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Abstract

The use of calculus in chemistry is much more than just for computation — it is an
essential tool for the analysis, modelling and meaning-making of many chemical
phenomena. Through discussions along three themes, this Commentary highlights
various aspects of the interplay between chemistry and mathematics, as well as
possible opportunities and synergies for a collaborative approach in undergraduate
education to promote students’ deeper conceptual understanding of both disciplines.

Keywords Mathematics in chemistry - Meaning-making - Models - Mathematical
modelling - Objects of meaning

The central message of the article The Intersection of Chemistry and Calculus: a
Mutually Beneficial Crossroad by Towns et al. (2025) (referred to as “the authors”
from now on) is that there are contexts for the teaching and learning of chemistry,
in particular physical chemistry, that provide important opportunities for synergies
that can help students improve their conceptual understanding of both chemistry and
calculus. Through their exposition and explanations of possible activities involving
students gathering and analysing data in experiments in chemical kinetics and gas
expansion, the authors illustrate in detail how fundamental concepts can be discussed.
These include the basis and nature of the derivative, as well as different ways to
understand and conceive the integral that incorporate several key ideas that are also
keenly discussed in the mathematics education literature (adding up pieces, accumu-
lation from rate, area under the curve, infinitesimal steps, approaching a limit). As the
authors point out, and as also discussed in the literature, there is often a disconnect
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between the more abstract, definition-driven approach to teaching and learning calcu-
lus, focusing on precision and rigor, and the more pragmatic, data- and model-driven
applications of calculus in experimental sciences such as chemistry. The authors pro-
vide examples aimed at closing this gap through activities designed with an explicit
goal to illustrate and explain calculus concepts through student-active processes of
discovery, so that calculus concepts become more concrete and relatable to phenom-
ena. At the same time, these activities provide students with the opportunity to further
their understanding of the chemical content, with integrated insights on how and why
calculus is both relevant and useful.

In this commentary, I intend to highlight and discuss three themes that connect to
the authors’ article, with the aim of further broadening the context and ramifications
of their work.

Theme 1: Mathematics as Part of the Multiple Representations of
Chemistry

Why is chemistry often so difficult for students to learn? This is a question that has
been posed by generations of educators and educational researchers (Cooper &
Stowe, 2018). While there is certainly a myriad of factors that can be identified, the
way in which chemistry as a discipline is represented and discussed has been identi-
fied as one key aspect. The chemistry triplet, also known as the Johnstone’s triangle,
attempts to capture the challenges involved, with extensive discussions in the chem-
istry education literature about the scope, details and variations of this framework
(Gilbert & Treagust, 2009; Johnstone, 1991; Reid, 2021; Taber, 2013; Talanquer,
2011). At the heart of it, the framework in its various guises highlights the fact that
chemistry as a discipline places high demands on the learner in understanding, work-
ing with and integrating multiple levels of representation (Fig. 1).

At the macroscopic level, there are chemical phenomena that can be observed,
measured and experienced through the macroscopic senses (or mediated by instru-
ments) — colours change, reactants become warm, substances dissolve or precipitate
out, even smells or sounds can be detected. In order to explain the causes of such
phenomena, chemists need to invoke models at the particle level, often referred to as
the particulate or submicroscopic level, where particles such as atoms and molecules
interact and react. With these particles and interactions invisible to the naked eye,
thinking about these interactions and processes ultimately involves mental models
that chemists (and learners) have to conceptualise and work with. But naturally, to
facilitate working with and communicating such (invisible) mental models, they are
also represented in written and graphical forms. This symbolic level of representa-
tion includes schematic drawings and icons of the particles making up the substances
involved, graphically representing their nature and structures at the particulate level,
as well as their interactions and dynamic changes. Illustrations of atoms and mol-
ecules in figures and diagrams are ultimately symbolic representations of mental
models that attempt to explain what happens and is observed macroscopically. Addi-
tionally, this symbolic level also includes such things as chemical formulas, reaction
formulas, and, especially relevant in the current context, mathematical models and
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Fig. 1 The chemistry triplet, also known as the Johnstone’s triangle, that aims to capture the different
levels of representation involved in communicating and discussing chemistry. Note that the images here
illustrating the particulate and macroscopic levels are of course themselves symbolic representations

formalisms such as equations and graphs that describe and capture the nature of dif-
ferent chemical systems and their behaviour.

While the use and integration of these multiple representations in chemistry are
essential for the knowledge structure and communication of the discipline, they are
also known to pose significant challenges for the learner. Cognitively, working with
and understanding the links between these different levels is a challenge in itself.
The challenge is, unfortunately, exacerbated from a pedagogical point of view due to
instructional design and/or learner habits that do not sufficiently support learners in
connecting these representations (Cooper & Stowe, 2018; Gilbert & Treagust, 2009).
Relating especially to the application of mathematics, there is a significant risk of
overly emphasizing the symbolic level, in isolation from the others. It is an all-too
frequent lament of instructors that students do not always conceptually understand
what they are calculating and why — the mathematical results become devoid of phys-
ical or chemical meaning and do not further convey chemical understanding (Becker
& Towns., 2012; Camacho & Good, 1989; Chandrasegaran et al., 2009).

Viewed through the lens of this framework on multiple representations, it can be
seen that the activities described and proposed by the authors provide not only poten-
tial synergies to improve conceptual understanding of both calculus and chemistry,
but also give significant opportunities for scaffolding students’ making connections
across the multiple levels of representation in chemistry, as well as their meaning-
making across the disciplines of chemistry and calculus. Designed as activities where
students would make hands-on measurements and experimental observations, be it
the progress of a reaction in a kinetic experiment, or gas expansion, students are
afforded the opportunity to observe and experience the macroscopic phenomenon
in a very concrete manner. Data analysis, through the construction of graphs, math-
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ematical equations and ultimately mathematical models, takes place at the symbolic,
quantitative level of representation, providing a connection between the macroscopic
phenomena and corresponding symbolic mathematical representations and analyses.
The proposed activities invite and scaffold student reflection and thinking about the
nature of that connection, and in doing so also illustrate and elucidate the origins
and meaning of the derivate and integral as calculus concepts. As such, not only do
these activities have the potential to improve calculus learning by providing concrete
meaning to calculus concepts that are generally treated abstractly in a traditional cal-
culus class, these activities also provide important opportunities for meaning-making
and building connections between the symbolic and macroscopic levels of represen-
tation in chemistry. To take full advantage of the pedagogical affordances of these
activities from the multiple representations perspective, the instructor should also be
careful to design and scaffold explicit exploration of and thinking about the interac-
tions and reactions of the atoms and molecules at the particulate level during these
experiments, thus linking them explicitly to the macroscopic phenomena and the
symbolic mathematical treatments. Given that the mathematical models invoked in
these activities necessarily involve simplifying assumptions such as ideal gas behav-
iour and reversible expansion/compression processes, such discussions of the models
at the particulate level are also necessary to help students understand how ideal and
real behaviour would differ. This additionally opens up for further discussions on
how such deviations could be addressed in higher level models. Such considerations
lead to the second theme to be addressed here.

Theme 2: Connecting to the Nature of Models and Promoting
Conceptual Understanding and Meaning-making

The authors point out a tension between the discrete and the continuous as an impor-
tant contextual backdrop across the disciplines. Chemistry is by and large an empiri-
cal discipline based on measurements giving discrete data points. By contrast, the
calculus that students encounter deals with, and indeed requires, smooth and con-
tinuous mathematical functions. This is indeed an important distinction, and I would
argue that there are even more lessons connected to this that can be learnt by both
students and instructors in calculus and chemistry when considering the nature of
these activities at the interface between the two disciplines.

This fundamental contrast in the nature of chemical data and calculus may on the
one hand seem obvious, but it is on the other hand also rather subtle and profound.
The reason is that this distinction leads to the consequence that any application of
calculus to chemical data is necessarily first mediated by the construction of or fitting
to a mathematical model in the form of a continuous function, whether it be an ana-
lytical function grounded in theory, or an empirically fitted function. This realisation
leads in turn to the insight that the process of mathematical modelling is an inher-
ent part of the connection between chemistry and calculus; the chosen mathematical
function is at once linked to both mathematical and the scientific models chosen to
describe and analyse the underlying phenomenon (Fig. 2). Meaning-making is inher-
ent to interpreting and evaluating the nature and validity of the chosen function with
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Fig. 2 An illustration of discrete empirical data that first needs to be fitted with a smooth and continu-
ous mathematical function in order for it to be amenable for analysis using calculus. The choice of
the mathematical function is, however, not necessarily unique or obvious, and is intrinsically tied to
the underlying scientific model chosen for analysing the data. Here, the same empirical dataset (with
inherent noise and measurement uncertainties) is fitted with a (a) monoexponential and a (b) biexpo-
nential function, respectively. The ultimate choice of model is not only influenced by a quantitative
goodness of fit, but also the judgement of the number and nature of processes to be included in the
scientific model

respect to such model. As such, embedded in this process is not only the connection
between the discrete and the continuous (see also Kidron, 2011; Kidron, 2015). There
are also connections to the nature of scientific models, including their contingent
nature regarding what aspects of phenomena are captured and represented, their ana-
lytical and predictive power, as well as their underpinnings in both theory and data.
Empirical considerations of measurement uncertainties and their relationships to data
fitting are also incorporated. Therefore, the importance of understanding models and
modelling looms large, but perhaps paradoxically rather implicitly in the background.

Use of Models without Analytical Forms

A point that has been raised by both the authors and in the literature is the tendency
for calculus students (and university courses...) to focus too much on technical
aspects of computations and evaluations, while neglecting the development of fun-
damental conceptual understanding of derivatives and integrals (see, for instance,
the review by Thompson & Harel, 2021). The authors’ proposed contextualisations
in chemistry could certainly contribute significantly to addressing this imbalance.
An additional and complementary suggestion could build on this: the use of data for
which there is no (or “an”) established analytical function. Such an activity could
provide opportunities to incorporate more in-depth discussions about the connections
outlined above between data and model, as well as the discrete and continuous. The
lack of a readily available analytical function mitigates against an over-emphasis on
technical calculations of derivatives or integrals, allowing more focus on conceptual
aspects of chemistry, model building and calculus.

Ilustrating this with an extension to the current reaction kinetics example, data
from reactions that do not fall neatly into the zeroth, first or second orders of reac-
tion could be used for the activity. Without performing any calculations, it would
nevertheless be possible to guide students’ focus towards exploring the idea of
rate of change, including the concept of approaching the limit as time intervals
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in question become shorter and shorter, all without attention being immediately
drawn to computation or formal mathematical definitions. An example that can be
adapted can be found in Rodriguez et al. (2018), where an open-ended task with
unusual kinetics behaviour was used to stimulate students to think more broadly
about experimental conditions and potential complex reaction mechanisms. There
are clear possibilities to harness synergistic pedagogical potentials across the disci-
plines with “non-canonical” contexts that lack underlying analytical mathematical
expressions.

Furthermore, connected to the discussion above regarding data fitting, students
could be provided with noisier, discrete data to incorporate an extra explicit step
of model fitting in the activity. Whether it be an analytical function or simply an
empirical line of best fit that students should model the data against, this step would
highlight for students that the function or best-fit is in fact a continuous model of
discrete empirical data. Arguably, this is an illuminating aspect also for instructors
of calculus about how calculus is applied in practice in empirical sciences. There
are not always analytical forms from which to compute derivatives or integrals,
but this does not make their physical significance any less. For many real-world
applications, analytical forms are not available, necessitating numerical methods
for determining (estimating) derivatives and integrals. This exploration without
analytical mathematical functions can nevertheless qualitatively illustrate the con-
nection between concentration and reaction rate, and could indeed be performed
prior to introducing the concept of the integer (zeroth, first and second) orders of
reaction.

While the reaction kinetics context involving derivatives has been discussed here,
corresponding activities involving the numerical or graphical evaluations of integrals
of functions lacking an analytical form (e.g., determining work for a non-reversible,
arbitrary path for PV-expansion) can also be designed to emphasise the concepts
of accumulation and summation. A further advantage of the PV-expansion is that
a quantity other than time ¢ is the independent variable, which could help mitigate
the risk of students associating the general concept of rate too strongly with time.
As pointed out by Jones (2015, 2017) students need to develop a strong understand-
ing of derivatives (rates) and integration as connected to covariation as a general
concept, rather than only linked to the time dimension. This is vital for understand-
ing the many fundamental thermodynamic and engineering relationships, particularly
so given the multivariate nature of such relationships and the prevalence of partial
derivatives (Fig. 3).
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Fig. 3 Examples of thermodynamic relationships involving partial derivatives. A key skill for students
is to be able to interpret, or “read out” the physical meaning of such expressions, without any computa-
tion. The quantities involved here are: entropy (), pressure (P), volume (V), temperature (7), Gibbs’
free energy (G) and enthalpy (H)
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Delving into Underlying Assumptions and Validity of Models

Another aspect concerning models can be discussed by considering the authors’ pro-
posed PV-expansion activity that connects the nature of integrals to thermodynamics.
This activity highlights an important point about the nature of models in chemistry
(and any other empirical science): models are by their nature reductionist with respect
to the phenomenon which they aim to describe. As such, assumptions and simplifica-
tions are made. Scientists are fully aware that models are not perfect reproductions
of “reality” (however this should be defined), but this does not make them wrong per
se. They are constructed to capture aspects of the phenomenon in question that are
deemed important and relevant in the current context, which is the background to the
existence and development of different models as necessary.

This is, however, a point that is often missed by students. Embedded in the authors’
description of the isothermal PV-expansion activity is that the phenomenon involves
reversible expansion. This is a highly idealised case where the piston movement is
assumed to be frictionless and that the expansion can occur so slowly and in such
infinitesimal steps that the external pressure can be assumed to be replaceable with
the internal pressure in the calculation of the work performed. This idealised case,
which as the authors explain would be a highly illustrative tool for students to under-
stand the nature of the integral, is in fact a special and limiting case. It is only where
such a reversible expansion can be assumed that expansion work can be calculated
by taking an ordinary integral of the ideal gas law as described.

Indeed, it is vital that chemistry students learn and understand that work is not a state
function like pressure or volume, but rather a quantity that is path dependent (Fig. 4).
How much work is done depends on the exact path between the initial and final state.
This is actually illustrated in the description of the fewer but larger steps in Fig. 2 of
the authors’ paper: each of these cases involves different paths in changing pressure
and volume that ultimately leads to the same final state. The sum of the shaded area

P P,V Generally:
state [2]
{iwa}y = Z dw = sz dw
state [1] Y
PV,
\

Special and idealised case!

& & V2 nRT v,
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Vi 1

Fig. 4 Example of the many possible paths for PV-expansion from state (P;, V) to (P,, V,). The very
specific and special case of reversible expansion is marked in blue and only for this process can the or-
dinary integral directly be applied to the ideal gas law. Other paths require path dependent summation
or the line (path) integral, for a path y. Note that a variety of notations is in use to indicate the need to
have regard to path dependence and thus the presence of an inexact differential (dw)
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corresponds to the total work performed in each case, with the limiting case of the
reversible expansion representing the maximum PV-work that is possible. The distinc-
tion between path independence and path dependence for changes in state and thermo-
dynamic quantities is so fundamental to chemistry that it would be extremely important
to incorporate such aspects in the implementation of the learning activities.

Having this perspective in mind, we can also appreciate the pedagogical affor-
dance here for not only connecting calculus with chemistry, but also numerous
aspects of the nature of models and the need to keep underlying assumptions in mind.
Furthermore, with appropriate scaffolding and contextualisation (be it in a chemistry
or calculus class), this chemistry context could be leveraged as a way for students
to learn about the concept of line integrals (also known as path integrals). In this
example, what is highlighted is how critical it is to ensure that the mathematical
model implemented is not divorced from the physical (chemical) phenomenon that it
represents. At the interface between mathematics and chemistry, what is possible to
do mathematically does not necessarily have relevant or correct physical meaning.
Just because something can be determined mathematically, does not mean that it is
appropriate. In the particular example discussed here, a blind application of the ordi-
nary integral on the ideal gas law between the states (P;, V;) and (P,, V/,) without hav-
ing regard to the path taken, would be an over-generalisation of the special limiting
case of the reversible expansion under idealized conditions (Fig. 4). It would lead to
both incorrect and meaningless results and also contribute to student misconceptions.

Theme 3: Much more than Computation and Evaluation - Calculus
Formalisms as “Objects of Meaning”

A common theme and call to action running through much of the literature on mathe-
matics and calculus in other subjects is to focus on enhancing conceptual understand-
ing of calculus in other disciplinary contexts: identifying and understanding ways in
which scientists use calculus and, as the authors advocate, creating learning opportu-
nities that are of mutual benefit for students’ conceptual understanding of both math-
ematics and the other disciplinary content (Biza et al., 2022; Engelbrecht et al., 2012;
Faulkner et al., 2020; Gonzalez-Martin, 2021; Jones, 2015). In this context, I would
further advocate a perspective where students are helped to see calculus formalisms
as “objects of meaning”, not just objects for computation. A concrete example to
illustrate this is the expression for a proportional-integral-derivative (PID) controller

(Fig. 5).

t de(t)
u(t) =er(t) +Ki B(T) dT+Kd7
0
Fig.5 Expression for the PID controller, where the constants K, K; and K, are used for tuning the con-

tributions of each term. For the integral term, 7 is commonly used as a dummy variable to distinguish
the variable of integration from ¢ as the limit of integration
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A PID-controller is a very widely used signal control for achieving and maintain-
ing set points, in such systems as thermostats for air-conditioning, cruise controls in
cars and even maintaining altitude in aircrafts. An inspection of the general expres-
sion for the controller reveals that it incorporates three components for determining
the correction signal u(f) to be applied given a deviation e(¢) of the actual value from
the desired set point. These components are: (1) a proportionality term, scaling to
the magnitude of the deviation at a particular point in time, allowing for immedi-
ate adjustments; (2) an integral term, scaled to the accumulated magnitude of the
deviation over a defined time interval (which can also be adjusted), which can help
to correct for steady-state deviations; and (3) a derivative term, scaled to the rate
of change of the deviation, allowing pre-emptive corrections of errors in later time
points by taking into account how rapidly the deviation is increasing or diminish-
ing. Each term in the expression can be seen as an “object” that bears meaning,
each representing a different way to relate the correction signal to the nature of the
deviation from set point, with each term having a different effect. The expression
constitutes a mathematical model of the controller that can be read and interpreted to
discover its components and overall nature, even in this very general form for which
computation and analytical evaluation is not possible. Indeed, in actual application
with measured, discrete data as input, such analytical evaluation is not even relevant
or possible, with real-time numerical analysis being applied in practice. It is in this
sense that the formalism could be seen as an “object of meaning”, as each term
encapsulates in a concise yet conceptually highly informative manner the nature of
the controller, allowing consideration of the effect and relative contributions of each
term in achieving and maintaining set points for the system in question. Although
not a strictly chemical example, from the point of view of students learning to apply
calculus in other disciplines, this example illustrates instances where much more
important insights involve the ability to see and interpret the calculus formalisms
involved as objects of meaning. “Reading out” the meaning embedded within a
mathematical term even without actual computation is a key skill for scientists and
engineers alike, with appropriate regard to the context and application, be it systems
control or chemistry (e.g., systems of reaction rates equations for more complex
reaction mechanisms). Ultimately such skills are at least as important as, if not more
important in the long run than, having technical competence in manually evaluat-
ing derivatives and integrals. Some studies how already shown how little techni-
cal evaluations are required in courses in other disciplines (Faulkner et al., 2020;
Gonzalez-Martin, 2021).

While procedural competence is still of significant worth and can also help to
further understanding of calculus, traditional mathematics courses arguably focus too
much on these technical aspects, and courses in other disciplines provide too little
scaffolding to help students develop abilities to read and interpret the meaning in
the mathematical formalisms, with students tending instead to see such expressions
simply as equations to apply in a “plug-and-chug” manner.
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Concluding Remarks

The increasing interest for interdisciplinary collaborations to discuss and research
more deeply into specific issues concerning the teaching, learning and application of
mathematics in the context other disciplines such as chemistry is exciting, timely and
very much welcomed. The authors’ article and this commentary aim to contribute to
the literature, but they only show the tip of the iceberg, and certainly raise more ques-
tions than we are currently able to answer. The sincere hope is that our work will help
to catalyse further research, promote synergies between our disciplines and improve
our understanding of the complexities involved.
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