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Abstract  

The current alarming loss of biodiversity requires improved techniques for mitigation. The 

ability to predict the expected effect of interventions affecting biodiversity ahead in time, 

with confidence limits, will therefore be central for efficient policy making in the future. This 

work develops new techniques for modeling of the biodiversity response that follow an 

abrupt intervention, like clear-cutting of forest. The modeling quantifies the dynamics of 

biodiversity metrics like species richness and geometric mean abundance with differential 

equations, where the unknown parameters are estimated with prediction error system 

identification techniques. Since the data is scarce in time per clear-cutting location, a 

minimum amount of only four parameters is estimated for all locations in a geographical 

region. The parameters are estimated by aggregation over multiple clear-cutting locations to 

obtain an improved statistical significance based on an assumption of independence 

between locations. Since the associated loss function is highly asymmetric around the 

estimate, the bootstrap technique is applied to the data to obtain an asymmetric confidence 

region that is statistically correct. The method is applied to data from the Swedish forest 

inventory, and shown to perform as desired. From a biodiversity perspective the results are 

in line with previous knowledge. The methodology also leads to the formulation of a number 

of new research questions. A specific advantage is that the data compression of the 

algorithm into a low order model allows statistically confident estimates to be obtained also 

from very small sets of data, here only a few tens of samples per region. This allows 

assessment of data sets that are far smaller and below the operating range of machine 

learning algorithms.    

 

1. Introduction 

Biodiversity loss is an issue that needs to be addressed swiftly due to its worldwide 

importance [1], [2]. The policies that are required for mitigation need to allocate the 

financially limited actions and countermeasures over extended periods of time, as efficiently 

as possible. Best policies need to be based on an understanding of the expected dynamic 

evolution of biodiversity ahead in time, specifically after an intervention initiated in the past 

or present. Since the biodiversity in general is shaped by complex dynamical effects in 

ecosystems, simplification of dynamic models will streamline policy optimization. A main 
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reason for this is the need for low complexity dynamic models that fits optimal policy 

determination principles. Low order linear dynamic models with associated uncertainty 

regions that are determined from measured biodiversity indices would, for example, be 

sufficient. However, the need remains largely unfulfilled today due to a number of reasons 

including 

• A past focus on spatial modeling of biodiversity from measured data, rather than on 

temporal dynamics, resulting in a lack of methods.  

• A lack of biodiversity inventory time series data [3], at specific geographic locations 

with accurately registered interventions that affect biodiversity. Very often, only a 

few samples at different times are available. 

Examples where dynamical effects are addressed by for example machine learning are 

beginning to emerge [4]. However, machine learning methods typically require large data 

sets. An alternative way to proceed is to apply estimation of classical differential and 

difference equation models that describe biodiversity dynamics. This includes cases where 

abrupt intervention or natural phenomena lead to sudden or extended biodiversity loss. 

Such dynamic models are routinely used in physics, chemistry and engineering and they are 

routinely estimated by methods developed within the field of system identification [5]. There 

is no prior reason why these techniques would not carry over and be valid for modeling of 

biodiversity. As compared to machine learning, the models obtained by system identification 

are often of low order, interpretable in terms of physical parameters, applicable to very small 

data sets, and suitable for policy optimization. 

The present report addresses the need for estimated dynamic models of biodiversity 

dynamics, after an abrupt and sudden event that resets the biodiversity at a geographical 

location, here exemplified by clear-cutting of forest [6]. The reason why felling of forest is 

used as example is the availability of data collected by the systematic, continuous and 

nationwide forest monitoring program denoted the Swedish National Forest Inventory (NFI; 

swedish, Riksskogstaxeringen), that was established in 1923. The staff of the program 

continuously revisits a large number of sample plots distributed all over Sweden, where data 

is collected according to defined protocols. Initially the program was very much focused on 

timber resources, however it has gradually expanded to become a general ecosystem 

inventory, for example providing biodiversity metric time series over long periods of time. 

Here data collected later than 1993 are analyzed.  The analysis is restricted to permanent 

plots, which are revisited on a regular cycle, thereby providing time series data for modeling 

of temporal change at the same spatial locations. The extracted data includes vegetation 

survey, tree and stand inventory, land-use and land-cover classification, soil and site 

characteristics, and management history. In the analysis six regions of Sweden are 

considered, in which the conditions or covariates in general, are somewhat similar. 

In a first contribution, linear differential equation models are derived for the dynamic 

evolution of the species richness and geometric mean abundance, following felling events at 

multiple locations in multiple geographical regions throughout Sweden. The low number of 

parameters and the prior structure of these models is a pre-requisite  to achieve efficient 

data compression and accurate estimation results for small and noisy data sets. The second 



contribution suggests the use of a single set of parameters for these models, to describe the 

dynamics at all locations within a specific region. The advantage is that this allows an 

aggregation of biodiversity data from all geographical locations within the region, into a 

single estimated dynamic model.  In this way the information from many biodiversity data 

points is compressed into a few parameters by prediction error estimation method. This data 

compression turns out to work well despite the fact that only a few data points, consisting of 

an inventory time after clear-cutting and a biodiversity metric sample, are available at each 

location. The third contribution addresses uncertainty by assuming that the samples at the 

different locations are identically and independently distributed (i.i.d) in a limited geographic 

region with a similar type of forest. This assumed i.i.d property allows the bootstrap method 

[7] to be used to compute an uncertainty region at a decided confidence level that may be 

asymmetric with respect to the mean of the estimated parameter vector. This generalizes the 

use of conventional symmetric Gaussian confidence levels that would lead wrong for 

asymmetric distributions.  Fourth, the results of the data processing result in new statistically 

significant insights into the regrowth time to new stable levels of biodiversity after clear-

cutting of forest. It is stressed that these figures do not describe the recovery of biodiversity 

to the level of a natural forest that has not been subject to clear-cutting in the past.  

The report is organized with the development of dynamic models in Section 2. The 

uncertainty assessment is described in Section 3, followed by a discussion of data in Section 

4. The results are reported in Section 5 with conclusions ending the report in Section 6. 

 

2. Dynamic models 

 

2.1 Species Richness Dynamics 

The starting point is here the simplest possible continuous time model which is assumed to 

hold for all plots in the present approach. 

𝑑𝑦(𝑡)

𝑑𝑡
= −𝑎𝑦(𝑡) + 𝑏𝑢(𝑡). 

Here  𝑦(𝑡) is the species richness at time 𝑡, 𝑢(𝑡) is the exogenous signal or control signal that 

models the action i.e. clear-cutting plus the underlying natural action to reach steady state 

species richness. The time is expressed in [year]. The model parameters  𝑎 and 𝑏 are to be 

determined from data by estimation together with two additional parameters introduced 

below. The model is motivated by Fig. 1 that depicts  𝑦(𝑡) for plots affected by clear-cutting.  



 

Fig. 1. Species richness as a function of time for different plots, time counted after clear-

cutting. Each star represents the single inventory sample from each of the locations that 

experienced clear-cutting in the database. 

 

The intervention action is assumed to be a complete clear-cut at time 𝑡0, modelled as  

𝑢(𝑡) = −𝛿(𝑡 − 𝑡0)+𝑢̅, 

where 𝛿(𝑡) is Dirac’s delta function, i.e. a pulse at time 𝑡0, and where 𝑢̅ is a mean action 

needed to achieve the reference level of species richness, 𝑦̅. It is hence also known that  

𝑦(𝑡) = 𝑦̅, 𝑡 < 𝑡0. 

The solution to the above equation is obtained by multiplication of the integrating factor 𝑒𝑎𝑡 

which gives 

𝑑

𝑑𝑡
(𝑒𝑎𝑡𝑦(𝑡)) = −𝑏𝑒𝑎𝑡𝛿(𝑡 − 𝑡0) + 𝑏𝑒𝑎𝑡𝑢̅. 

Integration from 𝑡0
− to 𝑡0

+ , where – and + indicate just before and just after intervention, gives  

𝑒𝑎𝑡0
+

𝑦(𝑡0
+) − 𝑒𝑎𝑡0

−
𝑦(𝑡0

−) = 𝑒𝑎𝑡0𝛾𝑦̅−𝑒𝑎𝑡0𝑦̅ = −𝑏𝑒𝑎𝑡0 , 

since clear-cutting re-sets species richness to 𝛾𝑦̅ and integration of 𝑢̅ over a zero interval 

gives a zero contribution. Note that since species richness does not increase by a clear-cut, 

𝛾 ∈ [0,1]. This gives the result 

𝑏 = (1 − 𝛾)𝑦,̅ 



where  𝑦̅,  for example, can be estimated as the mean of the species richness reference data 

before felling. The remaining model after clear-cutting can be directly integrated to obtain 

𝑒𝑎𝑡𝑦(𝑡) − 𝑒𝑎𝑡0𝛾𝑦̅ = ∫ 𝑒𝑎𝜏𝑏𝑢̅+𝑑𝜏

𝑡

𝑡0

=
𝑏𝑢̅+

𝑎
(𝑒𝑎𝑡 − 𝑒𝑎𝑡0). 

Here bars are used to indicate stationary values. Considering that the stationary state after 

clear-cutting is governed by  

0 = −𝑎𝑦̅+ + 𝑏𝑢̅+, 

where 𝑦̅+may be estimated as the average of the final biodiversity metric values of a region, 

or simply replaced by 𝑦̅ in case there is little data available after the intervention transient 

has settled.  It follows that  

𝑦(𝑡) = 𝑒−𝑎𝑡(𝑒𝑎𝑡0𝛾𝑦̅ + 𝑦̅+(𝑒𝑎𝑡 − 𝑒𝑎𝑡0)) = 𝛾𝑦̅𝑒−𝑎(𝑡−𝑡0) + (1 − 𝑒−𝑎(𝑡−𝑡0))𝑦̅+. 

This is the final model that is to be fitted to the clear-cutting data. The unknowns are 𝑎, 𝛾, 𝑦̅ 

and 𝑦̅+.   

To underpin the estimation, the data for all plots is assumed to be generated by 

𝑦𝑖(𝑡𝑖) = 𝛾𝑦̅𝑒−𝑎(𝑡𝑖−𝑡0,𝑖) + (1 − 𝑒−𝑎(𝑡𝑖−𝑡0,𝑖))𝑦̅+ + 𝑒𝑖(𝑡𝑖), 

where the subscript refers to plot 𝑖, 𝑡𝑖 the time of inventory and 𝑒𝑖(𝑡𝑖) is a random, i.i.d error.  

A least squares prediction error criterion for estimation of 𝑎 and 𝛾 then follows as 

𝑉𝐿2
(𝑎, 𝛾) =

1

𝑁
∑(𝑦𝑖(𝑡𝑖) − 𝛾𝑦̅𝑒−𝑎(𝑡𝑖−𝑡0,𝑖) − (1 − 𝑒−𝑎(𝑡𝑖−𝑡0,𝑖))𝑦̅+)

2
,

𝑁

𝑖=1

 

which is nonlinear in the unknown parameters 𝑎, 𝛾, 𝑦̅ and 𝑦̅+. To pre-view the procedure, 

the criterion was minimized numerically which gave the following result 

              𝑎̂ = 0.41  years-1, 

𝛾 = 0.65, 

𝑦̅ = 13.4, 

𝑦̅+ = 16.1. 

 

The obtained model is illustrated in Fig. 2. It is sometimes denoted an 𝐿2 – model since it is 

optimal in a squared sense. Note that both 𝑢̅ and 𝑏 disappear from the model and can be 

considered as dummy variables. This follows since  

𝑑𝑦(𝑡)

𝑑𝑡
= −𝑎𝑦(𝑡) + 𝑏(𝛿(𝑡 − 𝑡0) + 𝑢̅) = −𝑎𝑦(𝑡) − 𝑦̅+(−𝑎) = 𝑎𝑦̅+ − 𝑎𝑦(𝑡),  𝑡 > 𝑡0. 



 

Fig. 2. Species richness measurements and the estimated model (blue). The estimated 

parameters are illustrated as well (red).   

 

To address estimation of the uncertainty of the model, it is noted that a 2-dimensional 

projection of the loss function is asymmetric and quite flat at the minimum, see Fig. 3. 

  

Fig. 3. The loss function. 



 

Therefore, uncertainty quantification requires special means, as linearization and 

conventional use of Gaussian symmetric properties is likely to lead to erroneous results. 

To get reasonable run times on a laptop, the computational “algorithm” is therefore 

simplified to 

Step 1: Compute the distribution of ŷ̅ from the reference data with one-dimensional 

bootstrap. Compute ŷ̅ as the mean of the distribution. 

Step 2: Use late values of the data after clear-cutting, (t>15 years) to compute the 

distribution of ŷ̅ +from the late values of the data with one-dimensional bootstrap. Compute 

ŷ̅ + as the mean of the distribution. 

Step 3: Use the obtained (now fixed) values of ŷ̅ and ŷ̅ + in the criterion function. Use two-

dimensional bootstrap to compute the joint distribution of â and γ̂. 

Step 4: Compute the marginal distributions of â and γ̂ from their joint distribution. 

Step 5: Compute medians and percentiles for all above one-dimensional distributions.   

 

2.2  Geometric Mean Abundance Dynamics 

The definition of geometric mean abundance requires care since it is measured in different 

ways, depending on the ecosystem that is studied. For example, in case biodiversity of 

species of birds would be studied, a count of the number observed specimens of each 

species in a region in space and time can be conducted. The GMA can then be computed as a 

geometric mean of the number of individuals of each species present in the survey, 

potentially normalized with the size of the region and the duration. For plants this approach 

becomes troublesome, consider e.g. grassland. A count of the number of specimens of a 

species of grass immediately becomes impractical, therefore plot coverage is commonly used 

as a proxy. This coverage value can be expressed as the area covered at a plot. It is important 

to note that in order to compare between different data bases, the coverage values need to 

be interpreted given the total surveyed area, here given by the circular area 100 𝑚2. 

Alternatively, the measurements of biodiversity need to be normalized by a division with the 

surveyed area. The abundance for each species hence defines a set of measurements 

𝑌𝑖(𝑡𝑖) = {𝐴𝑞1,𝑖
(𝑡𝑖), … , 𝐴𝑞𝑅𝐴,𝑖,𝑖

(𝑡𝑖)}, 

where 

𝐴𝑞𝑟,𝑖(𝑡𝑖) = 𝐶𝑞𝑟,𝑖(𝑡𝑖) 

denotes the area covered by the r:th detected species at plot 𝑖 at time 𝑡𝑖. The unit of 

coverage and hence abundance is hence 𝑚2. Geometric mean abundance at a given location 

and time is then defined as  



𝑦𝑖(𝑡𝑖) = (𝐴𝑞1,𝑖
(𝑡𝑖)𝐴𝑞2,𝑖

(𝑡𝑖) ⋯ 𝐴𝑞𝑅𝐴,𝑖−1,𝑖
(𝑡𝑖)𝐴𝑞,𝑅𝐴,𝑖𝑖

(𝑡𝑖))

1
𝑅𝐴,𝑖

. 

where 𝑦(𝑡𝑖) is now used for geometric mean abundance, 𝐴𝑞𝑟,𝑖
(𝑡𝑖)  is the abundance of 

species 𝑟 at time 𝑡𝑖, and where 𝑅𝐴,𝑖 is the number of species at plot 𝑖 at time 𝑡𝑖. It is then 

clear that 𝑦(𝑡0
+) = 𝛾𝑦̅ where 𝛾 now has an interpretation as when species richness is 

modeled. The modeling of the subsequent dynamics becomes identical to that of species 

richness. This again requires joint identification of 𝑎 and 𝛾.  

The modeling of geometric mean abundance is therefore similar to the modeling of species 

richness. Again, the development begins with the simplest possible continuous time model 

which is assumed to hold for all plots 

𝑑𝑦(𝑡)

𝑑𝑡
= −𝑎𝑦(𝑡) + 𝑏𝑢(𝑡), 

where  𝑦(𝑡) is now the geometric mean abundance at time 𝑡, 𝑢(𝑡) is the action, and where 𝑎 

and 𝑏 are parameters to determine from data. The model is motivated by Fig. 4 that depicts 

the 𝑦(𝑡) for the plots with clear cutting. 

  

Fig. 4.  Geometric mean abundance as a function of time for different plots, time counted 

after felling. 

 

The action is assumed to be total clear-cutting at time 𝑡0, modelled as  

𝑢(𝑡) = −𝛿(𝑡 − 𝑡0)+𝑢̅ 



where 𝛿(𝑡) is Dirac’s delta function, i.e. a pulse at time 0, and where 𝑢̅ is a mean action 

needed to achieve the reference level of geometric mean abundance, 𝑦̅. It is hence also 

known that  

𝑦(𝑡) = 𝑦̅, 𝑡 < 𝑡0. 

The solution to the above equation is obtained by multiplication of the integrating factor 𝑒𝑎𝑡 

which gives 

𝑑

𝑑𝑡
(𝑒𝑎𝑡𝑦(𝑡)) = −𝑏𝑒𝑎𝑡𝛿(𝑡 − 𝑡0) + 𝑏𝑒𝑎𝑡𝑢.̅ 

Integration from 𝑡0
− to 𝑡0

+ gives  

𝑒𝑎𝑡0
+

𝑦(𝑡0
+) − 𝑒𝑎𝑡0

−
𝑦(𝑡0

−) = 𝑒𝑎𝑡0𝛾𝑦̅−𝑒𝑎𝑡0𝑦̅ = −𝑏𝑒𝑎𝑡0 , 

since total felling sets geometric mean abundance to  𝛾𝑦̅ where 𝛾 is to be estimated from 

data, and where integration of 𝑢̅ over a zero interval gives a zero contribution. This gives the 

result 

𝑏 = (1 − 𝛾)𝑦̅, 

where 𝑦̅, for example, can be estimated as the mean of the geometric mean abundance 

reference data. The remaining model after clear-cutting can be directly integrated to obtain 

𝑒𝑎𝑡𝑦(𝑡) − 𝑒𝑎𝑡0𝛾𝑦̅ = ∫ 𝑒𝑎𝜏𝑏𝑢̅+𝑑𝜏

𝑡

𝑡0

=
𝑏𝑢̅+

𝑎
(𝑒𝑎𝑡 − 𝑒𝑎𝑡0). 

Here the subscript + again refers to a value valid after clear-cutting. Considering that the 

stationary state after clear-cutting then results in  

0 = −𝑎𝑦̅+ + 𝑏𝑢̅+, 

it follows that  

𝑦(𝑡) = 𝛾𝑦̅𝑒−𝑎(𝑡−𝑡0) + 𝑒−𝑎𝑡𝑦̅+(𝑒𝑎𝑡 − 𝑒𝑎𝑡0) = 𝛾𝑦̅𝑒−𝑎(𝑡−𝑡0) + (1 − 𝑒−𝑎(𝑡−𝑡0))𝑦̅+. 

This is the final one parameter model that needs to be fitted to the clear-cutting data. It is 

equivalent to the species richness model. 𝑦̅+may be estimated as the average of the final 

biodiversity metric values of a region after clear-cutting, or simply replaced by 𝑦̅ in case there 

is little data available after the clear-cutting transient has settled 

To define the algorithm, the data for all plots is assumed to be generated by 

𝑦𝑖(𝑡𝑖) = 𝛾𝑦̅𝑒−𝑎(𝑡𝑖−𝑡0,𝑖) + (1 − 𝑒−𝑎(𝑡𝑖−𝑡0,𝑖))𝑦̅+ + 𝑒𝑖(𝑡𝑖), 

where the subscript refers to plot 𝑖, 𝑡𝑖 the time of inventory and 𝑒𝑖(𝑡𝑖) is a random, i.i.d error.  

A least squares prediction error criterion for estimation of 𝑎 then follows as 

𝑉𝐿2
(𝑎) =

1

𝑁
∑(𝑦𝑖(𝑡𝑖)−𝛾𝑦̅𝑒−𝑎(𝑡𝑖−𝑡0,𝑖) − (1 − 𝑒−𝑎(𝑡𝑖−𝑡0,𝑖))𝑦̅+)

2
,

𝑁

𝑖=1

 



which is nonlinear in the parameters and is again suitable for minimization by gridding.  

When the criterion above is minimized numerically the following result is obtained 

             𝑎̂ = 0.94 years-1, 

𝛾 = 0.94, 

𝑦̅ = 5.6, 

𝑦̅+ = 2.7. 

The obtained model is illustrated in Fig. 5. Note that again both 𝑢̅ and 𝑏 disappear from the 

model and can be considered as dummy variables.  

 

  

Fig. 5. Geometric mean abundance measurements and the 𝐿2 model.   

 



  

Fig. 6. The loss function. 

Again, uncertainty quantification requires special means.  The algorithm applied is identical 

to the one applied for species richness. 

 

3. Uncertainty Assessment 

Very often, uncertainty measures are obtained by assuming that the uncertainty is small. A 

Taylor series expansion around the estimate, together with Gaussian assumptions then 

allows chi-2 distribution confidence intervals at n standard deviations to be related to 

specific and commonly applied percentiles of the distributions.   

Because of the highly asymmetric loss function encountered herein, this approach would 

give a wrong picture, since the conventional assessment would result in symmetric 

confidence intervals around the estimate. Another approach is hence needed. 

For the above reasons, the bootstrap algorithm [7] is applied to the data of each region, to 

address the uncertainty. Briefly, this algorithm resamples the data uniformly multiple times, 

followed by a renewed computation of the parameters, also multiple times. The same 

approach can also be applied to 𝑦̅ and 𝑦̅+, which are computed independently to reduce the 

computational effort, but also over assumed i.i.d plots. It can be proved [7] that when the 

number of resampling instances and the number of i.i.d data samples tend to infinity, the 

bootstrap algorithm converges to the correct underlying distribution function.  The final step 

sorts the distribution, after which lower and upper confidence limits can be computed for 

any percentile. 

 



4. Data 

There are two sets of data, one set consisting of reference data where no clear-cutting of 

forest has occurred, and another set where clear-cutting has occurred followed by one or a 

few inventory visits where the time since clear-cutting, species richness and geometric mean 

abundance is recorded. The reference data set is assumed to represent the situation just 

before clear-cutting, thereby allowing estimation of 𝑦̅ using this data set. This estimation is 

performed separately, after which 𝑦̅  is treated a known to keep the dimensionality of the 

gridding down to two. For the same reason 𝑦̅+ is also estimated before gridding, using data 

older than 15 years after clear-cutting. This is reasonable when the plots of the available data 

are investigated. In case this approach would not be used, a four-dimensional gridding would 

be needed, which would lead to very long computation times.  

The clear-cutting set of data is then used for estimation of the time constant 𝑎,  the effect 

parameter 𝛾 , and the asymmetric confidence limits. The complete data sets for all regions 

are depicted in Fig. 7, Fig. 8, Fig. 9 and Fig. 10. When inspecting the data records, it is obvious 

that the spread is substantial, which may indicate that evaluation procedures used in the 

field may differ. However, it turns out that the modeling below is able to exploit averaging 

over plots to extract useful and interpretable information from the data. It is stressed that all 

data samples are used, and that no weighting is applied.  

The data sets are then further divided into one of the 5 regions denoted, Continental, Boreal 

south, Boreal east, Boreal northwest and Alpine. The focus was only on the Boreal south, 

Boreal east, Boreal northwest, and Alpine regions, excluding the Continental region due to 

lack of interventions in the filtered data set.  This is why only results for these four regions 

are reported in Section 5.  

The reference data sets for the above four regions consist of 530, 978, 1084 and 364 data 

points, all including species richness and geometric mean abundance data. The 

corresponding number of clear-cutting data points where 488, 381, 124 and 9.  

 



 

Fig. 7. Reference data, species richness, all regions. 

 

Fig. 8. Clear-cutting data, species richness, all regions. Note that many samples overlap 

exactly since the samples are counts of species 



 

 

Fig. 9. Reference data, geometric mean abundance, all regions. 

 

 

Fig. 10. Clear-cutting data, geometric mean abundance, all regions. 



 

5. Results 

5.1  Point estimates 

The  estimation of  𝑦̅ and 𝑦̅+ were obtained by averaging of the reference data since this is 

the least squares solution, provided that all other parameters are held fixed. The 

computation of the point estimate of 𝑎̂ and 𝛾 used a two-dimensional grid of 101 x 101 grid 

points, since both end points of the range are included. The dimension for 𝑎̂  was always 

logarithmically spaced between 0.0020 and 3.98 years-1. The dimension for  𝛾 was linear. For 

species richness, the grid had the range [0,1] . The same value [0,1] was used for geometric 

mean abundance. The bootstrap algorithm resampled 1000 times. The resulting estimates 

for species richness (SR) and geometric mean abundance (GMA) appear in Tables 1-4.  

It can be observed that the median values of 𝑎̂ for species richness are around 0.5 years-1 in 

the Boreal south and Boreal east regions while it is 0.3 years-1 in the Boreal northwest and 

<0.01 year-1 in the Alpine region, the latter value being very uncertain though. The geometric 

mean abundance time constants decay from a value of about 0.8 year-1 in the Boreal south, 

to 0.4 year-1 in the Boreal east, to 0.09 year-1 in the Boreal northwest and to 0.07 year-1 in the 

Alpine region.  This result in recovery times after clear-cutting to 99% of the final value that 

are of the order of 10 - 20 years for the species richness, except in the Boreal northwest and 

Alpine regions where the recovery times are significantly higher. The reason is undetermined, 

although it can be speculated that this is an effect of the slower growth in the Boreal 

northwest and Alpine regions. One reason for the 10 – 20 years recovery time of species 

richness may be that new colonizer species are not present and detectable with immediate 

effect at a site, but take some time to establish a population. The geometric mean 

abundance behaves similarly with expected 99% settling times to the new lower level after 

clear-cutting being 6, 11, 52 and 67 years in the Boreal south, Boreal east, Boreal northwest 

and Alpine regions, respectively.  The steady state levels of estimated species richness after 

clear -cutting are higher than before felling for species richness, and opposite for geometric 

mean abundance.  

Biodiversity metrics    SR SR  𝑆𝑅 𝑆𝑅 GMA GMA GMA GMA 

Estimated parameters 𝑦̅ 𝑦̅+ 𝑎̂ 𝛾 𝑦̅ 𝑦̅+ 𝑎̂ 𝛾 

All regions 13.4 15.4 0.47 0.58 5.7 2.3 0.94 0.99 

Boreal south region 11.9 15.8 0.59 0.65 3.9 1.9 0.81 0.99 

Boreal east region 12.6 15.2 0.47 0.47 5.5 2.7 0.44 0.99 

Boreal northwest region 13.3 13.6 0.35 0.56 5.6 3.1 0.09 0.82 

Alpine region 16.3 18.0 0.00 0.89 2.0 2.0 0.07 0.88 

 

Table 1. Median estimates using bootstrap. 

 

 

 

 



Biodiversity metrics SR SR 𝑆𝑅 𝑆𝑅 GMA GMA GMA  GMA 

Estimated parameters 𝑦̅ 𝑦̅+ 𝑎̂ 𝛾 𝑦̅ 𝑦̅+ 𝑎̂ 𝛾 

All regions 13.2 15.0 0.22 0.31 5.4 2.2 0.47 0.65 

Boreal south region 11.5 15.1 0.28 0.04 3.6 1.7 0.01 0.47 

Boreal east region 12.4 14.6 0.11 0.00 5.2 2.4 0.22 0.76 

Boreal northwest region 13.0 12.4 0.10 0.19 5.4 2.7 0.02 0.65 

Alpine region 15.7 14.5 0.00 0.89 1.9 1.4 0.07 0.88 

 

Table 2. 5% percentiles.  

 

Biodiversity metrics SR SR  𝑆𝑅 𝑆𝑅 GMA GMA GMA GMA 

Estimated parameters 𝑦̅ 𝑦̅+ 𝑎̂ 𝛾 𝑦̅ 𝑦̅+ 𝑎̂ 𝛾 

All regions 13.5 15.8 0.64 0.85 5.7 2.5 1.72 0.99 

Boreal south region 12.2 16.4 1.01 0.99 4.1 2.1 1.27 0.99 

Boreal east region 12.9 15.8 0.87 0.99 5.7 3.0 0.69 0.99 

Boreal northwest region 13.5 14.8 0.69 0.81 5.8 3.5 0.19 0.99 

Alpine region 16.9 21.5 0.00 0.89 2.1 2.8 0.07 0.88 

 

Table 3. 95 % percentiles. 

 

Biodiversity metrics    SR SR  𝑆𝑅 𝑆𝑅 GMA    GMA GMA GMA 

Estimated parameters 𝑦̅ 𝑦̅+ 𝑎̂ 𝛾 𝑦̅ 𝑦̅+ 𝑎̂ 𝛾 

All regions 13.4 16.1 0.41 0.65 5.6 2.7 0.94 0.94 

Boreal south region 11.9 16.4 0.51 0.76 3.9 2.5 0.00 0.54 

Boreal east region 12.6 16.4 0.19 0.89 5.5 2.5 0.44 1.00 

Boreal northwest region 13.3 14.4 0.21 0.71 5.6 2.2 0.03 0.70 

Alpine region 16.3 - 0.21 0.71 6.1 - 0.03 0.70 

 

Table 4. Nominal not resampled data estimates. 

5.2 Uncertainty 

As stated above, the uncertainty was estimated with the bootstrap algorithm. Again, the 

uncertainty was estimated separately for 𝑦̅ and 𝑦̅+, while the uncertainty of 𝑎̂ and 𝛾 were 

obtained by a two-dimensional bootstrap, followed by computation of marginal distributions 

for each parameter. The confidence intervals of 𝑎̂ and 𝛾 then follow.  

The results for the respective regions are illustrated in Fig. 11-30. All results are depicted for 

the 5% and 95 % percentiles. Green stars are used to mark the median, the 5 % percentile 

and the 95 % percentile. 



 

Fig. 11. Estimated distributions of  𝑦̅ and 𝑦̅+,  for the species richness model. 

 

 Fig. 12. Estimated marginal distributions of  𝑎̂ and 𝛾,  for the species richness model. 

 



 

Fig. 13. Estimated distributions of  𝑦̅ and 𝑦̅+,  for the species richness model. 

 

Fig. 14. Estimated marginal distributions of  𝑎̂ and 𝛾,  for the species richness model. 



 

Fig. 15. Estimated distributions of  𝑦̅ and 𝑦̅+,  for the species richness model. 

 

Fig. 16. Estimated marginal distributions of  𝑎̂ and 𝛾,  for the species richness model. 



 

Fig. 17. Estimated distributions of  𝑦̅ and 𝑦̅+,  for the species richness model. 

 

Fig. 18. Estimated marginal distributions of  𝑎̂ and 𝛾,  for the species richness model. 

 



 

Fig. 19. Estimated distributions of  𝑦̅ and 𝑦̅+,  for the species richness model. 

 

Fig. 20. Estimated marginal distributions of  𝑎̂ and 𝛾,  for the species richness model. 

 



 

Fig. 21. Estimated distributions of 𝑦̅ and 𝑦̅+,   for the geometric mean abundance model. 

 

Fig. 22. Estimated distributions of 𝑎̂ and 𝛾, for the geometric mean abundance model. 



 

Fig. 23. Estimated distributions of 𝑦̅ and 𝑦̅+,   for the geometric mean abundance model. 

 

Fig. 24. Estimated distributions of 𝑎̂ and 𝛾, for the geometric mean abundance model. 



 

Fig. 25. Estimated distributions of 𝑦̅ and 𝑦̅+,   for the geometric mean abundance model. 

 

Fig. 26. Estimated distributions of 𝑎̂ and 𝛾, for the geometric mean abundance model. 



 

Fig. 27. Estimated distributions of 𝑦̅ and 𝑦̅+,   for the geometric mean abundance model. 

 

Fig. 28. Estimated distributions of 𝑎̂ and 𝛾, for the geometric mean abundance model. 

 



 

Fig. 29. Estimated distributions of 𝑦̅ and 𝑦̅+,   for the geometric mean abundance model. 

 

Fig. 30. Estimated distributions of 𝑎̂ and 𝛾, for the geometric mean abundance model. 

 

The following can be observed. For species richness, the distributions of   𝑦̅ , 𝑦̅+and 𝑎̂ appear 

to be close to symmetric, unless the distribution is centered at or close to the range limit. 



and the confidence region is small as compared to the estimate. Distributions centered at the 

range limit of a variable indicate that the LS-problem does not have an interior solution, 

which may be due to random effects of the relatively small datasets.  When discussing 

further comments on such cases, special care is taken. Some conclusions can be drawn 

though. First it seems to be the case that the species richness finally increases after clear-

cutting although a momentary decrease at the time of the clear-cut.  Secondly, the recovery 

time constant is much lower for the Boreal north west region than in the other regions. The 

same is observed for the Alpine region, although it needs to be stressed that the results 

there are very uncertain, given that there are only 9 clear-cutting data points. However, at 

least for the Boreal north west regions this means that the recovery time is significantly 

longer, which is consistent with the generally slower growth expected. Worst case estimates 

of the recovery time to 99% of the final value approach 100 years. 

For geometric mean abundance the data analysis shows that the geometric mean abundance 

decreases after clear-cutting.  Also in this case, the recovery time constant is much lower for 

the Boreal north west region and the Alpine region, than in the other regions. This again 

means that the recovery time is much longer, which is consistent with the generally slower 

growth there. 

Finally, an example of the two-dimensional bootstrap distribution of 𝑎̂ and 𝛾 is depicted in 

Fig. 31, for illustration. 

 

 

Fig. 31. Estimated joint probability distribution of 𝑎̂ and 𝛾, for the geometric mean 

abundance model. 

 



5.3 Time evolution of the estimated models 

It is interesting to study the time evolution, specifically using models for prediction of 

biodiversity ahead in time. Such plots appear in Fig. 32-41, together with the confidence 

limits representing the joint 0.5% and 99.5% percentiles and the median, all plotted blue. 

The solution of the nominal data, not resampled, is plotted in green. 

 

 

Fig. 32. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue),  together with the model obtained from nominal data with no re-sampling (green). 

 



 

Fig. 33. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 

 

Fig. 34. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 



 

 

Fig. 35. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 

 

Fig. 36. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 

The green solid plot coincides with the blue in this case. 



 

Fig. 37. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 

 

 

Fig. 38. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 



 

 

Fig. 39. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 

 

 

Fig. 40. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 



 

Fig. 41. Time evolution of the estimated median model with 5 % and 95 % limits dashed 

(blue), together with the model obtained from nominal data with no re-sampling (green). 

The green solid plot coincides with the blue in this case. 

 

Fig. 32-41 confirm the conclusions of section 5.2. It can be seen that green curves that 

represent the measured data without any resampling are partly outside the confidence 

regions in two cases. This is as it should be since the green plots represent a single 

realization, albeit for the nominal data.  Regions with few plots have larger uncertainty, 

which of course is also as expected. As a general conclusion it can be stated that the 

proposed modeling principle appears to perform as intended. However, when interpreting 

the results it is important to remember that the model is trustworthy primarily in the time 

range where there is data and perhaps a little further. Care should therefore be taken when 

the models are used for longer predictions than 30-40 years. It also needs to be kept in mind 

that the time constants for the production forest to recover into a natural forest may be 

many hundreds of years.  

 

6. Conclusions 

The report has developed new dynamic models and system identification algorithms for 

modeling of biodiversity metrics like species richness and geometric mean abundance over 

time. The models of the report are tailored to predict the expected recovery after an abrupt 

intervention, like clear-cutting of forest. Data from the Swedish forest inventory was used to 

estimate the parameters of the proposed first order differential equation models, with the 

bootstrap algorithm providing asymmetric uncertainty limits. A novel inter-location 



aggregation strategy was used to obtain dynamic models for species richness and geometric 

mean abundance, valid for all locations of four out of the six geographical regions in Sweden. 

Limited data availability prevented assessment of the remaining two geographical regions.  

The first main conclusion is that the species richness metric finally increases slightly as 

compared to the value before clear-cutting, after an initial decrease at the time of felling. The 

geometric mean abundance biodiversity index shows the opposite behavior, and there is a 

decrease as compared to the value before clear-cutting. This is consistent with observations 

from other studies [8]. A second conclusion is that the regrowth time constant in the Boreal 

northwest and Alpine regions are significantly lower than in the other regions of the study, 

both for species richness and geometric mean abundance. This slower recovery is believed to 

be coupled to the slower growth in this region. A third conclusion, and significant advantage 

of the proposed methodology, is that it allows a numerical value of the recovery time to be 

estimated, together with a statistically well motivated uncertainty region. Finally it is noted 

that different biodiversity metrics result in different pictures of the dynamics. It is therefore 

important to consider multiple biodiversity metrics in policy making situations. 

It is again stressed that the above figures, methods or conclusions do not describe the 

recovery of biodiversity to the level of a natural forest that has never been subject to abrupt 

interventions.  

The report gives rise to a number of new research questions that require further study. The 

most important research question can be posed as: How well does the superposition 

principle hold when multiple biodiversity actions are combined during a dynamic biodiversity 

transient? The importance of the question can be understood by arguing that in case the 

superposition principle holds accurately, then it will be possible to combine individually 

estimated dynamic biodiversity models with quantified uncertainty, to deduce optimal 

mitigation strategies against biodiversity loss.  A dedicated study with this focus is 

recommended. 

Another idea is related to the observation that many biological systems reproduce 

multiplicatively rather than linearly. In such situation, modeling in the logarithmic domain 

allows the linear methods of the present report to be applied. It would hence be interesting 

to investigate which domain works the best, linear or logarithmic? Another related question 

is then if the superposition principle would be more applicable in the logarithmic domain? 

It would also be interesting to investigate the extension of the proposed methods listed 

above, with the purpose to improve the accuracy of the dynamic biodiversity models of the 

report. Here higher order dynamics and new sets of data, not necessarily related to forests 

would be needed. The ability of the proposed algorithm to treat also very small sets of data 

with statistical confidence should allow an analysis of many more biological eco-systems than 

what can be achieved with conventional machine learning techniques.   
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