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conserved charges, i.e. the integrability, in the planar AdS/CFT has allowed us to reach immense
progresses in understanding and confirming the duality.The first part of this thesis is focused on
the gravity side of the AdSs/CFT, duality: we investigate the quantum integrability of the type
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interesting physics. We use the NFS truncation to show the factorization of the world-sheet S-
matrix at one-loop order. This property defines a two-dimensional field theory as integrable: it
is the manifestation of the higher conserved charges. Hence, we have explicitly checked their
presence at quantum level. The second part is dedicated to the AdS,/CFT; duality: in particular
the type IIA superstring on AdS, x CP’. We compute the leading quantum corrections to the
string energies for string configurations with a large but yet finite angular momentum on CP’
and show that they match the conjectured all-loop Bethe Ansatz equations.
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the Truth would be literally nothing
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If you look only in one direction
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1 Introduction: Motivations, Overview and
Outline

The main purpose of this thesis is to explain the results which are contained
in the papers I, II, IIT and IV. Also I would like to illustrate which are the
main motivations which pushed my research in such directions, the context
and to give at least the flavor of the incredible “hidden” beauty which is in the
gauge/string dualities.

In order to understand the results and the techniques used in the works, I
will need to introduce certain topics and formalisms as well as some back-
ground material. As this is the typical readership, I have chosen the level of
the presentation such as to address a Ph.D. student who works on String The-
ory, but not necessarily on the AdS/CFT correspondence or on integrability.
My task is to give the reader the possibility to be able to autonomously under-
stand and go through the papers at the end of this thesis. Nevertheless, I will
assume that the reader is familiar with supersymmetric strings, in particular
with type IIB/A superstrings. The order used to illustrate the various subjects
does not strictly reflect how they have been historically developed, but rather
the necessity to follow the contents of the papers closely.

As opening the Russian Matryoshka dolls, I will start from the biggest doll
(the String Theory) to the smallest one (the integrability in AdS/CFT) to illus-
trate, in this introduction, the contents which the thesis is focused on.

With the exception of gravity all the other three fundamental forces which
are present in Nature (electromagnetic, weak and strong nuclear interactions)
are unified in the Standard Model. They are derived from the same first prin-
ciple, which is a (local) symmetry principle: the gauge symmetry. For this
reason, these theories are defined as gauge theories. The Standard Model is
based on the fundamental concept of point-like particles and the interactions
are described in terms of mediators (photons, W* and Z° bosons and gluons
respectively). I will think of such a model as describing particle physics, as
something distinguished by gravity in the traditional approach. A revolution-
ary point of view is adopted in String Theory. String Theory provides us with
an elegant framework, where all the four interactions are joined together. The
string is a one-dimensional object and its spectrum, namely the collection of
frequencies and masses that the string produces by vibrating, naturally con-
tains the mediator for the gravitational force, the graviton, treating gravity on
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equal footing with the other fundamental interactions. The concept of replac-
ing the point-particles with an extended fundamental object (the string) can
be generalized: one can construct surfaces of higher dimensions (the branes)
which replace the strings. These also are important building-blocks of String
Theory.

The word “framework” used to define String Theory might seem reductive,
but it is the correct one: String Theory is not a complete and fully understood
theory, but it is more a “structure”, an incredible rich one, where different
types of string theories live!. They are related by dualities, a very special kind
of symmetry which relates two apparently different physical systems. I will
come back on the topic of dualities below. However, all these pluralities of
string theories should be a special limit, or at least they should be contained,
in a more general and yet quite mysterious (including its name!) theory, the
M-theory.

A part from the hope to see the Standard Model emerge from String Theory
one day, there is another way in which the fate of the string is tied to parti-
cle field theories. In 1997, Maldacena conjectured that certain closed super-
strings in a ten-dimensional curved background describe the same physics of
the gauge theory of point-particles in four-dimensions (AdSs/CFT4) (another
smaller Russian shell). In particular, on one side we have the type IIB super-
string on AdSs x S°, and on the other side the supersymmetric .4 = 4 SU(N)
Yang-Mills theory in four dimensions. The backgrounds where the string lives
(AdSs x S%) is built of a five-dimensional anti-De Sitter space (AdS), a space
with constant negative curvature, times a five-dimensional sphere (S), cf. fig-
ure 1.1. In 2008 Aharony, Bergman, Jafferis and Maldacena proposed the
existence of a further gauge/gravity duality between a theory of M2-branes
(three-dimensional membranes) in eleven dimensions and a certain gauge the-
ory in three dimensions (AdS4/CFT3). The eleven-dimensional M2-theory
can be effectively described by type IIA superstrings when the string cou-
pling constant is very small. For a reason that will be clear later, I will con-
sider only the type IIA as the gravitational dual in the AdS4/CFT; correspon-
dence, but the reader should keep in mind that this is just a particular regime
of the full correspondence. The background where the type IIA strings live
is a four-dimensional anti-De Sitter space times a six-dimensional projective
space (CP?). Hence, we have seen that the gravity side in the dualities is
associated with the word “AdS”.

What is CFT? They are the initials of Conformal Field Theory. The dual

I The different string theories I am referring here in the Introduction are the type ITA superstring,
the type IIB superstring, the type I superstring, the Heterotic SO(32) string, the Heterotic Eg x
Eg string, and finally I should also include the eleven-dimensional supergravity theory. In the
rest of the thesis we will consider only the type IIB superstring, cf. 2 — 6, and the type IIA
superstring in chapter 7.
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Figure 1.1: AdSs x S°. The five-dimensional anti-De Sitter space is represented as a
hyperboloid on the right hand side, while the five-dimensional sphere is drawn on the
left hand side.

gauge theories we are discussing are conformal, namely invariant under con-
formal transformations. Roughly speaking, these transformations rescale dis-
tances by a factor that depends on the positions, but preserving the angles. The
conformal field theories contained in the AdS/CFT dualities, namely .4 = 4
super Yang-Mills (SYM) in the AdSs/CFT, case and the supersymmetric
A =6 Chern-Simons (CS) theory in the AdS4/CFTj case, are rather difficult
to solve. A general approach to quantum field theory is to compute quantities
such as cross sections, scattering amplitudes and correlation functions. In par-
ticular, for conformal field theories the correlation functions are constrained
by the conformal symmetry?. For a certain class of operators (the conformal
primary operators) their two-point function has a characteristic behavior: in
the configuration space it is an inverse power function of the distance. The
specific behavior, namely the specific power (the so called scaling dimension)
depends on the nature of the operators and of the theory we are considering. It
reflects how this operator transforms under conformal symmetry, in particular
for the scaling dimension it reflects how the conformal primary operator trans-
forms under the action of the dilatation operator. At high energy, when one
starts to include quantum effects, the scaling dimensions acquire corrections,
namely the anomalous dimension?. In conformal field theories, the anomalous
dimension encodes the physical information about the behavior of the opera-
tors under the renormalization process. I will expand this point in chapter 2.
For the moment it is enough to note that collecting the spectrum of the corre-
lation functions, namely the spectrum of the anomalous dimensions, gives an
outstanding insight of the theory. However, in general it is a very hard task to
reach such a knowledge for a quantum field theory.

2 Actually this is also true for the scattering amplitudes as it turns out in recent developments,
but we will not focus on these aspects of the conformal field theories.

3In conformal field theories there are special classes of operators, the chiral primary operators,
whose scaling dimension does not receive quantum corrections.



For this purpose the gauge/string dualities can play a decisive role. Let
me explain why. Both correspondences are strong/weak-coupling dualities:
the strongly coupled gauge theory corresponds to a free non-interacting string
and vice versa fully quantum strings are equivalent to weakly interacting par-
ticles. The two perturbative regimes on the string and on the gauge theory
side do not overlap. Technical difficulties usually prevent to depart from such
regimes. This implies that it is incredibly difficult to compare directly observ-
able computed on the string and on the gauge theory side, and thus to prove
the dualities. However, there is a positive aspect of such a weak/strong cou-
pling duality: in this way it is possible to reach the non-perturbative gauge
theory once we acquire enough knowledge of the classical string theory.

Ironically, we are moving on a circle. In 1968, String Theory has been
developed with the purposes to explain the strong nuclear interactions. Thus
it started as a theory for particle physics. With the advent of the Quantum
Chromo Dynamics (QCD) namely the quantum field theory describing strong
nuclear forces, String Theory was abandoned and only later in 1974 it has been
realized that the theory necessarily contained gravity. The AdS/CFT dualities
give us the possibility to reach a better insight and knowledge of SYM (and
hopefully of the CS theory) by means of String Theory. In this sense, String
Theory is turning back to a particle physics theory. In this scenario the long-
term and ambitious hope is that also QCD might have a dual string description
which might give us a deeper theoretical understanding of its non-perturbative
regime.

At this point I will mostly refer to the AdSs/CFT4 correspondence, I will
explicitly comment on the new-born duality at the end of the section. On one
side of the correspondence, the AdSs x S° type IIB string is described by a
quantum two-dimensional o-model in a very non-trivial background. On the
other side, we have a quantum field theory, the SYM theory, which is also a
rather complicated model. Some simplifications come from considering the
planar limit, namely when in the gauge theory the number of colors N of
the gluons is very large, or equivalently in the string theory when one does
not consider higher-genus world-sheet. In this limit both gauge and string
theories show their integrable structure, which turns out to be an incredible
tool to explore the duality. Let us see what is our next smaller doll.

What does “integrable” mean? We could interpret such a word as “solv-
able” in a first approximation. However, this definition is not precise enough
and slightly unsatisfactory. Integrable theories posses infinitely many (lo-
cal and non-local) conserved charges which allow one to solve completely
the model. Such charges generalize the energy and momentum conservation
which is present in all the physical phenomena as for example the particle scat-
terings. Among all the integrable theories, those which live in two-dimensions
are very special: in this case, the infinite set of charges manifests its presence
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by severely constraining the dynamics of the model through selection rules
and through the factorization. In order to fix the ideas, let me consider the
scattering of n particles in two-dimensions. The above statement means that
for an integrable two-dimensional field theory, a general n-particle scattering
will be reduced to a sequence of two-particle scattering. The set of necessary
information to solve the model is then restricted in a dramatic way: we only
need to solve the two-body problem to have access to the full model! This is
indeed the ultimate power of integrability.

The impressing result (which has been historically the starting point of the
exploit of integrability in the AdS/CFT context) has been the discovery of a
relation between the SYM gauge theory and certain spin chain models. In
2002 Minahan and Zarembo understood that the single trace operators (which
are the only relevant ones in the planar limit) could be represented as spin
chains: each field in the trace becomes a spin in the chain. This is not only
a pictorial representation: the equivalence is concretely extended also to the
dilatation operator whose eigenvalues are the anomalous dimensions and to
the spin chain Hamiltonian. The key-point is that such a spin chain Hamil-
tonian is integrable, “solvable”. On the gravity side, the integrability of the
AdSs x S° type IIB string has been rigorously proved only at classical level,
which, in general, does not imply that the infinite conserved charges survive
at quantum level. However, the assumption of an exact integrability on both
sides of AdSs/CFT4 has allowed one to reach enormous progresses in test-
ing and in investigating the duality, thanks to the S-matrix program and to the
entire Bethe Ansatz machinery, whose construction relies on such a hypoth-
esis. Nowadays nobody doubts about the existence of integrable structures
underlying the gauge and the gravity side of the AdSs/CFT4 correspondence.
There have been numerous and reliable manifestations, even though indirect.
Despite of such remarkable developments one essentially assumes that the
AdSs x §° type IIB superstring theory is quantum integrable*. And on gen-
eral ground, proving integrability at quantum level is a very hard task as much
as proving the correspondence itself. For this reason, there have been very
few direct checks of quantum integrability in the string theory side. These are
the main motivations of my works during these years: give some direct and
explicit evidence for the quantum integrability of the AdS superstring.

For the “younger” AdS,/CFT; duality, valuable results have been already
obtained, cf. chapter 7. It is very natural to ask whether and when it is pos-
sible to expect the existence of similar infinite symmetries also in this case.
Considering the impressing history of the last ten years in AdSs/CFT4, one
would like to reach analogous results also in this second gauge/string dual-
ity. Probably understanding which are the differences between these two du-

It is correct to say that on the gauge theory side the quantum integrability relies on more robust
basis, cf. chapter 2.



alities might provide another perspective of how we should think about the
gauge/string dualities and their infinite “hidden” symmetries.

Outline

In chapter 2 I will briefly introduce the AdSs/CFT4 correspondence and the
A =4 SYM theory. It contains also a description of the symmetry algebra,
psu(2,2]4), which controls the duality. I will also explain the crucial relation
between the anomalous dimension and the spin chain systems as well as the
Bethe Ansatz Equations for a sub-sector of the full psu(2,2|4) algebra.

Chapter 3 is dedicated to two-dimensional integrable field theories, in par-
ticular to some prototypes for our string theory, such as the Principal Chiral
Models and the Coset o-models. I will explain the definition of integrability
in the first order formalism approach as well as its dynamical implications
for a two-dimensional integrable theory. I will stress the importance of the
distinction between classical and quantum integrability.

In chapter 4 I will review the type IIB string theory on AdSs x S°: starting
from the Green-Schwarz formalism, the Metsaev-Tseytlin formulation of the
theory based on a coset approach and finally its classical integrability.

In chapter 5 it is presented an alternative formulation of the type IIB AdSs x
S° superstring based on the Berkovits formalism, also called Pure Spinor for-
malism, and I will focus on its relation with integrability topics. At the end of
the chapter I will summarize the results of the paper I and IV in this context.

In chapter 6 I will come back to the Green-Schwarz formalism and discuss
some important limits of the AdSs x S3 string theory such as the plane wave
limit (also called BMN limit) and the near-flat-space limit. I will sketch the
construction of the world-sheet scattering matrix and present the Arutyunov-
Frolov-Staudacher dressing phase. Finally, I will illustrate the contents of
paper IL.

Chapter 7 is entirely based on the AdS4/CFTj duality. I will retrace certain
fundamental results of the AdSs/CFT4 correspondence in the new context,
with a special attention to the near-BMN corrections of string theory. Hence,
I will outline the contents of paper III.

At the end of the thesis the papers LII, III and IV are reprinted.



2 The AdS,/CFT, duality

The first part of this chapter is an introduction to the AdSs/CFT4 correspon-
dence, based on the original works, which are cited in the main text, and
on the following reviews [142, 7, 79]. For the introductory part dedicated
to the .4~ =4 SYM and to the Coordinate Bethe Ansatz, I mainly refer to
Minahan’s review [154], Plefka’s review [166] and Faddeev’s review [89], to
the lectures given by Zarembo at Newton Institute (2007) [197], by Klose at
Eotvos Superstring Workshop (2007) [129] and by N. Dorey at RTN Winter
School (2008) [80]. Finally, I find very useful also the Ph.D. theses written by
Beisert [48] and Okamura [162].

2.1 Introduction

The AdSs/CFTy correspondence states a duality between a certain string the-
ory, living in an anti-De Sitter space (AdS) times a sphere, and a conformal
field theory (CFT) [141, 116, 193]. I will use equivalent words: “duality”,
“correspondence” and “conjecture”, to stress the different aspects of the rela-
tion between AdSs and CFT4. With duality we mean that these two apparently
completely different systems (the gauge and the string theory) describe the
same physics. The same observables can be computed starting from the string
or from the gauge theory side. It is a correspondence in the sense that it is
possible to fix a precise dictionary which “translates” the physical quantities
on the two sides. Finally, it is essentially a conjecture, for reasons that will be
clear at the end of section, even if nowadays an enormous quantity of data and
checks are available.

More specifically, the Maldacena correspondence [141, 116, 193] conjec-
tures an exact duality between the type IIB superstring theory on the curved
space AdSs x $° and 4" = 4 super Yang-Mills (SYM) theory on the flat four-
dimensional space R*! with gauge group SU(N). In order to briefly illustrate
the content of the duality, we will start by recalling all the parameters which
are present in both theories.

The geometrical background in which the string lives is supported by a self-
dual Ramond-Ramond (RR) five-form Fs. In particular, the flux through the
sphere is quantized, namely it is an integer N, multiple of the unit flux. Both



the sphere and the anti-de Sitter space have the same radius R:

dspp = R2dsi s, + R dsgs 2.1

where ds} as; and dsg5 are the unit metric in AdSs and $° respectively. The
string coupling constant is g and the effective string tension is 7 = % with
o' = I2. The string theory side thus has two parameters': T, g.

On the other side, SYM is a gauge theory with gauge group SU(N), thus N
is the number of colors. The theory is maximally supersymmetric, namely it
contains the maximal number of global supersymmetries which are allowed in
four dimensions (.#" =4) [100, 72]. Another important aspect is that SYM is
scale invariant at classical and quantum level, which means that the coupling
constant gyy is not renormalized [183, 178, 145, 120, 71]. The theory con-
tains two parameters, i.e. N and gyym. One can introduce the ’t Hooft coupling
constant A = g%,,N. Notice that A is a continuos parameter. Summarizing,
the gauge theory side has two parameters, we choose A and N.

The correspondence states an identification between the coupling constants
in the two theories, i.e.

VA

2
gym 8s 7 (2.2)
(or in terms of A: gy = ﬁ), and between the observables, i.e. between the
string energy and the scaling dimension for local operators:
E(A,N) = A(A,N). (2.3)

The conjecture is valid? for any value of the coupling constant A and for any
value of N. We can consider certain limits of the full general AdSs/CFTy
duality, which are simpler to be treated but still extremely interesting.

Let us consider the limit where N is very large and A is kept fixed, namely
gym — 0 [187]. In this limit, N is a continuos parameter and the gauge theory
admits a %—expansion. In the large N regime (also called the 't Hooft limit)
of the SYM theory only the planar diagrams survive, namely all the Feynman
diagrams whose topology is a sphere. The corresponding gravity dual is a

Tt might seem that also N is an independent parameter in the string theory contest. Actually it is
related to the target space radius R by R* = 47g,N o?. This relation follows from supergravity
arguments. In particular R is the radius of the D3-brane solutions and @’ the Planck length and
the identity gives the threshold for the validity of the supergravity approximation (gsN > 1).
2This is the conjecture statement in its strongest version. However, there are weaker versions:
e.g. it might be considered to hold only in the large N limit (N — o) and for finite values
of A, namely without considering g corrections to the string theory, or even weaker, without
o/ corrections (i.e. large N and A limits). In this thesis we will always assume the strongest
version, namely that the AdS/CFT correspondence is valid for any value of the string coupling
constant g; and of the color number N.



free string propagating in a non-trivial background (AdSs x $3). The string is
non-interacting since now g; — 0 and the tension 7 is kept fixed, cf. eq. (2.2).
Notice that even though we are suppressing the gg-corrections, so that the
string is a free string on a curved background, it is still described by a non-
linear sigma model whose target-space geometry is AdSs x S°. This is a highly
non-trivial quantum field theory: the string can have quantum fluctuations
which are described by an o’-expansion.

Furthermore, we can also vary the smooth parameter A between the strong-
coupling regime (A > 1) and the weak-coupling regime (A < 1). In the first
case the gauge theory is strongly coupled, while the gravity dual can be effec-
tively described by type IIB supergravity. Indeed, the radius of the background
is very large (R = l%ls), thus the string is in a classical regime (T > 1).

Conversely, when A takes very small values (A < 1), the gauge theory can
be treated with a perturbative analysis, while the background where the string
lives is highly curved. The string is still free, but now the quantum effects
become important (i.e. 7 < 1).

For what we have learned above, the Maldacena duality is also called a
weak/strong-coupling correspondence. This is an incredibly powerful fea-
ture, since it allows one to reach strong coupling regimes through perturbative
computations in the dual description. At the same time, proving such a cor-
respondence becomes an extremely ambitious task, simply because it is hard
to directly compare the relevant quantities. For a summary about the different
regimes and parameters we refer the reader to the table 2.1.

We will only deal with the planar AdS/CFT, since it is in this regime that
both theories have integrable structures. In particular, we are interested in the
strong coupling regime (A > 1), since the string theory side is reachable per-
turbatively (ﬁ expansion) in the large 't Hooft coupling limit (cf. table 2.1).
The present work is mainly devoted to this sector.

If the two theories are dual, then they should have the same symmetries.
This is the theme of the next section, after a more detailed introduction to
A =4 SYM theory.

2.2 v =4 super Yang-Mills theory in 4d

As already mentioned, the .4#" = 4 super Yang-Mills theory in four dimen-
sions [100, 72] is a maximally supersymmetric and superconformal gauge
theory. The theory is scale invariant at classical and quantum level and the
B-function is believed to vanish to all orders in perturbation theory as well
as non perturbatively [183, 178, 145, 120, 71]. The action can be derived by
dimensional reduction from the corresponding .#” = 1 SU(N) gauge theory in



Gauge theory

String theory

Yang Mills Coupling gym
Number of colors N

't Hooft coupling A = g\,N

String coupling g

. . _ R2
String tension 7' = 5,

AdSs x S° radius R

AdSs/CFTy
g%(M
8s= Tam
_ VA
=3

A = fixed

planar limit

N —

’t Hooft limit
gs— 0 T =fixed

non-interacting string

Strong Coupling
N—o A>1 g—0 T>1
classical supergravity
Weak coupling
N—o Ak g—0 Tkl
perturbative SYM

Table 2.1: Summary of the contents and parameters involved in AdSs/CFTy duality.
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ten dimensions:

1
Lym =

2

1 _
. Tr( — = FunF™ +i9T" Dy y) . 2.4)
10

2

Dy the covariant derivative, Dy, = dyy — iAy, where Ay, is the gauge field with
M the SO(9, 1) Lorentz index, M =0, 1,...,9, and Fj;y the corresponding field
strength, which is given by Fyn = dyAn — IvAy — i[Ap,An]. The matter
content ¥ is a ten-dimensional Majorana-Weyl spinor. The gauge group is
SU(N) and the fields Ay and y transform in the adjoint representation of
SU(N).

By dimensionally reducing the action (2.4), the ten-dimensional Lorentz
group SO(9,1) is broken to SO(3,1) x SO(6), where the first group is the
Lorentz group in four dimensions and the second one remains as a residual
global symmetry (R-symmetry). Correspondingly, the Lorentz index splits in
two sets: M = (u,I), where 4 =0,1,2,3 and I = 1,...,6. We need to require
that the fields do not depend on the transverse coordinates /. Hence, the gauge
field Ays gives rise to a set of six scalars ¢; and to four gauge fields A,. Also
the fermions split in two sets of four complex Weyl fermions y, o and VAl
in four dimensions, where a = 1,...,4 is an SO(6) = SU(4) spinor index and
o, & = 1,2 are both SU(2) indices.

The final action for .#" =4 SYM in four dimensions is

1 1 1 _ _
Lym= gz—Tr( - EF,“,F“V — (Dudr)*+ 5[‘7’1, Os)>+iwT Dy y+ 9T (¢, y]) .
Y™
(2.5)

2.3 The algebra

We have already stressed that the theory has a SU(N) gauge symmetry, thus
the gauge fields are su(N)-valued, and they also carry an index i = 1,..., N> —
1, which is not explicit in the formulas above.

The conformal group in four dimensions is® SO(4,2) = SU(2,2). The gen-
erators for the conformal algebra so(4,2) are the Lorentz transformation gen-
erators, which consist of three boosts and three rotations My, the four transla-
tion generators Py, coming from the Poincaré symmetry, the four special con-
formal transformation generators K, and the dilatation generator D. Hence in
total we have fifteen generators.

The theory is also invariant under the %-symmetry, which plays the role of
an internal flavor symmetry which can rotate the supercharges and the scalar
fields. The Z-symmetry group is SO(6) = SU(4) and it is spanned by fifteen
generators, Ryj.

3The symbol 2 means that the two groups are locally isomorphic.
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The supersymmetry charges Q%, Q%%, which transform under R-symmetry
in the four-dimensional representations of SU(4) (4 and 4 respectively), com-
mute with the Poincaré generators Py,. They do not commute with the special
conformal transformation generator K,,. However, their commutation rela-
tions give rise to a new set of supercharges. We denote this new set of su-
percharges with S and $“¢. They transform in the 4 and 4 representation of
SU(4). Thus we have in total 32 real fermionic generators.

The SO(4,2) x SO(6) bosonic symmetry groups and the supersymmetries
merge in a unique superconformal group SU(2,2|4). Actually, due to the van-
ishing of central charge for SYM, the final symmetry group is PSU(2,2|4),
where P denotes the fact that we are removing ad hoc the identity generators
which can appear in the commutators. Notice that inn supersymmetric theo-
ries usually the anticommutators between the supercharges Q and S give an
operator which commute with all the rest, the so called central charge.

The relevant relations are

[D,P,] =—iP, [D,K,] = iK, [Py, Kv] = 2i(Myy — NuvD)
My, P = i(MavPu— NuaPy) My, Ky | = i(MavKy — NuaKv)
[Myuy M, | = —inga My, +cycl. perm.

{ ‘&»Qz} = ’Ygaaaiypﬂ {S‘é,gg} = }’fxlticSabK#

D0 =30, [D.0}] =508
a _i a cao _i.'aa
[D,S%] = 5Sa [D,§%] = 55

(K", Q%] = 0le®Sy  [KH, 04 = oS}
[Pua S‘fx] = (Gu)aaeaﬁQ% [P;u S_‘&] = (Gu)aagaBQ%
MMV Q%] = l%ﬁ sﬁyQ“ (MY, Q4] = iG’,“.VeMQ";

ap
[M*Y, 53] = ichpePtsy MMV, 5] = iaggeﬁ’@gf,
{Q?x ,Sg} = —leaﬁ ” abR[ +G 5 bMuv —SaﬁSaBD
{065} } = —igup (0")"Riy+ 01y 5 Myy — £, 67D 2.6)

The matrices G « and (6")  are the Dirac 2 x 2 and 4 x 4 matrices, respec-
tively.
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Matrix realization

It is natural to reorganize the su(2,2|4) generators as 8 x 8 super-matrices:

M= ( P.“>KIJ7LILV7D Qaa,Saa ) ) (27)
s5.0% RV

On the diagonal blocks we have the generators for two bosonic sub-sectors,
su(2,2) and su(4), while on the off-diagonal blocks we have the fermionic
generators. The super-algebra is realized by two conditions which naturally
generalize the su(n,m) algebra. First, the super-trace* of the matrix (2.8)
vanishes. Second it satisfies a reality condition

HM"—MH =0 (2.9)

Y 0
H= . 2.10
(0 ) @10

The matrix 4 x 4 75 appears in the above condition because Y5 realizes the
Hermitian conjugation in the SU(2,2) = SO(4,2) sector.

Actually, we want to consider the psu(2,2[4) algebra. The 8 x 8 su(2,24)
identity matrix trivially satisfies both properties of tracelessness and of Her-
micity. This means that even though such a matrix is not among our set of
initial generators of the su(2,2|4) algebra, at some point it will appear as a
product of some commutators. This is analogous to what we have discussed
above, where the anticommutator between Q and S might have a term pro-
portional to the unit matrix. In the SYM, the central charge is zero, thus we
would like to remove the unit matrix. We therefore mod out the u(1) factor
ad hoc. This is indeed the meaning of the p in psu(2,2|4). Note that such an
algebra cannot be realized in terms of matrices.

The total rank for the PSU(2,2|4) supergroup is 7. The unitary representa-
tion is labelled by the quantum numbers for the bosonic subgroup. This means
that the fields of .4 =4 SYM, or better, local gauge invariant operators, and
the states of the AdSs x S° string are characterized by 6 charges, which are
the Casimirs of the group:

(A=E,S1,8,J1,0,J3) . (2.11)

=4 X (2.8)
“\vy B '

where the block-diagonal are even matrices and off-block elements are odd, the super-trace is
defined as STrM =TrA —TrB.

where

“4For any super-matrix
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The equality for the first charge is really the expression of the AdS/CFT cor-
respondence. Let us see in more detail what these quantum numbers are.
Coming from the SU(2,2) sector, since SO(1,1) x SO(3,1) C SO(4,2), we
have the dilatation operator eigenvalue A (or the string energy E), which can
take continuos values, and the two spin eigenvalues Sy, S>, which can have
half-integer values, and which are the charges related to the Lorentz rotations
in SO(3,1). Notice that A and E depend on the coupling constant A, cf. (2.3).
The other sector SU(4) = SO(6) contributes with the “spins” Ji, J», J3, which
characterize how the scalars can be rotated.

The string side

The isometry group of AdSs x S° is SO(4,2) x SO(6), which is nothing but
the bosonic sector of PSU(2,2,|4). Thus on the string side the bosonic sym-
metries are realized as isometries of the background where the string lives.
The superstring also contains fermionic degrees of freedom which will mix
the two bosonic sectors corresponding to AdSs and S°. The string spectrum is
labelled by the charges (2.11). In principle one can also have winding num-
bers to characterize the string state, in addition to (2.11). The string energy
E is the charge corresponding to time translation in AdSs, while S;, S, cor-
respond to the Cartan generators of rotations in AdSs. The last three charges
corresponds to Cartan generators for S° rotations, since the five-dimensional
sphere can be embedded in R®, so we have three planes the rotations.

2.4 Anomalous dimension and spin chains

In a conformal field theory the correlation functions between local gauge in-
variant operators contain all the dynamical information. There is a special
class of local operators, the conformal primary operators, whose correlators
are fixed by conformal symmetry. In particular, these are the operators anni-
hilated by the special conformal generators K and by the supercharges S, i.e.
K& =0 and SO = 0. Thus, representations corresponding to primary opera-
tors are classified by how the dilatation operator D and the Lorentz transfor-
mation generators M act on O, i.e. by the 3-tuplet (A, S, S):

DO =A0. 2.12)

where A is the scaling dimension, namely the dilatation operator eigenvalues.
Since the special conformal transformation generator K lowers the dimension
by 1 and the supercharge S by %, cf. (2.6), in a unitary field theory the pri-
mary operators correspond to those operators with lowest dimension. They
are also called highest-weight states. All the other operators in the same mul-
tiplet can be obtained by applying iteratively the translation operator P and
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the supercharges Q (descendant conformal operators).
The correlation functions of primary operators are highly restricted by the
invariance under conformal transformations, and they are of the form:

Céo
(On()On(y)) = —155 - (2.13)
=yl
In the scaling dimension there are actually two contributions:
A=Ao+7. (2.14)

Ay is the classical dimension and 7 is the so called anomalous dimension. It
is in general a non-trivial function of the coupling constant A. It appears once
one starts to consider quantum corrections, since in general the correlators
will receive quantum corrections from their free field theory values.

When we move from the classical to the quantum field theory we also need
to face also the problem of renormalization. In general in quantum field theory
the renormalization is multiplicative. The operators are redefined by a field
strength function Z according to

O =70 00 (2.15)

where the subscript 0 denotes the bare operator, and Z depends on the physical
scale u (typically Z ~ u¥). As an example, we can consider the correlators
in eq. (2.13). Applying the Callan-Symanzik equation, recalling that the f3-
function vanishes and defining the so called mixing matrix I" as

iy 97,
Ffiz:Z(Z l)malog‘ua

(2.16)

we see that when the operator I" acts on a basis {0}, }, then the corresponding
eigenvalues are indeed the anomalous dimensions J;,:

TGO = YnOm. 2.17)

I is the quantum correction to the scaling operator D, i.e. D =Dy +1".

2.4.1 The Coordinate Bethe Ansatz for the su(2) sector

In this section I will sketch the Coordinate Bethe Ansatz, also called Asymp-
totic Bethe Equations (ABE), for the bosonic closed SU(2) sub-sector, as the
title suggested, in order to get the feeling of why such techniques are so im-
portant. I will not write down the all-loop PSU(2,2|4) Bethe equations, since
we will not use them in the works. However, they are the basic connection
between integrability, SYM theory, spin chain and the S-matrix. For this rea-
son, I have anyway decided to dedicate a section to explain how they work. In

15



paper III we have compared certain string energies with the Bethe equations.
This is done in the AdS,/CFTs3, but the principles are the same. In particular,
we have only worked in a SU(2) x SU(2) sector.

As pointed out in the previous section, a lot of the relevant physical infor-
mation are contained in the anomalous dimension of a certain class of gauge
invariant operators. The fact that the operators are gauge invariant means that
we have to contract the SU(N) indices. This can be done taking the trace.
In general, we can have multi-trace operators. However, in the planar limit
(N — o) the gauge invariant operators which survive are the single trace ones.
Thus from now on, we are only dealing with single trace local operators (and
with their anomalous dimension).

The incredible upshot of this section will be that the mixing matrix (2.16)
is the Hamiltonian of an integrable (1+1) dimensional spin-chain! There are
two important points in the last sentence. First, it means that the eigenval-
ues of the mixing matrix are the eigenvalues of a spin-chain Hamiltonian,
namely the corresponding anomalous dimensions are nothing but the solutions
of the Schriodinger equation of certain spin-chain Hamiltonians. 1 cannot say
whether it is easier to compute ¥, or to solve some quantum mechanical system
such as an one-dimensional spin-chain. But here it enters the second keyword
used: integrable. The spin system has an infinite set of conserved charges,
all commuting with the Hamiltonian (which is just one of the charges), which
allows us to solve the model itself. In concrete terms, this means that we can
compute the energies of the spin chain, namely the anomalous dimension (of
a certain class) of .#" =4 SYM operators! Here the advantage is not purely
conceptual but also practical: we can exploit and/or export in a string theory
contest some methods and techniques usually used in the condensed matter
physics for example. And this is what we will see in a moment.

We have just claimed that the anomalous dimensions (for a certain class
of operators) can be computed via spin chain picture. We have to make this
statement more precise. In particular, we need to specify when and how it is
true. In order to illustrate how integrability enters in the gauge-theory side,
and its amazing implications, I have chosen to review the simplest exam-
ple: the closed bosonic SU(2) sub-sector of SO(6). Historically, the con-
nection between SYM gauge theory and spin chain was discovered by Mi-
nahan and Zarembo for the scalar SO(6) sector of the planar PSU(2,2|4)
group [158].This has been the starting point for all the integrability machinery
in AdS/CFT.

The scalar fields ¢; with I = 1,...,6 can be rearranged in a complex basis.
For example, we can write
Z=0¢1+ip W=¢3+i¢s Y =0¢s5+i¢s. (2.18)

The three complex fields Z, W and Y generate SU(4). The SU(2) subgroup is
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Figure 2.1: Example of a spin chain. The “up” arrow represents the field Z, while the
down spin is represented by the field W.

constructed by considering two of the three complex scalars. For example, we
can take the fields Z and W. We are considering gauge invariant operator of
the type

O(x) =Tr (WZWWZWWWWZZWW) (2.19)

et
where the dots indicate permutations of the fields and the subscript on the
right hand side stresses the fact that these are all fields evaluated in the point
x. If one identifies the fields in the following way

Z=1 W=, (2.20)

then the operator & in (2.19) can be represented by a spin chain. In particular,
for the operator (2.19) & is the spin chain in figure 2.1. If we have L fields
sitting in the trace of the operator ¢, it means that we are considering a spin
chain of length L, with L sites. Each site has assigned a spin, up or down,
according to the identification (2.20).

At one-loop the dilation operator for gauge invariant local operators which
are su(2) multiplets can be identified with the Hamiltonian of a Heisenberg

spin chain, also denoted as a XXX spin chain. Note that this is a quantum
2
mechanics system.

The identification between the Heisenberg spin chain Hamiltonian and the
SU(2) one-loop dilatation operator can be seen by an explicit computation of
such an operator [158]. In particular, one has that

)L L
M =5 Y Hi (2.21)
=1
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where H; ;. is the operator acting on the sites / and / + 1, explicitly

2 & R
H = WZHI,HI:@;(II,HI_PI,HI)
= y (I ¢ o 2.22
= 167:2; L1 — 01 1), (2.22)

where Py ;1 = %(IZH 1+ ?1 . E’,H) is the permutation operator. The one-loop
order is mirrored by the fact that the Hamiltonian only acts on the sites which
are nearest neighbors. The identity operator I;;, leaves the spins invariant,
while the permutation operator P, ;1| exchanges the two spins.

We want to compute the spectrum. This means that we want to solve the
Schrodinger equation H|¥) = E|¥). |¥) will be some operators of the type
(2.19), and the energy will give us the one-loop anomalous dimension for such
operator. The standard approach would require us to list all the 2 states and
then, after evaluating the Hamiltonian on such a basis, we should diagonalize
it. This is doable for a very short spin chain, not in general for any value L.
The brute force here does not help, and indeed there are smarter ways as the
one found by Bethe in 1931 [67].

One-magnon sector
Let us choose a vacuum of the type

0y =[11...77...7) (2.23)

and consider an infinite long spin chain, i.e. L — co. The vacuum has all spins
up and it is annihilated by the Hamiltonian (2.22). The choice of the vacuum
breaks the initial SU(2) symmetry to a U(1) symmetry. Consider now the
state with one excitation, namely with an impurity in the spin chain:

=171 L T...1). (2.24)
~—

X

The excitation, called a magnon, is sitting in the site x of the spin chain. The
wave function is

= i P (x)|x) . (2.25)

X——0c0
By computing the action of the Hamiltonian H on |¥), one obtains

H¥Y) = qu —x+1)—|x—1))

oo

= Y Q¥ -PE+1)—Pr+1))). (2.26)

X=—00
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Let us make an ansatz for the wave-function. Choosing

Y(x)=e"™ peR, (2.27)
then the Schrodinger equation for the one-impurity state reads

H’lP> _ i eipx (2 _ eipx _efipx) ‘X> (228)

X=—o0
This means that the energy for the one magnon state is

E(p) = 812 (2— P —e P = 2;;2 sin” 2. (2.29)
This is nothing but a plane wave along the spin chain.

The spin chain is a discrete system. There is a well defined length scale,
which is given by the lattice size, and the momentum is confined in a region
of definite length, typically the interval [, 7| (the first Brillouin zone). An
infinite chain might be obtained by considering a chain of length L and assume
periodicity. Thus we need to impose a periodic boundary condition on the
magnon wave function, which means

27tn

Y(x+L)=YP(x) = =1 = =" neZ. (2.30)

These are the Coordinate Bethe Equations for the one-magnon sector’. They
are the periodicity conditions of the spin chain.

Leaving the spin chain picture, and going back to the gauge theory, the
operator ¢ in (2.19) is not only periodic but cyclic (due to the trace). For the
single magnon this implies that the excited spin must be symmetrized over all
the sites of the chain. Thus the total energy vanishes®. Indeed, operators of
the kind

O=Tr(...2ZZWZZ...) (2.31)

are chiral primary operators: their dimension is protected and one can see that
the cyclicity of the trace means that the total momentum vanishes, which is
another way of saying that the energy is zero, cf. (2.29).

Thus there is no operator in SYM that corresponds to the single magnon
state. This is actually true for all sectors, since it follows from the cyclicity of
the trace.

5In condensed matter physics they are usually called Bethe-Yang equations.
OThis is equivalent to impose W(x) = W(x+ 1), which gives ? = 1.
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Two-magnon sectors
Consider now a state with two excitations, namely two spins down:

<y =IT...7T L 1T...71 L 1.,
~—~ ~—
x y

|P) = i Y(x,y)x <y). (2.32)

x<y=—00

The Hamiltonian (2.22) is short-ranged, thus when x + 1 < y it proceeds as
before for the single magnon state, just that in this case the energy £ would
be the sum of two magnon dispersion relations. The problem starts when
x+ 1 =y, namely in the contact terms. In this case the Scrodinger equation
for the wave-function gives

2¥(x,x+1) —¥(x—1,x+1) —¥(x,x+2) =0. (2.33)

It is clear that a wave function given by a simple sum of the two single magnon
states as in (2.27) does not diagonalize the Hamiltonian (2.22), but “almost”.
Using the following ansatz’

Y(x,y) = elPriay=i% + elaxtipy+is x<y, (2.34)

and imposing that it diagonalizes the Hamiltonian, one finds the value for the
phase shift § that solves the equation, namely
1—2¢4 ¢4 cotp/2—cotq/2—2i

£9(Pa) . _ — )
1 —2eiP + elatip cotp/2—cotq/2+2i

(2.35)

For this phase shift the total energy is just the sum of two single magnon
dispersion relations (trivially the ansatz (2.34) with the phase shift given by
(2.35) solves the case with x+ 1 < y). What does this phase shift repre-
sent? This is the shift experienced by the magnon once it passes through the
other excitation, namely when it scatters a magnon of momentum g. Hence
S(p,q) = ¢'9(P-4) is nothing but the corresponding scattering-matrix.
We still have to impose the periodic boundary conditions on the wave func-
tions®:
¥(0,y) =¥(L,y), (2.36)

which, after substituting the phase shift (2.35) in (2.34), gives
Pl = ¢710P9) — (10aP) — §(4. p) = 0P —§(p.g).  (2.37)

7For the case with x > y it is sufficient to exchange the role of x and y.
8The wave function is symmetric with respect to X, y.
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Again, these are the Coordinate Bethe equations for the s1(2) sector with two
magnons.

Finally, we need to impose the cyclicity condition, i.e. p+ g = 0, which
means that the Bethe equations (2.37) are solved for

27n
= =—q. 2.38
P=7—1=74 (2.38)
The energy becomes
A ., [ nn
E:E(p)—l—E(q):Esm <L—1> . (2.39)

Maybe the reader is more familiar to the Bethe Equations expressed in terms
of the rapidities, also called Bethe roots®, namely introducing

1
g = 5 cot % (2.40)
and using p = —q, the phase shift reads
. u—=+
O — §(y, —u) = ——2 (2.41)

u+3

K magnon sectors

The results of the previous section can be generalized to any number of magnons
K (with K < L). The Bethe Equations for general K are

K K
Pl — He—l5([7kvpj) - HS(pj,pk). (2.42)
J#k J#k

The energy is a sum of K single particle energies
K A K
.2 Pk
E=Y E=-=Y sin®—", (2.43)
k=1 2% (5 2
and the cyclicity condition is

K .
[[ert=1. (2.44)
k=1

°In chapter 3 the rapidity is denoted with the greek letter 6. Although the notation might seem
confusing it is the standard one used in literature.
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In terms of the rapidities (2.40) all these conditions take the maybe more com-
mon form of

o\ L
u +1 K+ .
1= = || # (Bethe Equations)

2) =Lkt T Tl

2

i
II__{I l

(cyclicity). (2.45)

\S] \

What have we achieved? The remarkable point is that the Hamiltonian of a
(1+1)-dimensional spin chain has been diagonalized by means of the 2-body
S-matrix S(p,q), cf. (2.42). Indeed, in order to know the spectrum of K
magnons, where K is arbitrary, we only need to solve the Bethe equations and
to compute the two-body S-matrix. The K-body problem is then reduced to
a 2-body problem, which is an incredible achievement. This does not hap-
pen in general. The underlying notion that we are using here is that each
magnon goes around the spin chain and scatters only with one magnon each
time. This is possible only for integrable spin chains, or in general for inte-
grable models'?. T will come back more extensively on this: the next chapter
3 is dedicated to the many possible meanings of the world “integrability”!

Here we have shown in details the SU(2) sub-sector for the fields in the
spin % representation. However, this can be generalized to other representa-
tions for the same group, or to other groups (e.g SU(N)) and also to higher
loops. What is really interesting for us, in an AdS/CFT perspective, is that
the Asymptotic Bethe Equations (ABE), which is another name for the Co-
ordinate Bethe equations, for the full (planar) PSU(2,2|4) group have been
written down. This has been done by Beisert and Staudacher [54].

At the beginning of the section we explained that the Bethe equations are
called “asymptotic”. “Asymptotic” since the Bethe procedure captures the
correct behavior of the anomalous dimension only up to A order for a chain
of length L. After this order, wrapping effects have to be taken into account.
They reflect the fact that the chain has a finite size. At the order n in per-
turbation theory, the spin chain Hamiltonian involves interaction up to n+ 1
sites: Hjjy1,. 14n. If the spin chain has total length L = n+ 1, then it is
clear that there might be interactions that go over all the spin chain, namely

10There are indeed further assumptions about integrability. We are indeed assuming that the only
kind of scattering is elastic, that there is no magnon produced in such scatterings and that the
initial and final momenta are the same. We have already used these hypothesizes in equation
(2.34) for the two-magnon sector.
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they wrap the chain!'. At this point the ABE are no longer valid. In order
to compute these finite-size effects, one might proceed with different tech-
niques as the Liischer corrections [139, 138]'2, the Thermodynamic Bethe
Ansatz (TBA) [11], cf. [21, 20, 109, 69] for very recent results, and the Y-
system [110]. These topics currently are one of the main area of research in
the contest of integrability and AdS/CFT, however in this thesis we will not
face the problem of finite-size effects'>.

The explicit one-loop PSU(2,2|4) spin-chain Hamiltonian has been derived
by Beisert in [46]. This means that the expression of the one-loop dilatation
operator for the .4~ =4 SYM is known. Increasing the loop order usually
makes things (and thus also the dilatation operator) sensibly more compli-
cated, cf. e.g. [41]. Moreover, we do not really need the explicit expression
of the Hamiltonian, once one has the Bethe equations. Indeed, nowadays we
have from the one-loop [53] to the all loop Asymptotic Bethe equations for
the planar PSU(2,2(4) [54]'4.

T will come back on the wrapping effects in chapter 6.

12Eor generalizations and applications of Liischer formulas for the computations of finite-size
effects we refer the reader to the papers [123, 29, 28]. The four loop anomalous dimension for
the Konishi operator computed in [29] has been positively checked against the gauge theory
perturbative computation of [90].

13The wording “finite-size effect”” should not be confused with what we will illustrate in chapter
7 and with the contents of paper III, cf. the discussion in chapter 7.

14 Certainly, they look more complicated than the ones written in (2.42). The phase shift becomes
a matrix, since the excitations also get flavor indices (the Bethe Ansatz equations are “nested”).
Each rapidity (called a Bethe root) gets an extra index corresponding to the level and for each
level we can have a different number of excitations for the particular root. Thus one now has
different levels and consequently the Bethe equations are written for each level.
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3 Classical vs. Quantum Integrability

The superstring theory on AdSs x S° can be described by a very special two-
dimensional field theory. Indeed, such a theory shows an infinite symmetry
algebra. Before discussing such an algebra for the specific case of the super-
string we will review other integrable (1 + 1) field theories, their conserved
(local and non-local) charges and finally stress the difference between inte-
grability at classical and quantum level.

The discovery of an infinite set of conserved charges in two-dimensional
classical 6 models is due to Pohlmeyer [167] and Liischer and Pohlmeyer [140].
A different derivation of the tower of conserved charges has been given by
Brezin et al. in [70]. A very useful review is Eichenherr’s paper [82].

3.1 Principal Chiral Model

As a prototype to start our discussion with, we consider the so-called Principal
Chiral Model (PCM). The following presentation is mostly based on [86]. The
PCM is defined by the following Lagrangian:

1
L= ?Tr (dug 'o*g) . (3.1

where g is a group valued map, g : ¥ — G with X a two-dimensional manifold
and G a Lie group. In particular ¥ is parameterized by o* = (7,0). We can
think to X as the string world-sheet. 7 is a dimensionless coupling constant,
the model is conformally invariant. The model (3.1) possesses a Gz X Gg
global symmetry (simply due to the trace cyclicity) which corresponds to left
and right multiplication by a constant matrix, i.e. Gz X Gg: g — goL ggaRl.
The conserved Noether currents associated to such symmetries are

1

J=—dgg™" jt=+g'dg, with gjtg”!=—jk. 3.2)

These currents are one-forms and they are also called Maurer-Cartan forms
(MC-forms). They are nothing but vielbeins; indeed j“®) are g-valued func-
tions and they span the tangent space for any point g(7,0) in G. We can then
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write
Jj=Jj1" = Ejdx"*
i =+g g (3.3)

Jh=—0ugg"

where XM denotes the specific parameterization chosen for the M-dimensional
group manifold G. ¢ are the generators of the corresponding Lie algebra g,
which obey the standard Lie algebra relations [, 7] = fbe.

The Lagrangian (3.1) can be written in terms of the right and left currents,
namely . = —%Tr( Jai*t) = —%Tr( jﬁ j*®). The equations of motion fol-
lowing from (3.1) are nothing but the conservation laws for the right and left
currents:

oM ji =" ji =0. (3.4)

Moreover, by construction the currents also satisty the so-called Maurer-Cartan
identities
OV = oy ji ) + [, A = 0. (35)

The equation (3.5) encodes all the information about the algebraic structure of

the model. Also, jLR’L) can be seen as a two-dimensional gauge field. Then,

when one introduces the covariant derivative Dy, = dj, + | jLR’L), ], the identity
(3.5) can be interpreted as a zero-curvature equation. The covariant derivative
D, acts on the elements of the Lie algebra g.

Local and non-local conserved charges in PCM

The PCM has two different sets of conserved charges: the local and the non-
local ones. Both conserved quantities can be obtained from a unique gener-
ating functional, the monodromy matrix. They correspond to an expansion
of the monodromy matrix around different points', and I will discuss these
aspects more extensively below.

First consider the following charges:

)

0ty = [ _itlo)do
< 1 « o ! - /
0t = [ jslo)do—3 1 [ acjio) [ do'ie). (o)

The first one is local, i.e. it is an integral of local functions, and it is the
global right and left symmetry of the model; while the second one is bi-local.
The Poisson brackets between Q‘(IO) and QE’I) generate a series of charges, Q?n),
which are conserved and which are integrals of non-local functions. Therefore

IThere is, indeed, another way of constructing such non-local charges by an iterative procedure,
for more details we refer the reader to the original paper [70].
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the set of charges generated by QE‘O) and Q‘(ll) are called non-local charges. The
basic idea is that such charges show certain “hidden” symmetries of the two-
dimensional model, not the ones directly seen by dynamical point-particles.
The conservation laws for Q’(ln) follow directly from the equations of motion
(3.4). Note that since the charges Q7 , are non-local, they will not commute
in general, and they will not be additive when acting on some generic multi-
particle state. They are fundamental in order to understand the classical and
quantum integrability of the model. In particular when it is possible to ex-
tend such charges to the quantum level, they generate a quantum group called
Yangian, whose structure yields fo the factorizability of the S-matrix.

Beside the charges Q‘(’n) there are another type of conserved quantities,
which are integrals of local functions of the fields. Such charges are additive
on (asymptotic) multi-particle states and since they commute this puts severe
constraints on the dynamics, as we will discuss in the section 3.3. The basic
idea is that such local charges directly generalize the energy-momentum con-
servation law to higher spin. Indeed, consider the quantities Tr( j(iR L) jf ’ >).
From the equations of motion (3.4) and the Maurer-Cartan identities (3.5) it

follows that
0, Tr ( j&D j(,“)) — 0 Tr ( R ij’”) ~0. 3.7)

This is nothing but the conservation of the PCM energy-momentum tensor.
Differentiating the action (3.1) with respect to the two-dimensional (world-
sheet) metric g,y one has

1 oo 1 .

Tuy = —272Tr (Jujv ~ 5 8uv (Ju )) ; (3.8)
and in the light-cone coordinates x™ = ¢ 47 it becomes Ty = — # Tr(jijs).
In general, we can extend (3.7) by considering a higher m rank tensor, namely

9, Tr (( jSR’”)’") — 0Tt (( j(f’”)'"> —0. (3.9)

In particular, in order to satisfy the equation (3.9), any higher m-rank tensor
should be associated with the invariant and completely symmetric Casimir
tensor C*1-mgdt % Note that, for the case m = 2, the invariant tensor is
simply the trace of two generators, i.e. C* o< §%° (multiplied by a constant nu-
merical factor which depends on the particular normalization of the algebra).
Then, the conservation laws (3.7) and (3.9) follow, apart from the equations
of motion for the currents, also from the algebraic identities which involve the
products of symmetric tensors C% %" and the antisymmetric structure con-
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stant f%¢. The corresponding charges are then
¢ = [ docn-ji(0)...jt (o), (3.10)

where s denotes the Lorentz spin, namely s = m — 1.The currents in ¢* can
be the right or left-invariant ones, they will give the same local conservation
laws.

The Lax pair in PCM

We have seen that we have currents which are conserved and which are flat,
cf. equations (3.4) and (3.5) respectively. At this point, we would like to
construct a flat linear combination of the currents j themselves. This means
that we consider a linear combination with arbitrary coefficients and demand
that it should satisfy the equation (3.5):

a“ = Ot]u +B8'uvjv SuCh that a“av_gva“‘i_[a“,av] :0 (311)
Since the mixed terms with af3 are zero, and the terms with the product €€

gives a factor —1, the solution for the coefficients are obtained from the equa-
tion a? — a — B2 = 0, explicitly:

B= %sinhk a == (1+coshd) (3.12)

| —

with A € R. This means that there is an entire family of solutions depending
on a parameter A, the spectral parameter’. The zero-curvature equation for
the connection a encodes all the dynamical informations, such as equations of
motion and Maurer-Cartan identities. Note that in general a is not conserved,
namely it does not satisfy the equations of motion (3.4).

We now explain why we want such connection a. The flatness condition for
a is associated with a two-dimensional differential system. In particular, for
the generic group-valued function U(7, ), the compatibility condition for the
differential equations

U U

E :ar(z)U % —ag(Z)U (313)

gives ;;TUG = %, which corresponds to the zero-curvature equation for the
connection a, (3.11). The system (3.13) is also called the Lax representation,
and for this reason, the two components of the connection a are called the Lax
pair. The system (3.13) is integrable provided that a is flat and the solution for

2The spectral parameter is usually complex in theories with Euclidean signature, this is why it
is called z in the paper I'V.
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U is given by
U(€,z) =Pe Je?, (3.14)

where P denotes the path-order prescription for the generators contained in a
and ¥ is a path on the world-sheet X. For any initial data, or boundary condi-
tion U(1p,0p), the system (3.13) has a unique solution given by the operator
(3.14). This Wilson line operator, which defines the parallel transport along
the path € with the connection q, is called the monodromy matrix.

The integrability of the system (3.13) is guaranteed by the fact that the
connection has a zero curvature (3.11), namely that the solution (3.14) is in-
dependent of deformations of the path. Let s parameterize the path €. A small
variation of the contour of integration, o*(s) — o*(s) + 66" (s), produces a
variation on the Wilson loop operator according to [169]

o doV
—  U=P|.Z%,,— Jza(s) 1
56#(S)U <JHV s e > , (3.15)

where .7, is the field strength for the connection a. It is clear that for a flat
current, i.e. when .#,, = 0, such variation vanishes, namely the Wilson line
operator is invariant under continuos path deformations if the connection is
flat. This is a key point: From the fact that U cannot be deformed, it follows
that it might be the proper generating functional for the conserved charges.
Considering paths € of constant time and looking at small deformations of
the contours in the 7 direction, then for a flat connection the Wilson line oper-
ator will be invariant under variations of these particular paths, namely under
deformations in time. Explicitly

0(A)= lim_U(%:A) = Pe /=1, (3.16)

where it has been stressed that the contour %y is over surfaces of constant time
To and that 6 — 4-e0>. Thus, summarizing, the conservation of the charges
0(z, 1) is guaranteed by the flatness of a (3.11). One can easily differentiate
U, and assuming that the currents fall down to zero at infinity and that a is flat,
one will get a vanishing time derivative for Q(z, 7).

The non-local charges which we have discussed above can be obtained as a
Taylor expansion around the zero value of the spectral parameter A. Around
A = 0 the expansion of the flat connection a with the minus solution in (3.12)
is

NA nY 12~ 3
aﬂ(l)zzeﬂv] —T],Hrﬁ(l ). (3.17)

3Closed strings require a closed loop and the trace in the definition of U. Moreover one needs
to assume a proper behavior for the currents at the boundary o — =-oo.

29



Then defining

oA) =1+ i (_nl,)n/l"Q@l), (3.18)
n=1 -

one has at the leading order in A expanding the exponential in (3.16)
1 =)
Q(O) = i/ doj:(o)
M L[ j L ° /- . /
0 :5/ dGJG(G)—Z/ dcr/ do'j:(0)j(c"). (3.19)

Apart for an irrelevant numerical factor these charges are the same presented
above in (3.6).

Some concrete examples of the PCM are the models with group G = SU(N)
and the O(4) ~ SU(2) x SU(2) model. Most relevant for us is the GS type
IIB superstring in AdSs x S’ in the light-cone gauge with symmetry group
P(SU(2|2) x SU(2/2)). This model will be elaborated on in chapter 6.

3.2 Coset model

We now review some other very special two-dimensional o-models, namely
those defined on a coset space. The presentation closely follows the paper by
Bena et al. [55].

For a coset space, the map g(7, o) takes values in the quotient space G/H.
H is a G-subgroup, called isotropy group or stabilizer since it is required to
leave invariant the G elements. The coset space G/H corresponds to the iden-
tification

g(t,0) = g(t,0)h(1,0), h(t,0) e H. (3.20)

In some sense we can say that we have “half” of the global symmetries com-
pared with the PCM of the previous section 3.1: what is now left is only the
invariance under global left multiplication. However, now the subgroup H
plays the important role of gauge group, since each point in every orbit in
the target-space is defined up to a local transformation, i.e. a gauge trans-
formation, which does not contain any further physical information. For this
reason g(7,0) is the coset representative. Note that we could have used left-
multiplication in (3.20) to identify different g and then the remaining global
symmetry would have been the right one. The forthcoming arguments then
run analogously, with some an obvious exchange between the left and right
sectors.

It is possible to give a geometric construction for spaces such as CP" =
SU(n+1)/(U(1)xSU(n)), AdS, =SO(n—1,2)/SO(n—1,1) and §" = SO(n+
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1)/SO(n). For example, consider the n-dimensional sphere S" embedded in
R™*!. Fixing the north-pole (0,0,...,1) we still can have all the rotations in
the n transverse directions, namely SO(n), which leave the north pole fixed
and do not change the points on the sphere S”.

As already seen in the previous section, we can introduce the one-forms

Jy=g 'oug, (3.21)

or expanded in the Lie algebra g generators *

Ju =t (3.22)

We follow the literature and use capital letters J,, for the left-invariant currents
and vice versa, small letters j,; for the conjugated currents, since now the roles
played by the two kinds of Maurer-Cartan forms are very different. Indeed,
the group G acts on the coset representative as a left multiplication gg, thus
the currents J,, transform according to

Ju=2g "'9ug — (80g) '9u(g0g) =& 'Oug, (3.23)

since gg is constant. Thus the currents are left-invariant, which corresponds to
the action of the global symmetry G. What happens to the MC-forms when we
consider the coset identification? This means that an element g will be multi-
plied by an element of the subgroup H, which now depends on the world-sheet
coordinates 6. Replacing g — gh in J we obtain the following transformation

Jy—h g dugh+nIun. (3.24)

The first term transforms covariantly under a local gauge H transformation,
but not the second term. Considering the conjugate currents

Jju=—glug ' =—ugs", (3.25)
we see that they transform covariantly under global left-multiplication:
§—808  Ju—280Ju8 - (3.26)

For this reason it is important to distinguish between the left and right sectors,
since now the two types of currents are not both conserved anymore as it
was in the PCM case (3.4), and they transform in different ways under gauge
transformations. Obviously, we could have started defining the coset space
by a left-multiplication and inverted the role between “small” and “capital”
currents.

The algebra g is split in two sectors with respect to the H-action: g = h + &,
where £ = g/b is the orthogonal complement in g with respect to h. As a
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consequence, also the left-invariant currents undergo the same split, namely

J=K+H, (3.27)

with obvious notation for the various terms. Thus H is really a connection,
a gauge field, while K represents the part of the one-form which transforms
covariantly under gauge transformations, i.e. A~ 'g~'dgh in (3.24). Notice
that the current

k=—gKg! (3.28)

is gauge invariant. Finally, the current j, does not have a defined grading,
since the rotation with g and g~!' mixes the two sectors h and g/bh, however

one keeps the notation / and k to denote gHg ! and gKg~! respectively.
The Lagrangian is as for the PCM (3.1)
1 1 1 1 ..
&= ?Tr(aug Mg) = ﬁTr (JuJ*) = ?Tr (Gud®) - (3.29)

Since the two tangent spaces h and € are orthogonal, this leads to the following
expression for the .Z

1
£ = ?Tr (HyH* + K K*) . (3.30)

The term Tr(A|g/uBju) vanishes, as it should, since the trace is a bilinear
invariant tensor that respects the structure of the space:

[e,p]ce  [b,H]CH. (3.3D

Indeed, the grading g = h + € means that the generators of one set span the
tangent space labelled by £ and the other complementary set generates f, and
there is no generator left. Thus, the trace between any two elements spanning
orthogonal spaces vanishes, since the trace is nothing but a scalar product in
this tangent space.

Since the action (3.30) is gauge invariant, it is clear that one can integrate
out the gauge field H so that the only remaining contribution to the currents
in G/H is

Lom = ylzTr (KuK*) | (3.32)

which is again manifestly gauge invariant (recall that K is covariant under
local H transformations) and it is naturally defined on the quotient space G/H.

Again it follows from the equations of motion that the left-invariant currents
are conserved; they satisfy the usual identity dyJy — dyJy + [y, Jv] = 0. As
for the PCM, we can construct the flat linear combination a. However, in the
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coset space we need a further requirement: the space should be symmetric,
namely beyond the standard algebraic structure for a coset space (3.31), we
need also that

(e, 6] Ch. (3.33)

This is indeed a necessary and sufficient condition for a bosonic coset space
to have a Lax representation [83, 84]. Note that other models can still have a
Lax representation. The AdSs x S° superstring case is eloquent in this sense:
the bosonic sub-sector, which is strictly the coset AdSs x §°, is a symmetric
space. However, its full supersymmetric generalization is not. The corre-
sponding superstring action is not simply Sg/y but there is a further contribu-
tion of the Wess-Zumino-Witten type (WZW) [149] which allows a Lax pair
reformulation [55].

In order to construct a flat connection let us consider the projections of the
Maurer-Cartan identities over b and €. Then dyJy — dyJy + [Jyi,Jv] = 0 gives

duHy — ovHy + [Hy Hy| + [Ku, Kv] =0
IuKy — OyKy + [Hy, Ky] + [Ky,Hy] =0. (3.34)

Without the condition (3.33) the commutator [K,, Ky ] would have contributed
to both the differentials, 4H and dK *. Using the following identity

uly = dvly = —g(OuLy = AvLu)g ™" — [lu jv] = [, v] (3.35)
valid for any current L and its conjugate [ = —gLg ™!, one has

In this way, the flat connection corresponding to a in the PCM is just the
gauge-invariant one-form 2k, since it is conserved and it is also flat. Then
the construction for the monodromy matrix follows exactly the PCM model
in section 3.1.

3.3 The magic of (1+1)-dimensional theories

Something special happens for two-dimensional field theories which have an
infinite amount of conserved higher charges. This is mainly due to the fact
that there is only one spatial dimension, and that the charges can be used
to reshuffle the amplitudes in scattering processes. The role of integrability
in constraining the dynamics of the theory was discovered in the late 1970s
and early 1980s by Zamolodchikov and Zamolodchikov [194], Liischer [137],

4As explained in [55], if € is a sub-algebra, then the commutator [K“,Kv] sits only in the dk
terms.
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Kulish [136], Parke [165] and by Shankar and Witten [181]. In order to illus-
trate this point, we start with a two-dimensional theory with an infinite set
of charges, which are integrals of local functions and which are diagonal in
one-particle states. The charges are of the kind illustrated in Section 3.1. The
section is based on P. Dorey’s review [81] and on the pioneering paper [194].

Let us first introduce some notation and define what we mean by scattering.
We denote the particle state with the wave-function |[A(0)), where 6 is the
rapidity, which is defined for a massive field theory’ as

Pia=2mae%  p_o=2mue %, (3.37)

p+ and p_ are the momenta in the light-cone coordinates®. Suppose the
asymptotic in-state is composed of m particles. We can then write

lin) = |Aq, (61)...Aq, (6)) . (3.38)

The hypothesis is that the particles are described by wave packets with an
approximate position for each momentum (for each rapidity) and that all the
interactions are short-ranged (since we are discussing massive field theories)
such that the m-particle state can be approximated by a sum of m single-
particle states (the wave packets are far enough apart to be considered single
particle states). An asymptotic in-state means that sufficiently backwards in
time the m particles do not interact. This imposes a certain ordering in the
state, since the particle which is traveling faster must be on the left in order to
avoid crossing with all other particles, vice versa the slowest particle should
be the first on the right, i.e.

0, >6,>--->0, for in states. (3.39)

This also implies the reversed ordering for the out-state. Consider as well the
asymptotic state containing » particles, namely » independent wave packets

lout) = |Ap,(61)...Ap,(6,)) . (3.40)

Now the particles should travel without interacting for future times and the

slowest particle should be on the left and the particle moving fastest on the
right, namely in terms of rapidities

0 <6< <6, for out states. (3.41)

The letters ay,...a,, and by ... b, denote any possible set of quantum numbers
characterizing the particles.

5The rapidity can also be introduced for massless theory, but we are indeed interested in massive
field theories.
The conventions are the same of paper II, namely p1 = %( potp1).
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The S-matrix or scattering matrix is by definition the mapping relating the
in and out-states, namely it is defined by

[Ag, (61) ... Aq, (8)) = So10n (64,...0,1: 0] ... 6))|Ap, (6]) ... Ap, (6})),

(3.42)
where it is intended to sum over the indices b ...b,, and over the out-going
rapidities, which are ordered as explained above. We can also introduce the
Faddeev-Zamolodchikov (ZF) notation [194, 88] and write each asymptotic
state as a sequence of A,(0)’s, remembering that they do not commute and
they are ordered in increasing or decreasing rapidity for in or out-state respec-
tively, according to (3.39) and (3.41). Then one can write the state and the
S-matrix element in the following way:

Ay (61)...Aq, (61)
Ay (81) ... Ag, (8) = SD10n (81,...6,3 0] ...0,)Ap, (6])...Ap, (6)).
(3.43)

The S-matrix is a unitary operator, namely it should respect the condition (in
operator notation)
5(61,6,) S"(6:,0)) =1. (3.44)

In general one also requires that the S-matrix is invariant under parity trans-
formation (in our case the discrete symmetry which flips the spatial coordinate
o to —0), time reversal and charge conjugation. In relativistic quantum field
theories the S-matrix turns out to be invariant also under the crossing sym-
metry, namely the transformation which exchanges one in-coming particle of
momentum p with an out-going anti-particle of momentum — p, cf. discussion
in section 6.4.

Selection rules

Let us now come back to the local charges ¢’ . Since they commute with the
momentum operator, for a single particle state we have

¢2144(0)) = 0;"¢*?|44(8)), (3.45)
where més) are the corresponding eigenvalues. For s = 0 and s = 1 we can
think about them as the energy and the momentum. However, we are assuming
that there exists an infinite number of higher rank local conserved charges,
namely we are assuming s > 1. Suppose now we act with the local conserved
charges on the in and out-states. Since the wave packets are well separated
and the charges are integrals of local functions, their action on such states is
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additive, namely

qs‘Aal(el) . "Aan1(9m)> =
:( éf)esel+---+w§fjes&n) Ag (81)... A, (8,)).  (3.46)

Again, just to understand, for s = 0 the above relation is the energy conserva-
tion condition and for s = 1 the momentum conservation law. Obviously we
can write the expression above (3.46) also for out-going states:

qs|Ap, (61) .- A, (6,)) = ( ,5‘:)6561/ +---+a)b(;)e59f/") |Ab, (1) .. A, (6,,)) -
(3.47)
The charges are conserved during the entire scattering process and they are
diagonalized by asymptotic multi-particle states as stated above (3.46) and
(3.47). Then for any m — n scattering amplitude it must be true that
a)éf)e“"’l +e a)cgi,)ese’" = lgf)e“'ef +- 4 a)lgj)ese'g (3.48)
for all the possible infinite values of s. Thus there are s such equations, with
s taking infinitely many values. Hence, the only solution for generic values of
the in-coming momenta is

n=m o) =0 6=6, (3.49)

with i = 1,...m. The consequences of the solutions (3.49) are severe for the

dynamics of the system.

e Since n must be equal to m this implies that there cannot be processes
where the number of particles changes, namely the number of particles is
conserved during the scattering and there cannot be particle production.

e The set of in-coming momenta, {p;} must be equal to the set of out-going
momenta {p}}, or in terms of rapidities {6;} = {6/}.

However, this does not imply that the sets of quantum numbers before and

after the scattering {a;} and {b;} should be the same. They can have dif-

ferent values, namely scatterings which lead to changing flavor are still al-
lowed. There is some subtlety, in the sense that one might find solutions to the

equations (3.48) for specific values of the in-coming momenta and for n £ m.

However these values turn out to not be physical [81]. The scatterings which

are possible and consistent with the infinite set of charges are the elastic pro-

cesses.

S-matrix factorization

There is another dynamical constraint which makes the two-dimensional inte-
grability a really powerful tool: the factorizability of the S-matrix. Each wave
packet is localized, and we can model it by a gaussian distribution around the
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a) b) c)
Figure 3.1: Tree level diagrams for three body scattering 3 — 3.

position x; with momentum p;. Acting on such a state with an operator of the
type e """ shifts the phase factor by a function depending on the momentum’:
in particular the position is shifted by dx; = cspf’l. When the operator acts
on an m-particle state of the type seen before, namely m times a single particle
state, then each localized wave packet is shifted by a different quantity since
such shift depends on the wave packet momentum. Then, since the asymptotic
states are eigenstates for the higher conserved charges and since such charges
commute with the S-matrix, we can use them in order to reshuffle the in and
out-states. Explicitly one can write

(out|S|in) = (out|e™P Se™P |in) . (3.50)

We can rearrange the wave-packets and make their phase factor change ac-
cording to their momenta. In order to illustrate the ideas, let us consider the
3 — 3 scattering. At tree level we can have three types of diagrams, cf. figure
3.1. The first graph (a) visualizes the scattering of three particles at the same
point, while the remaining two diagrams, (b) and (c), represent a series of
three two-body scatterings. Namely, in the diagram (b), first the particles 2
and 3 meet and collide and then the particle 3 collides further with 1 and then
the particle 2 with 1. Of course we can start with the initial scattering between
1 and 2 and proceed analogously, as in figure 3.1 ¢). Now, we use the operator
e~P" in order to shift the particle positions as in (3.50). However, everything
must respect the macro-causality principle, namely it cannot happen that the
particle 1 goes out before that also the particle 3 participates in the scattering.

"The argument that we are following is from [81], rigorously we should here use the operator
e~ ag it has been done in [165]. However, since it does not spoil the effectiveness of the
argument and it makes a bit “digestive” from a technical point of view, we adopt the same
technique as in Dorey’s paper [81].
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Figure 3.2: Factorization of the three-body S-matrix and Yang-Baxter equation.

Otherwise the corresponding amplitude would just vanish®. Namely, nothing
can happen between the slowest in-coming particle and the fastest out-going
particle before that all the in-coming particles have collided. Now the point is
that one can use the higher charges to rearrange the phase shift for the multi
particle state, but indeed the diagrams in figure 3.1 only differ by a phase fac-
tor. This means that we can use the operators P° in order to move the lines
1,2, 3 in Fig. 3.1 a, in order to get any of the two other graphs in Fig. 3.1.
Hence all the graphs in figure 3.1 are equal. This implies that the three-body
S-matrix (Fig. 3.1 a) is equal to a sequence of two-body S-matrices (Fig. 3.1
b and c¢). This is the meaning of the first equality in Fig. 3.2, where what
we have discussed for the tree-level is extended to generic n-loop order. The
second equality in figure 3.2 is called the Yang-Baxter equation. It is really a
non trivial equation, since it fixes the flow of indices that we can have in the
S-matrix elements. This is something special which can happen in two di-
mensions. Indeed, we are using the higher charges to reshuffle the in-coming
particle positions. Hence, if their rapidities differ, they will still meet at some
point in space. This is not true for the four-dimensional case, where there are
still two dimensions where the in-coming particles can completely avoid the
scattering. This is the main reason why an integrable theory in 4 dimensions
only has a trivial S-matrix, which is stated in the Coleman-Mandula theorem
[77]. In one spatial dimension the particles necessary will meet at some point,
and since they run in the same line there is no way to go out”.

8This argument can also be used to show that processes of the type 2 — n are zero in integrable
two-dimensional field theory, since it should always be true that #;5 < f»3, where 1 and 2 are the
in-coming particles and #1; is the time that occurs for the scattering between 1 and 2, while 3 is
the fastest particle among the out-going ones.

9Parke has proved that the existence of only two higher conserved charges g+ with s > 1 is
sufficient for the arguments presented above [165].
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Let us pause here and summarize the previous paragraph. In any (1+1)-
dimensional theory with infinitely many local conserved charges, any n —
n process can actually be known since the corresponding S-matrix element
is given by a sequence of n two-body S-matrix elements. In many well-
understood theories even if the 2-body S-matrix is computed, it is hopeless
to compute the three-particle S-matrix. But now we are saying that we do not
need it. We can compute any particle number scattering and the correspond-
ing amplitude will be a product of 2 — 2 scattering amplitudes. Thus, any
scattering process involving more than two particles is a sequence of 2 by 2
collisions, which are all elastic and before and after any collision the particles
keep on traveling freely.

Until now we have only discussed the local conserved charges since the
arguments in order to run need to use the fact that these objects are additive
on multi-particle states. However, in [121] Iagolnitzer gave a more general
proof for the S-matrix factorization and for the selection rules. The same is
done in Liischer’s paper [137] where he proved the relation between non-local
charges and S-matrix factorization for the O(n) sigma model. For simplicity
and for pedagogical reasons we have chosen to use the local charges to simpler
visualize the arguments.

Remarks on paper 11

From the discussion above it is clear that we can use the factorization of the
S-matrix and the selection rules (and the Yang Baxter equation) as a defini-
tion for a two-dimensional integrable field theory. It is often really difficult
to explicitly construct the (non-local and local) charges and usually it is more
useful to know the S-matrix elements. This has been studied in paper II, where
we have explicitly verified the factorization of the one-loop S-matrix for the
near-flat-space limit of the type IIB superstring on AdSs x S°. This is equiv-
alent to state the integrability of the model at leading order in perturbation
theory. However, this will be explained in more detail in chapter 6. Here we
only want to stress once more that these dynamical constraints severely re-
strict the motion in the phase space. As example consider the 3 — 3 process.
Any scattering amplitude must respect the energy and the momentum conser-
vation laws. In the light-cone coordinates one has that p_ p, = 4m?. Then p.
can be parameterized as p. =2ma and p_ = 2m/a and the energy-momentum
conservation laws become
1 1 1 1 1

a b ¢ d e + f

at+tb+c=d+e+f (3.51)
where the set (a,b,c) is for the in-coming momenta, which are fixed (it is the
external input which we give when we start to run our collision), while (d, e, f)
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Figure 3.3: Three particle phase space.

is the set of out-going momenta, which are constrained to respect the above
equations (3.51). The equations in (3.51) describe two surfaces. Without
any further conservation law the out-going particles could lie in any point
along the curve described by the intersection of the two equations. However,
since we have a higher charge and we can impose another equation, there are
only six valid points in all the phase space! These points correspond to the
permutations given by the equation {a,b,c} = {d, e, f}, see Fig.3.3. This of
course means that we have completely solved the motion. If we have a 4 — 4
scattering then we need a fourth higher charge to fix univocally the points in
the phase space, and so on. This is the concrete way how the charges manifest
themselves. How to get the extra equation, namely how the higher charges
actually operate on the phase space, will be discussed in chapter 6. There
we also explain why we want to show the quantum integrability of the AdS
superstring.

3.4 Quantum Integrability

Until now the discussion has only been at the classical level. Can we gen-
eralize the arguments above to the corresponding quantum field theory in a
straightforward way? This question is far from trivial: numerous works in
the past years (*70s-’80s) have been devoted to understand when integrability
survives at the quantum level. However, also the answer is far from being
trivial: for the O(n) model all the integrability properties survive after quanti-
zation [137, 101, 87], which is not the case for the CP" model [1]. Can we say
why? Can we say where and how the troubles are originated? Can we learn
something useful for the type IIB string theory? In this section we will try to
partly answer these questions.
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Quantum non-local charges

Going back to the definition of the non-local charges (3.6), one would like to
implement such definition at the quantum level. The first trouble which one
needs to face is the fact that the currents, and all fields in general, now are
promoted to operators. The first term in (3.6) now contains a product of two
operators. When the two points where the operators are sitting at get closer
and closer the currents can interact and give rise to singularities. In quantum
field theory any product of operators is in general not-well defined. Also, the
second term in (3.6) can get renormalized and in general there will be some
field renormalization coefficient which can be divergent.

In order to have a reliable charge definition, it is necessary to slightly mod-
ify the expression in (3.6) [137]:

h - 1 anc i . ¢ -C
0ty =2 js(o)do 31 [ dojiio) [ dadja). @S2

The second step is to compute the short-distance expansion for the current
product in (3.52) and see if UV-dangerous terms can come out. This means to
compute the operator product expansion (OPE) for the currents:

jax—e)jy(x+e)~Y Chy(e)0P(x), €—0 (3.53)
k

where the sum k denotes the sum over a basis of operators ﬁ’,‘jb. The operators
ﬁ,‘jb do not depend on the short-distance parameter &, while the coefficients in
the expansion Cﬁv are functions of the coordinates, and thus of €. To under-
stand the expression (3.53) one can say that the OPE is a sort of a combined
expansion in Feynman diagrams (we indeed need to compute the divergent
diagrams in the j*;j” operator) and a Taylor expansion in €. The problematic
terms are linearly (i.e. é) and logarithmically divergent in €. For the PCM as
an example, by dimensional analysis and since the currents have conformal
dimension 1, we can expect an expansion of the type

. . . . A c .
Jo(x—e)jbx+e) ~ L™ (€) j§ (x) + Db ™ (€) 03 /S (x) +...,  (354)

where Cﬁv (&) behaves as é, just by dimensional analysis. This gives rise to
possible logarithmic terms once one integrates. In general in order to facilitate
the computation of the OPE one can use the symmetries of the model (for
example, they must respect the O(n) and the CP symmetries for the case of
non-linear ¢ model studied in [137]). Moreover for the charges (3.52) we
really need the antisymmetric tensor in the Lorentz indices u, v.

For the O(n) o model Liischer showed that the quantum charges are well-
defined, they are conserved quantum mechanically and they force the S-matrix
to factorize [137]. The same is not true for the CP" model, which was inves-
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tigated by Abdalla et al. in [1]. The CP" model is classically integrable,
however at quantum level an anomaly appears in the conservation law for the
quantum non-local charges. As before, one needs to study the short-distance
expansion for the currents (3.53) and then plug back the OPE in the quantum
non-local charge (3.52). The term responsible for the anomaly in the CP” case
is the field strength of the currents, namely a dimension two operators, whose
corresponding coefficient in (3.53) contains logarithmically and linearly di-
vergent terms. (Notice that the supersymmetric CP" is quantum integrable
(2].)

Can we give some kind of rules, about when or whether we could expect an
anomaly in the charge conservation laws? For symmetric coset models of the
type discussed in section 3.2 this issue has been addressed in [3]. If one would
like to summarize the results of the paper, one could say that the breaking of
integrability at quantum level is related to U(1) factor in the denominator of
the quotient space, a fact which is confirmed by the CP" example, where the
corresponding field strength gives rise to the anomaly. In some sense in the
O(n) model there is not a great variety of operators ﬁ,f” of dimension 1 and
2 with the proper symmetries required by the model itself in order to be a
candidate for the anomaly'©.

Remarks on Papers I and IV

From all this one can understand why it is not so trivial to investigate the quan-
tum integrability for two-dimensional o model, as for example the superstring
world-sheet theory. Recall that the super-coset AdSs x S° is not a symmetric
space, thus we cannot extend directly the analysis of [3]. However we can
learn much from the CP" case and with this example in mind we have started
to investigate the quantum pure spinor superstring in AdSs x > in the papers I
and IV. In particular recall the expression for the variation of the monodromy
matrix (3.15), the integrability of the model is strictly related to the tensor
Fuv, cf. chapter 5.

10For a more detailed and complete explanation one should say that for Riemannian symmetric
coset space the anomaly is forbidden when the sub-algebra b is simple, and vice versa it is
originated when the sub-algebra contains non-trivial ideals. Roughly speaking we can say that
the decomposition of the sub-algebra h corresponds to the possible operators ﬁ,ﬁ"’ which are the
basis in the current OPE (3.53).
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4 Green-Schwarz-Metsaev-Tseytlin
superstring

In the next section, I will briefly present the Green-Schwarz (GS) action in flat
space. At the end of the chapter special attention is dedicated to the Green-
Schwarz-Metsaev-Tseytlin (GSMT) action for the AdSs x S3 superstring, and
in particular to its classical integrability. I will focus only on some particular
aspects which I need to emphasize especially in a perspective of a discussion
about pure spinors.

The chapter is mainly based on the textbooks by [103, 34] and also on the
original papers by Green and Schwarz [105, 104] for the first part. For the
second part I will mainly refer to the work by Metsaev and Tseytlin [149] for
the super-coset construction of the action, to the paper by Bena, Polchinski
and Roiban [55] for the classical integrability of the GSMT action and finally
to the reviews written by Zarembo [195] and by Arutyunov and Frolov [19].

4.1 Green-Schwarz action in flat space

In the Green-Schwarz (GS) approach the target space supersymmetries are
manifest and in some sense the superspace coordinates are treated more sym-
metrically with respect to the Ramond-Neveu-Schwarz (RNS) formalism'. In
string theory, the embedding coordinates X“(7, ) map the world-sheet X, pa-
rameterized by (7,0), into the target space. Now the same concept is gener-
alized to the “fermionic embedding coordinates” 6’(7, ). These are spinors
on the target-space and scalars from a world-sheet point of view.

IThe RNS formalism is another formulation to describe supersymmetric strings. In this case
the supersymmetries are implemented into the theory by means of fields which are spinors
on the world-sheet and vectors on the target-space. However this approach is not suitable for
describing superstrings supported by Ramond-Ramond fluxes, as it is our favorite AdSs x S°
superstring.
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The GS superstring action in a flat background [104] is

SGS, flar = Skin +Swzw
1 . -
- / A2/ —hi (9,X° — 10790, 67) (X, — 10T, 6”)

1 _ - _
+o / d*oe" (—idyX“0§ 0'T,0,6’ +6'T%9,6'6°T,0,67).
(4.1)

h*V is the world-sheet metric, X“ are the ten embedding coordinates in the flat
space a =0,...9 and 6’ with I = 1,2 are the two Majorana-Weyl spinors in
ten dimensions?, with 64’ = diag(1,—1). For the specific case of the type IIB
superstring, the two fermions have the same chirality, vice versa in type 1A
they have opposite chirality, namely

I 0'=6" with I=1,2 typellB
60" =(=1)"1'e! with 1=1,2 typellA, 4.2)

where I';; =TT ... T and I, are the 32 x 32 I'-matrices which satisfy the
SO(9, 1) Clifford algebra:

(TaTp} =N with g = diag(—1,1,...,1). 4.3)

The action (4.1) is essentially built of two terms. The first contribution Ski,
is a o-model (the term symmetric in the world-sheet indices). The second
line comes from the Wess-Zumino-Witten (WZW) term, i.e. Swzw (the one
antisymmetric in the world-sheet indices). I will give more detail on the two
terms at the end of the section.

An important feature of the GS action (4.1), which is valid also in curved
backgrounds, is the invariance under a local fermionic symmetry, which is
called x-symmetry [104]. Such a symmetry fixes univocally the coefficient
in front of the WZW term. The x symmetry allows one to gauge away half
of the fermionic degrees of freedom, leaving only the physical ones. Count-
ing the fermionic degrees of freedom, we start with a Dirac fermion in ten
dimensions, namely with 2012 = 33 components. We impose the Majorana-
Weyl condition which removes half of the components, leaving only 16 real
fermionic degrees of freedom. Finally we can use the k symmetry to reduce
the spinor components further, namely to 8. Recalling that we started with
two supersymmetries (/ = 1,2), we have in total 16 real independent fermionic
degrees of freedom>. Furthermore, the action (4.1) is invariant under super-

2[ have dropped the spinorial index o.
3The equations of motion, e.g. in the light-cone gauge, remove again half of the spinorial
components, namely the real independent components left are 8.
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Poincaré transformations and world-sheet reparameterizations.

4.2 Type IIB superstring on AdSs x S’: GSMT action

Before getting to the hearth of the discussion about the AdS superstring action,
let me first review certain crucial properties of the psu(2,2/4) algebra. In the
next paragraph I will heavily use the results of the two sections 3.1, 3.2.

More on the algebra

A notably property of the psu(2,2|4) algebra is its inner automorphism®,
defined by a map Q which decomposes the algebra in four subsets. This
symmetry seems to be ultimately related to the presence of integrable struc-
tures [198]. Explicitly, we have

psu(2,214) =g=go+91+02+93, (4.4)

and the Z4-grading is generated by the transformation Q, where

QM) =Mzt 4.5)

Here M and M3T are 8 x 8 super-matrices and X is the following matrix

Yy = 70 where J = G 0 , (4.6)
0 J 0 *iGg

with 0, the Pauli matrix. The subsets g; are the eigenspaces with respect to
Q, namely Qg = i*g;. The Z4-grading respects the bilinear invariants of the
algebra, namely

[gma gn] = Om+n mod 4 - (4-7)

From the above relation we can see the reason why the supersymmetric ex-
tension of AdSs x S° is not a symmetric space, namely [g1, 1] = [93, 93] = g2,
cf. (3.33) in section 3.2. The bilinear invariants can be naturally represented
by the super-trace in the algebra space, and we have

(Ty,T,) =0 unless m+n=0 (mod4). (4.8)

In particular, the sub-algebra gy is the invariant locus of the psu(2,2|4) alge-
bra and it is the algebra for the gauge group H, which in our case is SO(4,1) x
SO(5). This is a crucial point from the super-coset construction point of view.
g» contains all the bosonic generators which are left after modding out the

4Such a feature is indeed true for the general algebra psu(n,n|2n) [58], cf. also [180].
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Lorentz generators for s0(4, 1) X s0(5), namely it contains the translation gen-
erators, and it is a ten-dimensional space. Notice that g is not a sub—algebras.
Finally g; and g3 are spanned by the fermionic generators, and the two sectors
are related by complex conjugation.

According to the algebra decomposition (4.4), also the currents will respect
the Z4-grading. Denoting with J,, = Jj5 the projection onto the sub-algebra
gm, then

J=b+h+J1+J;5. 4.9)

Notice that J; and J3 are even since they are contracted with the generators and
that the gauge-invariant currents j mix under the Z4-grading. In the language
of the previous chapter Jy is H, cf. section 3.2.

Green-Schwarz-Metsaev-Tseytlin action
Let me first explain the name for this action.

In 1998 Metsaev and Tseytlin constructed the world-sheet action for the
type IIB superstring on AdSs x $> from a geometrical point of view based on
a super coset approach [149]. They use the Green-Schwarz (GS) formalism
[105, 104], where the target-space supersymmetry is manifest. This is due to
the fact that the background, curved and with Ramond-Ramond (RR) fluxes,
prevents the use of the Ramond-Neveau-Schwarz (RNS) approach, (cf. chap-
ter 5).

Recalling how the anti-De Sitter spaces and the spheres are realized:

SO(4,2) s SO(6)

and that the direct product SO(4,2) x SO(6) is the bosonic sector for the full
PSU(2,2|4), thus the supersymmetric generalization of the above relation is
PSU(2,2/4)
SO(4,1) x SO(5)

= super (AdSs x S%). 4.11)

PSU(2,2/4)
SO(4,1)xS0(5) "
To be more precise, we should say instead of PSU(2,2|4) its corresponding
universal covering. The left-invariant Maurer-Cartan forms are defined in the

same way as in (3.21):

In particular, g maps the string world-sheet X into the super-coset

=nT =g 0 T =040, 2", (4.12)

5This Z4-grading works the same for the SU(2,2|4) supergroup, thus one might wonder where
the difference is. The point is that the projection P removes the identity matrix in the algebra,
namely the central charge term. Such a factor is sitting in the bosonic subset g;, hence it is
equivalent to consider traceless matrices within this subspace.
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where A is the psu(2,2|4) algebraic index, T4 are the corresponding gener-
ators, which span the four g,, as in (4.9), M is the ten-dimensional target-
space index, p is the world-sheet index and the embedding coordinates are
ZM = (XM 9% §%). Recalling the action for the coset model (3.29) and con-
sidering for simplicity only the bosonic sector, then one easily sees that the
one-forms Jﬁ are indeed nothing but vielbeins, namely®

VA [ o
SG/H = —H/d (62 —hhquTr(Jqu)mz =

\/I 2 A yB M N A TB
_ _H/d OV=hI" 14 I8 9,7V 0,7° ST (TAT®) =

Va |
T /dzo\/jhhuv a“XM X" (]ﬁjg gAB) P fermions =
VA [, v I ‘
- T arn d*6/—hh*Y Gy duX™ 9y X" + fermions . (4.13)

As for the bosonic coset model the left-invariant currents J,, are invariant un-
der global PSU(2,2(4) left multiplication while under the gauge SO(4,1) x
SO(5) transformations they transform as a connection, cf. section 3.2. More-
over, they satisfy the Maurer-Cartan identity dy,Jy — dyJy + [Ju,Jyv] = 0.

The kinetic term Sy respects the structure of the bosonic coset model
as discussed in section 3.2. The fermionic currents enter through a Wess-
Zumino-Witten term, namely a closed and exact three form’:

Iyz~k | dcQs (4.14)
M;

with
Q3=(J2/\]1/\J1—J2/\J3/\J3), 4.15)

where the boundary of M3 is the string world-sheet X which we are integrating
over. The form for the WZW term is indeed the only relevant one which is
compatible with the invariance under SO(4, 1) x SO(5) gauge transformations
and which has the correct flat space limit. The coefficient k in the expression
above is fixed by the the local fermionic symmetry which characterizes the
GS formalism. In particular, the values allowed are k = 1. The exchange of
sign is related to a parity transformation in the world-sheet coordinates and to

OThis is indeed an expansion, for example by choosing a specific parameterization on the super-
coset the full action can be expanded in the number of fermions, cf. [149] and [124]. Here it is
meant to illustrate the geometrical meaning of the currents, cf. section 6.2.1, equation (6.11).
"The closure of the WZW term comes from the Maurer-Cartan identity for the left-invariant
currents, while from the fact that the third cohomology group of the superconformal group is
trivial follows the exactness for the WZW term [58, 19].
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an exchange of the two fermionic sectors g; and g3. Once one integrates such
a three-form (4.15), it gives the antisymmetric term

A
Swz = VA / d*ce" Ty dys . (4.16)
4r
Thus the final action is the sum of the two terms (4.13) and (4.16), namely

VA
Scsmr = —E/dZGStr(y“VJungz + ke" I dvs), (4.17)

with YV = \/—hh*Y. Summarizing the properties of Sgsyr we have that

e the bosonic part of Sg/ reproduces the standard bosonic coset model on
AdSs x §°, cf. equation (4.13);

e the full action (4.17) is invariant under global PSU(2,2|4) invariance;

e it is also invariant under local SO(4, 1) x SO(5) transformation,

e and under the k symmetry,

as it has been shown in [149]. Finally, in the flat space limit, namely for

R — oo, the above action (4.17) reproduces the GS type IIB superstring in flat

space (4.1). This is indeed how Metsaev and Tseytlin uniquely constrained

their ansatz for the action [149].

The classical equations of motion

In oder to fix the ideas, let us consider the complex world-sheet coordinates®
z,Z given by
z=0c'+ic? z=o0c'-ic?. (4.18)

For the conventions and more detail we refer the reader to appendix 10.1. The
GSMT action (4.17) becomes in the new coordinates

Vi Kk
Sesmt = E/dzz STr (JzJ -3 (i3 —J1J3)> . 4.19)

In order to derive the equations of motion, one can consider an infinitesimal
variation & of the PSU(2,2|4) coset representative g, namely

g=g& 8g'=-&g, (4.20)
where £ = Y7 | & and & € g;. This implies that small variations for the cur-
rents J = g~ 'dg satisfy

8eJi =&+ 18l 8eSi= &+ &)

81 will use the same normalization and convention as in [168].
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Plugging such variations (4.21) in the GSMT action (4.19) and using the
Maurer-Cartan identities, one obtains the following equations of motion:

_ 1 - 1 _
DJ2+§(1+K)[J1,J1]+§(1 — K)[J3,J3] =0

_ 1 _ 1 -
D+ (1 =x)U1, Jil + S (14 K)[3,13] = 0

(1 — K‘)[Jz,fl] — (1 + K‘)[Jl,fz} =0
(1=x)[J3,] — (1 +K)[J,J3] =0, (4.22)
where the covariant derivatives are defined as
D=9 +[h,] D=9 +[h]. (4.23)

It is clear that the choices Kk = %1 are special values, which definitely sim-
plify the above equations. As an example, for k¥ = 1 the equations of mo-
tion (4.22) become

Dl +J1,Ji] =0  Dh+[/3,/3]=0

These equations should be compared with the ones that will be derived in
Berkovits formalism in chapter 5, cf. eq. (5.53).

4.3 Classical integrability for the GSMT superstring ac-
tion

The integrability of the AdSs5 x S> world-sheet action has been proven at clas-
sical level in [144] for the bosonic sector and in [55] for the full supersym-
metric model by constructing the Lax pair, as I will review in this section.
The string integrable structure has been showed also in the work [125] and
in [126, 39, 40, 173], which are mostly based on the algebraic curve tech-
niques’.

In order to have a generating functional!® for the (local and non-local)
charges and prove that the type IIB superstring in AdSs x S° is classically
integrable, we would like to generalize the construction of the flat connec-
tion for the PCM and coset models discussed in section (3.1) and (3.2). Here
we also have the contribution from the fermionic currents, however the argu-
ments run absolutely in the same way [78, 55]. Again we can take a linear

91 refer the reader to Zarembo’s review [195] for more detail on this topic.
10For closed strings, the path in the world-sheet is a closed loop.
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combination of the gauge invariant currents, namely

ay = 0 jop+ Beuv iy + Vhy + 8k (4.25)

where k; = ji u + j3,u and k;l = Ji,u — J3,u» using the notation of [55]. Impos-
ing the zero curvature equation

aﬂav - ava# + [aﬂ,av] - 0, (4.26)

one obtains a system of equations (there are exactly six equations for four un-
knowns, one also needs to use the equations of motion and the Maurer-Cartan
identity rewritten for the gauge invariant currents). The solutions, which give
two one-parameter families of flat connections, are [55]

o = —2sinh? A B = F2sinh A coshA
Y= 1+coshA 0 =sinhA. (4.27)

Thus, remarkably, the classical GSMT superstring action admits a Lax rep-
resentation, showing its classical integrability. Expanding the coefficients for
A = 0 at the leading order, one obtains exactly the Noether currents for the
global PSU(2,2|4) symmetry [126], namely

ay =2Aeuy 3 +AK),. (4.28)

In order to deduce the flat connection one uses the equations of motion and the
algebraic identities, but one does not need to fix the k¥ symmetry. However,
it has been shown in [19] that integrability forces the coefficient in front of
the WZW term to be fixed to the same values which are allowed by the x-
symmetry (k = %1). This means that the word-sheet action, in order to have
the infinite set of conserved charges, should also be x symmetric and vice
versa'l. We will come back to the integrability of classical superstring in
the discussion for the Pure Spinor formulation of the type IIB superstring in
AdSs x §° in chapter 5, and there we will discuss the extension to the quantum
theory using the Berkovits formalism.

ndeed rescaling the WZW term the higher symmetries and the k-invariance are broken, (not
for the special value 0 — —o which corresponds to the world-sheet parity).
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5 The Pure Spinor AdS; xS’ superstring

5.1 Motivations

One of the main advantage of the Green-Schwarz formalism is that the target-
space supersymmetries are manifest. However, already for the type IIB super-
string in flat space, we encounter serious difficulties once we try to quantize
the theory. Recalling the kinetic term Sj,, in the GS action Sgs, 714 in the flat
ten-dimensional space in (4.1), one sees that the kinetic term for the fermions
is degenerate:

X619, 6" . (5.1

Indeed, when 9, X™ = 0 it simply vanishes. Moreover computing the canoni-
cal momenta for the spinors

0L

=555 (5.2)

Pk

one obtains a complicated and non-linear function of all the phase-space vari-
ables. According to the Dirac classification, the canonical momenta are pri-
mary constraints, which can be of first or second class. We can say that in
the latter case the momenta have a non-vanishing bracket with the constraints
themselves. When the first and second class of constraints are coupled, one
needs to disentangle them and quantize the system introducing the so called
Dirac brackets as the new anticommutation relations. In the GS superstring,
the two classes of constraints cannot be separated in a covariant way. A way
of bypassing the problem is to fixe the light-cone gauge and quantize the su-
perstring action in this gauge!. The light-cone quantization allows one to
compute the string spectrum leaving only the physical degrees of freedom,
and it is very helpful for example in computing the string energies, cf. chapter
6. However, it is not completely satisfactory: one would really like to have a
covariant quantization for the string action?.

I'This is true for the GS formalism in general, namely for the GS superstring action in a flat and
curved space, cf. [103, 34].

>There is actually another alternative approach based on the so called Pohlmeyer reduction.
The idea is to reduce the string world-sheet action to an equivalent action containing only the
physical degrees of freedom, with equivalent integrable structures and with a manifest two-
dimensional Lorentz invariance. We refer the reader to the original paper by Grigoriev and
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These are the main motivations in order to have a formalism with manifest
space-time supersymmetries and a full covariant formulation which allows
one to quantize the superstring action keeping the ten-dimensional Lorentz
symmetry manifest.

These two aspects are joint in the formalism proposed by Berkovits in [59],
extending and completing a previous idea of Siegel [182]: the target-space
supersymmetry is manifest and the ten-dimensional Lorentz covariance is also
manifest and present in all the stages of the theory. Obviously there is a price
to pay. In order to have a standard fermionic kinetic terms, certain ghost fields
have to be introduced (the pure spinors), as well as their conjugate momenta.
The non-physical degrees of freedom introduced in the theory in this way are
later removed through a BRST operator Q.

Outline

In this chapter I would like to review some basic notions and concepts about
the Pure Spinor (PS) formalism, in order to understand the works I and IV. I
will focus on the type IIB superstring action and on the role of the pure spinors
in the context of integrability. Thus, the next chapter will not be an exhaustive
introduction to the pure spinor formalism. For this we refer the reader to the
ICTP lectures given by Berkovits in 2000 [60].

In the first part, I will discuss some basic features of the pure spinors and
of their space. Then I will formulate the PS action for open strings in flat
space. The generalization to closed strings is straightforward, since basically
one “squares” the ghost fields. I will mainly refer to the original work by
Berkovits [59], to the lectures given by Berkovits [60] and Oz [163].

The second essential step is the formulation of the superstring action in
curved backgrounds. I will focus on the AdSs x S° type IIB action, since this
is the relevant case for the AdSs/CFTy correspondence.

At this point, in the context of integrability, we need to discuss the key
features of the superstring action. In order, we will see the gauge and BRST
invariance of the action at classical [61] and quantum [62] level. Notice that
these properties are fundamental to guarantee the consistency of the action
also at quantum level. Hence, we will review the classically integrability of
the PS type IIB action [192] and the explicit construction of the BRST non-
local charges [61]. Indeed, it turns out that the higher conserved charges have
to be BRST invariant. The same steps should be repeated at quantum level. In
particular, I will summarize the results of [62] for the BRST invariance of the
quantum non-local charges and I will discuss the finiteness of the monodromy
matrix at the quantum leading order [152].

Tseytlin [107] and to the work by Mikhailov and Schafer-Nameki [153] and references therein
for more detail.
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Finally, the last section is dedicated to the papers I and IV, where I have
showed the finiteness of the charges, the absence of anomaly in the variation
of the monodromy matrix and the operator algebra at the leading order in
perturbation theory.

5.2 The Berkovits formalism: basic review

The pure spinors are world-sheet ghosts A* which carry a space-time spinor
index but they are commuting objects, which are constrained to satisfy the
following condition (the pure spinor constraint):

A*agdP =0, (5.3)

where $* are 16 x 16 SO(9, 1) gamma matrices in the Majorana-Weyl repre-
sentation, @ = 0, 1,...,9. Hence the pure spinors are complex Weyl spinors,
however the conjugate A, never appears in the theory. The canonical mo-
menta to A% are the ghost fields @y. The system (@q,A%*) is analogue to the
(B,7v) system in string theory, however now the conformal weight is (1,0) and
the fields are not free. Their ghost number is (—1,1).

From the condition (5.3) it follows that the actual independent components
in A are 11 and not 16 as one would naively expect. The number of exact
degrees of freedom is really important, as we will see, thus we would like
to spend some time to explain how to count them. I will essentially follow
the paper [177]. For simplicity, we can Wick-rotate SO(9,1) to SO(10). The
space where the pure spinors live is singular in the origin, since the constraint
(5.3) is degenerate at the point A = 0 (as well its variation). It is indeed a

. . .. . S0(10)
cone, and removing the singularities we can describe the space as a U0)

coset.We can break the SO(10) description to U(5), according to SO(10) —
SU(5) x U(1). The U(5) gamma matrices are

sa | oatl
fﬂ:% witha—=1,..5

oa _ ipat]
=" witha=1,5. (5.4)

We can interpret 7 as a raising operator and §, as a lowering operator. They
satisfy the u(5)-algebra, namely

{?g’ ,?Q} = {?@ ?Q} =0 {?ﬂa ?Q} = 65 (5.5)

Let us define the ground state u¢ as the state annihilated by all the lowering
operators, i.e. Y,u$ =0fora=1,...,5. Then, acting with the U(5) y-matrices
we can obtain the complete basis of the U(5) spinors. In particular, acting
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with an odd number of y-matrices leads to a change of the chirality (since the
spinor index will be a lower one, i.e. an antichiral spinor). Hence, the basis
for the spinor A% is

@)= () = e (PYEY)T56)

and any chiral U(5) spinor can be written as

A% =AU + Ay (u2)* + AU (5.7)

Notice that AT is a U(5) singlet, A, transforms in the 10 antisymmetric rep-
resentation of U(5) and A4 in the 5 one. For an antichiral spinor we have

Oy = 0111 + O (Viuy) o + 0L () e, (5.8)

with (”@)a = eabcde(’yg}é’)ﬁu-‘r)a and ﬂ:xr = gabcde(}'gylyg’)ﬂf)ﬁu-&-)a- At this
point, one can readily decompose the ten equations (5.3) in the U(5) basis and
obtain 3

AR = ARt ety dy, =0
AYad = A2, =0, (5.10)

with a = 1,...,5. Hence, fixing A" # 0, the first equation of (5.10) is solved
for A4 = — (A1) 'eebede), 24, which automatically solves also the second
equation. Thus A% is a function of eleven complex parameters, namely A"
and A,,. Hence the final parameterization for A is

AT=e¢  Ap=uap A= %eﬂsmu@u@. (5.11)
The fact that the vector A% is redundant in this description, namely the sec-
ond equation in eq. (5.10) is identically satisfied (for some constant A ™ non-
vanishing), implies that the corresponding antichiral spinor @, is defined up
to gauge transformation, i.e. @, ~ N,A ™, with n, the gauge parameter. As a
consequence, it can be directly set to zero, and choose*

0, =e 0t 0?=v2 @, =0. (5.12)

3In order to decompose the constraints (5.3) some useful identities are

w Y PYY Y =1 u P Fuy =uyuy =0. (5.9)

4We should introduce a normal order constant in @, cf. e.g. [60] and [177]. However the issues
about the normal ordering can be ignored here, because we are only interested in the OPE’s
involving the ghost Lorentz currents N.
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Some properties are better shown in the U(5) basis, where the ghost fields
are free. In particular, it is easier to understand better the origin of the “cor-
rection” term in the OPE (5.16) between the pure spinor and its conjugate
field.

The ghosts are maps from the two-dimensional world-sheet to the target-
space, which is the ten-dimensional flat space in this case. In terms of the
free U(5) components, the ghost action in a flat background in the conformal
gauge is X

Sg =
o’

/ d*z(01ds — %v@éu@) : (5.13)

Hence, the OPE’s can be directly read from the above action:

t(z1)s(z2) ~log(z1 — 22)

522621
V(21 thea(22) ~ ——2- . (5.14)
21— 22

However, in the covariant ten-dimensional SO(10) notation, the pure spinor
action in flat space is

1 _
Sg = —//dzzwa(?)ta. (5.15)
T

The two actions (5.13) and (5.15) are equivalent, in the sense that they de-
scribe the pure spinors and the conjugate fields in a flat space (even though
in different notations), but the latter contains also the non-physical degrees of
freedom.

Without breaking the SO(10) covariance, the OPE is

B .
0o (21)AP (22) ~ O _ ;?ere_sm. (5.16)

21 —22 i1 —X2

As before, the + index is the 1 spinor component in the U(5) notation. The
second term in eq. (5.16) takes care of the fact that, due to the PS condition
(5.3), w is defined only up to gauge transformations

80o = A (Pl ) . (5.17)

This is exactly the same statement above the expressions (5.12) in the SO(10)
notation. Alternatively, we can say that the second term in (5.16) assures that
the PS constraint remains valid also when we consider the OPE between ®
and the condition (5.3) itself.

Since wy, is defined only up to gauge transformations (5.17), it means that it
can appear only in gauge invariant combinations, as for example the Lorentz
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ghost currents
1
N = Ea)?“b/l. (5.18)

One can see that the second term in eq. (5.16) does not contribute to the OPE
between N and A due to the identity A §°9°A = 0:

B
NP (A% ~ Ly

e 5.19
BZI—ZZ ( )

Hence, for certain purposes we can forget the second term in equation (5.16)°.
The ghost Lorentz currents satisfy the following OPE

Nab(Z1 )NCd(ZZ) ~

N nc[bNa]d(ZZ) _ nd[bNa]c(Zz) 5 nadnbc _ nacnbd
-2 (21— 22)?

. (5.20)

The OPE’s for the Lorentz currents and for A are manifestly covariant. They
are most easily computed in the U(5) formalism, where all the fields are free.
Indeed, decomposing N* in (N,N;,N%, N,,) and using the free field OPE’s
(5.14), one can compute the expression (5.20), cf. [177] for explicit computa-
tions.

The fact that the pure spinors have 11 degrees of freedom is essential, be-
cause it is what one needs in order to cancel the conformal anomaly. Let us
consider the kinetic term for the GS action in flat space. In the conformal
gauge, the world-sheet metric is flat. In the z,Z coordinates z,Z, cf. appendix
10.1, the kinetic term of (4.1) becomes

S:

1 (I -
— /d2z(§8X 90X, +pad0®), (5.21)

where py, is the canonical momentum®
i = = As

In the flat ten-dimensional Minkowski space the PS action is given by eq.
(5.21) and eq. (5.15). By computing the central charge, the contribution from
the matter sector is ¢y = 10 — 32 = —22, from the bosonic and fermionic
sector respectively. Thus, the ghosts should contribute to the central charge
with ¢g = 422, in order to cancel the conformal anomaly. Indeed, the ghost

SThis is not true in general in perturbative computations at quantum level, such as the computa-
tion of the one-loop B-function [191]. There the PS nature plays a crucial role.

The fermions are Majorana-Weyl spinors in ten dimensions, thus I can directly use the 16 x 16
Dirac matrices $ instead of the 32 x 32 I'* matrices.
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stress-energy tensor is

1
To = 5v@&u@ +dtds+d%s (5.23)
and the OPE gives
dime.#
To(z1) To(z2) ~ ﬁ, (5.24)

where . is the manifold where the pure spinors live, i.e. their degrees of
freedom. Eventually, the corresponding central charge is ¢ = 2dime.#Z =
+22.

For completeness, let me write the ghost number operator

Jo = WgAY. (5.25)
BRST operator
One can define a BRST-like operator’ as

Q= 7{ A%d (5.26)

where d,, is the fermionic constraint

do = pa— 50X (6%1)— 67'96(87,)a (5.27)

Q has ghost number 1, thus the physical string states are the elements which
are in the cohomology of Q and have ghost number 13, Q is guaranteed to be
nilpotent by the PS constraint (5.3), since

0> = A%AP{dy,dg} ~ Afud = 0. (5.28)

In the GS formulation the superstring action was invariant under K-symmetry.
This symmetry is no longer present and its role is replaced by the BRST sym-
metry. I will come back on this point when the pure spinor action in curved
background will be discussed.

Until now we have discussed the open string action in flat space. We want to
deal with closed strings, which means to double the system described above.
Namely, we will have two sets of ghosts (g, A%) and (@, A%) with con-
straints

AA =0,  AfA=0. (5.29)

"The name BRST means Becchi-Rouet-Stora-Tyutin [32, 33, 190].

8The BRST cohomology of the nilpotent operator Q (5.26) is the space of all equivalent states
|v) which are closed and exact, namely which satisfy Q|v) = 0 and which differ by a null state
[v) = |V} + Qlu) for some state |u).
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They are left and right -moving bosonic spinors, with conformal weight (1,0)
and (-1,0). They are described by the following action in a flat background

1
104

S = /d%(maéxudmaid), (5.30)

and they give rise to two BRST operators as well
Q:jfzada Q:fiddg. (5.31)

Essentially, all the arguments presented above run in the same way.

5.3 Type IIB superstring on AdS;s xS’: PS action

We now present the action describing a type IIB superstring on AdSs x S°. We
will use the fact that psu(2,2|4) possesses a Z4-grading.

Matter content

For the matter sector I will follow the discussion of [58] for the AdS, x S?
case. In the four-dimensional case the ghosts do not play an important role,
since they are scalars. We can adapt that discussion to the full ten-dimensional
space, keeping in mind that now at the end we have to add also the ghost fields.

In the matter content we have two contributions. The first term is the sigma
model action on the super-coset, which is PSU(2,2[4)/(SO(4,1) x SO(5)),
namely

!
Soin = 33 / 2 STe(Jg)? (5.32)

1/7? is the coupling constant, that we will fix at the end. In section 3.2 we have
explained how to construct the above action. However, the main difference
with the bosonic GSMT action (4.13) is that now we also include the fermionic
currents. Explicitly, (5.32) contains

V—hh"Y STr (Jauday + JipJay + Japd1v) - (5.33)

The action (5.32) is invariant under gauge H-transformations and under the
global G-symmetry. Hence, it is naturally defined on the coset space G/H.
However, this is not sufficient to guarantee a conformal theory®. For this
reason it is necessary to introduce a topological term, such as the WZW term,
which is a gauge invariant three-form. As for the GS action, it should be
closed and d-exact. Writing

Q3 =dSTr(J; A J3) (5.34)

9Here, the world “conformal” is referred only to the matter sector.
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one obtains L
_ 2
Swz = 72,}/2 /d ZSTI‘(J] /\]3) . (5.35)

The WZW term in (5.35) is exactly the same which is in the GSMT action,
cf. (4.17). However, here the level £ is fixed by requiring the superconformal
invariance of the action. The k values which are allowed are j:% [65]. Recall
that the coefficient in front of the WZW term is fixed by the x-symmetry in
the GS formalism. In the PS approach the term J1J3 in (5.32) breaks such a
symmetry, but on the other hand it gives the possibility to have a kinetic term
for the fermions, (thus to construct a fermionic propagator in the standard way
and proceed with a perturbative covariant quantization). Indeed, at the leading
order one has:

JipJsy ~ 9,6, 0,67 . (5.36)

Thus the total matter contribution for the PS in the conformal gauge'? is

= =— t = = : 37
Sm =S6/H+ Swz 27 /d zS r(J2J2+ 2.]3]1 + 2.]3.]1) (5.37)

Note that this action corresponds to the choice k = % and that a change in the
sign of the WZW term coefficient leads to exchange J; and J3. The one-loop
beta function for the purely matter sector (i.e. AdS, x S?) has been computed
in [58] and showed explicitly that the renormalization of the coupling con-
stant is proportional to (2> — %), namely k and 7y are not renormalized at first
quantum order for k = :l:%. Actually it is believed that it is true to all orders in
perturbation theory, [65].

Ghost content

In order to present the ghost content for the type IIB action in AdSs x 3, let
me rewrite the pure spinor conjugate momenta and the constraints in a more
suitable and elegant form!'. We have two types of spinors (they are actually
the same since we are discussing type IIB strings, however I will keep distinct
the indices for left and right-moving), i.e. 1%, A% Then we will have

M=A%Ty, A =A%T,, (5.38)
where T, and Tp are the g; and g3 generators respectively. We are in the

AdSs x §° background, thus the two fermionic sector can talk to each other.
Namely, there exists a matrix Y1234 in the AdS directions which couples the

10T the conformal gauge the world-sheet metric is flat, cf. appendix 10.1.

Note that I have used a different notation in paper IV, where the indices o and & denotes
elements in g3 and g; respectively. Note also that there the two sub-algebras g; and g3 are
exchanged with respect to the previous paper 1.
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two indices o, &. This is nothing but the 5-form Ramond-Ramond flux. We
can use such a matrix in order to rewrite the conjugate fields @ as chiral
spinors:

(1)3+ — a)a(,y()1234)0666T& 0)1— — @&(7/01234)66067}17 (539)

where the + in @ are meant to stress the conformal weight of the conjugate
fields. At this point we can rewrite the ghost Lorentz currents as

No=—{ws, M1} No=—{wi_, A3}, (5.40)

and one can check using the structure constants for the psu(2,2[4) algebra
given in appendix of paper I, that is indeed the same definition of (5.18). The
pure spinor constraints (5.29) become

{AM, L} =0 {3, 43} =0, (5.41)

or analogously
[A1,No] =0 [A3,No] =0. (5.42)

The pure spinor carries a spinor index, hence, under Lorentz transforma-
tions, they vary according to

5AA'I = [117/\] 6A(D3+ = [(1)3+,A]
5/\},3 = M@,A] 6A0)1_ = [(D]_,/\], (5.43)

where A is a gauge parameter. This implies that the Lorentz ghost currents
transform in the following way under local SO(4, 1) x SO(5) transformations:

SANo = [No, Al 8xNo = [No, A (5.44)

In order to write down the PS action in the AdS background, we need to
covariantize the ghost action (5.30). Our gauge field is Jy, then introducing
the covariant derivatives

D=0+, ] D=d+lh, ], (5.45)

one can rewrite the terms wdA as ®DA. Explicitly:

W3 DA = 031041 + 03 [Jo, M) = 031041 — @31 [Ar,Jo] =
= w349dA — {34, A1 o = 031941 +Nodo . (5.46)

The same is true for the other term: @;_DA3 = @0 A3 + NoJo. Note that 4; 3
and o) 3 are anticommuting objects, since the components A%, A% and @y, O%
commute and they are contracted with the fermionic generators Ty, , Ty (vice
versa the currents J; ,J3 are commuting objects). The pure spinors are local
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object (they live on the tangent space), thus they transform non-trivially under
local tangent space Lorentz rotations. For this reason, they can couple to the
gauge field (Jo, Jo) and to the constant target-space curvature tensor through
their currents.

The right and left-moving sectors are mixed, once we write the ghost fields
asin (5.38) and in (5.39). Indeed, also the Cartan metric mixes the two sectors.
It is defined in terms of the bilinear invariant STr, in particular the elements of
such metric are:

STr(TaTb) = Nab STr(T[ab] T[cd]) = Niab)cd]
STI'(TaTB) = naB STI'(T&T[;) = T]aﬁ s (5.47)

where {Tj4), Tus Tas Tg, } span {go, 92, 91, 93 } respectively. An explicit rep-
resentation for the Cartan metric is given in the appendix of the paper I (note
that n,, 5 is proportional to the matrix Y*'234). It strictly depends on the nor-
malization of the structure constants of psu(2,2|4) and of the super-trace, cf.
paper L. In paper IV the expressions (5.47) are called C.

Finally the PS action for the AdSs x S’ string is

1 - - _ _
S¢ = y/STr(a)S+8/Il +NoJo + @19 A3 +NoJg — NONO) . (5.48)

The coefficient in front of the coupling between matter and ghost currents,
i.e. NoJo and NyJo, is fixed by requiring the gauge invariance of the ghost
action (5.48). The action (5.48) must be gauge invariant in order to make
sense in this coset construction. Further, note that the term NyNp in (5.48) is
automatically gauge invariant under the transformations (5.44). The coupling
with the space-time connection gives rise to mixed matter-ghost terms (JoNy
and JoNp).

Summary

Let me summarize the complete action for the type IIB superstring living on
AdSs x S° in the pure spinor formalism [59, 63, 191]:

S = SG+SM:
1/, 1 3 _ 1. - _
TP / d”zStr (EJZJHZJle + 351+ 03290+ NoJo
+@1-0 A3 +NoJo — NoNy) - (5.49)

The coupling constant'? is

v = (5.50)

Anal

i
 4nm

12Note also the different normalization of the PS action between papers I and IV.
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Note the non-perturbative parity symmetry of the action which exchanges

772 06 g1 03. (5.51)

The classical equations of motion

Recall the MC-current definition in terms of the super-coset representative:
PSU(2,24)

SO(4,1) x SO(5)

J=g 'dg with ge (5.52)

We have already seen how to derive the equations of motion in chapter 4 for
the GSMT string, cf. section 4.2. We need to consider a small variation &
of g,ie. g =g&, 8g7' = —Eg!, which gives for the currents the expres-
sions (4.21). Plugging the variations for the left-invariant currents (4.21) in
the action (5.49) and using the Maurer-Cartan identities d.J — dJ + [J,.J]] = 0,
provides the following equations of motion for the matter currents

DJy = [J3,J3] + [N, J2] — [J2,No)

DJ, = —[11,Ji] + [N, 1] — [J2,No|

DJ3 = [N,J3] — [J3,No|

DJ3y = —[I,Jo] — [, i)+ [N, J5] — [J3,No|

DJy = [J3,2) + [J2,J3) + [N, J1] — [J1,No]

DJy = [N,Ji] — [J1,No). (5.53)

By considering a small perturbation for the ghost fields 64, d @ leads to the
equations of motion for the ghost sector:
DA —[No,M] =0 Dany —[No, 5] =0

Dlg} — [N(),Afj] =0 Dw;_ — [No, (!)1,] = (5.54)

From the definition of the Lorentz ghost currents (5.40) and from the above
equations it follows

DNy + [No,No] =0 DNy + [No,No] =0. (5.55)

In the contest of integrability, a crucial role is played by the BRST operator.
Thus the final part of this section is devoted to the BRST transformations, the
BRST invariance of the action at classical and quantum level. The section is
mainly based on the works [61, 62] and on the talk given by A. Mikhailov at

the Kavli institute [151].
In the curved AdSs x S° background the BRST operator is

0= 01+ 0r = §STr(Muds + AaT1). (5.56)
namely it is made by a right and a left-moving BRST operator, Q) = A,J3
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and Qr = A3J;. The two operators Q; and Qg are nilpotent thanks to the pure
spinor constraints (5.41). However Q is nilpotent only up to gauge transfor-
mations. This will be shown by explicit computation in the next section, but
first we have to introduce how the ghost and matter elements are modified by

0.

BRST transformations

The BRST operator Q acts by right-multiplication on the coset representative
g(x,0,0) [61], and the infinitesimal BRST transformations for g are

€0(g) = g(eM +€23) eQ(g ™) =—(eh +eA3)g ", (5.57)

where € is an anticommuting parameter introduced for convenience, since A
and A3 are anticommuting bosons. For the matter currents it implies

£0(n) = 813,09 (€M) + [ms3, €1 ]+ 81,09 (643) + [ 1, €3]
SQ(J_m) = 6m+3,08(8)'1) =+ [jerS 5 8),1 ] + 5m+1,08(8)~3) + [jm+l 782‘3] )
(5.58)

where we have used the definitions of the MC-currents, the relations (5.57)
and then the projection on g,,, withm =0,...,3.
The ghost fields transform under BRST transformations according to [61]

eQ(M)=€0(X3)=0  €0(ws)=—-he  €0(m-)=—Jie. (5.59)

From these relations, one obtains the BRST transformations for the ghost cur-
rents!3, i.e.
SQ(N()) = [J3, 87(4] EQ(N()) = [.]_17 8&3] . (5.60)

As mentioned above, the BRST operator must be nilpotent. Using the PS
constraints (5.41), one can check that

0*(g) = —g{M, A3} . (5.61)

{41,243} belongs to the gy sub-algebra, i.e. SO(4,1) x SO(5), and thus it pa-
rameterizes a gauge transformation. As an example, computing the squared

13The ghost current BRST transformations can be computed recalling the OPE’s reported at the
beginning of the chapter, cf. (5.19).
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BRST transformation for J214, one gets

Q*(h) = —[{A1, A3}, Jo] - (5.63)

With the same procedure one can compute

Q*(No) = —{A1,DAs — [No, A3} — [No, {A1, A3 }]
Qz(No) = —{A3,DA; — [No, M1} — [No, {A1,A3}] . (5.64)

I will not list all the squared BRST transformations for the matter currents.
The important point is already clear: the BRST operator is nilpotent up to
classical equations of motion and up to gauge transformations parameterized
by {A1,A3} [62]. This is consistent because all the action is invariant under
transformations generated by SO(4, 1) x SO(5).

The classical BRST and gauge invariance

e The action is BRST invariant at classical level. In particular this can be
easily shown by applying the BRST transformations (5.58 — 5.60) to the
action (5.49). Then the BRST variation coming from the purely matter
sector is

80Sm = €0(Sy) = STr (JD(eA3) +J3D(eA;)) (5.65)

which is exactly canceled by the BRST variation of the ghost sector
808, = €0(S,) = —STr(J1D(eA3) +J3D(eA1)) . (5.66)

e As already discussed the action is classically gauge invariant, by construc-
tion for the matter sector and by covariantization for the ghost sector.

The quantum gauge and BRST invariance

We need to consider if these properties survive at quantum level. We want to
discuss quantum integrability for type IIB string on AdSs x S°, thus we need
to consider whether the quantum PS superstring action is consistent. The
statements in [62] and [61] are that

e The PS action (5.49) is gauge invariant at quantum level;
e The PS action (5.49) is BRST invariant at quantum level.

It is worth giving some detail on how this has been shown in [62], because
we will use the same kind of argument in paper IV. I will discuss the gauge

14 We have used the pure spinors constraints (5.41) as well as the Jacobi identity

{ [J,)Ll(3)} 711(3)} — { [}Ll@),J] ,l1(3)} + {{11(3),11@)} ,J] =0 (5.62)

which implies that { [lm),]} ,11(3)} vanishes.
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invariance first and then the BRST invariance.

If there is an anomaly at quantum level, namely if the gauge invariance is
broken quantum mechanically it means that there exists a local operator which
generates such anomaly. This operator should be local, since the anomaly
comes from the short distance behavior of some operator that quantum me-
chanically becomes ill-defined, cf. section 3.4. Hence, one can proceed with
an engineering construction of such generic operator. Since it is local, it
should vanish for global transformations; since it is responsible for the gauge
symmetry breaking, it should be in the sub-algebra gg. Then the ansatz is [62]

8AS = STr (aNgIA + aNgdA + BIodA + BIodA) (5.67)

where (06,56, B.,B ) are some arbitrary coefficients and A parameterizes the
SO(4,1) x SO(5) gauge transformations. Proposing a possible counter-term
[62] such as

_ 1 _
S = —STr (aN0+J0 +0NoJos + 5 (B + B)JOJO) (5.68)

is possible to cancel partially the anomaly, and the remaining terms, namely

S (S+Sc) = % (B—B)STr (JpoA—To0A) (5.69)

vanish due to the non-perturbative symmetry which exchanges right and left-
moving and bar and unbar coordinates in the world-sheet, cf. (5.51), and
which, in this case, constraints to have ff = f3.

The quantum BRST invariance of the action (5.49) has been shown in [62],
and the arguments proceed analogously. One constructs an ansatz for the
anomalous local operator. In order to relate the terms and thus to reduce the
possible linear combination, one can use the classical equations of motion
and the Maurer Cartan identities. However, one needs to keep in mind that the
anomalous terms should be a gauge invariant local ghost number 1 operator.
Again, local is due to the short-distance behavior of the operators, gauge in-
variant since the gauge and BRST transformation commute and finally ghost
number 1 since it is a variation generated by the BRST operator. The required
properties restrict the possibilities for the coefficients in the linear combina-
tion. In this way it is possible to find a local counter-term which exactly
cancels the variation. Thus the quantum effective action is BRST invariant.

There are some points to notice. First, the use of the classical equations of
motion and the fact that the BRST operator, as well as the BRST transforma-
tions, are always the classical one. Second, since the BRST variation of the
effective action can be written as a BRST variation of suitable counter-terms,
this means that the BRST cohomology of gauge invariant local ghost-number
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1 operators is trivial, namely they can always be written as a BRST varia-
tion of some suitable operator. In this way the BRST transformation of the
total action, given by the effective quantum terms plus the counter-terms, is
zero [61, 62].

This was at the first order in perturbation theory. However the arguments
can be extended by induction at any order in perturbation theory [62]. The
basic idea is that if one has proved that the effective action is BRST invariant
up to order /", then a possible anomaly would be generated by a local oper-
ator of the same type before. Using the fact that the BRST cohomology for
such operators is trivial, proves the BRST invariance up to #"*! order, and
thus one can go on by induction. Let me stress that we concretely use the
classical BRST operator, the classical equations of motion and Maurer-Cartan
identities'.

The quantum conformal invariance

The action (5.49) is conformal invariant at quantum level. By means of the
background field method (cf. section 5.6) this has been shown to one loop in
perturbation theory [191] and by cohomology arguments to all orders [62]'°.

5.4 Classical integrability of the AdSs; xS’ PS super-
string action

The classical integrability has been proved by Vallilo in [192] by using the
same approach of Bena et al. for the GSMT action [55]. I will spend some
words on this since it is a fundamental result. In the second part, I will review
how the same Lax pair has been found by Berkovits requiring that the higher
charges should be BRST invariant [61]. The integrability at classical level
of the pure spinor action in generic AdS,, x S" backgrounds has been studied
in [4].

Recall from chapter 3 that the existence of a flat connection a, namely a
connection whose field strength identically vanishes, allows us to construct a
not-deformable Wilson-like operator (the monodromy matrix). Its path inde-
pendence assures the conservation of the corresponding charges. Hence, one

15 In this reasoning there is indeed some caveat. I will try to explain briefly remanding the reader
to [62] for more detailed explanations. The argument works if there are no conserved currents of
ghost number 2. Such currents indeed can spoil the nilpotency of Q, since Q has ghost number
1, thus Q% has ghost number 2 and the existence of some charges of ghost number 2 would
in principle generate an anomaly in the nilpotency of the quantum operator Q. However such
currents are not present [62], implying that Q remains nilpotent at quantum level.

16The quantum conformal invariance of the pure spinor superstring has been showed also for
generic curved backgrounds and for the heterotic string [76, 35].
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would like to extend the analysis of Bena et al. to the PS formulation of the
AdSs x S action.
The zero-curvature equations in the z,Z coordinates reads

da—da+a,a =0. (5.70)

However it is simpler to work with the left-invariant currents, since they have
a well-defined grading. Using A = —g~'ag, the flatness condition (5.70) be-
comes

0A—0A+ [AA] + [JA] +[A,J] =0, (5.71)

where J are the MC-currents J = Jy + Z?:l J;.
The natural ansatz for A is the linear combination involving all the possible
currents

A=ah+Bh+Y5h+8Ny, A=ah+BL+7h+6Ny. (572

Notice that now also the Lorentz ghost currents participate to the proposed Lax
pair. Further, now no antisymmetric combination of the fermionic currents
enter, as it was for the GS formulation. The fermionic currents are treated on
equal footing with the bosonic ones.

Plugging the ansatz (5.72) in the condition (5.71) and using the equations
of motion (5.53) and (5.55), one obtains for the coefficients the following
solutions

1
a=p—1 B=2p??-1 y=xuz-1
a = 71_1 R _ —l_ = -3/2
=u p=+pu2-1 Y==u 1
6:%(1—;&) S:%(uz—l). (5.73)

As it was noted by Vallilo [192], the system admits the same solution if we
exclude the ghost contributions. Thus, at classical level, the two sectors, mat-
ter and ghost, are completely decoupled. This is not true at quantum level, as
it can be seen in [191, 152] or in paper IV.

The construction of the BRST charges

The same result (5.73) has been found by Berkovits using a different proce-
dure. Let me sketch this point since it sheds some light, especially in the re-
lations between the non-local charges and the BRST operator. As it is clearly
explained in [61], such charges since are symmetries of the string and can map
physical states to physical states, they should necessarily respect the symme-
tries of the theory, namely they should be BRST invariant (and it follows for
the GS formalism that there the conserved non-local charges should be x-
symmetric).
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The explicit construction of the charges for the type IIB superstring in
AdSs x S° is based in three steps [61]. First, we search for a gauge invari-
ant current a, such that

Q(a) = dsA+a, A (5.74)

for some A.Then, the charges given by
P (e Frdodte) (5.75)

are BRST invariant, since a satisfies (5.74). In order to construct a concretely,
one makes an ansatz writing the most general linear combination in terms of
all the currents (matter and ghost currents), i.e.

a=—g(8No+BJi+ah+ )3+ 0No+Bh+ah+75)g . (5.76)

Note that Jo and Jy are not included in the list, since we want a gauge invari-
ant object, for the same reason a is written as a rotation of the left-invariant
currents, recall chapter 3. First we act with the BRST operator Q on a (5.76),
and then we impose that Q(a) obtained in this way satisfies (5.74) where A is

A=g (b +bA3)g . (5.77)

These constraints fix the coefficients only to certain values. The specific solu-
tions are the same as those found by Vallilo (5.73). Moreover, the remaining

coefficients b and b are
1

b=+4pu?—1 b=4u2-1. (5.78)

The expansion around the value u = 1 gives back the first global charge.
Namely, for the matter sector is

0% (u=1) [doj+ 0t = =) [do (3h+ i+ 3 ) + 00,
(5.79)
with j = —gJg~ L.

This is the explicit construction of the charges. However, their existence is
related to the fact that the classical BRST cohomology does not contain ghost
number 2 states, namely that such states can always be written as BRST varia-
tion of certain operators. This is indeed the ultimate condition that guarantees
the existence of the higher charges. For more detail we refer the reader to

appendix 10.2.
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5.5 Quantum integrability of the AdSsxS’ PS super-
string action

The arguments presented in the previous section are classical. One needs to
implement such arguments at quantum level. This has been done in [62] at any
order in perturbation theory. The argument runs essentially as before. Sup-
pose that we have certain BRST invariant charges at order A" in perturbation
theory, then Q(kC) = W"+1QC 4 0 (h"+?), where Q is the BRST operator that
generates the classical BRST transformations and their quantum corrections,
while QC is some generic integrated local ghost number 1 operator. Since the
BRST cohomology is trivial for such operators Q€, namely for local integrated
ghost number 1 operators [61, 62], then it can be always written as a BRST
variation of something, namely it can be written as Q¢ = Q( [~ doX¢(c)),
which means that k& — "1 [*_doX¢(o) is BRST invariant up to order 7!,

Finiteness of the monodromy matrix at the leading order

We have discussed until now about the existence of non-local charges and their
BRST invariance at quantum level. Nevertheless, this does not tell us whether
such quantities remain well defined quantum mechanically! Are these charges
finite?

The question is very far from being trivial, since there are examples in
which the bilocal charges are not finite and they need to be regularized, cf.
section 3.4. In the pure spinor approach, the question has been initially in-
vestigated by A. Mikhailov and S. Schafer-Nameki [152]. Indeed what they
have explicitly shown is that the monodromy matrix is well-defined at the
leading order in perturbation theory: it does not get renormalized and all the
divergences that can pop-up cancel. They have found different types of di-
vergences, namely divergences that go like % (linear divergences) and loga-
rithmical divergences (logé€). In a perturbative quantum field theory, the first
ones depend on the regularization scheme adopted, while the second ones are
independent on the scheme and must be cancelled, also in order to have a con-
sistent quantum conformal invariance. Indeed, suppose to have two contours
% and ¢’ related by a conformal transformation, namely 4’ = A%. Then
the monodromy matrices along the two paths have divergences that should be
regularized. The independence on the contour and hence the conformal in-
variance of the monodromy matrices implies that Q"8[%¢’] = Q"*¢[%¢”]. On the
other side one has that Q"¢[%’] = lim,_o (Q¢[%] +C¢[%]) and by definition
Qe [€] = Q3¢[€"]. This forces to have then limg_oCe[%] = limg_Cye[%”]
which is not true for the case of logarithmic divergences [152].
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5.6 Quantum Integrability: Papers I and IV

We go on following the issue about the finiteness of the conserved charges.
We have already explained in chapter 3 that the independence on the contour
for the monodromy matrix € is equivalent to the conservation of the charges.
Thus our goal is to move at quantum level and check that the independence
on the contour and the zero-curvature equation still yield.

How do we proceed? In the first part we show that there cannot exist an
anomaly in the deformation of the contour for the monodromy matrix. This
is done by using techniques analogous to the ones explained in Berkovits’
papers. In the second part we explicitly compute the field strength (5.82)
and show that all the logarithmic divergent terms disappear to first order in
perturbation theory.

5.6.1 Absence of anomaly: Paper IV

Before starting to explain the results and the strategy of paper IV, I will sum-
marize some of the basic “ingredients" presented in the previous part of the
chapter.

We use a slightly different parameterization for the one-parameter family of
flat connections with respect to the one presented in [192], cf. (5.73). Indeed
the sign and the factor of % are changed in the interaction term NN, thus calling
the spectral parameter z = , the Lax pair becomes!”

F ()= NI APy ANy A (ZZ—1)N

U DA R R B
J@)=h+-h+5h+—<h+(5-1N. (5-80)
Z z2 zZ2 4

From the BRST transformations for the currents (5.58) and (5.60), we can
read how the Lax pair vary under the Q action:

e0( ) =3 (3 tehytieh ) [ 7, dedy + el
e0(f)=0 (z*%% +z%£kl> [ 7,2 eds+22eh], (5.81)

where notice that z’%sh + z%skl is nothing but what we have called A in
(5.77). The field strength is

FUN=0 7 -d g+ 7, 7] (5.82)
and it satisfies

1 1
€0 (fi(“)(z)) = [%L”(z),zle +77223] . (5.83)

7Note that in Vallilo’s notation # is given by J4-A.
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Using the equations of motion (5.53 - 5.55) as well the Maurer Cartan iden-
tities, one can easily show that indeed the Lax pair with components _# and
j given above do satisfy the zero-curvature equation at classical level, i.e.
that the field strength vanishes

FU(7) =0. (5.84)

Let us now investigate the relation between the monodromy matrix and the
world-sheet path (3.15), which I rewrite here for convenience:

O (T bobe I
WQ —P(J“Vx e’t ) . (585)

Fix a point along the path % and consider an infinitesimal deformation on

€, ie. x*(s) — x*(s) + Ox*(s). Since the deformation is really small, the

“disturbance” in this € path is represented by some operators & sitting on

it. At higher and higher energies these operators can interact and produce

divergences which spoil the contour independence of the monodromy matrix.
Let us try to engineering construct &' and then we will see that such an

operator cannot indeed exist. &' should be

1. local, since as explained we are worried about the short-distance behavior
of the currents which are operators and could produce UV divergences;

2. gauge invariant;

3. by dimensional analysis it is expected to have conformal dimension (1,1),
this can be seen already in (5.85);

4. we have also seen that the charges are BRST invariant, namely that the
Wilson loop is BRST invariant classically and quantum mechanically. This
implies that & should transform according to

e0(6y = [0 222, 4755, (5.86)

which corresponds to ask for the BRST closure of &;
5. finally the operator should have ghost number zero, which follows from the
equation (5.85).
At this point we can write the most general linear combination satisfying the
properties from 1) to 5). Notice that the BRST closure (5.86) implies that
the matter currents J; and J3 are not present in the possible list, because their
BRST transformations (5.58) contain derivatives of ghosts which cannot be
reabsorbed by the equations of motion. Moreover the point 2) leads to exclude
the gauge currents Jy and Jo. The ansatz for the operator (1)) has been given
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in paper I'V. We report here the ansatz for completeness,

OUN@) = A2 (U] + AT (@)U B+ AT (@) Ty
+ A2 QU B+ A2 () [No, o] + 4RO (2) 42, No)
+ AlT0- (Z) [JlaNO] 4+ A3 (Z) [NOaJ_S] F A0 (2) [NO,N()} .
(5.87)

The coefficients A are arbitrary functions of the spectral parameter z and they
are of order 4, using Berkovits terminology. All the other possible terms are
related by classical equations of motion and Maurer-Cartan identities.

We have to impose the relation (5.86) to ¢(1!)(z). This is indeed the most
strict requirement on ¢'(1'!)(z) and from this constraint eventually follows the
non-existence of such operator & (1’1)(2): The system of equations for the un-
knowns A admits only the trivial solution.

Since we have proven that there are no operator obeying to the properties 1.-
5, this excludes the possibility to have an anomaly in the contour deformation
of the quantum monodromy matrix.

Actually by using Berkovits arguments and by recalling that the non-local
charges have been proven to be BRST invariant to all orders in perturbation
theory, we can extend the validity of our argument to any n-loop order (4").

In some sense order by order in the quantum theory the BRST symmetry
fixes the contour in such a way that any small deformation in the path will not
produce any anomaly in the monodromy matrix. This is because is really the
constraint (5.86) to rule out the possibility to have an anomaly. This is quite
different from the case of quantum CP" models [1], where there is no such a
“constraining” symmetry that prevents the model from an anomaly.

Finiteness of the monodromy matrix to all orders

Finally, let us to comment about another implication. The authors of [152]
have argued that the independence of the contour for the monodromy matrix
leads necessarily to the cancellation of the logarithmically divergent terms
in the quantum monodromy matrix. Consequently the arguments presented
in paper IV indicate that since the monodromy remain independent of the
contour to all order in perturbation theory then it is also finite, or better, it is
free from logarithmic divergences to all loops.

5.6.2 The operator algebra: Papers I and IV

Our aim in this Section is to show and to explain how to proceed with explicit
one-loop computations in the pure spinor formalism. In particular we want to
explain how we have computed the current OPE’s and the field strength (5.82)
and showed that .# is free from logarithmic divergent terms.
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The operator algebra has been derived in paper I and IV at the leading order.
I will explain at the end of the section the differences in the two papers. Let
me first concentrate on the technique used to compute the operator algebra,
which is the same in both papers.

Since the world-sheet currents are not holomorphic or anti-holomorphic,
it is not possible to derive the OPE’s by symmetry considerations. They
have to be computed perturbatively. The OPE results show indeed the non-
holomorphicity of the currents but also that the Z4-grading of the psu(2,2|4)
algebra is preserved.

Let me sketch the procedure. The method used is the background field
method [58, 191], which means that the fields are expanding around a classical
solution. The quantum fluctuations around the classical background interact
and give rise to new effective interactions.

1. We write each field ® as
D=0, +P,. (5.88)

In particular, the group-valued map g is expanded in quantum fluctuations
X around a classical solution g, namely

g=ge"™, withX €g/go, (5.89)

where 7 is the parameter of the expansion, namely the (inverse of the) cou-
pling constant in front of the action in (5.49). This means that we are
considering the limit

R — o, orequivalently 77— 0. (5.90)

The gauge invariance of the (super) coset space can be used to fix the fluc-
tuations in g/g,. Hence from the definition of the currents J = g~ 'dg one
can compute their expansion in terms of the fields X, i.e.

Ji=Ji+v(0X;+ [J.X])) +§ (l0x, X+ [[7.X].X],)+ O(7)

Jo=Jh+r[JX], +7§ (0X,X]y+ [, X],X],) +0(r) (591

where the subscript i denotes the projection into g; and its values are i =
1,2,3. Jis the classical current, i.e. / = g~ 'dg. The analogous expansion
(5.91) holds for the bar components of the currents, with the obvious sub-
stitutions @ — o and J — J. The same method can be applied to the ghost
fields [191, 76, 35],

W3y — D3 Yo A — A +7A
o — 0 _+y0-  AB—=A+rA3 (5.92)
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which means that the Lorentz ghost currents transform according to the
following expressions

N=N+yNY N
N=N+yNV 4+ 2 NO (5.93)
with
N :_{(03-"-7}'1} {6()3+,)L]} N :—{(1)3+,7L]}
:—{601_,},3} {601 ,/'L3} N :—{a)l_,7L3}.(5.94)

2. We plug (5.91) and (5.93) in the action (5.49), we obtain an effective ac-
tion'®, which gives us the new Feynman diagrams. What is really interest-
ing are the terms quadratic in the quantum fluctuations, ®,, since they will
give us the diagrams which correct the two-point functions.

3. We compute the effective propagators (or two-point functions) according
to

A+Vi+W) ! =
=A (AT VAT @ VAT VAT (AT AT )+
(5.95)

where A represents the kinetic operator A ~ ﬁaé. V1 represents the three-
leg vertices with interaction term of the type J - d, and V; contains the four-
leg diagrams with interaction of the type JJ. Notice that by dimensional
analysis V| has conformal weight 1, while V; has conformal weight 2, this
is why we truncate the expansion to these operators.

4. Finally, it is possible to compute the current OPE’s contracting the quan-
tum fluctuations &, with the propagators of the previous point (5.95). In
particular for the matter currents the OPE’s up to order y> ~ % are

)P (y) = (PAETP0) + 7 ((9x ()X (~)> + (XA ()L X1 (7))
+ (VX (x)aXB(y)>+<[j, P@UXPEO) +.. (5.96)

where A is a psu(2,2|4) index.

18We will not rewrite the effective action, since it has been listed in paper IV. In particular the
terms are indicated with Sys.5 + Spr;» for the purely matter sector and Sgy.5 + SGm2 + Sem;3
for the mixed ghost-matter sector and finally S, for the purely ghost sector. The contribution
to the effective action denoted with the letter 8 denotes the ones computed also by Vallilo [191]
for the B-function, while all the other ones have been computed for the first time in paper IV.
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Operator algebra: Paper I vs. Paper IV

The paper I contains the OPE’s of the matter current at leading order % and up
to linear term in the currents, namely a unique V;-like insertion in the quantum
propagators (5.95). Such tree-level results were then confirmed in [152]. A
very similar problem was faced in [68] by using a Hamiltonian approach. In
paper IV the OPE’s are for matter and ghost currents, still at the leading order
in perturbation theory, i.e. é, but they contain up to contributions quadratic
in the currents (up to V;-like insertion or the “square” of V;-vertices).

If we allow ourselves to keep up to dimension-2 operators in the OPE’s, as
in paper IV, then at order % the ghosts and the matter are coupled and they

give rise to the following OPE’s
NGO 2~ ({05, 1} 0K + {3, M} (X)) + ..

N0 2~ (o A} 0IX0)) + {1 A} ()AX())) + .
(5.97)

=
—
-
S~—
=
<
I

%(<{a)3+,11}(x){w1—,13}()’)>

+ oz, AP {@1-, 23} () + ({ @34, 4 F () {@1-, A3} (v))
+ {on (@1 A H0))) + ... (5.98)
All the OPE results are listed in Appendix C of the paper IV, thus I will not
rewrite them here.

Moreover at this order % the currents can get renormalized, namely there
are loop-diagrams that can contribute. In particular looking at expansion
(5.91) one sees that the corrections at order % contain two quantum fields X
which can be contracted. Since they are on the same point, this will give rise
to one-loop diagrams, such as tadpoles or self-energy diagrams. Explicitly:

W) = 2 (XX () + s [FX] X () (599)

- 2R?

This is true only for the currents in g,.The currents in fermionic subalgebras
cannot contribute just because one would have a fermionic and bosonic index
contracted together.

5.6.3 The field strength: Paper IV

As discussed in paper IV, looking at the expression (5.85) the field strength
is our prototype of operator ¢. However in (5.87) we mod out the redun-
dancy coming from the equations of motion and the Maurer Cartan identities.
This means that there might be operators which classically vanish on-shell
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and which satisfy all the requirements 1. - 5. Obviously, how it can be readily
seen, the field strength (5.82) has all these features. For this reason we have
also explicitly computed the field strength at one-loop showing that all the
logarithmic divergences cancel. However, we have not showed the complete
vanishing of the field strength, namely that the finite terms also cancel, due to
technical difficulties.

Once we have expanded the left-invariant currents in - 7> cf. (5.91)—(5.93),
the Lax pair ¢ (5.80) and the field strength .% (5.82) will be also expanded
consequently:

S = Irr s Ver @ o) (5.100)
F = F+yFV+P 701+ 0(7). (5.101)

Notice that / is the classical flat connection, which means that .% = 0.
What we have verified is that at order 1% the variation of the monodromy

matrix is free from logarithmic divergences, namely that .7 (%) is finite'®

19However in principle T should consider also terms coming from the interactions (OPE’s) be-
tween the field strength and the connections in the path ordered exponential. Indeed expanding
# and _# as above we have terms as for example

1)(%/% R// /f) /// (5.102)

The first term vanishes due to the equations of motion, one can directly check this. The second
term would be non-zero only if .# (2) could have terms of conformal weight zero (since we want
only up to conformal weight 2 operators), which is not the case due to the antisymmetry of the
field strength.
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6 AdS/CFT as a 2d particle model and the
near-flat-space limit

6.1 Introduction

The integrable structures found on both sides of the correspondence allow
one to treat the planar AdS/CFT as a two-dimensional particle model. On the
gauge theory side, this is due to the correspondence between the .4/" =4 SYM
theory and the one-dimensional spin chain, in particular it follows from the
identification between the dilatation operator and the spin chain Hamiltonian,
cf. chapter 2. We can treat the scatterings of the impurities in the spin-chain
as collisions among (1+1) dimensional particles and consider the S-matrix for
describing all the relevant kinematical observables. In particular, the integra-
bility of the model ensures that each magnon only scatters with another one
each time (S-matrix factorization).

What about the string theory side? There we have a two-dimensional world-
sheet description for closed strings in AdS backgrounds. We need to identify
which are the elementary excitations of the world-sheet which correspond to
the spin chain magnons. In this sense the full GSMT formulation might seem
hopeless: keeping all the symmetries for the AdS superstring does not help to
find the spectral information. However in the (generalized) light-cone gauge
the world-sheet theory describes only the physical degrees of freedom of the
AdS superstring. And it is in this way that it is possible to interpret the world-
sheet excitations as two-dimensional particles.

Having a theory which describes particles in (1+1) dimensions and which
might be integrable, means that we can know all the spectrum through the S-
matrix, cf. chapter 2 and 3. In particular, even without an exact knowledge
of the dilatation operator, the (asymptotic) spectrum can be encoded in the
Coordinate Bethe Equations, which in turn can be derived from the S-matrix.
Naturally this should be true on both sides of the AdS/CFT duality and in fact
it turns out that it is the same S-matrix which describes (asymptotically) the
collisions of magnons along the (infinitely long) spin-chain and of world-sheet
excitations (in an infinite volume).

Historically on the gauge theory side, the S-matrix was initially discussed
by Staudacher in [184]. Beisert explained how it is determined by the un-
broken symmetries of the model up to an abelian overall phase in [50, 49].
On the string theory side, it was initially discussed by Arutyunov, Frolov and
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Staudacher in [23], by Klose and Zarembo in [128] and by Roiban, Tirziu
and Tseytlin in [170]. Further fundamental works in this direction are the
paper by Klose, McLoughlin, Roiban and Zarembo [130], where the world-
sheet S-matrix is computed to tree level and the papers by Arutyunov, Frolov
and Zamaklar [24] where the S-matrix has been rewritten in a string basis
and by Arutyunov, Frolov, Plefka and Zamaklar [22] where the symmetries
are discussed on the string theory side. Actually, we will use the S-matrix
in the near flat space limit (NFS) which was computed to one-loop by Klose
and Zarembo in [131] and to two-loops by Klose, McLoughlin, Minahan and
Zarembo in [127].

There is a key-point in the discussion above. Such a “S-matrix-program”
assumes (quantum) integrability: the kinematical information is obtained by
means of the two-body S-matrix. As explained in the previous chapter 5, prov-
ing rigorously the quantum integrability for the type 1IB superstring is an in-
credible hard task probably as much as proving the gauge/string correspon-
dence. But now, after chapter 3, we know that in two-dimensional field the-
ories the higher conserved charges leave dynamical constraints (particle pro-
duction, elastic scattering, factorization of the S-matrix) which can be fested.
This is the strategy of the paper II: show that all these properties hold up to
one-loop for the type IIB superstring in AdSs x S°.

We should be more precise. First point to discuss is that, even fixing the
light-cone gauge, the 6-model described by Metsaev and Tseytlin in [149] is
still prohibitive or at least very complicated. For this reason we use for the
explicit computation the so-called near flat space limit, introduced in 2006
by Maldacena and Swanson [143]. We will explain the features of the model
in this limit and the corresponding S-matrix. We will also introduce, even if
briefly, the light-cone gauge and the BMN limit [57], since we will reuse these
notions in chapter 7 discussing the “new” gauge/gravity duality. Notice also
that we are discussing the S-matrix and the spectrum in the infinite volume
limit.

A second point to stress. We should not be confused about which kind of
S-matrix we are discussing. As mentioned at the beginning, we are describing
the superstring in AdS spaces from a world-sheet point of view. Indeed we
have always discussed the integrability of the world-sheet action. The com-
plete kinematical and dynamical information is contained in this very special
two-dimensional quantum field theory. In the light-cone gauge the excita-
tions, which are left after gauge-fixing, are only the physical ones. These are
massive excitations in the string world-sheet. Thus when we talk about and de-
scribe the S-matrix on the string theory side, we really mean the world-sheet
S-matrix, and not the target-space S-matrix. It is really the S-matrix which
describes the scattering of these particle excitations on the string world-sheet.

On the gauge theory side, it is the same, namely we are dealing with the
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internal S-matrix, using the expression of Staudacher in [184]. This means
that we are considering the scattering of magnons, namely the fundamental
excitations in the spin chain picture. This should be not confused with the
external S-matrix, namely the scattering matrix associated with the collisions
of gluons in four dimensional space-time.

6.2 Light-cone gauge, BMN limit and decompactifica-
tion limit

In this section, we explain more concretely what we mean by a two-dimensional

particle model from the string theory point of view, introducing the general-

ized light-cone gauge, the decompactification limit and the fields. The BMN

limit is introduced more for completeness. The section is based on the orig-

inal papers cited on the main text, on the review written by Arutyunov and
Frolov [19] and on Swanson’s Ph.D. thesis [186].

6.2.1 Light-cone gauge

In the GS formalism in order to treat the AdS superstring we need to break the
(super) Lorentz covariance by imposing the light-cone gauge. The procedure
which I am going to illustrate, is manly based on the works [75, 16, 17, 19].
We introduce the AdSs x S metric in the global coordinates

ds? = =Gy (2)dt* + G (2)dZ* + Goe(y)d9* + Gy (y)dy?, 6.1)
AdS; 5

with

2
_ X 1
Gop(y) = (i) s G =3 (6.2)

2\ 2
(1+%)

In AdS°, the coordinates 7’ are the four transverse directions and  is the global
time; in S°, yi/ are the four transverse coordinates and ¢ is the angle along one
of the big circle of the 5-sphere. The corresponding embedding coordinates,
the world-sheet fields, are denoted by

T, Zi, ¢, Yy with i,/ =1,2,3,4. (6.3)
N N~
AdS; S’
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One can introduce the light-cone coordinates which mix the two U(1) di-
rections, in particular to keep the discussion more general we can use the
following parameterization

Xt=(1-a)T+ap X =0¢-T, (6.4)

where a is a real number defined between 0 < a < 1. The typical values for
a are a = % which is called the uniform gauge, and a = 0 which is called
the temporal gauge'. There are some simplifications for the different gauge
choices, in particular in the paper IV in the context of the AdS4/CFT; we
make use of the temporal gauge, cf. chapter 7. Here we will assume the
uniform light-cone gauge, which corresponds to the most symmetric choice
and has remarkable simplifications in the S-matrix computations.

The conjugate momenta are defined by py; = (‘;{%. Hence inverting the rela-
tions (6.4), T =X —aX ™ and ¢ =X + (1 —a)X ", the light-cone momenta
are

0L

E&(—.i:—apr—l—(l—a)pw (6.5)

_ 0L .

P+ =S =Petrr p-

In the light-cone gauge the target space time (in light-cone coordinates) is

identified with the world-sheet time coordinate? and the conjugate momentum
to the field X~ is kept constant, namely
! !

Xt ="t p-"= constant(=C). (6.6)

Notice that this means that the total space-time momentum in the light-cone
coordinates is

1 T C
P = d =
2na’ /% op o
! " d ! " d 1
P_ =5 _ = — —
2o/ /771: op 2o/ /77[ ° ( apr + ( a)p(]))
= aE+(1—a)J. (6.7)

The first line in (6.7) says that the total space-time light-cone momentum P_
measures the world-sheet circumference, which we have chosen to parameter-
ize with — < 0 < . However, we could have integrated between the interval
[—s,s] after rescaling the world-sheet coordinate ¢, and nothing would have
changed in the first line, a part from the appearance of the constant 2s. Thus
P_ is related to the string length. Notice that we have set R = 1, but it can be

INote that names for the different gauge choices are not globally valid.

2This is rigorously true only if the winding number is zero, the number of times that the closed
string winds along the one-sphere parameterized by the angle ¢. In our case we are always
discussing closed strings with vanishing winding number.
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Figure 6.1: The world-sheet for closed strings.

easily restored by multiplying the results in (6.7) by R

Let us now comment on the second line in (6.7). By definition, P_ is related
to the U(1) charges which are the energy, conjugated to the global time in
AdS, and the angular momentum J, conjugated to the angle for the S3-equator.
Since this is important, let me stress that we have

T T

1 1
E=— do J= —/ dopy . 6.8
2ro! /_n Pr 2no )z pPe 6.8)

Notice that for the temporal gauge (a = 0) the total space-time light-cone mo-
mentum P_ is the angular momentum J. Finally for P, we have

1 T 1 T
P, = = =J—-E. .
4 nol ‘/77rd0p+ ol [ﬂdc (p¢ +pT) J (6 9)

Even though we have fixed the light-cone gauge, there is still some choice
left: there is still the reparameterization invariance for the world-sheet coor-
dinates. Closed strings are parameterized by T which can take any real values
and by o which takes values in the S' circle, since by definition the string is
closed. Then topologically the closed string world-sheet is a cylinder, cf. fig-
ure 6.1. In particular, this implies that when we shift the coordinate ¢ along
the circle in the figure 6.1 by a constant, the physics we are describing should
not change. In other words the total momentum along the word-sheet spatial
direction (namely the operator which generates the translation in o) should
vanish. This is the so-called level matching condition: the total world-sheet
momentum should vanish. Physical closed strings must be level-matched.
The reparameterization invariance with respect to the world-sheet coordinates
is encoded in the Virasoro constraints. Namely we have to impose that the
energy-momentum tensor for the superstring world-sheet vanishes:

|

Tuv = Suv — 31w VP S, =0, (6.10)
where the definition for S, comes from recalling that the GSMT AdS super-
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string world-sheet Lagrangian is .Z = %, + -Lwzw, cf. section 4.2, i.e.

fkin — —%'J//JVS/J,V — _%'yﬂv STI‘ (J'u.]v)‘gz
= LypvslD _dquvg@O L
Lz = LD+ (6.11)

We have expanded in the inverse powers of the string tension (ﬁ) and for

each loop in the number of fermions. The string world-sheet metric is y*"
with determinant —1 and defined by y* = /—hh"".
We can concentrate on the bosonic sector for simplicity. In this case Sy is

simply given by SELOJ ) = X M9, XN Gy and the Virasoro constraints read as

700 = 9 XM, X" Gyn — Syuv P XM 9p XN Gy = 0. (6.12)

Since we will use these results also in the next chapter 7, I will now make
some digression. One can define the conjugate momenta as

pu = —Y*Gundu X" (6.13)

which is only another way of rewriting the functional derivative % for the
bosonic sector. Then one has

. 1 TO
XM= GMNpy — LM’ (6.14)
'}/TT /}/TT

where the world-sheet metric basically plays the role of a Lagrange multiplier
as it can be seen also rewriting the Hamiltonian and the Lagrangian, i.e.

L = - 2;” G pyupy + 2;”GMNXM/XN/
H = puXM -2 = —2;” (GMNPMPN—G-GMNXM/XN/) - };:pMXM/.
(6.15)
Thus the Virasoro constraints just become
G pupn +GunXM' XY =0 pyx™ =o0. (6.16)

The standard procedure is to solve the second Virasoro constraints in (6.16)

in order to find X~ and substitute it back in the first constraint GMN py;py +
GunXM XN =0. In particular one finds
1
X" =p x4+ px' =0-x"=——px" (6.17)

C
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with the index I = 1,...,8 labeling the transverse directions, i.e. I = (i,i’).
Thus X' is a function of the physical transverse fields, which are periodic in
o. Indeed, in the light-cone gauge, X~ measures the density of the variation
of the fields along the o direction, namely it measures the world-sheet mo-
mentum density. Then, once one integrates the second constraint in (6.16), we
recognize in it the level-matching condition.

Plugging back the solution for X~ in the first constraint in (6.16), one ob-
tains a quadratic equation for p., that can be solved by

He = =P+, (6.18)

where 77, is the light-cone world-sheet Hamiltonian density. Again p, is
now only a function of the transverse coordinates and momenta, once that all
the gauges are imposed and the constraints are solved. The equation (6.18)
tells us that the time evolution in the world-sheet coincides with the time-
evolution in the target space as it should be, since we have chosen to identify
the two time coordinates X © and 7. The world-sheet Hamiltonian is then

1 T
= 1 _do .. (6.19)

In particular since the Hamiltonian density does not depend on constants re-
lated to gauge choices, it does not depend on P_. The length of the circum-
ference P_, (or the angular momentum J in the temporal gauge), enters only
trough the interval of integration in (6.19). This implies that in fact one can
rescale the boundary of integration by & — mP_/\/A, (or by ® — mJ/v/A in
the temporal gauge). The equation (6.18) has also another important conse-
quence. Rewriting p. from the equation (6.5), as a consistency condition one
has

1 T P 1 T 1 T
2ol /_n fe 2o _np+ 2o ,/—71: (pr+py) ’
(6.20)

where we used the definitions for the U(1) charges in (6.8).

6.2.2 Decompactification limit

We have seen that we can rescale the interval of integration in ¢ by a factor
depending on the total light-cone momentum P_. Consider now the limit

P_ — oo, (6.21)
This means that the world-sheet action is an integral between —oo and 4o,
namely for the spatial world-sheet coordinate it means o € R. Equivalently,

we can say that instead of considering closed strings we are discussing open
strings, whose world-sheet has the topology of a plane.
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Why would one like to consider such a limit? The point is that in this de-
compactification limit the world-sheet becomes an infinite plane and it makes
sense to introduce asymptotic states (as the ones we discussed in chapter 3,
section 3.3) and the S-matrix for the world-sheet excitations.

It is worth noticing that on the gauge-theory side the decompactification
limit corresponds to gauge-invariant operators with very large R-charge (J).

6.2.3 The fields

After gauge-fixing the type IIB Lagrangian, we are left with 8 bosonic and
8 fermionic degrees of freedom. The bosons correspond to the transverse
directions in AdSs x S°, as we discussed in section 6.2.1. The initial symmetry
PSU(2,2|4) is broken by the gauge-choice. In particular for the bosonic sector
we have killed the directions 7 and ¢ in favor of ¥ and Z. Thus the manifest
bosonic symmetries left are

SO(4,2) x SO(6) — SO(4) x SO(4). (6.22)

The light-cone gauge preserves the SO(4) x SO(4) symmetry. However in the
BMN limit, the unbroken symmetry group is enhanced to SO(8), but not in
the NFS limit, where the quartic interactions break SO(8) into two copies of
SO(4), cf. sections 6.2.4 and 6.3, respectively. The indices i,i, with i,i’ =
1,2,3,4 carried by the fields Z and Y respectively can be rewritten in terms of
spinorial indices thanks to the Pauli matrices [130], namely each group SO(4)
can be decomposed as two copies of SU(2):

SO(4) ~ (SU(2) x SU(2)) /Zs. (6.23)

Notice that one SO(4) comes from the AdS isometry. It represents what is left
from the conformal group after gauge-fixing. The second SO(4) comes from
the sphere isometry, corresponding to what is left from the R-symmetry. Thus
the two copies of SU(2) contained in SO(4,2) are the Lorentz symmetry group
while the other two SU(2)’s contained in SO(6) describe the flavor symmetry
of the model.

In terms of the fields this means that the embedding coordinates can be
rewritten as bi-spinors

Zoao = (Gi)aazi Yoo = (Gi’)adyi,’ (6.24)
where the o matrices are 6; = 6; = (1,10') and the indices are a = 1,2,
a=1,2, a« =3,4, & =3,4. The fermions mix between the two different

sectors:
Yo Yo s (6.25)
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and one can rewrite all the fields as a 4 x 4 matrix

Yoo Yaa

o e (6.26)

Taa Zoa
The fields transform in the bifundamental (2|2)? representation of PSU(2|2), x
PSU(2|2)g. The left and right group act along the columns and the rows of the
matrix (6.26) respectively. Notice that in the matrix notation above, the first
block diagonal corresponds to S°.

Finally, the two (2|2) indices can be rearranged in the super-indices A =
(a,a) and A = (a, &), where a,a are even and «, & are odd.

6.2.4 BMN limit

This section is based on the original paper [57], but also on the other funda-
mental work [115]. The name “BMN” stays for the authors of [57]: Beren-
stein, Maldacena and Nastase. I will refer to such a limit also as plane-wave
limit. The reason why BMN and plane-wave limit are synonyms I hope it will
be clear at the end of the section. The plane wave limit of the AdSs x S° type
IIB superstring action was found in [148] by Metsaev and in [150] by Metsaev
and Tseytlin.
The AdSs x S metric in global coordinates can be rewritten as

ds* = R*(—dr*cosh®p +dp? +sinh’® pdQ3
+ d§?cos?0+d6” +5in04Q'3) 6.27)

where the explicit dependence in the radius R is restored 3. The metric is the
same as in (6.1) after transforming the coordinates according to

2 1 )’2
L _.I_ 2

coshp = ;; cosO = 7;2 . (6.28)
-7 1-7

We will deal with an infinitely boosted string along the S equator parame-
terized by ¢. Such a string carries a very large angular momentum J. One can
treat it semi-classically and consider small fluctuations around the classical
null geodesic of the point-like string which is described by p = 6 = 0. By
dimensional analysis one has that J ~ R?, thus it is equivalent to consider the
large radius limit (R — o0) of the AdSs x S’ background (Penrose limit).

3Recall the relation T = % = 2—@, namely ﬁ—z, =V, cf. chapter 1. In the previous section

we set R = 1 while now we set o’ = 1.
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It is useful to rescale the coordinates for the choice a = 0 according to

- i
<p—>x++%2 z’—>% Yoot (6.29)

tr—x"

Notice that X is dimensionless, X~ has length dimension 2 while the trans-
verse coordinates have dimension 1. Plugging back the coordinate transfor-
mations (6.29) in the metric (6.27) and taking the large R limit one obtains

ds® 2= 2dxTdx™ +d? +dy* — (2 +)?) (dx") 2 + O(1/R?). (6.30)

This is the Penrose limit of AdSs x S° space, which is equivalent to the plane
wave geometry seen by a very fast particle.

The Ramond-Ramond (RR) flux survives the Penrose limit, thus we need
to impose the light-cone gauge in order to study the fate of our string:

Xt=r1 p— = constant . (6.31)

Notice that after the rescaling (6.29) the U(1) charge corresponding to the
angular momentum J gets also rescaled by a factor R, namely now we have

J

P.== P=J-E. (6.32)

The limit we are considering is
R — o J — o0 P_ = fixed E —J = fixed, (6.33)
and we will neglect all the terms of order ¢’(1/R?). Notice that }—2 ~ I;—j and

P_ plays the role of an effective parameter. For example, recalling that at the
leading order the bosonic Lagrangian is .¥ = —%SLOVf ) = —10,XM9, XN Gyy
and plugging in Gy the plane-wave metric (6.30), one obtains at the leading

order

_ 14 /i\2 N2 2
B BUN 2;{(2 )" +(Z2)° = (Z) }
4 i’ -/ .t
DR (NGO
=1
214 1882 i\2 14 1i\2 i'\2
Hwwn = Y@ +@)P LY {0 P2 634
' 7=

We have distinguished between Y and Z coordinates just to make contact with
the notation used in the previous section, but indeed they should be treated on
equal footing. The above Hamiltonian describes a free system of 8 bosonic
massive fields. It is straightforward to introduce the fermions, in particular at
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the leading order we will have only bilinear fermionic terms (Zk(iif )). After
gauge-fixing the local fermionic k symmetry, only the SO(8) spinors survive
and they also acquire mass from the RR flux (the term is contained in the
covariant derivative).

After expanding in Fourier modes the bosonic (and the fermionic) fields,
the quantized Hamiltonian

) 8
Hppp=Y, o, (a)) (a}) (6.35)

n=-—oo =1

describes 8 different kinds of free oscillators, completely decoupled and with
unit mass*.

The BMN dispersion relation is relativistic, namely

n 2 nR? 2
w,%:1+k2:1+<a,P> :1+<a,]> , (6.36)

which is valid for fermions and bosons. Notice that since the theory is free the
S-matrix is trivially the identity.

Let us consider the first non trivial case’, namely a string state where only
two level-matched oscillators are excited, i.e. (a!)(a’,)?|0). The corre-
sponding energy is

nR2\? nR2\* A
20, =24/14+— | ~2+(— =)- :
o) +<a,J> +<a’J> +6(3) (6.37)

S

It is possible to consider the same limit also on the gauge theory side. The
corresponding spin chain carries operators with an infinite R-charge (/) and
the dispersion relation computed gives the same result (6.36). In section 2.4.1,
we have analyzed the dispersion relation for an operator such as

Tr (2 *wK) . (6.38)
In the particular case where K = 2, we have computed Ex_» = % sin (/%)
where the quantized momentum for the magnons is +p = i%. L is the

spin chain length and the R-charge is / = L — K. Let us consider the small
momentum limit p — 0, or equivalently the large L limit, then

An? R2n\ >
Egr = Iz = <oc’J> ) (6.39)

4Since the 8 modes have the same dispersion relation and they are not really distinguished,
we have recollected all together. If one includes the fermions then it is a free (8|8) harmonic
oscillator systems.

3One level-matched oscillator, e.g. (a’,)7|0), implies 7 = 0 and thus zero energy.
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where we have made all the factors explicit to facilitate the comparison with
the formula (6.36), namely afe;ﬂ = J)L—z, and we are using the fact that J ~ L — oo
while K ~ ¢'(1). Indeed the two dispersion relations match exactly, recalling
that now the scaling dimension is A = J 42 + v and the string energy is E =
A —J, where J is just the bare scaling dimension. Thus, Ex_, gives the first

% correction to the string energy E and to the anomalous dimension A — J.
Hence, the plane-wave string is dual to a single trace operator with infinite

R-charge®.

The BMN scaling

Notice that on the string side the BMN limit means A — e and J — o, but the
ratio A’ = }—2 is kept fixed. One might wonder what happens if we consider A’
as a small effective parameter. This is the so-called BMN scaling, where an
expansion in A’ gives the sub-leading terms to the dispersion relation:

w () o ()

— 4 a, 2
E=J+J 1_207 A+ ;)7 AT (6.40)

Notice that it is a joint expansion’ in A’ and }

The coefficient an> gives the n-th term in the A’ expansion at [ loop order
in the string o model, i.e. (ﬁ)l—‘, withn=1,2,... and 1 =0,1,2,.... The
relation (6.40) was initially understood by Frolov and Tseytlin in [94] and
there are many examples in literature, mostly due to Frolov and Tseytlin®,
where for strings with very large (multi)-spins their energy scales according
to (6.40). I refer the reader to Tseytlin’s review [188] and references therein.

On the gauge theory side, it is also possible to organize the scaling dimen-
sion in the same kind of expansion, where here 4 < 1, J — o and the ratio A’
is small, namely

w () w ()

c C
A=THI | LT |2 X5 A ] (6.41)
=0 =0

(1)

Here, the [ loop term in the coefficients c,,l corresponds to terms of order A’.
The BMN scaling opens the possibility of a direct comparison between

5We should really match the / directions of the oscillators (a,’l)+ with the operators of (6.38),
namely we should match the other quantum numbers to identify operators and oscillators.

7 In section 7.6, in the context of AdS4/CFT3, I will come back on the BMN scaling and on the
near BMN strings, namely on those string configurations close to the plane wave (BMN) limit,
where } corrections are taken into account.

8A partial list of the fundamental works on spinning strings at classical and one-loop level
is [93, 94, 95, 96, 97, 115, 14, 15, 164, 174]. These are different configurations with respect
to those considered in this thesis, we will only consider expansions around the BMN geodesic.
For more detailed references we refer the reader to Tseytlin’s review [188].
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gauge and string theory, since it offers a window where the two perturbative
regimes overlap. Hence the proposal is that the two series of coefficients in
(6.40) and (6.41) should match:

?

a2 withn=1,2,... and [ =0,1,... . (6.42)

The computations of the near-BMN and Frolov-Tseytlin strings [125, 134]
showed an agreement with the gauge theory predictions [114, 172, 43, 38,
85, 45, 91, 118, 37, 176, 108, 175] up to one and two-loop order, cf. also
the works [25, 26] where the matching was verified also for the infinite com-
muting conserved charges. However, at three loops the proposed equality
(6.42) breaks down: The explicit three-loop computation of the near BMN
strings [74, 75, 73], i.e. agl), and of the spinning strings [26] showed a mis-
match with the gauge theory predictions coming from the Bethe ansatz [179,
176, 44], (“three loop discrepancy”).

The physical reason for such a disagreement, as initially pointed out by
Serban and Staudacher [179] and then by Beisert, Dippel and Staudacher [36],
is that we are really comparing two different perturbative regions, where the
order of the limits, which have been used to construct the expressions (6.40)
and (6.41), matters. On the string theory side, one firstly sends J — oo and then
expands in small A, vice versa, on the gauge theory side the first step is the
perturbative expansion in small A and secondly in the large R-charge J. The
two limits do not commute and thus the results for the string energy and for the
anomalous dimension coefficients, i.e. ag) and cg), will not necessarily match.
In particular, the gauge theory perturbative computation neglects wrapping
effects, as discussed at the end of section 2.4.1. Thus, one should re-sum
the corresponding Feynman diagrams (namely the series in A,J) in order to
correctly compare the two BMN scalings (6.40) and (6.41). I will come back
on the three-loop disagreement in section 6.4.1.

6.3 Near flat space limit

The curved background (AdS> x S°) as well as the RR fluxes give rise to
interactions in the world-sheet. The spectrum that we want to compute is the
spectrum in the presence of such intricate effects. In order to perform concrete
computations we need some simplifications.

In 2006 Maldacena and Swanson proposed an interesting truncation of the
AdS superstring action [143]. The remarkable feature of such a model, (Near
flat space model, NFS) is that even though more treatable than the original
MT action, it is still capable of containing interesting physics. In particular
we will see that it interpolates between two regimes as the BMN limit and the
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Figure 6.2: Near Flat Space limit. It interpolates between the plane wave regime
and the giant magnon regime. The diagram shows the energy as a function of the

o Lo

momentum. In the plane wave limit the momentum p scales as ~ A~ 2, in the NFS
. I . . . .

region p ~ A~ % and finally in the giant magnon regime p is a constant (an angle).

giant magnon regime.

The region we are discussing is the strong coupling region, namely the re-
gion where the 't Hooft coupling is very large, i.e. A — oo. The momentum
p of the single excitation (magnon)’, can be chosen to scale in different ways
and this will give different regimes. In particular, scaling p as v/A, when
A > 1 one obtains the BMN limit, where the theory is a free massive (8|8) the-
ory and the S-matrix is trivial, cf. section 6.2.4. Keeping p fixed to some con-
stant value (it can take periodic values), the regime covered is dominated by
the giant magnon [119], which is a solitonic solution of the two-dimensional
world-sheet theory. In this region the theory is highly interacting. The scal-
ing considered by Maldacena and Swanson is something in between these two

regions, namely p scales as A /4.
The magnon dispersion relation is'”
A
E(A,p) =/ 1+ = sin® g : (6.43)

Introducing g and rescaling the momenta as

A
2 —
81 P

g k, (6.44)

o

in the strong coupling limit (A > 1) one obtains the following expansion for

9Notice that now p is the conjugate momentum to the world-sheet coordinates, since it is the
momentum carried by the magnons. This p should not be confused with the space-time light-
cone momenta of the previous section 6.2.
10See section 6.4.
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the energy

1 [k 1
E(A,p) ~ /28 —@(6—2])4“.. (6.45)

The first term is the free energy in the plane wave limit, where the particles
have an ultra-relativistic dispersion relation. The other two terms are the ones
which characterize the near flat space limit and they correspond to keeping
up to the second order term in the expansion of the sine function in (6.43).
Namely now we are keeping the sub-leading corrections in the momentum
dependence of E. This is really the region corresponding to the near flat space
limit, cf. figure 6.2. The dispersion relation is not relativistic, not in the exact
sense, and it represents some deviation from the Fermi surface. The velocity
V= ‘fl—g turns out to depend on the momentum k and the scattering between

two excitations carrying different momenta will be non-trivial'!. Notice that

VA gin 2.

. . . . 12
for the giant magnon the dispersion relation' reads E ~ “*sin 5

The NFS action
The form for the near flat space Lagrangian used here and in the paper Il is the
one presented in [131], where the world-sheet coordinates and the fermions
are rescaled by

1 1
ot -y Imet oy —yTim Iy, (6.46)

where 7 (half inverse string tension) is a power-counting parameter

Y b (6.47)
Indeed the MS action in [143] does not depend anymore on any dimensionless
or dimensional parameter. The embedding coordinates are also rescaled by %
in order to bring the action in the canonical form for the kinetic and mass
terms. Finally, after the rescaling (6.46), the y; fermions are integrated out
since they only enter quadratically in the action, for more details we refer the
reader to the appendix contained in paper II. Hence the final version for the

T At the leading order the velocity is just the speed of light, namely v ~ /2g, with g — oo.
12The momentum in the giant magnon regime takes values between 0 and 27, since it is inter-
preted as the angle where the open string endpoints sit in the S5 equator.
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near flat space model is

1 s o mt o, 1 o om0 P’
Lhrs = E(&Y) Y +5(8Z) 22TV

+ (=2 [(0-¥)+(2-2)’| +iy (¥~ 2*) yo_y

+ iy (T +0.2T) (YT~ 2T ) y

- % (T yy 7y — yTyyTiy ) (6.48)

where y are only the w_ components of the original spinors.

Let us summarize and stress once more what the NFS truncation concretely
implies. We are considering the following rescaling for the world-sheet exci-
tation momenta

pedEi = fixed (6.49)

which implies that

pr—0 p_ — oo, when A — oo, (6.50)

Hence the NFS limit is a decoupling limit, which factorizes the left and right
moving sectors of the AdS string by suppressing the right-moving modes. Fur-
ther, notice that the truncation breaks the two-dimensional Lorentz invariance
of the action.

The NFS model inherits the symmetry of the original GSMT superstring
in the light-cone gauge, i.e. P(SU(2|2) x SU(2|2)). However, as mentioned
at the beginning, the quartic interactions break SO(8) to SO(4) x SO(4), as
it can be seen in the Lagrangian (6.48), where there is a relative sign for the
interactions with four bosonic fields.

The NFS model has been useful most in the simplification of the S-matrix,
such as for example, to test the dressing phase at two loops [127] or to verify
the factorization of the S-matrix (paper II). The key point is that the interac-
tions which appear in (6.48) are at most quartic interactions, and in this sense
they make our life easier.

6.4 The world-sheet S-matrix in the NFS limit

In chapter 3 we have presented the S-matrix as a unitary operator mapping
asymptotic in and out states. In chapter 2 we have introduced the Coordinate
Bethe Equations for the Heisenberg spin chain, written in terms of the phase
shift. Naturally the phase shifts are nothing but the S-matrix elements for the
Heisenberg model. Now it is time to recollect the two pictures. We have al-
ready explained that there is one S-matrix for the planar asymptotic AdS/CFT.
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In a certain sense the derivation of the S-matrix gives a theoretical background
for the Bethe Ansatz equations.

We want to discuss the S-matrix for the full (asymptotic) PSU(2,2|4) model.
We are going to skip many details and this presentation is far from being a
rigorous derivation, for which we refer the reader to the original papers [50,
130, 24, 22]. Nevertheless we want to make some comments and illustrate
the results, mostly in order to understand the results of the paper II. Since the
explicit expression for the NFS S-matrix is already contained in paper II, we
will avoid to rewrite it.

S-matrix symmetries

First we need to discuss which are the symmetries of the S-matrix. On the
gauge theory side, the initial global symmetry is broken by the choice of the
spin chain vacuum. The unbroken symmetry left is P(SU(2|2) x SU(2|2)),
whose corresponding algebra is psu(2]2) @ psu(2|2) x R. The two copies
of psu(2|2) share the same central extension € (this is the meaning of the
symbol x) which is nothing but the energy. Considering only one sector of the
full psu(2]2) @ psu(2|2) x R, the fields transform in the (2|2) bifundamental
representation'3. However, in this representation the algebra requires a central
charge with semi-integer values j:% [50]. This cannot be, since we know
that the dispersion relation depends continuously on the coupling constant
(A), as for example, it can be seen in the BMN limit, cf. section 6.2.4. The
apparent contradiction is solved by introducing two other central charges such
that the enlarged algebra'* becomes psu(2(2) x R?, or extensively psu(2|2) @
psu(2]2) x R3. The new central charges 93 and £ are unphysical and they play
the role of a momentum and its complex conjugated. “Unphysical” means that
they should vanish on physical gauge invariant states. It might seem that they
have been introduced ad hoc but indeed they are responsible for changing
the length of the spin chain by removing or adding a background field in the
chain [50]. For this reason the spin chain is said to be dynamical: its length is
not fixed!>.

Focusing on one sector, the psu(2[2) x R? algebra is spanned by the SU(2) x
SU(2) generators 2";3 and A% and by the supercharges Q% , Gbﬁ through the

13We have shown that on the string theory side the fields form a (2|2)? super-multiplet of the
psu(2]2) @ psu(2]2) x R super-algebra. Obviously, the same happens on the gauge theory side,
even though we did not show it explicitly.

145ych centrally extended algebra is indeed unique [50].

I5Cf. the interesting paper [47] by the same author on dynamical spin chain for the subsector
su(2]3).
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following relations
~C c~a 1 a~c ~ ~ 1 ~
9.3 = 83— S8 [£%.37] = 853" J85
b b b b
{Q“a,G } 8, £% + 65 R, + 3¢5, 8¢
{Q“G,Qﬁb}zeaﬁsabm {Gaa,eﬁ}:gaﬁe“bﬁ, (6.51)

where J¥ and J¢ are generic generators and €, 3, & are the central extensions
corresponding to the energy and the momenta respectively. The same relations
hold for the other psu(2|2) sector just replacing undotted with dotted indices.
One of the main result is the derivation of the central charges, in particular of

the dispersion relation
¢ = /1+8¢2 sinzg, (6.52)

where the coupling constant!® is

&= (6.53)

The dispersion relation (6.52) has been conjectured by Beisert, Dippel and
Staudacher in [36], but Beisert showed that its specific functional dependence
is constrained by the symmetry algebra, even though in order to determine the
dependence on the coupling constant g one needs to use the BMN limit, for
example [50].

Under the full symmetry algebra psu(2[2) @ psu(2|2) x R? the two-body
S-matrix undergoes a group factorization, namely we can rewrite the total
scattering operator as

S = Spsu(2j2) ® Spsu(2)2) - (6.54)

S is an operator which acts on the vector space given by the tensor product of
single particle vector spaces, explicating the indices we can write

|4 (@) (b)) — [Pec (@) Ppp (b))STHE (@:b), (6.5

where the a, b are the particle momenta. Thus the group factorization leads to
the expression
SCCPD (a,b) = (—)AIBHICIPL 5 (a, b) S (a, b) SSE (a,b) - (6.56)

Actually this is a graded tensor product according to the statistic of the indices,

16The definition of g2 is not uniform: in literature it is possible to find also g> = 167L7.
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namely |A| is 0 and 1 for even and odd indices respectively. The group factor-
ization in (6.54) turns out to be true whenever the symmetry group is a direct
product of two groups and the Yang-Baxter equations are satisfied [161].

In order to compute the S-matrix elements we must write down the action
of the Spgy(zp2) on two-particle states where the fields are in the fundamental
representation, and ask for the invariance of the S-matrix under the algebra
generators, i.e.

[31+32,S12] =0, (6.57)

as well as unitarity condition and YB equations (which are automatically satis-
fied)!”. For the rigorous derivation we refer the reader to Beisert’s paper [50].
In this way, the matrix elements are univocally determined up to an overall
abelian phase which we have indicated with Sp(a,b) in (6.56). As already
mentioned, due to technicalities we are not really developing the arguments
here, but rather reporting and commenting the main results.

On the string theory side

What about the string theory side? Does everything translate automatically
in a string language? From the previous section 6.2, we have learned that
in order to construct the world-sheet S-matrix we need to decompactify the
world-sheet.

However, in order to study the scattering between string excitations that
we can interpret as particles for a two-dimensional theory, we actually need
to relax the level-matching condition. The “particles” can travel along the
world-sheet and collide with an arbitrary momentum. In this way it makes
sense to compute the scattering amplitude, and thus the S-matrix elements for
such particles.

In the paper [22] Arutyunov, Frolov, Plefka and Zamaklar showed that the
actual world-sheet symmetry algebra for the AdSs x S3 light-cone string not
level-matched (and decompactified) is psu(2[2) @ psu(2]2) x R? (off-shell al-
gebra). Relaxing the level-matching condition is equivalent on the gauge the-
ory side to opening the spin chain, because the string level-matching condition
is equivalent to the cyclicity of the trace. This is another way of saying that
the operators are no longer gauge invariant, namely that two extra unphysical
central charges can appear (8, 3). In the same paper the unphysical central
charges 3 and R have been computed in terms of string fields, and they turn
out to be proportional to the world-sheet momentum which should vanish for
physical (i.e. level-matched) states.

In [24] the world-sheet S-matrix has been rewritten in a string basis. This
essentially means that the scattering matrix elements have been deduced by

17The central charges are computed by acting with the algebra generators on single particle states
in the fundamental representation, cf. [50, 24].
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requiring the fulfillment of the Zamolodchikov-Faddeev (ZF) algebra. This
is the algebra that we have briefly presented in chapter 3. Such an algebra
takes into account the effects of the interactions in the commutation relation
for the free oscillators (i.e. creation and annihilation operators). The symbols
A,(0) introduced in section 3.3 are not the creation and annihilation operators,
since now we have an interacting field theory and we cannot use the free field
picture for the oscillators. The interactions affect the free oscillators algebra,
but on the other hand for integrable field theories the structure of the Hilbert
space is preserved (this is really the job of integrability!). Hence, there must
be a non-trivial operator which modifies and takes care of the algebra such
that the Hilbert space is preserved. This operator is nothing but the S-matrix
and the corresponding algebra is the ZF one, as we discussed in section 3.3.

Concretely, one needs to impose for the scattering matrix elements the in-
variance under the off-shell symmetry and physical constraints such as
e unitarity condition
e CPT invariance
e crossing symmetry '8
e Yang-Baxter equations.

The basis for the two-particle states in which the S-matrix elements satisfy
all the properties listed above as well as the ZF algebra (by construction) is
what is called the canonical string basis!®.

In [130] Klose, McLoughlin, Roiban and Zarembo derived the perturbative
tree-level S-matrix by considering a slightly different perspective. The key-
point is requiring the invariance of the two-body S-matrix with respect to the
Hopf algebra. The action of the psu(2|2) symmetry generator is non-local.
The charges generated indeed are non-local expressions and they are not ad-
ditive, cf. chapter 3. Thus, when they act on multi-particles states they do
not follow the standard Leibniz rule, but rather the so called coproduct, which
characterizes the Hopf algebra. This simply means that when one rearranges
the order of the fields on the world-sheet the non-locality of the symmetry
generators creates a “disturbance” which is reflected in a non-trivial coprod-
uct from an algebraic point of view.

18The crossing symmetry is usually present in relativistic quantum field theories and it relates
the exchange between particles and anti-particles. Here we are dealing with a non-relativistic
theory, however since the two-dimensional Lorentz invariance is spontaneously broken, it might
hold also in this case. This has been proposed by Janik [122]. Such a symmetry constraints the
phase factor Sy, cf. section 6.4.1.

191t is not exactly the same basis in which the spin-chain S-matrix has been written. Local trans-
formations which change the two-body basis can change the matrix elements without leading
to any actual change in the physical information. However in the new basis the S-matrix might
not respect the standard ZF algebra, but rather a “twisted” ZF algebra. Namely the standard
ZF relation is multiplied by a local operator which does not modify the vacuum. This is what
happens to the spin chain S-matrix derived by Beisert. For a more precise relation between the
two basis (spin chain and string) we refer the reader to the paper [24].
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The three-body S-matrix

The three-body S-matrix acts on the triple tensor product of single-particle
states and it is defined by the relation

S|P, 4 ()@ p(D) P (€)) = [Py (@) R (b) Dy () SREEERE (b c)
(6.58)
The Yang-Baxter equations read now
GDDEEFF DDEE GXXFFE GYYZZ
Saigice (@bi¢) = Z Sxxyy (a,0) S35 (a,¢) Sppce(byc)
XX,YY 77
GEEFF GDDZZ SXXYY
= Z Syizz (0:6)Syxce(a¢)Syigs (a,b)
XX,YY ZZ
(6.59)
where the graded matrix elements are
Sggg[? = (_)\AHAHBHBngggI? (6.60)
and
GCCDDEE A||A||B||B|+|B||B||F||F|+|F||F||A||A| cCCDDEE
SCEOBEE — (- )I |IAI|BI|B|+|BI|BI|F||F |+|F||F[All ‘SAABBFF' 6.61)

Notice that each element Sgggg
tion (6.56).

What we are really interested in is the number of degrees of freedom of
the three-body S-matrix. Each field is in the fundamental representation 4 of
psu(2]2) x R3, i.e. 0. The three body S-matrix is an invariant unitary operator
on their triple tensor product which decomposes in two irreducible represen-
tations, each with dimension 32. In terms of the super-Young tableau? this
means

decomposes according to the group factoriza-

Oee[]= & 7. (6.62)

Taking also the other psu(2|2) factor into account, then the three-particle S-
matrix is a sum of four projectors

S=C P(EF.EF) +C P(Bajﬁg) +Cs P(HH.EEP) +Cy P@H,aﬂ) . (6.63)

This means that the three particle S-matrix is constrained by the symmetries
up to four scalar functions C;, which depend on the incoming momenta and

20For a more technical and comprehensive discussion the reader can consult [49] and references
therein.
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which are the eigenvalues of the corresponding projectors P,. In order to de-
termine them, one needs to compute the scattering amplitudes for the four
eigenstates, namely for the highest weight states. These are written down in
paper II.

The S-matrix in the NFS limit

We want now to consider the world-sheet S-matrix in the NFS limit. One
might wonder whether the NFS truncation is consistent or not, namely if the
S-matrix computed directly from the action (6.48) is the same matrix obtained
taking the NFS limit from the original world-sheet S-matrix. This was inves-
tigated by Klose and Zarembo for the one-loop order [131] and then to two
loops by Klose, McLoughlin, Minahan and Zarembo in [127]. Indeed, even
if we truncate and decouple the right and the left moving sectors, saying that
the right modes are faster, it might be that the left moving particles can reap-
pear in the interactions, if we have enough time to wait. Then they might give
contributions in loop diagrams at quantum level.

The explicit S-matrix elements are in paper II. Notice that they are exact
in the NFS limit, apart from the dressing phase Sy which is expanded up to
order 7. Moreover it turns out that the two-dimensional Lorentz invariance is
restored in the NFS model, since they depend on the difference of momenta.

6.4.1 The dressing phase

The three-loop disagreement, discussed at the end of section 6.2.4, pushed the
research in the direction of the so called dressing phase.

Searching for Bethe equations that fulfill the BMN scaling (6.41) to all or-
ders leads Beisert, Dippel and Staudacher [36] to modify the rapidity and the
dispersion relation, as mentioned in section 6.4%!. Indeed, the specific func-
tional form for the energy, and in general for the higher conserved charges, as
well as for the rapidity depends on the model we are considering. The BDS
proposal for the rapidity, which turned out to be correct, is

1
u(p) = 5cot(g) \/1+8g2sin2 (g) (6.64)
where the coupling constant g is related to the *t Hooft coupling by g = #

The dispersion relation is only one of the infinite tower of higher charges that

21Let us focus on the su(2) sector and on the gauge theory side. Beyond the one-loop order, the
model describing the s1(2) sector is not anymore the Heisenberg spin chain discussed in section
2.4.1. Serban and Staudacher proposed to incorporate such a sub-sector into the Inozemtsev
spin chain [179]. However it breaks the BMN scaling beyond the three loops. The Inozemtsev
model is formulated in terms of rapidity and charges which are not the same of the Heisenberg
model, obviously.
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an integrable model possesses, and they are modified according to

_, 2sin(3rp) [/ 148g2sin*(§) — 1 6.65)

r 2gsin(%)

q-+1(p) =g

Notice that the first charge q; (p) is the momentum p, while the second one is

the single magnon energy, i.e. qz(p) = ng < 1+8g2sin*(5) — 1). The total

charge is defined by
K
Q = Z qr(pk) ) (6.66)
k=1

where K is the total number of magnons??>. The BMN limit result can be found
by considering the string energy 0E = g°Q,.

We have discussed until now the Bethe equations in the spin chain context,
let us move back to the string theory side. Kazakov, Marshakov, Minahan and
Zarembo (KMMZ) proposed the string Bethe equations (a set of non linear in-
tegral equations) in order to describe the classical string o-model [125]. One
would like to generalize (and discretize) such equations in order to capture
also quantum string effects. Since the elementary excitations are the same
on both sides of the duality, it seemed reasonable to introduce a phase in the
S-matrix and thus in the Bethe equations without modifying the BDS disper-
sion relation [23]. This phase shift is part of the scalar factor (the dressing
phase) that cannot be determined by the symmetry algebra, but rather it can
be obtained by using the crossing relation??. The initial step in the direction of
determining the phase factor and the quantum string Bethe equations has been
done in [23] by Arutyunov, Frolov and Staudacher for the su(2) sub-sector.
The AFS phase has been deduced in such a way that it reproduces the thermo-
dynamic or continuum limit of the string KMMZ Bethe equations. Explicitly,
for K impurities and for the su(2) sub-sector, the Bethe equations formally are
still

K
=TT S(uju), (6.67)
J=1j#k

22For  the su(2) Heisenberg model the higher charges are given by
q-(p) = % sin(% (r—1)p)sin~! (£) and the rapidity is given by the formula (2.40).
For the r = 2 case, one finds the single magnon energy (2.29) discussed in section 2.4.1.
23Recall the footnote about the crossing symmetry in section 6.4.
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but now the S-matrix acquires an extra phase:

uk—uj-i-i %

S(uj,uk) = uk—uj—i
)
X exp (21’ ;(i)r(qr(lﬂk)%ﬂ(ﬁj) - Qr+1(Pk)Qr(Pj))> )

(6.68)

where the charges are the ones in (6.65).

This is not the end of the story for the dressing phase, but rather the begin-
ning: The AFS represents the leading quantum correction to the Bethe equa-
tions and to the S-matrix. The phase in (6.68) can be generalized by shifting
the S-matrix according to

exp2i6(px, p;) —eXP2lZ Z crs(8) (- (Pe)as(P)) — as(P)ar(p;)) -
r=2 s=l+r
s+r=odd

(6.69)
The coefficients ¢,(g) are expanded in the strong coupling limit according to

crs(g) = (%)r):;":o cgﬁ)g*". We see that the AFS phase is obtained by sub-

stituting cﬁﬂ) = Oy r+1. The first quantum coefficient cﬁp has been deduced by

Hernandez and Lopez (HL) [117], cf. also [44], the all-loop strong coupling
limit was discovered by Beisert, Hernandez and Lopez [52], i.e. cﬁﬁ) for all
n > 0, and finally, the full series at strong and weak coupling has been found
by Beisert, Eden and Staudacher (BES) in [51]. Nowadays, there have been
numerous tests for the BES proposal: From the world-sheet point of view up
to two-loops [171] and in the near flat space limit [127]; at weak coupling by
direct gauge theory computations [64] and up to four loop in the SU(2) sec-
tor [42]. Other important tests which confirm the BES result have been given
in the works [111, 112, 92]. Finally in [13] it has been shown that the HL
dressing phase satisfies Janik’s equation [122].

For us, it is relevant only the AFS phase. In particular we will need it in
paper III in the context of AdS4/CFT3, as we will see in chapter 7.

6.5 PaperII

We have already stressed that, from the beginning of the chapter up to now,
we are assuming to deal with a quantum integrable system. Surely this is a
suitable hypothesis, which have lead to immense progresses and there have
been a vast quantity of indirect checks about the validity of this hypothesis.
But notice that on the string theory side perturbative computations beyond
the leading order are still extremely difficult to perform. Remarkable in this

100



sense the two-loop computations of the world-sheet scattering amplitudes in
the NFS limit, which has allowed to test the dressing phase beyond the next-
leading order in the strong coupling region.

Can we give a proof that the AdSs x S’ superstring is quantum integrable
at least in the planar limit? The word “proof” might discourage. However the
NFS model offers us a good region where we can test many of the assumed
working hypotheses, among them quantum integrability. The NFS Lagrangian
(6.48) is not so terrible and the S-matrix is not trivial in this region. This is
an incredible good window in the strong coupling limit where we can directly
face the important and non-trivial issue of quantum integrability. Hence the
goal of the paper II is to check for the first time in a very explicit and direct
way that the NFS model is quantum integrable at one-loop. This strongly
supports the hypothesis of a quantum integrable field theory describing the
AdS superstring.

The strategy adopted in the paper Il is to verify the presence (or the absence)
of the dynamical constraints which define an integrable two-dimensional field
theory: absence of particle production, elastic scatterings, S-matrix factoriza-
tion. We have focused on a 3 — 3 scattering. Concretely we have compared
two sets of data. On the first set (the “theoretical data”) we have computed
the three-particle S-matrix which would follow assuming the quantum inte-
grability of the model, namely the three-particle S-matrix which is given by
the Yang-Baxter equations as a product of two-particle S-matrix elements,
i.e. (6.59). On the second set, (the “experimental data”), we compute the
3 — 3 scattering amplitudes which follow from the Feynman diagrams of the
corresponding NSF action. The computations are done perturbatively up to
one-loop. The scattering amplitude is defined by

*Q{(av b,c,d, e,f) = <Ab3 (f)Abz (e)Abl (d) |A£l1 (a)Aﬂz (b)Aa3 (C)>connected
(6.70)
and the process considered is the generic 3 — 3 scattering 24

Agy (@)Agy (D)Agy () — Ap, (f)Ab, (€)Apy (d). (6.71)

Notice that we are dealing with connected diagrams, since the disconnected
diagrams trivially factorize. The S-matrix elements and the scattering ampli-
tudes are related by

;Z{(a,b,c,d,e,f)z Z yc(aub>c) 6ad5b€56f7 (672)
o(d,e,f)

where o(d, e, f) are all the permutations of the outgoing momenta. Hence,
in paper II we have showed that the two sets of data agree completely: the
tree-level and one-loop scattering amplitudes indeed factorize as in equations

24Recall the ordering and the ZF algebra introduced in chapter 3.

101



(6.72) and the S-matrix elements .5 (a,b,c) precisely match the three-body
S-matrix computed by the Yang-Baxter equations (6.59). The formula (6.72)
means that the amplitudes give rise to the phase space showed in figure 3.3 in
chapter 3.

Since the three-body S-matrix is constrained by the symmetries up to four
scalar functions Cj, it is sufficient to compute the scattering amplitudes for the
four processes which correspond to the highest weight states, namely which
correspond to the eigenstates of the three-body S-matrix. Showing the factor-
ization for these four scattering amplitudes means proving the factorization of
the entire three-particle S-matrix to one-loop order. A proof in a “mathemati-
cal sense” would require to re-sum all the perturbative series and to show the
factorization of any n — n scattering amplitudes. Not trivial at all.

Notice that here in the 3 — 3 scattering
e tree-level order means 7> ~ /IL%

e one-loop order means > ~ %

A2
Actually we have computed further scattering amplitudes involving mixed

states between fermions and bosons, in order to confirm the supersymmetries
of the NFS model.

According to chapter 3 this means that there must exist a higher conserved
charge. How does such charge manifest itself? How do the selection rules
and the factorization come from Feynman diagram computations? First recall
that each Feynman graph contains already the energy and momentum con-
servation. In computing the scattering amplitudes one can realize that in the
phase space points, where the set of incoming momenta is equal to the set of
outgoing momenta, the internal propagators go on-shell and diverge. Namely
for a 3 — 3 scattering the internal propagators may go on-shell (since in the
internal diagrams they might run two incoming momenta and one out-going
momentum which have different signs, thus in the point where the in-coming
momenta are equal to the out-going one this clearly diverges). They must be
regularized and this is done by using the i€ prescription, namely each mass is
shifted by +i€ in order to move the singularities on the complex plane. The
residues are then computed with [81, 12]

! 1 ; =2 2
P it D g o —m), (6.73)

where & stands for the principal value prescription. The term with the princi-
pal value takes care of the singularities, namely skipping such delicate points
in the integration we can brutally apply the energy-momentum conservation
which makes the corresponding amplitudes vanish, after summing over all the
equivalent diagrams. What is left is only the term in (6.73) with the extra &
function, “extra” since the Feynman diagrams already come with two-delta
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functions from the energy-momentum conservation. These three §-functions
combine together and force the out-going momenta to be equal to one of the
in-coming momenta, cf. (6.72). The resulting phase space is as in figure 3.3
in chapter 3.

What about the 2 — 4 amplitudes? The crucial point is that now the internal
propagators will never be on-shell, since all the momenta flowing there have
the same sign. Then we can forget the ie regularization and proceed with
standard brute force computations. Summing all the amplitudes the result
turns out to vanish. This indeed corresponds to the fact that we are not in the
“famous six points” of the phase space.
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7 The AdS./CFT; duality

We now leave the AdSs/CFT4 duality. But we do not leave the gauge/string
duality. Actually I should say the gauge/gravity duality. In 2008 A. Aharony,
O. Bergman, D. Jafferis and J. Maldacena (ABJM) proposed a new conjec-
ture where the world-volume theory of a stack of M2-branes probing a C*/Z;
singularity is a three-dimensional conformal field theory [6]'. I will refer to
this as the ABJM or the AdS;/CFTj3 conjecture, in the next chapter it will
be clear why. The work has opened a huge amount of possibilities. Indeed,
considering the impressing results due to the integrability properties of the
planar AdSs/CFTy duality, it is natural to try to export the same techniques
(and hopefully the same progresses) in the new correspondence. From the
initial paper by Aharony er al. up to now there has been an outstanding effort
to retrace the main topics which were mile stones in the AdSs/CFTy duality,
here in the new setting. I will report only those relevant for the reading of
paper III.

7.1 Introduction

The AdS4/CFTj states a duality between a three-dimensional conformal field
theory and an M-theory on eleven dimensions. Let us start from the gauge
theory side. It is constructed by two Chern-Simons (CS) theories, each one
with a U(N) gauge group, coupled with bifundamental matter. However the
level of the gauge group is different in the two cases: we have indeed U(N ) x
U(N)_g. The theory is conformally invariant at classical and quantum level
and it possesses .#” = 6 supersymmetries. It contains two parameters?: the
gauge group rank, N, and the level of the algebra k. Both parameters assume
integer values. However, it is possible to form a continuous parameter A =
%, that will play the role of the 't Hooft coupling, and that will interpolate
between the string and the gauge theory side. In the large N and & limits, A is
continuous. In particular, the large N limit corresponds to the planar limit of

IThe ABIM paper comes after plenty of works on multiple M2-branes. I will not go into detail
and leave the curious reader to consult the work [6] and references therein.

2There is also a generalization, known as ABJ theory [5], where the gauge group is U(N); x
U(M)_y. It seems that, also in this case, the theory manifests integrable structures in the planar
limit [30].
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the CS-matter theory. Essentially, for the CS-matter theory % plays the same
role as it was for g%, in SYM theory, cf. section 7.2.

The gravity dual describes a stack of (Nk) M2-branes on a flat space. In par-
ticular the M-branes probes the orbifold® R®/Z,. The near-horizon geometry
is given by M-theory on AdS, x S”/Z;. Notice that it is an eleven-dimensional
space. Due to the Z;, action, it is natural to write the sphere S7 as an S! fibra-
tion over CP3: roughly speaking we can say that S” /Z; = CP? x S'/Z;. The
radius of the circle S' depends on k and the effect of the orbifold is to re-
duce the volume by a factor k. In particular when k is very large, effectively

the space is ten-dimensional, i.e. AdS4 x CP3. Explicitly, the circle radius is
(Nk)l/é
k

given by Rg1 ~ . Thus, when such radius is very large, namely when
N >> k>, then the theory is strongly coupled and the proper description is in
terms of the M-theory. Vice versa, when the radius is very small, i.e. N < K,
then it can be effectively used a description in terms of IIA superstrings living
on AdS, x CP3 with RR fluxes. More details are given in appendix 10.3.

The two parameters N and k, which describe the number of M2-branes and
the order of the orbifold group, are contained in the effective string tension

and in the string coupling. They are given by

1
R? s [(N\2 SN\
T:zm,:z/n<k) gS:(?)ZJTkS . (7.1)

The specific relations and the ugly numerical factors in (7.1) are obtained
analyzing the supergravity regime, cf. appendix 10.3. Again, from the be-
havior of the string coupling, we can see that for N > &>, i.e. g, > | the
string description fails, we need to use the full M-theory formulation, while
for N < k> (gy < 1) the “weak coupling” string limit is a good approxima-
tion. Notice that again the effective tension goes like the square root of the ’t
Hooft coupling, namely 7 ~ v/A. The string coupling in terms of A reads as
gy = (32m2 )5 = (3277 41)4, cf. table 7.1.

From now on, we are going to consider only a specific region for the gravity
side of the correspondence: the string regime. This means that for us N and k
are very large and in particular are such that N < &° or 1 < A < k*.

Also the AdS4/CFT; is a weak-coupling duality. A very natural question
is whether the duality is integrable, at least in the planar limit. There are
numerous features that are shared by the two gauge/string dualities, but there
are also important aspects which are different and which make things quite
intriguing and far from being obvious. In each part of this chapter, I will
stress the common points and the main differences between the two AdS/CFT
correspondences.

3 An orbifold is a coset G/H where H is a group of discrete symmetries [168].
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AdSs5/CFT4 AdS4/CFT;
IIB on AdSs x S° AdS side IIA on AdS, x CP?
A =4SYMin4d CFT side A =6 CS-matter in 3d
A =gymN "t Hooft coupling A=1x
T = 2§fx’ = 2—@ String tension T = Zﬁfx/ =252/ %
8s = é’f—,’;‘ String coupling gs = (327172]12’—5) 14
SU(N) gauge group U(N)g x U(N) ¢
PSU(2,2/|4) global symmetry OSp(6]4)
AdSs x S = gggﬁ% X %&g’; bosonic subgroup AdS4 x CP? = 2883 X %(34))

Table 7.1: Summarized comparison between the two gauge/string dualities.

7.2 The field theory

The .#" = 6 Chern-Simons theory in three dimensions is described by the
following Lagrangian

7 = %Tr{s“v’l (AudvAs + %AMAVAA —AudvA; — %A“AVAA)
+ DuY, DYt + 1—121/*‘1//,T Yy Yeyl + %YAYBTYBYCTYCYAT
-~ %YAYATYBYCTYCYI; + %YAYgYCYjYBYg - %YJYAV/BWB
+ Y YPuty+ %J/AYBYg va — VAYBY g 4+ iy YD
+ %SABCDYQ' VesY wp — %SABCDYA vEYCoyly. (1.2)

The gauge group is U(N); x U(N)_, where the subscripts denote the level of
the algebra. The relative sign is reflected in the two Chern-Simons contribu-
tions in (7.2), which describe the two gauge fields A;, and A”. The Lorentz
index u runs between 0 and 2, i.e. u = 0,1,2, since the theory is three-
dimensional. The gauge field A transforms in the adjoint representation of
U(N); and it is a singlet with respect to the second U(N)_;. Vice versa the
field A is a singlet for U(N); and transforms in the adjoint of U(N)_.

The fields Y4 and Y, X are eight scalars, the index A is a SU(4) index, namely
A =1,2,3,4. This is not the original form of [6], but rather we use the formu-
lation given in [159, 56], such that the scalars grouped into SU(4) multiplet
make R-symmetry manifest. They transform in the fundamental representa-
tion of SU(4), i.e 4 and 4 respectively. Moreover, they transform in the bifun-
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damental representation of the gauge group: (N,N) and (N,N) respectively.
The explicit components of the scalars are*

Y4 = (A1,A2,B],B]) Y| =(A],A]B;,B;). (7.4)

Furthermore, the fields A, transform as a SU(2) doublet and the same is
true for the B,’s, as the notation indicates. Hence, there is a SU(2) x SU(2) €
SU(4) subsector, which is indeed closed and which is given by ¥! ¥? and
Y;, Yf. This will be important for understanding the paper III.

The covariant derivatives are

Dy®=0,®+A,&—PA, D@ =09, d"+A,0"-@'4,. (75

The scaling dimension of the scalars Y is Ag = %, while for the derivatives
is Ag = 1. Furthermore the scalars transform in the trivial representation of
SO(3), while the covariant derivatives transform in spin 1 representation of
SO(3) and in the trivial one of SU(4).

Finally, the fermions ‘PZ and W are the 4 and 4 multiplets in the spinorial
representation of SO(6), and they also transform in the U(N); x U(N)_; bi-
fundamental representation. The fermions y are the charge conjugated fields
and they are given by y! = Cyy7 in terms of the charge conjugation matrix
C and y, are the Dirac matrices in three dimensions. They transform in the
spin  representation of SO(3).

The action corresponding to (7.2) is invariant under a CP transformation:
the parity changes the sign of the Chern-Simons action which is compensated
by the exchange of the gauge fields A, and A#.

7.3 The algebra

The theory is conformal and supersymmetric. In particular it possesses .4 =6
supersymmetries, which is not the maximal number of supersymmetries that
one can have in three dimensions. We already see the first difference with the
AdSs/CFT4 duality. The supercharges transform in the vector representation
of SO(6) = SU(4). I will write the 24 odd generators as Qy; and S!, where
the spinorial index is @ = 1,2 and the SO(6) label is I = 1,...,6. Actually,
for k = 1,2 the supersymmetries are enhanced to .4 = 8, and thus the R-
symmetry is lifted to SO(8) [56]. We will not consider these two cases, since

4The fields A, Bj, and their Hermitian conjugates AZ, BZ are components of the super-potential

2r ” .
W= 7Tre“be“b (AaBiApB;)  with a,b=1,2,a,b=1,2. (1.3)

Writing in terms of the super-potential W (7.3) makes the flavor SU(2) x SU(2) symmetry
manifest (but not the R-symmetry).
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as already mentioned, for us k takes very large values.

The conformal group in three dimensions is SO(3,2). The generators are
the Lorentz generators Ly, which are in total three, i.e. 4 =0, 1,2, the three
translation generators P, the dilatation generator D and the three special con-
formal transformations K, .

The R-symmetry group is SO(6) = SU(4) with 15 generators, Ry, I,J =
1,...,6, as we discussed in the .#” =4 SYM case in chapter 2.

The direct product SO(3,2) x SU(4) corresponds to the bosonic subgroup
of OSp(6]4). Thus the full global symmetry group of the CS-matter theory is
OSp(6]4).

The string states and the gauge theory primary operators will organize them-
selves as 0sp(6]4) multiplets and they will be characterized by the quantum
numbers labeling the bosonic sub-sectors. In particular, these are

(A=E,S,J1,2,J3) . (7.6)

The first two charges, i.e. A(E) and S, are the Cartan generators of the
SO(2) x SO(3) maximally compact sub-sector’ of the full conformal group.
Notice that in the first entry of (7.6) we have summarized the content of
the gauge/gravity correspondence. The scaling dimension A and the string
energy E are the only charges which depend on the coupling constant A:
A(A,N)=E(A,N). The last three charges J;,J>,J3 are the eigenvalues corre-
sponding to the SU(4) Cartan generators. I have indicated with J; and J, the
two generators of the SU(2) x SU(2) sub-sector mentioned before.

The string side

Let us see how the global symmetries are realized on the string scenario. The
IIA superstring lives on AdS; x CP?. The isometry group of AdSy is indeed
SO(3,2). As for the previous case, E is the charge corresponding to global
time translation and S is the spin in the AdS space. In other words, accord-
ing to the splitting of SO(3,2) — SO(2) x SO(3) and to the isomorphisms
SO(2) 2U(1),SO(3) =2 SU(2), E is the eigenvalue for the U(1) charge, while
S is the spin generator of SU(2). Thus once more, the conformal group enters
on the string theory side as a symmetry of the background. The same is true
also for the projective space CP3: the corresponding isometry group is SU(4).
Notice that in CP? there are two 2-spheres S?> embedded. They corresponds
to the SU(2) x SU(2) sub-sector on the gauge theory side. Thus, J; and J,
represent the total angular momenta in each sphere S.

3 Actually we are splitting the group SO(3,2) according to an Euclidean signature.
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7.4 Spin chains and anomalous dimension

We want to study the correlation functions of primary operators in the ABIM
theory. This means that we want to compute the anomalous dimension for
such operators, cf. section 2.4. Can we use the spin chain picture also in this
case?

We can repeat the arguments for the AdSs/CFT4 duality and represent a
local gauge invariant single trace operator via spin chain and study the corre-
sponding quantum mechanical model. In particular the spin chain Hamilto-
nian will be the mixing matrix, and its eigenvalues will be the anomalous
dimensions. Once more this was done for the first time by Minahan and
Zarembo in [159].

Let us consider the SU(4) scalar sector. A prototype of the operator that we
want to study is

0 = Ce e (Y Y, Yy, ) (7.7)

where Cf:fj::ff is a generic tensor. We have to insert a field transforming in
the 4 representation in one site of the spin chain, and the next neighbor has
to be a field in the 4 representation, since we want a gauge invariant operator
and the matter is in the bifundamental representation, as we discussed in the
previous section. In this way, the gauge group indices are correctly multiplied.
Hence, the operator &' (7.7) can be represented as an alternating spin chain.
This also implies that now the leading order spin chain Hamiltonian involves
the next-nearest neighbors, in other words it starts with two-loop interactions
(~ A?). Notice that the length of the chain corresponding to the local operator
O (1.7)1s 2L.

When the tensor ijﬁ;:;’ff gives a symmetric and traceless combination of
the scalars in (7.7), then the operator & is a chiral primary, and its scaling
dimension is protected.

The SU(4) 2-loop spin chain Hamiltonian is [159]

;LZ 2L 2 2L
r® = > Y Hir= > Y (2—=2P 2+ P2k + Kis1 Pusa)
I=1 I=1

(7.8)
where P, is the permutation operator and K ;1 is the trace operator.

In [159] the scalar SU(4) sector was shown to be integrable at leading order
(two-loops). The result was also found in [31] and in [99]. In [155] and
in [199] the two-loop spin chain Hamiltonian for the entire OSp(6|4) group
has been constructed and showed that it is integrable. The result was also
found in [31] and in [99].

As before, we can exploit integrability by applying the techniques learned in
chapter 2 in order to compute the anomalous dimensions for single trace local

110



gauge invariant operators. The leading order Bethe Ansatz (ABE) where con-
structed for the scalar sector in [159] and for the full OSp(6|4) group in [155].
Afterwards, N. Gromov and P. Vieira proposed the Bethe Ansatz equations
for the entire OSp(6|4) group and at all loop order [113].

There are already important data available from the string world-sheet com-
putations, in particular for the spinning and rotating strings at one-loop [10,
146, 132, 147]. From these computations it emerges an apparent disagree-
ment with the Bethe ansatz predictions at the next-leading order of the strong
coupling limit for the function i(4), cf. equation (7.14). However, this is not
completely understood yet [147], hence it will not be discussed in this thesis.

7.4.1 The SU(2) x SU(2) spin chain

Let us focus on the SU(2) x SU(2) bosonic sector. This is a nice testing
ground since it is a closed subsector and probably the simplest one. Recall
that it is generated by the scalars A, and Bj 5, i.e. Y2 and Y3 .

We want to calculate the anomalous dimension ¥ for operators such as

0= CZ:Z;::Zf Tr(Ag, By, Aa,Bb, - - -Aa,Bp,) - (7.9)

The choice of the vacuum

Te (v'v)) = Tr(4,B;)’ (7.10)

breaks the initial global symmetry. In particular what is left is a SU(2|2) x
U(1) symmetry. Looking at the Hamiltonian (7.8), one can see that in this
sub-sector the trace operator K; ;11 does not contribute, thus the Hamiltonian
reduces to

2) A2 2L A2 2L
Lisue) = = l;H,,HuH = Y (2-2P,.0). (7.11)

=1

If one remembers section 2.4, one will recognize that the Hamiltonian (7.11) is
nothing but (two times) the Heisenberg Hamiltonian of section 2.4. Thus, we
have two separate XXX spin chains, one corresponding to the odd sites and

the other to the even onezs [159]. However, they are not completely decoupled
since we have a unique cyclicity condition, which will couple the momenta
for the two spin chains. Notice that each spin chain has L sites.

Recalling the Bethe Ansatz equations for the Heisenberg spin chain in chap-
ter 2, section 2.4.1, it is straightforward to write down the su(2) x su(2) Bethe
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Ansatz equations, essentially they are the same:
K, p(l) K> p(Z)
E =4)° Zsin2’7+Zsin2’7
i=1 i=1

K,
. (a) 4
=TT s\,
j=1,j#k

K, | K, )
Y M+ Y PP =o0. (7.12)
i=1 i=1

K; and K, are the magnon numbers in the odd and even sites of the chain,

respectively; the superscript a = 1,2 selects the odd or the even sites. The
_ 14+ PkTPj) _7gink

S-matrix is the same as in section 2.4.1, namely S(p;, px) = s TR 57

Symmetries and S-matrix

The choice of the vacuum (7.10) breaks the initial global OSp(6|4) symmetry
to the SU(2|2) symmetry. Once more, the algebra that realizes the integrable
structure of the model is the centrally extended su(2]2) algebra. Although
now, we have only one copy. Analyzing the bosonic sector, we see that the
initial symmetries are broken into

SO(3,2) x SU(4) — SO(2) x SO(3) x SU(2)g x SU(2)x. (7.13)

SO(3) = SU(2) is the group of the space-time rotations; one of the two SU(2)g
groups is broken by the vacuum choice.Thus the direct group SU(2) x SU(2)g
gives the bosonic subgroup of SU(2|2) (with U(1) central extension).

The full S-matrix has been constructed in [8]. It has been deduced through
the ZF algebra, cf. section 6.4. It has already passed some consistency checks,
at two loops at weak coupling [9] and at tree-level at strong coupling [196]. It
reproduces the all-loop Bethe Ansatz equations conjectured in [113].

The one particle state forms a (2]2) fundamental representation of the cen-
trally extended su(2|2) algebra. The dispersion relation obtained by the BPS
condition (or shortening condition), cf. 6.4, is

_ /L ey
e= /5 +hA)sin’ 2. (7.14)

In AdSs/CFTy the dispersion relation (6.52) is the same (with (A1) ~ A) at
strong and weak coupling limit, as we saw, for example, by studying the BMN
limit in section 6.2.4. However now things are different. Recall that the short-
ening condition and, more in general, symmetry arguments fix the form of the
dispersion relation only up to a scalar function A(4). The specific behavior of
such a function in the UV or IR regime enters as an input and, for example, it
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can be fixed by a comparison with the BMN limit. There is no reason why this
should be the same at strong and weak coupling limit. For the AdSs/CFT4 du-
ality it happens. But this is not true now in the ABJM conjecture. At the weak
coupling (A < 1) the authors of [159, 99, 160] have found that (1) ~ 4A2:

1
¢:,/2+4A2sin2§ when A< 1. (7.15)

However, at the strong coupling (A >> 1) the results of [99, 106, 160] give a
different behavior: (A1) ~ 2A, cf. section 7.5.1:

1
CZ\/Z+27Lsin2§ when A 1. (7.16)

The violation of the BMN scaling already at the leading order might be due to
a lack of supersymmetries.

7.5 Integrability on the string theory side

Let us move to the string theory side: the type IIA superstring leaving on
AdS4 x CP3. The background can be written as a bosonic quotient space,
namely
SO(3,2) 5 SU4)

CP’ = ——, 7.17
SO, 1) U0) (7.17)

AdS, =

which is the bosonic subgroup of OSp(6|4). Hence the super-coset approach 4
la GSMT, cf. section 4.2, can be employed in this case for the formulation of
the type IIA string action [18]. There are certain subtleties. In the initial GS
superstring action there are in total 32 fermionic degrees of freedom, while
now they are 24. Thus part of the k-symmetries must be fixed in order to
adjust the number of fermions, in particular half (8) of such local fermionic
symmetries are gauged away [18].

Arutyunov and Frolov have proved the classical integrability of the type
ITA string 6 model on OSp(6]4)/SO(3,1) x U(3) in [18] by constructing the
Lax pair as it was done for the AdSs x S5 case [55], cf. section 4.3. However,
the fact that the superspace AdS4 x CP? is not a super-coset, implies that the
classical integrability has been rigorously showed only for a sub-sector of the
full complete AdSy x cpP? background [102].

In the next section, I will illustrate the plane-wave limit for the type IIA su-
perstring, mostly for preparing the ground for the paper I1I. However I will not
repeat the (entire) section 6.2. I will write down only the relevant information
in this case and assume that the reader has really read the previous chapter.
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7.5.1 The BMN limit

Recalling what we have learned about the BMN limit (especially on the string
theory side) in chapter 6, cf. section 6.2.4, we will analyze the IIA string on
the projective space in an analogous manner. Let us consider a string with a
very large angular momentum® J in CP?. As we discussed in 6.2.4, this limit is
equivalent to consider the string moving in the background obtained by taking
the Penrose limit (R — o) of the original geometry, which is now AdS4 x CP3.
Remember that, by dimensional analysis, the very large R? limit is the same
as the very large J limit. The string is excited along the global time direction
t in AdS, and it is rotating very fast in CP3. Thus we proceed by computing
a perturbative expansion around the classical trajectory (the point-like string
configuration).

The Penrose limit has been computed in [99, 160, 18, 106], expanding the
motion in very similar null geodesics. However, I will mostly refer to the
decoupling limit used by Grignani, Harmark and Orselli [106], which is based
on the work [66] for the SU(2) sector of AdSs x S, since this is the most
relevant for us, in view of the paper III.

The AdS4 x CP? space is described by

R?
2 2 232
ds* = T dsiygs, +Rodsgp (7.18)

with the unit metric written as

ds?\d& = (— cosh® pdt* 4+ dp? + sinh? pdfz%)

1 1 —si 1+si
dstps = Zdw2 + %"’mg + %Wd%z +cos> y(ds + m)*.
(7.19)
The one-form ® in (7.19) is given by
1 1
0= 1 sin0;d ¢, + 1 sin 6,d @, , (7.20)

and dQ3 and dQ’22 parameterize the two spheres S?> embedded in CP3, in
particular we have that:

dQ3 =d6? +cos? 01dp?  dQ)® = d63? + cos? 6,d¢3 . (7.21)

Thus, the ten embedding coordinates on AdS, x CP? are:

tapafZZ W75a917¢17927¢2 (722)
~——
AdS, cp3

50n the gauge theory side this corresponds to primary local operators with a very large R-charge
(or alternatively very long spin chain with a finite number of impurities), cf. section 6.2.4.
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We want to make two operations at this point:
e We want to select the SU(2) x SU(2) sector;
e we want to take the Penrose limit, cf. equation (6.29).
This implies that we have to choose a null geodesic such that the only excited
coordinates lie in the projective space (a part the time direction), i.e. R, x S? x
S2. Secondly, the coordinates should be rescaled in order to take the infinite
radius limit.

The coordinates which are suitable in order to select the SU(2) x SU(2)
sector [106], are

=t 1:5—%1. (7.23)

This gives the following metric for AdS4 x CP?

R2 R2 N
ds: — —Zdt’z(sinz1//+sinh2p)+Z(dp2+sinh2pd§2%)

d;pz n 1- Zin wdQ% n 1 +sin wdQ’zz
+ cos?y(dt' +dy+w)(dy+w)]. (7.24)

+ R*[

In chapter 6 we have introduced the U(1) charges in equation (6.8), analo-
gously here we have’

A=id, J= —%as . (7.25)

After the change of coordinates (7.23), by the chain rule® the charges become
E=A—J=idy 2J =—idy. (7.26)

Let us rescale the coordinates according to

R
v=R*x, x1=R@, yi=R6,, x2 =R, y»=R6, =3y, (7.27)

and transform the transverse coordinates in AdS4 with u;, uy and u3 defined
by the relations
u R? - Z?:lduiz

R : 5 :
Esmhp:j, Z(dp2+smh2pd£2§)— ( _ﬁ)z , uzzguf.
R2 R2 i=1

"The symbol = should be properly read as a prescription here.
8The inverse transformations of (7.23) are = ¢ and § = %t’ +x.
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Explicitly, the metric (7.24) in the new coordinates (7.27) and (7.28), becomes

R? 2u u? 3 du?
dsz — —dflz 75 2 4 + g . + Zliluz 12 _i_dui
TR Ta-me) a8

1 Uy Uy
3 (cosﬁ—smi) (dy1+cos —dx1>

1
+ 3 (cos % +sin %) (dy% + cos? Y2 dx2>

2uy dv 1 yi dxi )’2dx2
Rcos> 22 |t ibatl
RS [ TR +4< RR S"RR)|”

dv 1 . y1dx; . y2dxs
— + - = — . 7.2
X[R2+4<S1RR—|— RR)] (7.29)

At the leading order, the R — oo limit of the metric (7.29) leads to the plane-
wave metric given by:

4
ds® = dvdr' + Y (du? —udadr’”®) +

1
2 U 5. (dxl~2+dyl~2+2dt’yidx,-). (7.30)
1

HMN

i=
The light-cone coordinates in this metric are ¢’ and v: one should read

/= X" v— X~ (7.31)

in order to use the results of chapter 6. In essence, this is equivalent to consider
the following classical configuration for the string

p=0 9:%. (7.32)

After the rescaling (7.27), also the U(1) charge J in (7.25) gets rescaled
according to

R —id,. (7.33)

This is equivalent to P_ in equation (6.32) in the case a = 0.

The light-cone gauge

We need to fix the light-cone gauge if we want to quantize the string Hamil-
tonian, since there are Ramond-Ramond fluxes and they survive the Penrose
limit, cf. equations (6.6) and (6.31). Explicitly:

t'=ct py = constant, (7.34)
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where the constant is fixed by the computation® of the canonical momentum
Dy = 55[ and gives
4J

7 (7.35)

CcC =
This will be used as our expansion parameter in paper III and it corresponds
to P_ of section 6.2.4, cf. equation (6.32).
After solving the Virasoro constraints (6.16), the bosonic light-cone Hamil-
tonian computed according to (6.18) in the background (7.30) gives

2

4
C'%%WP = Z (anxa + py,lya) + Z Du;lhi — gB,pp =
a=1 i=1

2 2
1 c
_ 2 2 2
- a;] 4px,, +4pya T6x + 16y a sz\faytl+ T6ya]
1 4
+3, Z[pu '} Pl (7.36)
i=1

The quantization of the coordinates! leads to the following free'! bosonic
Hamiltonian

Hie =YY O, N’+ZZ< —7>M“+Zz<a)n+ INg, (738)

i=1nezZ a=1nez a=1nez

with the number operators N} = (a,)7@!,, M¢ = (a®)}a% and N¢ = (a*)}a¢, and
with the level-matching condition
4 2
Y n| Y N+Y (Mi+N)| =0. (7.39)
neZ i=1 a=1

The dispersion relations are

2
=Vt o=, (7.40)

s fg”dc‘;—f.

10The details about the normalization and the explicit expression for the bosonic modes are in
paper III.

"'The same is obtained for the plane-wave fermionic spectrum [27]:

Hp,pp——Zan n {ZZ(QWL ) +ZZ( )~$b>}, (7.37)

neZ b= neZb neZ b=

9The constant is fixed through the relation 2J = ﬁ 02” dopy =

with dispersion relations ®, = n?+ %, Q, = vn? +c? and the number operators F, = d;dn

and F, = b}:bn. We avoid to write the spinorial indices.
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This plane-wave Hamiltonian (7.38) describes 8 bosonic (and 8 fermionic)
degrees of freedom. But there are some surprises.

The dispersion relations (7.40) of the plane-wave Hamiltonian show that,
firstly, we have two different sets of excitations, and secondly, that in both
cases the dispersion relations do not match the gauge theory result. As it
is clear from (7.38) and (7.37), the masses, which appear there, are differ-
ent. We have obtained four bosons with mass m = %, the light-modes and
four with mass m = 1, the heavy-modes. The same is true for the fermions.
The (4|4) light multiplet corresponds to the transverse coordinates of CP?,
(x1,y1,%2,¥2), namely to the two spheres S, (7.21), after the rescaling (7.27).
These elementary excitations correspond to those seen on the gauge theory
side. In particular for the light-modes, after using (7.35), the energies are

1 n? 1 \/ 1 2m2A
— — - Jp— _ 2
o, \/62+4 R (7.41)

This is consistent with the dispersion relation discussed in the previous sec-

tion:
1
/5 +2Asin’ g . (7.42)

The bosonic heavy modes correspond to the transverse directions (partially) in
AdSy4: (uy,uz,u3,us) and they are not observed on the gauge theory side. Ac-
tually their role is distinct, this fact is not visible in the BMN limit, but it will
be clear in paper III. Indeed, the coordinate u4 plays a special role. The other
coordinates uj ,uy ,us are rotated by the group SO(3) and they correspond to
the derivatives on the gauge theory side.

Hence, there is an apparent mismatch on the number of the elementary
impurities which appear on gauge and string theory side. This was resolved by
Zarembo in [196] where he showed the fate of the heavy world-sheet modes.
They are not elementary world-sheet excitations. They disappear from the
spectrum: Once the leading quantum corrections in the propagator are taken
into account, it is possible to see that the pole corresponding to heavy modes
is indeed above the threshold for the light-mode pair productions. They are
absorbed in the continuum and thus “invisible” from the gauge theory point
of view.

7.6 Paper III

The paper III takes a step forward in the study of the BMN regime on the
string theory side. The goal of the work is the computation of the leading
(}) quantum corrections to the string energies, for a certain class of string
configurations. This method was proposed by Callan et al. in [75, 73] for the
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AdSs x S’ superstring. For other methods used to compute the } corrections
in the AdSs/CFT,4 context we refer the reader to the papers [16, 17, 98].

Summarizing what we have seen in the previous section, the starting point
of paper I1I is a light-cone gauged string moving on ¢ € AdS, and S? x S? €
CP? with a very large angular momentum J in the projective space. We are at
strong coupling limit A < 1 and also J (or R) is very large, however the ratio
A= }—2 is kept fixed. This A’ becomes an effective parameter to explore the
spectrum beyond the Penrose limit.

In particular we want to make a joint expansion in large J and in small A/,
cf. what we have discussed in section 6.2.4 about the BMN-scaling. In a
certain sense, we are saying that the angular momentum is very large but yet
finite. From this, it follows the name (and the title of the paper III) finite size
corrections!2. They are near-BMN corrections, and indeed, I will use the two
expressions as synonyms.

Since by dimensional analysis the } corrections are equivalent to the %
corrections, the finite-size corrections can be computed by including higher
order terms in the inverse of the curvature radius, i.e. up to %.

Since in paper III we investigate only the bosonic sector of the type I1A
AdS,4 x CP? superstring, the discussion of the section 6.2.1 applies directly
here with a slight change in the notation. All the relevant formulas are written
in section 6.2.1, let me just sketch the main formulas more for commenting

about the different notation. The starting point is the bosonic action'?
1 ) . 1 M N
S= el /dG < with Z = —E}/“"GMNauX X", (7.43)

and the two Virasoro constraints (6.16). Solving the second one of (6.16) in
favor of X' (v/ in the new notation) gives the light-cone Hamiltonian density

Hle = —pr. (7.44)

Notice that p, of chapter 2 is p, in the notation of paper III.

The crucial step is that everything is consistently expanded up to order
% ~ } In the curvature radius expansion, the leading term in (7.44), i.e.

the term of order & (1), is the BMN limit (% ); the next-leading terms are
the new contributions that, once they are quantized, will give us the quantum

12They should not be confused with the finite size corrections which enter by considering the
strings in a finite volume and which are exponentially small. This kind of corrections are not
captured by the ABE, thus we will not deal with them, cf. the discussion in chapter 2 section
24.1.

3Notice also the different notation for the indices. In paper III the world-sheet indices are the
first letters of the Greek alphabet o, 3, instead here they are u, v; vice versa the curved target-
space indices are denoted with u,v... in paper III, while now with the capital Latin letters
M,N,.... Moreover, in paper I1I we set [y = 1.
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corrections to the string BMN spectrum, i.e. %y

Hije = Hiree + Hn - (7.45)

Notice that ... reduces to (7.36) in the bosonic sector, which is the sector
we are interested in.

With respect to the AdSs case, one of the surprising properties of the inter-
acting Hamiltonian J%; is that it contains also three-leg vertices. It is indeed
built of two contributions:

e at order % it is cubic and it contains three fields (the heavy mode cor-
responding to uy4 and two light-modes corresponding to two of the four

S2 ¢ CP3 coordinates), i.e. .2\

int >
e at order % it is quartic (the relevant terms for us are the ones with all the

transverse SU(2) x SU(2) coordinates), e%’jrgtz ),

The classical interacting Hamiltonian .74, must be then quantized and used
to compute the energy corrections via standard perturbation theory. However,
since 7, is derived classically, there is a normal ordering ambiguity. We
choose to fix the constant of normal ordering to zero, by consistency with the

zero vacuum energy. Notice that both terms %’jrgtl ) and %’jétz ) contribute at
order }, in particular the cubic Hamiltonian contribution contains divergent
terms which we regularize with the {-function.

In concrete terms, in paper III we investigate two specific string configura-
tions with two impurities in both cases. One state contains two world-sheet
excitations sitting on the same sphere SZ € CP? (the state |s)). The second case
we consider, is when the two world-sheet excitations are on the two different
2-spheres SU(2) (the state |¢)). From a spin chain picture, the SU(2) x SU(2)
light excitations correspond to the insertions of two fundamental magnons
such as A By, A; ,B;, A>,B; and B;,Bl in the spin chain. We can pictorially

think to the case |s) as two down spins in the same XXX chain and to the
2
case |t) as each spin down for each chain'®. In this way it has been possible

to see that, in the case |¢), the dressing phase contribution is responsible for
the interactions between the two spin chains since the S-matrix contribution
is trivial in this case. The results of paper III have been confirmed in [185].

Comparing with the Bethe Ansatz equations and with the Landau-Lifshitz model
The energies up to order é obtained with the above finite-size procedure are
then compared with the strong coupling limit of the Bethe equations proposed
in [113]. The SU(2) x SU(2) Bethe Ansatz equations are written in paper III
by following the AdSs/CFT4 example. In particular, at this order, the dressing

14This picture should not be taken too much seriously: the chains are the same just involving
odd and even sites, indeed there is one trace condition.
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phase is a direct generalization of the AFS phase (6.68) with the substitution
g*> — h(A), cf. section 6.4.1. Furthermore, in the concrete computation it
has been used the strong coupling leading order value for the function A(A4),
namely h(1) = 2A.

We have also used another approach in order to compute the energy cor-
rections to the string configurations considered: the so called Landau-Lifshitz
(LL) model. This is a low-energy effective model that was initially devel-
oped in the AdSs/CFTjy case by Kruczenski [134]. It has the advantage to be
free from divergences and to be well-defined at leading quantum level. For
a nice review we refer the reader to the paper [189] and for examples in the
AdSs x S3 context we refer to the works [156, 157, 133, 135].

The final result of paper III is the complete matching between the energy
corrections computed with the different three techniques.
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8 Epilogue

The thesis is devoted to a specific area of research in String Theory: the study
of the string integrability in the context of the AdS/CFT dualities. The inte-
grable structures which emerge on both sides of the AdSs/CFT4 correspon-
dence, manifest themselves with an infinite set of conserved charges. These
infinite “hidden” symmetries solve, at least in principle, the model and provide
us with a formidable tool for exploring the string/gauge correspondence.

The exposition starts with the AdSs/CFT4 correspondence. Its gravity
side, namely the type IIB superstring action in AdSs x S°, can be formulated
in two approaches: the Green-Schwarz-Metsaev-Tseytlin (GSMT) formalism
and the Berkovits (pure spinor) formalism. The latter allows one to proceed
perturbatively to a manifestly covariant quantization of the string action. Us-
ing the pure spinor approach we could analyze the operator algebra of the
left-invariant currents which are the main ingredient in the construction of the
string action. This has been done by computing the operator product expan-
sion (OPE) of the left-invariant currents at the leading order in perturbation
theory (i.e. % ~ ﬁ) and up to terms of conformal dimension 2. This con-
firms the Z4-grading of the full psu(2,2|4) algebra, which is the AdS/CFT
global symmetry, as well as the non-holomorphicity of the currents. We have
then investigated the quantum integrability of the type IIB AdSs x S° super-
string. Its proven classical integrability does not automatically imply that such
a property survives at quantum level, as the example of the CP" model teaches
us. In the first order formalism, the integrability is related to the existence of
a Lax pair, namely a flat connection, which guarantees the independence of
the contour for the monodromy matrix (the functional generating the infinite
tower of conserved charges) and thus the conservation of the charges. We have
studied the variation of the monodromy matrix under a small path deformation
at the leading order in perturbation theory and in the pure spinor approach. We
could give a direct and explicit check that indeed its path-independence holds
at quantum level and that it remains free from UV logarithmic divergences. A
crucial ingredient in this computation are the OPE’s mentioned above.

Employing the GSMT light-cone gauged type IIB superstring action, one
can interpret the world-sheet elementary excitations as two-dimensional par-
ticles and construct the corresponding S-matrix by assuming that the model
is quantum integrable. We have explicitly verified that such a scattering ma-
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trix factorizes as it should be for a two-dimensional integrable quantum field
theory. For this computation we have exploited the near-flat space truncation
of the full string o-model up to one-loop, which means ~ for the three-
particle scatterings considered.

Finally we have turned our attention to the AdS4/CFT3 correspondence.
We have considered the gravity dual given by the type IIA superstring in
AdS, x CP?. In the GS formalism we have examined near-BMN string con-
figurations with a large angular momentum J in CP>. For the bosonic SU(2) x
SU(2) closed sector we have then calculated the first quantum correction,
namely } ~ é, to the corresponding string energies. The obtained values
have been positively checked against the conjectured all-loop Bethe ansatz
predictions.

1
el
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9 Summary in Swedish
Aspekter pa integrabilitet av strangteori

I Naturen finns det fyra fundamentala krafter: gravitationskraften, den elektro-
magnetiska kraften samt den starka och svaga kirnkraften. De tre sistnimn-
da dr beskrivna av Standardmodellen. Standardmodellen &dr en kvantfiltteo-
rien som har en speciell symmetri som kallas gaugesymmetri. Kvantfiltte-
orier med en gaugesymmetri kallar vi for gaugeteorier. I Standardmodellen
beskrivs partiklar som punktformiga och vixelverkan sker genom budbérar-
partiklar (fotoner, W*-och Z bosoner och gluoner). Standardmodellens be-
skrivning av partikelfysik stimmer mycket vil overens med observationer
som kommer till exempel ifran partikelacceleratorer. Man skulle vilja ldgga
till ocksa gravitationen och hitta en beskrivning av virlden dér alla krafterna
beskrivs pa samma sitt. Det finns dock en viktig skillnad mellan gravitationen
och Standardmodellen-krafterna: den forsta berittar hur tunga och stora objekt
vixelverkar och den andra beskriver det lilla, det vill séiga partikelfysiken.

Ett revolutionirt synsétt kommer med stringteori. De fundamentala objek-
ten i striangteori dr inte lingre punktformiga partiklar utan striangar. De &r en-
dimensionella och kan inte bara rora sig utan dven vibrera. Att byta ut punkt-
formiga partiklar mot endimensionella stringar leder till mojligheten att hitta
en gemensam beskrivning av alla fyra krafter. Podngen dr att nér stringar vi-
brerar producerar den olika “toner” och dessa olika “toner” tolkar vi som olika
partiklar. En av dessa olika toner &r gravitonen, som &r budbérarpariklen an-
svarig for gravitationen. Man kan dven generalisera stringar och introducera
objekt som har mer &n en dimension, de ér da n-dimensionella ytor som kallas
bran.

Vi borde vara mer precisa. Stringteori dr inte en fullsindig teori. Vad jag
menar &r att vi har dnnu inte en komplett forstaelse. Bland annat har vi fem
olika stringteorier, och ir de relaterade med hjilp av olika dualiteter (en spe-
ciell typ av symmetri). Vi tror att de dr grianser av en och samma okénda teori,
M-teori.

Men stringteori ér relaterad med partikelfysik ocksa pa en annan sitt: via
strdng/gauge dualitet. 1997 upptickte Maldacena att vissa slutna supersym-
metriska strdngar som lever i en tiodimensionell krokt bakgrund beskriver
samma fysik som en gaugeteori av partiklar i fyra dimensioner. Denna idé kal-
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las for AdSs/CFTy-dualitet. P4 ena sidan har vi typ IIB superstringar' som
lever i ett rum som kallas for AdSs x S°, och pa den andra sidan har vi super
Yang-Mills teori (SYM) i fyra platta dimensioner med SU(N) som gauge-
grupp. Bakgrunden som striangen lever i dr uppbyggd av ett femdimensionellt
anti De Sitter rum (AdS), som vi kan tinka som en hyperboloid, tillsammans
med en femdimensionell sfir (S). 2008 hittade Aharony, Bergman, Jafferis
och Maldacena en ny typ av string/gauge dualitet mellan en teori av M2-bran
(tredimensionella bran) i elva dimensioner och en viss gaugeteori i tre dimen-
sioner. Vi kallar den hir nya korrespondensen for AdSs/CFT; dualitet. I det
hir fallet dr gravitations-sidan @nnu rikare: nér string-kopplingen &r svag kan
M2-bran beskrivas som typ IIA superstringar i ett speciellt rum som kallas
for AdSy x CP3. AdS, ir ett fyrdimensionell anti-De Sitter rum och CP3 drett
projektions rum med sex dimensioner. Vi har nu forstatt att bokstdven AdS &r
relaterade till gravitationssidan av dualiteten.

Vad betyder CFT? Det star for konform filtteori. De duala gaugeteorierna
som vi diskuterar dr konforma. Det betyder att de 4r invarianta under kon-
forma transformationer. Dessa transformationer skalar avstand med en posi-
tionsberoende faktor, men de bevarar vinklar. Viktig fysikalisk information i
en konform filtteori finns i en observabel som kallas for den anomala dimen-
sionen. Den beskriver hur operatorer” uppfor sig vid hoga energier och under
skalning. Det dr dirfor viktigt att kunna ridkna ut anomala dimensioner, men
i allmédnhet &dr det mycket svart. Har spelar gauge-string dualiteter en viktig
roll.

Béda korrespondenserna ér stark/svagkopplingsdualiteter: nér gaugeteorin
ar starkt kopplad @r stringen fri och vice versa. Nir kopplingen i en teori &r
stark dr det mycket svart att rikna ut saker. Detta betyder att man kan an-
véinda stringteorin nér gauge teorien dr for svar att tillimpa, och vice versa,
man kan anvidnda gaugeteoribeskrivningen nér det blir svart att rdkna nagot i
strangteori.

Pa ett sitt, sa har vi rort oss i cirkel. 1968 utvecklades stringteori sig med
maélet att forklara den starka kérnkraften. Det borjade alltsa som partikelfysik.
Med inforandet av Quantum Chromo Dynamics (QCD), som &r den kvantfalt-
teori som beskriver starka kirnkraften, gav man upp stringteori. 1974 insag
man att strangteori nédvindigtvis innehaller gravitationen och det fick nytt liv.
Nu ger AdS/CFT dualiteter oss mojligheten att fa en béttre insikt i vissa gau-
geteorier med hjilp av stringteori. Man hoppas att stringteori en dag ska ge
en dual beskrivning ocksa for QCD, men det har man inte lyckats med &nnu.

Béde gauge-och stringteorier dr ganska komplicerade. I en viss grins, som
kallas for plana griansen, uppvisar bade string-och gaugeteori en speciell egen-

I'Typ IIB superstringar ir en av de olika fem striingteorier. Bland annat, finns det ocksa typ IIA.
De tva typ av stringteorier kommer vi att diskutera i den hér avhandlingen.
2[ kvantfiltteori beskrivas partiklar som filt. En operator ir uppbyggd av en product av fiilt.
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skap: bada teorierna ir “integrabla”. Vad betyder integrabel? Vi kan tolka or-
det som “losbar”. Integrabla teorier har oéndligt manga bevarade laddningar
som gor att man kan 16sa modellen helt. Dessa laddningar generaliserar beva-
ringslagen av energi och rorelsemingd som alltid finns dér i fysikaliska pro-
cesser, som till exempel i partikelspridning. Bland alla integrabla teorier &r de
som lever i tva dimensioner mycket speciella: i det hir fallet ger den o#ndli-
ga méngden laddningar starka villkor pa stringdynamiken i modellen. For att
illustrera idéen, kan vi tdnka pa spridning av n partiklar i tva dimensioner. I
en integrabel tva-dimensionell teori, reduceras en allmén n-partikelspridning
till en tva-partikelspridning. For att 16sa hela modellen (spridningen av n par-
tiklar), behover vi bara att kunna 16sa tva-partikelproblemet, som dr mycket
enklare. Dirfor integrabilitet dr viktigt.

Den huvudsakliga motivation for mitt arbete har varit att ge nagra explicit
bevis for kvantintegrabilitet av striangteori i AdS-CFT korrespondensen till
forsta ordningen i storningsteori.

Artiklar

Den modellen som beskriver typ IIB supersymmetriska stringan i AdS rum-
tiden kan formuleras pa tva olika sitt, dels i den sé kallades for Green-Schwarz
(GS) formalismen och dels i Berkovits-(eller pure spinor, PS) formalismem.
Berkovitsformalism har fordelen att man kan kvantisera strangmodellen med
alla symmetrier manifesta, men den dr samtidigt mer komplicerad. Vi anvén-
der den formalismen i artiklar I och I'V. I artikel I och IV, visar vi att ett objekt
som generar alla bevarade laddningar, och kallas fér en monodromymatris, &dr
oberoende av integrationsvigen pa virldsytan till forsta ordningen i stornings-
teori. Detta dr ekvivalent med att sdga att laddningarna bevaras. I artikel 11
kommer vi tillbaka till GS formalismen. Vi visar spridning-matrisfaktorisering
till fortsa ordningen i near-flat-space (NFS) gransen, som &r en trunkering av
hela straingmodellen. I artikel III fokuserar vi pa AdS4/CFT3-dualitet. Vi rék-
nar den forsta kvantkorrektionen for typ ITA superstringar i AdS4 x CP3. Det
betyder att vi ridknar korrektioner for stringkonfigurationer med ett mycket
stort men fortfarande #ndligt rorelsemingdsmoment i CP3.
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10 Appendix

10.1 Notation

Complex coordinates

The conventions are the same as used by Polchinski in chapter 2 of [168].
The z,Z coordinates are defined according to:

z=0'+ic> z=0'—io%. (10.1)
The derivatives are
1 1
d; = 5(81 —id) 0: = 5(81 +idy). (10.2)
Notice that for the Maurer-Cartan forms I use J = J, and J = J-. In paper

IV they are also indicated with J; and J_ respectively. The two-dimensional
metric is

1 ) B}

Mz=MNz=5 N°=n=2, (10.3)

where all the other components are zero. The Levi-Civita tensor is defined by
€' = —€*! = +1. In the Minkowski world-sheet the & tensor is defined as
e = —¢!0 = 1. In particular, we use the prescription 6% = ic” for Wick-

rotating the coordinates. Finally, the measure in the z,Z coordinate is d’z =
2do'do?.

10.2  PS formalism: BRST invariant charges

We want to show that whenever the BRST cohomology class for operators of
ghost number 2 is trivial, then we can construct an infinite set of non-local
BRST invariant charges. We follow Berkovits arguments [61].

The local conserved charges ¢ is given by

7 = /deA(G) (10.4)

where j4 is some conserved current transforming in the adjoint representation

131



of the symmetry algebra. ¢* should be BRST invariant, which implies
0(¢")=0 — 0(/")=dh", (10.5)

where 74 is an operator of ghost number 1.
The BRST operator is nilpotent, namely we have

Q*(q")=0 — Q") =0, (10.6)

where we exclude the trivial solution dzh* = 0.
Consider the ghost number 2 operator s¢ = f$ : B4hP :, where £ are the
structure constants. Acting with Q on the bilocal charge k¢

o c
k¢ =: ffB/ deA(G)/ do'jB(c’): (10.7)
and recalling that Q(j*) = dsh", one obtains

Q(kC) = =215, : /w do jA(c)h? (o) := /w dol®(o) (10.8)

where we define [€(0) = —2f$; : jA(0)hB(0) :. I is a ghost number 1 oper-
ator thus [ dol€(o) is a local integrated ghost number 1 operator. Acting
with Q on I¢ we obtain,

0(°) = 0(=2fp : ' (0)h°(0) ) = fipds(: ' (0)hP(0) ) (10.9)

where we have used the fact that Q( ) = dsh" and Q(h!) = 0. Then we have
that Q(I€) = 9sC. If there exists an operator Q€ such that Q(QC) = s, then
the relation above becomes

Q1) = 5395 (: KA (0)hB(6) 1) = 955° = 350(Q°) = 0(9Q°) (10.10)

namely
Q(I€ — 9,Q°) = 0. (10.11)

On the other hand the operator /€ — dQC has conformal weight +1 and since
the BRST cohomology is non-trivial only at conformal weight 0, this implies
that there exists an operator X¢ such that I — 9;Q¢ = Q(X°).

This is the operator that we can use in order to construct the BRST-invariant
charges, namely

kE =: fXB/m deA(G)/G do'jB(c’): —/oo dorf(c).  (10.12)

The infinite set is generated by the fist and the second (bilocal) charges, g and
k* respectively, by repeatedly taking their Poisson brackets. What we have
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shown here is that whenever one can write s¢ = ffB :hAhP = Q(QC), namely

whenever s¢ = fACB : K hP : is not in the BRST cohomology, then the infinite

set of non-local and BRST invariant charges can be constructed by adding to

¢ the integrated operator ¢ which is the BRST variation of /¢ — d5zQC.
Finally, the explicit construction of Q€ and 4 is given in [61].

Summary

All the construction of the non-local charges is based on the relation be-

tween integrated and unintegrated vertex operators and the BRST cohomol-
ogy. Summarizing, we can say that

o the cohomology class of ghost number 0 does not exist;

e the cohomology class of ghost number 1 corresponds to the non-local charges
associated with the global symmetry;

o the cohomology class of ghost number 2 corresponds to unintegrated vertex
operators.

10.3 The AdS,/CFT; duality: Preliminaries

. s’
Reducing the M-theory background to AdSy x -

The near-horizon limit of the M2-brane solution is AdS4 x S7, namely
oL, 272
ds :stAdS4+L dSS7, (1013)
where L is curvature radius for the eleven-dimensional target-space.
We choose four complex coordinates to parameterize S7 such that Zle |Xl~\2 =
1 [160], i.e.
O1 xi+en/2 in 9L -0 2
X; = cos O cos 5 Zand X, = cos 0 sin 5 g
0 0
X3 = sin 6 cos ?Ze’(x”"”)/z X, = sin O sin —¢' = ®)/2
(10.14)

with0<0<7m/2,0<y <4n,0<¢@;<2mrand0<6; <z fori=1,2. Then,
the metric on the sphere S’ is

4
ds§7 =

dXdX; =
i=1

1
= d0° 4 cos” 0{ (d1 +cos 0rdgy)” +d6] +sin” 1497 }

1
+5 sin 0{ (d)2 + cos 62d ;) + d63 + sin 6,d 3 } . (10.15)
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With the change of coordinates y; = 2y+28, x> = 2y — 28 and implementing
the orbifold condition according to y ~ y+ 27”, the metric (10.15) becomes

2
dssq =
1 1
=de’+ 1 cos? 0dQ2 + 1 sin® 0dQ3 + (A +dy)?
20 cin2 1 1 2
+4cos” 0 sin 6(d5+100361d(p1—100s92d(p2) =
= dsgps + (A+dy)?, (10.16)

with
dQ} =d6? +sin’ 0;de?  dQ3 = d6, +sin’ 6,d @3 (10.17)

and

1 1
A= (cos2 0 — sin® 9)d6 + Ecos2 6 cos01do; + > sin” 6 cos 6dp,. (10.18)

Thus the total eleven-dimensional metric is
L2

dst, =
ST1 4

dspqs, + L dsg = L*(§dshgs, +dsgps) +(A+dy)*. (10.19)

In order to find the dilaton in terms of the other parameters k, L, we can com-
pare (10.19) with the standard eleven-dimensional supergravity metric [6]

dst, = e 2 Bdsh, +e*3 (dy+A)? (10.20)

with § ~ §+ 27. Thus, comparing (10.19) and (10.20) (in unit where o’ = 1),
one finds
3
20 _ L
k3
3

dst = ?(}‘dsf,d& +dsgps) = R*(dsiys, +dsgps) . (10.21)

Hence, summarizing the results, we have that

L’ R
R> = = Ke?? e = T (10.22)

In order to make contact with what we have found in this appendix and with
the results in paper III, we shift the variables as

elﬁel—g 92—>92+g. (10.23)

With this change of coordinates we obtain the same metrics used in the main
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text of this thesis and in paper III.

The fluxes
The type IIA superstring on AdS4 x CP? is supported by two Ramond-Ramond
fluxes F{,) and F(4). They are given by

¢ 0 3R3
e"F(y) = RdA ¢ Flay = —g—€ds, - (10.24)
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