proposed algorithmic pattern oper-
ates by starting from the set of all possible solutions X and
then iteratively adding constraints that rule out parts of the
solution set. We will choose these constraints so that at the
termination of the algorithm, the remaining solutions will be
guaranteed to have certain optimality properties.

In this context, a constraint can informally be seen as a
subset of the solution set X , to which an optimal solution
cannot belong. In our proposed method, each constraint will
also be associated with one of the criteria fi . Therefore, we
formally define a constraint c as a pair c = (R, i), consisting
of a region R ⊆ X and an index i ∈ {1, 2, . . . , n}. A given
solution x ∈ X is said to satisfy the constraint c = (R, i)
if x /∈ R. The index i of a constraint associates it with a
specific criterion fi .

For every criterion fi , let Pi be a partition of X , such
that for any two solutions x and x ′ it holds that if x and
x ′ belong to the same region of Pi then fi (x) = fi (x ′). In
other words, Pi must be a refinement of the partition given
by the equivalence classes of =

fi
. The number of subsets of

Pi is denoted |Pi |. From our assumption that each criterion
fi attains a small number of distinct values acrossX , we can
also assume that each |Pi | is “very small” compared to |X |.

Algorithm 1: Proposed algorithmic pattern
Let � be an empty set of constraints.
foreach constraint c ∈ C, in decreasing order of their values
�(c) do

if there exists a solution x ∈ X satisfying all constraints in
� ∪ {c} then

Let � ← � ∪ {c}
end

end
Return a solution that satisfies all constraints in �

For each partition Pi , we can define a set of constraints
Ci , defined as

Ci = {(R, i) | R ∈ Pi } . (4)

We define C as the union of all such sets of constraints,
i.e.,

C = C1 ∪ C2 ∪ . . . ∪ Cn . (5)

By the requirement that each partition Pi must be a refine-
ment of the partition induced by the equivalence relation =

fi
,

every constraint c = (R, i) ∈ C has the property that all
solutions x ∈ R attain the same value fi (x). We can thus
associate every constraint with this value, that represents the
“cost”, with respect to criterion fi , of the criterion not being
satisfied. We define � : C → R to be a mapping from the set
of constraints C to their associated real values. The mapping
� is then defined by:

�((R, i)) = fi (x), x ∈ R . (6)

Our proposed algorithmic pattern for solving Lex-MO
optimization problems is outlined in Algorithm 1.

Throughout Algorithm 1, we maintain a set � of active
constraints. Initially, this set is empty. The algorithm iterates
over all the constraints in C in decreasing order of their val-
ues. At each iteration, we check if the considered constraint
can be added to � without making the set of solutions sat-
isfying all constraints in � empty. We say that a solution is
feasible if it satisfies all constraints in the set �. Determin-
ing whether a feasible solution exists amounts to solving a
constraint satisfaction problem. In order for the algorithm to
be computationally tractable, each such constraint satisfac-
tion problem must be possible to solve in reasonable time.
We additionally assume that if a satisfying solution exists,
we can also find a concrete satisfying solution. However,
this will depend on the specific optimization problem and
the solution set. When the algorithm terminates, it returns a
solution satisfying all constraints in �.
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4.1 Optimality Guarantees

We will now study the properties of the solutions pro-
duced by the proposed algorithmic pattern. We present three
theorems that provide successively stronger optimality guar-
antees on the solutions produced by Algorithm 1 under
different assumptions on the criteria fi and the partitions Pi .

We start by showing that, under the assumptions already
stated in the formulation of the algorithmic pattern, it indeed
produces a feasible solution that is also a max-ordering solu-
tion.

Theorem 4.1 If each Pi is a refinement of the partition
induced by=

fi
, then Algorithm 1 returns a max-ordering solu-

tion.

Proof Since the set � is initially empty, and constraints are
only added to � if that does not result in the set of feasi-
ble solutions becoming empty, there is, at the completion of
Algorithm 1, at least one solution that satisfies all constraints
in � and that can be returned by the algorithm.

To see that the returned feasible solution is amax-ordering
solution, we perform a proof by contradiction. Assume that
the algorithm returns a solution x ∈ X , and that there exists
a solution x ′ ∈ X such that F∞(x) > F∞(x ′).

Let C′ ⊆ C be the set of constraints whose values accord-
ing to � are strictly greater than F∞(x ′). The requirement
that each Pi is a refinement of the partition induced by =

fi
ensures that the mapping � is well defined. By the existence
of x ′, there is at least one solution that satisfies all constraints
in C′, namely x ′.

During the algorithm, all constraints in C′ will be consid-
ered before all constraints in C\C′, and since their union does
not render the set of feasible solutions empty, all constraints
in C′ will be added to � during the algorithm.

Thus, x will satisfy all constraints inC′, and the cost F∞(x)
of the solution returned by the algorithm can therefore be at
most F∞(x ′), contradicting our assumption. ��

Next, we show that under slightly more strict conditions
on the partitions Pi , the solutions produced by Algorithm 1
will also be Pareto optimal.

Theorem 4.2 If each Pi is equal to thepartition inducedby=
fi
,

then the solution returned by Algorithm 1 is Pareto optimal.

Proof Let x be the solution returned by Algorithm 1. By way
of contradiction, assume (†) that x is not Pareto optimal.
Then there exists another solution x ′ ∈ X such that for all
criteria fi we have fi (x ′) ≤ fi (x), and that there is at least
one criterion fk for which this inequality is strict.

Let A be the region of Pk containing x , and let A′ be
the region of Pk containing x ′. Since fk(x ′) < fk(x), the

constraint (A, k) was evaluated before the constraint (A′, k)
during the execution of Algorithm 1.

Let �′ be the state of the set � just prior to considering the
constraint (A, k). Since Algorithm 1 produced a solution in
which x ∈ A, it must hold that the set of solutions satisfy-
ing �′ ∪ {(A, k)} is empty. This, in turn, means that x ′ must
violate at least one constraint in �′.

Among the constraints in �′ that x ′ does not satisfy, let
(B, j) be the one that was first considered during the execu-
tion of the algorithm.Wenote that since each Pi is equal to the
partition induced by =

fi
, (B, j) is the only constraint associ-

ated with criterion f j that attains the value �((B, j)). Then,
every constraint (B′, j) for which �((B′, j)) > �((B, j))
must also be in �′. To see this, assume (‡) that (B′, j) /∈ �′,
and let �′′ be the state of the set � just before (B′, j) was
considered during the execution of the algorithm.

By our assumption (‡), it must hold that �′′ ∪ {(B′, j)}
has no feasible solution. This means that any solution that
satisfies all constraints in �′′ must be in B′, and since x ′ /∈
B′ there must be at least one constraint in �′′ that x ′ does
not satisfy. However, all constraints in �′′ were considered
before (B, j) during the execution of the algorithm. Thus,
our assumption (‡) contradicts that among the constraints in
�′ that x ′ does not satisfy, (B, j) was the first considered
during the execution of the algorithm.

We conclude that �′ contains all constraints (·, j) with
cost greater than or equal to�((B, j)). Thus, for any solution
x ′′ that satisfies all constraints in �′, it holds that f j (x ′′) ≤
f j (x ′). Since each Pi is equal to the partition induced by =

fi
,

this inequality must be strict. Specifically, it then holds that
f j (x) < f j (x ′), contradicting our assumption (†) that x is
not Pareto optimal. ��

We argue that satisfying the condition stated in Theo-
rem 4.2 is not a problem in practice. If our partitions are
such that there are two constraints for the same criterion that
have the samecost,we canmerge them into a single constraint
without violating the condition in Theorem 4.1. By repeating
this merge procedure, the set of constraints C will eventually
be equal to the constraint set of the partitions induced by =

fi
for i ∈ {1, . . . , n}.

Finally, we show that, under certain conditions, the solu-
tions produced by Algorithm 1 are Lex-MO solutions. This
holds if each of the constraints in C is associated with distinct
values, i.e., no two constraints are associated with the same
value. More formally, we will show that the algorithm pro-
duces Lex-MO optimal solutions if the mapping � between
the constraints in C and their associated values is injective.

The proof of this statement relies on the followingLemma.

Lemma 1 Let x ∈ X be a solution, and let c ∈ C be a
constraint. If the mapping � between the constraints in C

123



49 Page 6 of 13 Journal of Mathematical Imaging and Vision (2026) 68:49

and their associated values is injective, then x satisfies c if
and only if fi (x) 	= �(c) for all i ∈ {1, . . . n}.

Proof First, let c = (R, k). If x does not satisfy c, then x ∈ R
and so fk(x) = �(c). Thus

fi (x) 	= �(c),∀i ∈ {1, . . . , n} ⇒ x satisfies c . (7)

Under the assumption that the mapping � is injective,
there exists a mapping � : R → C that is a left inverse of �,
i.e., �(�(c)) = c for every c ∈ C. If fi (x) = �(c) for some
i ∈ {1, . . . , n}, it must therefore hold that x does not satisfy
the constraint �( fi (x)) = �(�(c)) = c. Thus,

x satisfies c ⇒ fi (x) 	= �(c),∀i ∈ {1, . . . , n} . (8)

��

Theorem 4.3 If the mapping � between the constraints in
C and their associated values is injective, then Algorithm 1
returns a Lex-MO optimal solution.

Proof Assume that � is injective, and let � be a left inverse
of �. Let x ∈ X be the solution returned by Algorithm 1,
and let x ′ ∈ X be a Lex-MO optimal solution. We will now
show by induction that �( �fx ) = �( �fx ′) and thus show that
x is also Lex-MO optimal.

Let k be an integer such that 1 ≤ k < n. Assume
(†) that for all i such that 1 ≤ i ≤ k it holds that
�i ( �fx ) = �i ( �fx ′). We will now show that this also implies
that �k+1( �fx ) = �k+1( �fx ′).

Let C′ be the set of all constraints in C with a value greater
than �k+1( �fx ) and let m = |C′|. We observe that C′ is pre-
cisely the set of constraints in C that have been considered
by Algorithm 1 after m iterations. Let c be the constraint
�(�k+1( �fx )), i.e., c is the constraint considered by Algo-
rithm 1 at the m + 1:th iteration. Let �′ ⊆ C′ be the state of
the set � after m iterations. By definition, �′ is precisely the
subset of C′ that is satisfied by x . Now, consider the subset
of C′ that is satisfied by x ′. By Lemma 1, this is the set of all
constraints in C′ whose values are not attained by any�i ( �fx ′)
for i ∈ {1, . . . , k}. By assumption (†), the subset of C ′ that
is satisfied by x ′ is equal to �′.

Since we have �k+1( �fx ) = �(c) for the solution x pro-
duced by the algorithm, itmust hold that the set of solutions in
X satisfying the constraints�′∪{c} is empty. Since x ′ is Lex-
MO optimal, we must have �k+1( �fx ) ≥ �k+1( �fx ′). Since
� is injective, neither �( �fx ) nor �( �fx ′) can have repeated
entries.

Thus, �i ( �fx ′) 	= �(c) for all i ∈ {1, . . . , k}.
If�k+1( �fx ) > �k+1( �fx ′), then it also holds that fi (x ′) 	=

�(c) for all i ∈ {1, . . . , n}, since by definition �k+1( �fx ′) ≥
� j ( �fx ′) for all j ∈ {k + 2, . . . , n}.

By Lemma 1, x ′ would then satisfy c. Since we have
already concluded that x ′ satisfies all the constraints in �′,
it follows that x ′ would then satisfy all the constraints in
�′ ∪ {c}. This contradicts our assumption that the set of solu-
tions satisfying �′ ∪ {c} is empty, and thus, it cannot hold
that �k+1( �fx ) > �k+1( �fx ′). In consequence, we have that
the assumption (†) implies �k+1( �fx ) = �k+1( �fx ′).

By Theorem 4.1, we know that assumption (†) holds for
k = 1. By induction, it therefore also holds for all k. ��

Let us now examine under what circumstances the con-
ditions for Theorem 4.3 are fulfilled. We observe that � can
only be injective if the conditions ofTheorem4.2 aremet, i.e.,
if each partition Pi is equal to the unique partition induced
by =

fi
. Otherwise, at least one partition has a pair of regions

with the same value, and so � cannot be injective. If we thus
fix each partition Pi to the partition induced by =

fi
, the ques-

tion of whether � is injective or not will depend only on the
criteria f1, . . . , fn .

For each criterion fi , we consider the set of values that
this criterion attains across the set of solutions X , i.e., the
image Ii (X ) of X under fi . If the sets I1(X ), . . . , In(X )

are pairwise disjoint, we say that the criteria have unique
values. We observe that with the partitions fixed as stated
above, � will be injective if and only if the criteria have
unique values.

4.2 Computational Optimizations

Although our proposed algorithmic pattern is meant to be
abstract and not a concrete algorithm for solving a specific
optimization problem, we will still discuss some variations
on the basic algorithmic pattern that may lead to improved
computational performance in concrete algorithms.

First, we observe that for each criterion fi , the constraints
that correspond to the regions of Pi that attain the lowest
value for fi can be omitted from the set of constraints C
without affecting the outcome. To see this, we first observe
that if there are multiple constraints corresponding to fi that
attain this lowest value, then they can be merged into a single
region/constraint without violating the conditions of Theo-
rems 4.1–4.3 as outlined in Section 4.1. Thus,we need only to
consider the casewhere there is a single such constraint.Next,
we observe that by the time that this constraint is considered
during the execution of the algorithm, all other constraints for
that criterion have already been considered. There are then
two possible cases to consider:

1. All constraints have been added to �, in which case the
added constraints must imply that the solution is within
the region associated with the lowest-value constraint.
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2. Exactly one of the higher-value constraints has not been
added to�. In this case, the solutionmust be in the region
corresponding to the constraint that was not added.

In both cases, the region to which the solution belongs is
already determined by the higher-value constraints already
added to � during previous iterations. Hence, we may omit
the lowest-value constraint from the computations without
affecting the result. If the number of regions of each Pk is
very small, then avoiding sorting the elements with minimal
value may be substantially more computationally efficient.

The second optimization is based on the observation that if
a constraint is not added to� during the iteration at which it is
considered, then the solution produced by the algorithmmust
lie within the region corresponding to that constraint. There-
fore, any remaining lower-value constraints corresponding
to the same criterion are guaranteed to be satisfied by the
solution, and so they can be added to � without evaluating
the if-statement. For problems where solving the associated
constraint satisfaction problem is computationally expensive,
this may lead to a substantial reduction in computation time.

4.3 Summary of Our Main Results

In this section, we have proposed a general algorithmic
pattern for Lex-MO optimization of combinatorial multi-
criteria optimization problems. In Section 4.1, we provided
three theorems that give successively stronger guarantees
on the optimality of the solutions produced by our pro-
posed algorithmic pattern, under different assumptions on
the underlying optimization problem. These results are sum-
marized in Table 1.

In the following sections, we present two case studies to
demonstrate the utility of the proposed algorithmic pattern.
We consider two previously published combinatorial opti-
mization methods, the mutex watershed [4] algorithm and
the Malmberg–Ciesielski algorithm [7], and show that they
can be formulated as instances of the general algorithmic pat-
tern proposed here. In doing so, we also prove some novel
properties of these algorithms that are not presented in the
original publications.

5 Case Study 1: Correlation Clustering and
theMutexWatershed Algorithm

In our first case study, we look at the mutex watershed algo-
rithm [4], which solves a variant of an optimization problem
called correlation clustering.

Consider an undirected graph G(V , E), with vertices V
and edges E . We denote by vi the i :th vertex of the graph,
and denote by ei, j an edge spanning two vertices vi and v j .

Table 1 Optimality properties of the solutions produced by the pro-
posed algorithmic pattern, under different assumptions on Pi and fi

Optimality of solutions
Assumption on
Pi and fi

Max-ordering
optimality

Pareto
optimality

Lex-MO
optimality

Each Pi is a
refinement of
the partition
induced by =

fi
.

(Theorem 4.1)

�

Each Pi is equal
to the partition
induced by =

fi
.

(Theorem 4.2)

� �

The mapping
� between the
constraints in C
and their asso-
ciated values is
injective. (Theo-
rem 4.3)

� � �

The edge set E = E+ ∪ E− of G is partitioned into
attractive edges E+ and repulsive edges E−. We associate
with this graph a mappingw : E → R

+ that assigns to every
edge e ∈ E a real valued positive weight w(e).

The weight of attractive edges indicates that the vertices
spanned by the edge are similar and have a preference to
belong to the same region in a partition. The weight of repul-
sive edges, on the other hand, indicates that the spanned
vertices are dissimilar and have a preference to belong to
different regions in a partition. The correlation clustering
problem consists of finding a partition that either maximizes
agreements (sum of attractive edge weights within a clus-
ter plus the sum of repulsive edge weights between clusters)
or minimizes disagreements (sum of repulsive edge weights
within a cluster plus the sumof attractive edgeweights across
clusters). The two problems are equivalent, so we focus here
on minimizing disagreement.

The cut set δP of a partition P of the set of vertices V is
defined as the set of edges ep,q for which the vertices p and
q belong to different regions. Formally, we seek a partition
P whose cut set minimizes the objective function

fcorr =
∑

e∈E+∩δP
we +

∑
e∈E−\δP

we . (9)

Correlation clustering has the advantage of not requiring
that we specify the desired number of clusters in advance, or
provide additional constraints in the form of seeds. Instead,
the optimal number of clusters is determined from the objec-
tive function itself, as it contains attractive aswell as repulsive
cues.
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Finding a globally optimal solution to the correlation clus-
tering problem is NP-hard [17] in the general case. Wolf
et al. [4], however, studied a variant of this problem and
showed that under certain conditions this modified problem
can indeed be solved in low-order polynomial time. The algo-
rithm they proposed for solving this problem—the mutex
watershed—is the focus of this section.

In order to present the results ofWolf et al. [4],we rephrase
the correlation clustering problemas amulticriteria optimiza-
tion problem. To this end, we can consider every attractive or
repulsive edge e as a separate criterion fe. For an attractive
edge e ∈ E+, we have

fe(P) =
{

w(e) if e ∈ δP ,

0 otherwise.
(10)

Similarly, for a repulsive edge e ∈ E−, we have

fe(P) =
{

w(e) if e /∈ δP ,

0 otherwise.
(11)

In this perspective, the objective function fcorr for cor-
relation clustering is simply a scalarization of all criteria fe
taking the sum of all individual criteria.

As noted in Section 2.2, scalarization by taking the sum
is a special case of the more general scalarization function
Fp, which takes the sum of all individual criteria raised to
a power p. This leads to a generalized form of the corre-
lation clustering problem, where we seek a clustering that
minimizes

(∑
e∈E

fe(P)p

)1/p

. (12)

Wolf et al. [4] prove the following theorem about the
optimality of partitions produced by the mutex watershed
algorithm:

Theorem 5.1 If an edge-weighted undirected graph G =
(V , E+ ∪ E−) has unique weights, then there exists a value
p′ ∈ N

+ such that the mutex watershed partition of V is a
global minimizer of Eq. 12 for any p ≥ p′.

An edge-weighted graph G = (V , E) is said to have
unique weights if no two edges have the same weights. More
formally, we say that the graph has unique weights if the
mapping w defining the edge weights is injective.

5.1 TheMutexWatershed Algorithm

We now recall the mutex watershed algorithm proposed by
Wolf et al. [4]. In their original publication, Wolf et al. [4]
present several equivalent versions of this algorithm. Here,

Algorithm 2: Conflicted-cycles mutex watershed
Input: An edge-weighted undirected graph

G = (V , E = E+ ∪ E−) with attractive edges E+ and
repulsive edges E−.

Output: A partition of V .
Set E ′ ← ∅
foreach e ∈ E in decreasing order of weight do

if (V , E ′ ∪ {e}) does not have a conflicted cycle then
E ′ ← E ′ ∪ {e}

end
end
Return the partition of V given by the connected components of
the graph G ′ = (V , E ′ ∩ E+).
The cut set of this partition is the union of E− ∩ E ′ and E+ \ E ′.

we will specifically study a version called the conflicted
cyclesmutexwatershed, as this version of the algorithm lends
itself well to our aim of relating the mutex watershed to
our proposed Algorithm 1. Since the conflicted cycles mutex
watershed is equivalent to the other versions of the algorithm
presented by Wolf et al. [4], our results hold for all versions
of the mutex watershed algorithm.

The pseudocode for the conflicted cyclesmutexwatershed
algorithm is listed in Algorithm 2. In an undirected graph
G = (V , E+ ∪ E−) with attractive edges E+ and repulsive
edges E−, a cycle is said to be conflicted if it contains exactly
one repulsive edge.

The algorithm takes as input an edge-weighted undirected
graph G = (V , E+ ∪ E−) with attractive edges E+ and
repulsive edges E−, and returns a partition of the vertices V .

5.2 Optimality of theMutexWatershed Algorithm

We will now study the optimality properties of the solutions
produced by the mutex watershed algorithm, showing that
Algorithm 2 is an instance of Algorithm 1. To show this, we
argue for the following properties:

(P1) There is a one-to-one correspondence between the edges
E in Algorithm 2, ordered by weight, and a valid
sequence of constraints C in Algorithm 1, ordered by
value.

(P2) The condition “(V , E ′ ∪ {e}) does not have a conflicting
cycle” inAlgorithm2 is equivalent to the condition “there
exists a solution x ∈ X satisfying the constraints�∪{c}”
in Algorithm 1.

(P3) The partition returned by Algorithm 2 satisfies all con-
straints represented by the edges in the set E ′.

Again, we consider every attractive or repulsive edge as
a separate criterion in a multicriteria optimization problem.
The criteria fe are given by Eq. 10 for attractive edges, and
by Eq. 11 for repulsive edges.
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For each criterion fei, j , we let Pi, j be the partition induced
by the equivalence classes of the relation =

fei, j
. Each Pi, j

divides the set of solutions into two regions, i.e., one region
containing all solutions where i and j are connected and one
region containing solutions where they are disconnected by
the cut.

For the purposes of Algorithm 1, these regions correspond
to two separate constraints:

• Amust-not-link constraint between i and j , excluding all
solutions where i and j are connected.

• A must-link constraint between i and j , excluding all
solutions where i and j are disconnected.

Let C be the sequence of all such must-link and must-
not-link constraints for all criteria fe, e ∈ E , ordered
by decreasing value. Since this sequence of constraints is
derived from the partitions Pi, j induced by the equivalence
relations =

fe
, we can use C as the sequence of constraints for

Algorithm 1. The partitions Pi, j satisfy the conditions for
both Theorems 4.1 and 4.2.

Thus, every edge e ∈ E corresponds to two constraints
in C. By the argument in Section 4.2, we can remove the
constraint with the lowest value in each such pair from C,
without affecting the resulting solution produced by Algo-
rithm 1. By the design of the criteria fei, j , a must-link
constraint will always have a higher cost than the corre-
sponding must-not-link constraint for an attractive edge.
Conversely, a must-not-link constraint will always have a
higher cost than the corresponding must-link constraint for a
repulsive edge. After removing the constraint with the lowest
value for every edge, the resulting sequence C thus con-
tains exactly one must-not-link constraint for every repulsive
edge and exactly onemust-link-constraint for every attractive
edge.

This means that after removal, there is a one-to-one
correspondence between the set of constraints C used in
Algorithm 1 and the set of edges E = E+ ∪ E− used in
Algorithm 2. The value �(c) of each constraint c ∈ C is
also equal to the weight of the corresponding edge in E . This
means that the edges E in Algorithm 2 play exactly the same
role as the sequence of constraints C in Algorithm 1. Simi-
larly, the set E ′ in Algorithm 2 corresponds to the set � in
Algorithm 1. This concludes our arguments for (P1).

Next, the validity of (P2) is shown by the following the-
orem. This property of conflicted cycles was stated by Wolf
et al. ([4], Section 4.1), but for completeness, we provide a
formal proof here.

Theorem 5.2 Let G = (V , E+∪E−) be an undirected graph
with attractive edges E+ and repulsive edges E−, and let E ′

be a subset of E+ ∪ E−. Then the following statements are
equivalent:

• The graph (V , E ′) does not have a conflicting cycle.
• There exists a partition of V that satisfies all must-link
and must-not-link constraints represented by the set of
edges E ′.

Proof First, we show that if the graph (V , E ′) does not have
a conflicting cycle, then there exists a partition of V that sat-
isfies all must-link and must-not-link constraints represented
by the set of edges in E ′. Let P be the partition of V induced
by the connected components of (V , E ′∩E+). By definition,
every pair of vertices spanned by an attractive edge e+ ∈ E ′
will belong to the same region of P . Additionally, any pair
of vertices v1, v2 ∈ V spanned by a repulsive edge e− ∈ E ′
must belong to different regions in P . Otherwise, therewould
exist a path π between v1, v2 on (V , E ′) consisting only of
attractive edges. Appending e− to π would create a conflict-
ing cycle, contradicting our initial assertion that (V , E ′) is
free from conflicting cycles. This concludes the first part of
the proof.

Next, we show that if there exists a partition of V that sat-
isfies all must-link and must-not-link constraints represented
by the set of edges in E ′, then (V , E ′) does not have a con-
flicting cycle. Assume (†) to the contrary that (V , E ′) has at
least one conflicting cycle and that there exists a partition P ′
of V satisfying all constraints represented by the edges in E ′.
In other words, P ′ satisfies the following assumptions:

(A1) every attractive edge in E ′ spans vertices belonging
to the same region in the partition.

(A2) every repulsive edge in E ′ spans vertices belonging
to different regions in the partition.

Let v1 and v2 be vertices spanned by a repulsive edge
belonging to a conflicted cycle in (V , E ′). By (A1), v1 and
v2 must then belong to the same region of P ′, but by (A2)
they must belong to different regions. Thus, our assumption
(†) leads to a contradiction. This concludes the proof. ��

Finally, for (P3), let P be the partition given by the con-
nected component of the graph G ′ = (V , E ′ ∩ E+). By
design, this partition satisfies the property that two vertices
belong to the same region of P if and only if they are
connected by a path with only attractive edges. Thus, all
must-link constraints are represented by E ′. To see that all
must-not-link constraints are also satisfied by P , assume to
the contrary that there exists a repulsive edge e ∈ E ′ span-
ning two vertices v1 and v2 that belong to the same region
in P . Then there is a path of attractive edges connecting v1
and v2, and appending e to this path would form a conflict-
ing cycle, which is a contradiction since (V , E ′) is free from
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conflicting cycles by design. This concludes our argument
for (P3).

We conclude that Algorithm 2 is indeed an instance of
Algorithm 1 and that the conditions for both Theorems 4.1
and 4.2 are satisfied. This leads to the following corollaries
of Theorems 4.1 and 4.2:

Corollary 5.1 The mutex watershed partition of V is max-
orderingoptimalwith respect to the criteria ( fe1 , fe2 , . . . , fe|E |).

Corollary 5.2 The mutex watershed partition of V is Pareto
optimal with respect to the criteria ( fe1, fe2 , . . . , fe|E |).

These properties of the solutions produced by the mutex
watershed algorithm were not stated in the original publica-
tion by Wolf et al. [4].

Additionally, if the graphG has unique edgeweights, then
the conditions for Theorem 4.3 are also satisfied, leading to
the following corollary:

Corollary 5.3 If an edge-weighted undirected graph G =
(V , E+ ∪ E−) has unique weights, then the mutex water-
shed partition of V is a Lex-MO optimizer of the criteria
( fe1 , fe2 , . . . , fe|E |).

In Section 2.3,we observed that the optimal solutions to p-
norm optimization problems converge to a Lex-MO optimal
solution as p approaches infinity. This means that Corol-
lary 5.3 is equivalent to Theorem 5.1 already shown byWolf
et al. [4])

6 Case Study 2: Binary Graph Labeling and
theMalmberg–Ciesielski Algorithm

In our second case study, we look at theMalmberg–Ciesielski
method, which solves a problem of optimally assigning
binary labels to the vertices of a graph.

We start by introducing a general version of the vertex
labeling problem. Given a directed graph G = (V , E), we
seek an assignment � : V → {0, 1} of binary labels to the
vertices of G that minimizes an objective function f , as fol-
lows:

f p(�) :=
∑
vi∈V

φi (�(i))
p +

∑
(i, j)∈E

φi j (�(i), �( j))
p, (13)

Here, �(i) ∈ {0, 1} denotes the binary label assigned to vertex
vi ∈ V , and p ∈ R with p ≥ 1. Optimization problems of
this form commonly occur, e.g., in the context of Markov
random fields.

The functions φi (·) are referred to as unary terms. Each
unary term depends only on the label assigned to a single
vertex, and they are used to indicate the preference of an
individual vertex to be assigned each particular label.

The functions φi j (·, ·) are referred to as pairwise terms.
Each pairwise term depends on the labels assigned to two
vertices simultaneously, and thus introduces a dependency
between the labels assigned to the vertices. Typically, this
dependency between variables is used to express that the
desired solution should have some degree of smoothness, or
regularity.Note that in formulating the optimization problem,
we have defined G as a directed graph. The reason for this
is that we allow the pairwise terms to have “directionality”,
i.e., φi j (x, y) may attain a different value than φi j (y, x). We
assume that there is at most one pairwise term for each pair of
vertices, i.e., that E does not contain any anti-parallel edges.

As established by Kolmogorov and Zabih [18], the
labeling problem described above can be solved to global
optimality under the condition that all pairwise terms are
submodular, which in the form presented here means that
they must satisfy the inequality

φi j (0, 0)
p + φi j (1, 1)

p ≤ φi j (0, 1)
p + φi j (1, 0)

p. (14)

If the problem contains non-submodular binary terms,
finding a globally optimal labeling is known to be NP-hard
in the general case [18]. Practitioners looking to solve such
optimization problems must therefore first verify that their
local cost functional satisfies the appropriate submodularity
conditions. If this is not the case, they must resort to approx-
imate optimization methods that may or may not produce
satisfactory results for a given problem instance [19].

However, Malmberg and Ciesielski [7] showed that in
the limit case, as p approaches infinity, the requirement for
submodularity disappears! To characterize the labelings that
minimize Equation 13 as p goes to infinity, we again observe
that as p goes to infinity the objective function f p itself con-
verges to

f∞(�) := max
{
max
vi∈V

φi (�(i)), max
(i, j)∈E φi j (�(i), �( j))

}
. (15)

i.e., the objective function becomes the max-norm of the
vector containing all unary and pairwise terms. As we
will see in the following sections, the Malmberg–Ciesielski
algorithm [7] computes, in polynomial time, a labeling
that globally minimizes f∞, even in the presence of non-
submodular pairwise terms. Under certain conditions, the
same algorithm is also guaranteed to produce a solution that
is optimal in the Lex-MO sense.

6.1 TheMalmberg–Ciesielski Algorithm

We now recall the Malmberg–Ciesielski algorithm. In the
exposition of this algorithm, we will treat the labels assigned
to the vertices of the graph asBoolean propositional variables
X = (x1, x j , . . . , x|V |). Thus, each variable x1 can take two
possible values: TRUE, which will be identified with the
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number 1 and FALSE, which will be identified with 0. Each
unary term depends only on the Boolean value assigned to
one vertex. Thus, there are two possible configurations for a
given unary term – the vertex can be assigned either 0 or 1.
Both configurations are associated with a cost, i.e., the value
of the unary term for that configuration.

Similarly, each binary term depends on the Boolean val-
ues assigned to two vertices. Thus, there are four possible
configurations for a given binary term. Again, each config-
uration is associated with a cost, given by the value of the
binary term for that configuration.

Just as with Algorithm 1, the general idea behind the
Malmberg–Ciesielski algorithm is to start from the set of
all possible solutions, i.e., all possible ways of assigning
Boolean values to the vertices of the graph. We then iter-
atively add constraints to the set of solutions, to exclude
solutions containing high cost configurations for certain
unary or binary terms. We will express these constraints as
Boolean formulas.

For a unary term associated with a variable xi , there are
two possible configurations and therefore also two possible
constraints:

• (xi ), excluding all solutions where �(i) = 0.
• (¬xi ), excluding all solutions where �(i) = 1.

For a binary term associated with variables xi and x j ,
there are four possible configurations, and therefore also four
possible constraints:

• ¬(xi ∧ x j ), excluding all solutions where both �(i) = 1
and �( j) = 1.

• ¬(xi ∧¬x j ), excluding all solutions where both �(i) = 1
and �( j) = 0.

• ¬(¬xi ∧x j ), excluding all solutions where both �(i) = 0
and �( j) = 1.

• ¬(¬xi ∧¬x j ), excluding all solutions where both �(i) =
0 and �( j) = 0.

With these preliminaries in place,wedescribe theMalmberg–
Ciesielski algorithm [7], whose pseudocode is given in
Algorithm 3. The input to the algorithm is a listC containing
all possible constraints for all unary and binary terms, sorted
in descending order by the cost of the associated configura-
tion. The algorithm starts from an empty Boolean formula
F . At each iteration of the for-loop, we try to append a con-
straint c to F . The constraint is only appended if the resulting
formula remains satisfiable—aBoolean formula is said to be
satisfiable if there exists at least one assignment of truth val-
ues to the involved Boolean variables that makes the whole
formula evaluate to TRUE. This means that F remains satis-
fiable at all steps of the algorithm. At the termination of the

Algorithm 3: Malmberg-Ciesielski algorithm
Input: A list C of constraints, sorted in descending order by the

cost of the associated configuration. Each constraint is
encoded as a Boolean formula over a set of Boolean
variables X = (x1, x2, . . . , xn).

Output: A truth assignment of the Boolean variables X ,
representing a binary labeling of the vertices of a graph.

Let F be an empty Boolean formula.
foreach c ∈ C do

if F ∧ c is satisfiable then
Set F ← F ∧ c.

end
end
Return a truth assignment of X that satisfies F .

for-loop, we return a truth assignment of the Boolean vari-
ables X that satisfies F . This truth assignment for X naturally
translates into a vertex labeling �.

As shown by Malmberg and Ciesielski [7], determining
whether F is satisfiable amounts to the so-called Boolean
2-satisfiability (2-SAT) problem. The 2-SAT problem can be
solved in linear timewith respect to the number of constraints
using, e.g., Aspvall’s algorithm [20]. If the given formula
is satisfiable, Aspvall’s algorithm also returns a satisfying
assignment. An efficient version of Algorithm 3, exploiting
the redundancy between consecutive 2-SAT problems, was
proposed by Malmberg and Falcão [8].

6.2 Optimality of theMalmberg–Ciesielski
Algorithm

We will now study the optimality properties of the solutions
produced by theMalmberg–Ciesielski algorithm.To this end,
we consider every unary term φi and binary term φi j as a
separate criterion in a multicriteria optimization problem.
The objective function f p(�) defined in Equation 13 can then
be seen as a scalarization of this multicriteria optimization
problem.

Wewill now show that Algorithm 3 is an instance of Algo-
rithm 1. This is rather straightforward, as the overall structure
of the two algorithms is essentially identical. Both algorithms
start from an empty set of constraints on the solution. Then,
in both algorithms, we iteratively add constraints to this set
while ensuring that the set of constraints remains satisfiable,
i.e., that there exists at least one solution that satisfies all con-
straints. It remains to show that the list of constraints C used
in Algorithm 3 corresponds to a valid list of constraints for
Algorithm 1.

Every unary term φi is associated with two constraints:
(xi ) and (¬xi ). These constraints correspond to a partition
of the solution set into two regions, which coincides exactly
with the partition inducedby the equivalence classes of=

φi
.We

can assume that each unary term attains two distinct values,
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since otherwise the value of that term would be constant
across all solutions and could be excluded without affecting
the set of optimal solutions.

Similarly, every binary term φi j is associated with four
constraints: ¬(xi ∧ x j ), ¬(¬xi ∧ x j ), ¬(xi ∧ ¬x j ), and
¬(¬xi ∧ ¬x j ). These constraints correspond to a partition
Pi j of the solution set into four regions, and this partition
is a refinement of the partition induced by the equivalence
classes of =

φi j
. If φi j attains four distinct values, then Pi j is

equal to the partition induced by the equivalence classes of
=
φi j
.

We conclude that each of the partitions Pi and Pi j are
refinements of the partitions induced by the equivalence
classes of each corresponding relation =

φi
and =

φi j
. Thus, the

partitions Pi and Pi j satisfy the conditions for Theorem 4.1,
which leads to the following corollary:

Corollary 6.1 The labeling produced by the Malmberg–
Ciesielski algorithm is max-ordering optimal with respect
to the unary terms φi and the binary terms φi j .

If every binary term φi j attains four distinct values, then
the partitions Pi and Pi j also satisfy the conditions for The-
orem 4.2, which leads us to the following corollary:

Corollary 6.2 If every binary term attains four distinct val-
ues, then the labeling produced by the Malmberg–Ciesielski
algorithm is Pareto optimal with respect to the unary terms
φi and binary terms φi j .

Finally, if all criteria φi and φi j have unique values, in the
sense defined in Section 4.1, then the conditions for Theo-
rem 4.3 are also satisfied, leading to the following corollary:

Corollary 6.3 If all criteria φi and φi j have unique values,
then the labeling produced by theMalmberg–Ciesielski algo-
rithm is Lex-MO optimal.

Corollary 6.1 and 6.3 were already shown in the original
publication by Malmberg and Ciesielski [7], but Corol-
lary 6.2 was not. This corollary states that the solutions
produced by the Malmberg–Ciesielski algorithm are guar-
anteed to be Pareto optimal if there are no binary terms that
can attain the same value for different label configurations.
By the arguments in Section 4.1, it appears possible to mod-
ify the Malmberg–Ciesielski algorithm to guarantee Pareto
optimal solutions. This is an interesting direction for future
work.

7 Conclusions

We have presented a generalized version of a class of greedy
algorithms for combinatorial multicriteria optimization. In

Section 4.1, we provided three theorems that give succes-
sively stronger guarantees for the optimality of the solutions
produced by our proposed algorithmic pattern, under dif-
ferent assumptions on the underlying optimization problem.
A summary of our main theoretical results is presented in
Table 1.

Our general conclusion is that concrete implementations
of the proposed algorithmic pattern can be designed so that
they are guaranteed to return solutions that are max-ordering
and Pareto optimal, i.e., they satisfy two of themain desirable
properties of Lex-MO optimal solutions. If the criteria for
the optimization problem we are trying to solve have unique
values, in the sense defined in Section 4.1, then the solutions
are also guaranteed to be Lex-MO optimal.

By identifying a common algorithmic pattern for com-
binatorial Lex-MO optimization, we hope to facilitate the
development of new such algorithms. With the results
presented here, the optimality properties of new such algo-
rithms do not need to be derived independently for each
algorithm. Instead, it is sufficient to show that a new algo-
rithm is an instance of the proposed general algorithmic
pattern. In the two case studies presented here, we gave
examples of this process by showing that two previously pub-
lished optimization methods—the mutex watershed and the
Malmberg–Ciesielski algorithm—can be seen as instances
of the proposed general algorithmic pattern. In doing so,
we provided alternative proofs of correctness for these two
algorithms and also derived some novel results about the
properties of the solutions produced by these algorithms.
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