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1 Introduction

1.1 Random Graphs

In 1947 the famous Hungarian mathematician Paul Erdős introduced the
notion of a random graph in one of his papers. It was used to prove the
existence of a graph with a specific Ramsey property. Many subsequent
workers have also found probability theory to be very useful for proving
existence. The model invented by Erdős is natural and is defined as follows:
Choose a graph at random with equal probabilities from the set of all graphs

of vertex set {1, 2, . . . , n}. Consequently, there are obviously 2(n
2) graphs

since one decides for each pair of vertices if the edge that connects the pair
is absent or present. Equivalently this can be described as the probability
space (Ω,F ,P), where Ω is the set of all graphs with vertex set {1, 2, . . . n},
F is the family of all subsets of Ω and for every ω ∈ Ω, P(ω) = 2−(n

2). In
simple words this means that independently

(
n
2

)
tosses of a coin are done

where “turning up heads” means “drawing an edge”. See e.g [2] and [16].
The theory of random graphs was built up a decade later from 1959–

1968 by a series of articles published by Paul Erdős and his colleague Alfred
Rényi, where they use probabilistic methods to solve different problems in
graph theory. In the late seventies Béla Bollobás became the leading scientist
in the field with dozens of articles, which became the framework of his book
“Random graphs” [2] published in 1985. In 2000 the second book “Random
Graphs” [16] was published by Svante Janson, Tomasz  Luczak and Andrzej
Rućınski, providing a summary of developments achieved by them and other
mathematicians in the field since 1985.

The theory today has developed into a branch of discrete mathematics
located at the intersection of graph theory, combinatorics and probability
theory, with applications to for example theoretical computer science, bioin-
formatics and reliability of transportation and communication networks. In
general a random graph is a graph constructed by a random procedure. Usu-
ally one does not distinguish between different random graphs with the same
distribution. Typically one lets the sizes of the graphs tend towards infin-
ity, thus the theory of random graphs is by the nature of its design often
asymptotic. See [16].

1.2 Random Trees

Random trees are a special class of random graphs.
A rooted tree is a connected graph with one vertex defined as the root,

and where there is a unique path of edges from each vertex to the root and
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where there are no cycles in the graph.
The depth of a vertex v in the tree is its distance to the root, that is the

number of edges in the unique path from the vertex v to the root of the tree.
The height of the tree is the maximal depth in the tree. The vertices are also
called nodes.

A random tree is a tree that is generated from some probability procedure
that describes how the edges or vertices are distributed. Of course there are
many different kinds of random trees. In this thesis according to the title the
“binary search tree” is the one that is mostly studied. This tree belongs to
the class of trees of logarithmic height. These are trees where the height for
large n is approximately C log n, where C is a constant. This is an important
class and includes many different kinds of trees of which several are used to
describe algorithms in Computer Science. The binary search tree also belongs
to a subclass of the trees of logarithmic height that is the “split” trees. The
project that I am currently working on is to extend the methods used for the
binary search tree in The Paper to work for general split trees.

The most wellknown tree of logarithmic height is the fixed ”complete
binary” tree of n vertices. A binary tree is a tree where each vertex in the
tree have between 0 and 2 children. Typically the child vertices are called
the ”left” and ”right” child respectively. The complete binary tree of size n
is a binary tree where each vertex have exactly 2 children, except for those
that are at the level of the height (the maximal depth) of the tree that of
course have no children and possibly those that are in one level above. The
vertices in this level have to chair the remaining vertices as their children so
that the sum of all vertices in the tree is n. Also at the height of the tree (if
this level is not completely filled) all vertices must be as far left as possible.
More precisely, the complete binary tree is a tree of height m = blog2 nc,
with 2k vertices of height k, 0 ≤ k < m and n − 2m + 1 vertices of height
m, where the vertices of height m have the leftmost positions among the 2m

possible ones. See e.g. [18, p.401]. Figure 1 illustrates a complete binary
tree.

The binary search tree that one frequently uses to sort data is almost as
old as Computer Science. Donald Knuth [19] gives a detailed account of the
research that has been done on these trees, where he himself has contributed
a lot. For the binary search tree there are many equivalent ways to describe
the tree for which several are used in The Paper. The following description of
a binary search tree is the standard one (although there are other descriptions
that are usually more useful in applications) and describes how to generate
a binary search tree as a random graph model: Draw a number which we
call a key uniformly and independently from a set {1, 2 . . . n}, and associate
the key to the root. Draw another key independently from the remaining
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Figure 1: A picture of a complete binary tree, where the root is at the top of the
tree. In this tree there is 1 root vertex at depth zero. There are 2 vertices at depth
one, 4 vertices at depth two, 8 vertices at depth three and 5 vertices are at the
height of the tree which is four.

numbers and place it at the left child of the root if it is smaller than the
root’s key and place it to the right if it is larger. Then one proceeds growing
the tree incrementally: when the k’th key is to be placed one starts at the
root and recursively find the subtree to which the key is going to belong
to, by comparing the key to the current root’s key and go to the right if it
is larger and to the left otherwise. Eventually one locates an empty vertex
(subtree) and then one places the key at this position. When all keys are
placed one gets a binary tree on n vertices. See e.g. [6] and [7]. Figure 2
illustrates an example of a binary search tree generated by keys as described
above.

A binary tree of size n has at least height blg nc := blog2 nc (as for example
the complete binary tree) and at most height n (if all vertices have just one
child). The height of the binary search tree is as mentioned above shown to
be logarithmic and has been extensively studied, see [23], [4] and [8]. Another
behaviour of the tree that has been studied a lot is the depth for which most
vertices are in the tree (equivalently for a binary search tree of size n this
means the depth Dn for the last vertex to be inserted), see e.g [19] and [20].
Also related information of the tree structure has been studied such as the
profile (that is the number of vertices at a given height k), see [3].

Quicksort is the algorithm version of a random binary search tree. This
is the standard sorting algorithm in Unix systems used to sort an array of n
distinct numbers, see e.g. [13]. Quicksort is described in Subsection 1.2.2 in
The Paper below.

As mentioned above the binary search tree belongs to the class of trees
that are called random “split trees” introduced by Devroye. The definition
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Figure 2: A picture of a binary search tree generated by the ”key sequence” 15, 5,
3, 25, 9, 6, 28, 16, 11, 20, 2, 1, 18, 23, 30, 26, 17, 19, 12, 10, 4, 13, 27, 8, 22,
14, 24, 7, 29, 21. The key 15 is in the root at depth zero. The keys 5 and 25 are
at depth one; 3, 9, 16 and 28 are at depth two; 2, 4, 6, 11, 20, 26 and 30 are at
depth three; 1, 8, 10, 12, 18, 23, 27 and 29 are at depth four; 7, 13, 17, 19, 22
and 24 are at depth five; and finally 14 and 21 are at the maximal depth which is
six in this case. Note that if the keys associated to the vertices in this figure are
deleted they can be recovered, since this labelling of the vertices is the only labelling
that is possible from the set of keys {1, 2, 3. . . , 30}.

of random split trees and important results for them are found in [5]. Below
the definition of a random split tree is given:
A skeleton tree Tb of branch factor b is an infinite rooted tree in which each
vertex has exactly b children that are numbered 1, 2, . . . , b. A split tree is
a skeleton tree of branch factor b in which n balls are given to a collection of
vertices and where each vertex can hold up to s balls. Let N(v) denote the
number of balls given to the vertices in the subtree rooted at vertex v and
C(v) be the number of balls that are given to vertex v. A vertex v is a leaf if
C(v) = N(v) > 0; this means there are not any balls linked to the children of
v. A vertex v is useless if N(v) = 0 why such a vertex is eliminated from the
tree. However, C(v) = 0 is allowed. The random split tree with parameters
b, s, s0, s1, V and n can now be introduced. The parameters b, s and n are as
for split trees. The additional integers s0 and s1 are needed to describe how
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the balls are distributed and have to satisfy the inequality

0 ≤ s0 ≤ s, 0 ≤ bs1 ≤ s+ 1− s0. (1)

In the “split tree generating algorithm” that is presented below, one sees
why this inequality is relevant. The last parameter V is the so called random
“splitting vector” (V1, V2 . . . Vb) of probabilities, where

∑
i Vi = 1, Vi ≥ 0. A

random split tree is a skeleton tree Tb in which each vertex v is given an inde-
pendent copy of V = (V1, V2 . . . Vb). One also assumes that the components
of (V1, V2 . . . Vb) are identically distributed. (If they are not one achieves this
goal with a random permutation anyway.) This gives (because of

∑
i Vi = 1)

that E{V } = 1
b
.

Below the algorithm to describe how the n balls are distributed over the
vertices is given. Initially there are no balls, that is C(v) = 0 for each vertex
v. Adding a ball to a tree rooted at v is done by the following procedure.

The split tree generating algorithm:

1. If v is not a leaf choose child i with probability Vi. This increases N(v)
by 1. Recursively add the ball to the subtree rooted at child i, by the
rules given in steps 1, 2 and 3.

2. If v is a leaf and C(v) = N(v) < s, (s is the capacity of the vertex)
then add the ball to v and stop. Thus, C(v) and N(v) increase by 1.

3. If v is a leaf and C(v) = N(v) = s the ball cannot be placed at v
since it is occupied by the maximum number of balls it can hold. Then
let N(V ) = s + 1 and C(v) = s0, by placing s0 ≤ s randomly chosen
balls at v and s + 1 − s0 balls to its children. Do this by first giving
s1 randomly chosen balls to each of the b children. The remaining
s + 1 − s0 − bs1 balls are placed by choosing a child for each ball
independently according to the probability vector V = (V1, V2 . . . Vb).
Then use the algorithm described in steps 1, 2 and 3 to the tree rooted
at the selected child.

Note that if s0 > 0 the procedure does not need to be repeated since no child
could reach the capacity s, whereas in the case s0 = 0 the procedure may
have to be repeated several times. Also note that every nonleaf vertex has
C(v) = s0 balls and every leaf has 0 < C(v) ≤ s balls. See figure 3, where
two examples of split trees are illustrated.

In a binary search tree the splitting vector (V1, V2) is distributed as
(U, 1− U), where U is uniform [0, 1] or equivalently U is beta (1, 1). In fact
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All leaf vertices have between 1 and s=4 balls.

Note that s_1=0.

.All internal vertices have s_0=2 balls

All internal vertices have s_0=0 balls.

All leaf vertices have between 1 and s=4 balls.

Note that s_1=1.

Figure 3: This picture illustrates two split trees. The left one has (split tree)
parameters b = 3, s = 4, s0 = 2 and s1 = 0, whereas the right one has parameters
b = 3, s = 4, s0 = 0 and s1 = 1. Note that there is in general no simple
relationship between the number of vertices and the number of balls.

for many important split trees the components in the split vector V are beta-
distributed. The other parameters for the binary search tree considered as a
split tree are s = 1, s0 = 1, s1 = 0 and b = 2.

In a split tree where the number of balls n > s there are s0 balls in the root
vertex and the cardinalities of the b subtrees are distributed as (s1, . . . , s1)
plus a multinomial vector (n− s0− bs1, V1, . . . Vb). Thus, conditioning on the
random V -vector that belongs to the root the subtrees rooted at the children
have cardinalities close to nV1, . . . nVb. This is often used in applications of
random binary search trees. In particular in The Paper below I use this to
estimate the subtree sizes. However, n is there described as the number of
vertices instead of balls, but they are the same number in a binary search
tree which is not true for split trees in general.

In [5] Devroye presents a strong law and a central limit law for the depth
Dn of the last vertex in a random split tree of n vertices and split vector V .
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(As for the binary search, for a split tree in general this gives the depth Dn

of which most vertices are close to.) This is closely related to the profile of
the tree. Devroye defines

µ := bE{V ln
1

V
},

σ2 := bE{V ln2 V } − µ2, (2)

and the result he gets is

Theorem 1.1. Let Dn be the depth of the last vertex in a random split tree
with n vertices and split vector V . If µ 6= 0 and P{V = 1} = 0, then

Dn

lnn
→ 1

µ
, (3)

and E{Dn}
ln n

tends to the same limit. Furthermore, if σ > 0, then

Dn − (lnn)/µ√
σ2(lnn)/µ3

d→ N(0, 1), (4)

where N(0, 1) denotes the standard Normal distribution and
d→ denotes con-

vergence in distribution.

Another important class of trees that is not studied in my thesis are
the conditioned “Galton-Watson” trees. Trees that are of this type are for
example ordered (plane) trees, Cayley trees and some binary trees that are
not of logarithmic height. The shape of the Galton-Watson trees are very
different from the trees of logarithmic height. Thus, the result of the random
record distribution which is presented in The Paper differs completely from
the corresponding result which Janson gets in [15] for these types of trees.
Also the methods used in the proofs are totally different. The Galton-Watson
trees are obtained as the family tree of a Galton-Watson process conditioned
on a given total size. One lets ξ be a non negative integer random variable
and considers the Galton Watson process with offspring distribution ξ, where
one assumes E(ξ) = 1 and 0 < Var(ξ) < ∞. This means that ξ is the
parameter (depending on its distribution) defining which type of subclass
the Galton-Watson tree belongs to.

1.3 Random Records and Cuttings

“Cutting down” trees was first studied by Meir and Moon in 1970, see [21].
The trees they considered were Cayley trees. The process of “Cutting down”
a tree can be described as follows:
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Let T be a rooted tree. Make one cut by choosing a vertex at random.
Delete this vertex so that the tree separates into two parts and keep only
the part containing the root. Continue recursively until only the root is
left. Let X(T ) := Xv(T ) be the random number of cuts to destroy the tree.
Alternatively one can consider edges and the procedure is obviously described
in the same way with Xe(T ) as the corresponding random variable.

For other papers of “Cutting down” trees see the papers [22], [9], and
[12].

In [15] Janson introduces a random variable that is equally distributed
as the cutting down random variable and is better suited to understand
the underlying probability theory of the process. He considers records of a
tree defined as follows: Let each vertex have a random variable λv attached
to it and assume that these random variables are independent identically
distributed, where the distribution is continuous. Then say λv is a record if
it is the smallest value in the path from the root to v.

Janson concludes that the number of records given is also Xv(T ). (As
for the cuts one can obviously consider the edge version instead.) To see
why one gets the same variable Xv(T ) for these two models one can use a
natural coupling argument explained as follows: First generate the values λv

and then cut the tree each time choosing the vertex with the smallest λv of
the remaining ones. This gives the cutting down procedure and a vertex v
is cut at some time if and only if the attached λv value is a record. Hence,
the number of records equals (in distribution) the number of cuts. In The
Paper the record version is considered. To avoid misunderstanding note that
the values attached to the nodes that are denoted by λv’s have nothing to
do with the values that are called keys (see Section 1.2) which are used to
generate the binary search tree.

1.4 Random Records and Cuttings in Galton-Watson
Trees

In [15] Janson uses the record model just described to find the asymptotic
distribution of the normalized X(Tn) (Tn denotes a tree of n nodes) for
random trees that can be considered as conditioned Galton-Watson trees.
These are defined in Subsection 1.2 above. Since both the records and the
tree are random X(Tn) is considered in two ways. The first is to regard
X(Tn) as a random variable, obtained by picking a random tree Tn and then
a random cutting of it. Thus, the limit result after normalization in [15,
Theorem 1.6] is stated as:

Theorem 1.2. Let Tn be a conditioned Galton-Watson tree of size n defined
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by the offspring distribution ξ. Then

X(Tn)

(Var(ξ)n)
1
2

d−→ Z, (5)

where Z has the Rayleigh distribution with density xe
−x2

2 , x > 0. Moreover,
if E(ξm) < ∞ for all m > 0, then all moments converge in (5) and thus for
every r > 0,

E(X(Tn)r) ∼ (Var(ξ)n)
r
2E(Zr) = 2

r
2 Γ(

r

2
+ 1)(Var(ξ)n)

r
2 . (6)

The other point of view is to study X(Tn) as a random variable condi-
tioned on the tree Tn. This means that one considers the random procedure
in two steps. First one picks a random tree T = Tn that one keeps fixed
and then one considers random cuttings of it. This gives a random variable
X(Tn) with a distribution that depends on T . Define µTn as the random

probability distribution of X(Tn)

(Var(ξ)n)
1
2

given the tree Tn. Let Bex denote the

normalized Brownian excursion (this is a random function), see e.g [1]. Then
there exists for every constant c > 0 a random probability measure νcBex ,
see [15]. Using this point of view part of the other main result [15, Theorem
1.10] is stated as:

Theorem 1.3. Let Tn be a conditioned Galton-Watson tree of size n, then

µTn

d−→ ν2Bex . (7)

Moreover, moment convergence holds, that is for every k ≥ 1

E(X(Tn)k|Tn)

(Var(ξ)n)
k
2

d−→
∫
xkdν2Bex(x). (8)

The main idea of the proofs Janson presents to show the results in [15] is
to use the method of moments, see [16, Section 6.1]. This method is one of
the oldest to prove convergence in distribution. The moments of a random
variable X are the numbers E(Xk), k ≥ 1. One says that a distribution
is determined by its moments if X has finite moments and every random
variable with the same moments as X has the same distribution. This is
true for example the normal and Poisson distribution. The standard version
is stated as:

Theorem 1.4. Let Z be a random variable with a distribution that is de-
termined by its moments. If X1, X2, . . . are random variables with finite
moments such that E(Xk

n) → E(Zk) as n→∞ for every integer k ≥ 1, then

Xn
d→ Z.

For a proof of this see e.g. [11, Theorem 5.8.6].

11



2 Aims

In [14] Janson finds the asymptotic distribution after normalization of the
record random variable X(Tn) for the complete binary tree. (Recall the defi-
nition of the complete binary tree in Subsection 1.2 above and the definition
of (X(Tn) in Subsection 1.3.) The method he uses is to approximate X(Tn)
by a sum of independent random variables derived from {λv}, defined in Sub-
section 1.3. The aim of the present study is to determine whether Janson’s
method could be extended to find the asymptotic distribution of the nor-
malized X(Tn) for the binary search tree, defined in Subsection 1.2 above.
Both of these trees belong to the class of trees of logarithmic height thus
many properties are similar for these trees; but in contrast to the complete
binary tree that is deterministic the binary search tree is a random tree and
therefore substantially more complex.

3 Results and Discussion

3.1 “Random Records and Cuttings in Binary Search
Trees“ and Comparisons with Janson’s Findings
for the Complete Binary Tree

Below we use the usual notations lg for the 2-logarithm and ln for the e-
logarithm, and let {x} = x−bxc denote the fractional part of a real number
x.

Then the result of X(Tn) for the complete binary tree, see [14, Theorem
1.1], is stated as:

Theorem 3.1. Considering subsequences and suppose that n → ∞ such
that {lg n− lg lg n} → γ ∈ [0, 1]. Then(

Xv(Tn)− n
lg n

− n lg lg n
lg2 n

)
n

lg2 n

d→ −Wγ, (9)

where Wγ has an infinitely divisible distribution with characteristic function

EeitW = exp

(
if(γ)t+

∫ ∞

0

(eitx − 1− itx1[x < 1])dνγ(x)

)
, (10)

where the Lévy measure νγ is supported on (0,∞) and has density

dνγ

dx
=

2{lg x+γ}

x2
.
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The same result holds for Xe(Tn).

The Lévy measure cx−2 gives a weakly 1-stable distribution. That a
distribution of a random variable Z is α-stable for α ∈ (0, 2] means that a
sequence of identically distributed random variables Zk, k ≥ 1 (such that

for all k, Zk
d
= Z), satisfy for all n,

∑n
k=1 Zk

d
= cnZ + dn, where cn = n

1
α .

The distribution is strictly stable if for all n, dn = 0 and weakly stable
otherwise. See [10, Section XVII.3 ]. The measure νγ is similar to this but
with periodic fluctuations, so the distribution of Wγ is roughly similar to a
1-stable distribution.

The result of X(Tn) I find for the binary search tree in Theorem 1.1 in
The Paper below is similar to Theorem 3.1 and can be stated as

Theorem 3.2. Suppose that n→∞. Then,(
Xv(Tn)− n

2 ln n
− n ln ln n

2 ln2 n

)
n

4 ln2 n

d→ −W, (11)

where W has an infinitely divisible distribution with characteristic function

EeitW = exp

(
i(−3− 2 ln 2 + 2γ)t+

∫ ∞

0

(eitx − 1− itx1[x < 1])dν(x)

)
,

(12)

where (γ = 0.577 . . . is the Euler constant) and the Lévy measure ν is sup-
ported on (0,∞) and has density

dv

dx
=

2

x2
.

(Compare (12) with (10) above.) The Lévy measure ν gives that W is a
weakly 1-stable distribution.

The expression in (12) can be simplified to

EeitW = exp
(
− π|t|+ it(−1− 2 ln 2− 2 ln |t|)

)
. (13)

The same result holds for Xe(Tn).

Remark 3.1. We observe that the normalizing term we divide with in Theo-
rem 3.1 and Theorem 3.2 above is n

lg2 n
and n

4 ln2 n
respectively and that the the-

orems state that Xv(Tn) and Xe(Tn) have the same asymptotic distribution
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after normalization, while one can easily show that E(Xe(Tn))−E(Xv(Tn)) ∼
C n

lg2 n
(for some constant C). Consequently, in both cases the normalized

Xv(T ) and Xe(T ) have the same asymptotic distribution but their first mo-
ments are not equal, which suggests that for a proof of Theorem 3.1 or
Theorem 3.2 one can not use the method of moments.

The idea of Janson’s proof in [14] is to approximate X(Tn) by a sum of
independent random variables derived from λv and then apply a classical
limit theorem for triangular arrays.

Obviously most records of the complete binary tree occur at levels close
to the height of the tree that is m = blg nc, because almost all vertices are
there. For the binary search tree most vertices are at height close to 2 lnn.
Thus, most records occur at heights close to this level.

The idea of Janson’s proof in [14] is to study subtrees Ti, i = 1, . . . 2L of
size ni, where their roots are at the smaller height L which is close to lg lg n.
He conditions on the root value λv = y and lets Xn,y be X(Tn) − 1; that is
the number of records in the tree given the root value except from the root
value itself that always is a record. In particular he uses Xni,Yi

; the number
of records in the subtree Ti rooted at height L given the root value Yi.

In [14, Lemma 2.3] X(Tn) is approximated as

X(Tn) =
2L∑
i=1

E(Xni,Yi
) + op(

n

lg2 n
). (14)

The notation op(an) for positive integers an (in (14) an = n
lg2 n

) means
Zn

an

p→ 0 as n → ∞ for random variables Zn. To get an error term small as
op( n

lg2 n
) in (14) one has to choose the lower bound of L close to lg lg n (or

larger).
In [14, Lemma 2.1] Janson approximates E(Xn,y) (in particular used to

get an approximation of E(Xni,Yi
) ) up to an error term that is small enough.

By using this approximation and (14) above, one gets an approximation of
X(Tn) up to the error term op( n

lg2 n
) by a sum that depends on the random

variables {Yi, i = 1, . . . 2L} where Yi depend on {λv : h(v) ≤ L}, see [14,
equation (14)].

Using the structure of the tree that all levels are full up to the last one
Janson gets a result of E(Xn,y) depending on the random parameter y (and
the fixed parameter n), see [14, Lemma 2.2].

Using that Yi depend on {λv : h(v) ≤ L} Janson shows in [14, Lemma 2.4]
how one can equally approximate X(Tn) up to the error term op( n

lg2 n
) by a

sum involving the parameters {λv : h(v) ≤ L} instead of Yi, i = 1 . . . , 2L.
The expression he gets is

14



Theorem 3.3.

X(Tn) =
n

m
+ L

n

m2
− 1

m

∑
h(v)≤L

nve
−mλv +

2m+1

m2
+ op(m−2n). (15)

For the binary search tree I find a similar way to approximate X(Tn) by
a sum of conditional expected values obtained from a height L that also is
close to lg lg n (or lg lnn as is used for practical reasons) as was the case
for the L Janson uses for the complete binary tree in [14]. However, for the
binary search tree one can not choose exactly the same height as is chosen
in [14].

By letting X(Tn)y be X(Tn) − 1 conditioned on the root label λσ = y, I
define ϕ(Ti,Λi) := E(X(Ti)Λi

| Ti,Λi) as the conditional expected value given
the tree Ti and Λi (where Ti’s are the subtrees rooted at vi, 1 ≤ i ≤ 2L).
Since the subtree size ni of Ti, i = 1, . . . 2L is random, when studying ϕ(Ti,Λi)
as a function of ni it is natural to condition on ni.

The result of Lemma 2.3 in The Paper is

X(Tn) =
2L∑
i=1

ϕ(Ti,Λi) + op(
n

lg2 n
). (16)

Note that this is similar to (14) above as Janson gets for the complete binary
tree. For Lemma 2.3 in The Paper to yield it is important that L (the height
for which the subtrees Ti are rooted at) is chosen with a lowerbound which
is close to lg lg n.

In contrast to the case of the complete binary tree that is deterministic,
one does not know how many vertices there are at each level j in the bi-
nary search tree since it is a random number. This explains why it is harder
to estimate ϕ(Ti,Λi), in Lemma 2.1 in The Paper than the corresponding
E(Xn,y) in [14, Lemma 2.2] for the complete binary tree. However, as men-
tioned above in Subsection 1.2, there are several results of the structure of
the tree, such that for a tree of size n one knows most vertices are at height
close to 2 lnn. These results are used frequently in the proof of Lemma 2.1.

Using (16) above and the approximation of ϕ(Ti,Λi) in Lemma 2.1 in
The Paper, X(Tn) can be expressed by a sum that depends on the random
variables Λi up to the error term op( n

lg2 n
).

From this approximation it follows immediately following Janson’s proof
of [14, Lemma 2.4] that X(Tn) equally can be approximated up to op( n

lg2 n
)

by a sum that does not involve the Λi’s but the λv’s. The reason why in the
approximation of X(Tn) one can change variables from Yi’s to λv’s and from
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Λi’s to λv’s in the complete binary tree and the binary search tree respectively
without changing the error term op( n

lg2 n
) is because the height L in both cases

is chosen with an upper bound close to lg lg n. For a larger value of L one
does not achieve the result of Lemma 2.4 in The Paper. Together with the
lower bound of L (that one gets in the proof of Lemma 2.3) one sees why L
has to be chosen close to lg lg n. The corresponding result to Theorem 3.3
above that is stated in Lemma 2.4 in The Paper is

Theorem 3.4. Choosing L = bβ lg lnnc for some β ∈ (
lg 3−1

, 2),

X(Tn) =
2L∑
i=1

ni

lnni

−
2L∑
i=1

Υ(Ti)

4ln2 ni

− 1

2 lnn

∑
hv≤L

nve
−(2 ln n)λv +

n

4 ln2 n
+ op(

n

ln2 n
), (17)

where Υ(Ti) denotes the total path length of the tree Ti; that is the sum of
all depths (heights) of the vertices in the tree.

As mentioned above L in Theorem 3.4 is not the same L as in Theorem
3.3 above but close to.

The sum in Theorem 3.3 is a sum of independent random variables (de-
pending on the λv’s). By normalizing properly according to Theorem 3.1
above, the proof Janson presents is completed by a classical result on conver-
gence of sums of triangular null arrays to infinitely divisible distributions, see
[17, Theorem 15.28]. A triangular array is a sequence of random variables
ξn,j, 1 ≤ j ≤ n, so that the variables in each row j are independent and
identically distributed, while the variables in different rows are not indepen-
dent. A null array is a triangular array ξn,j, 1 ≤ j ≤ n such that ξn,j

p→ 0.
A random variable has an infinitely divisible distribution, if and only if for
all n there is a triangular array ξn,j, 1 ≤ j ≤ n such that for all n

X
d
=

n∑
j=1

ξn,j, (18)

see e.g. [11, Section 9.4]. To prove Theorem 3.1 stated above Janson defines
ξv := mnv

n
e−mλv and then by normalizing X(Tn) as follows he obtains (see

[14, equation (16)])

m2

n

(
Xv(Tn)− n

lg n
− n lg lg n

lg2 n

)
= {lg n}+ L− lg lg n+ 21−{lg n} −

∑
h(v)≤L

ξv + op(1), (19)
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where as introduced above {x} denotes the fractional part of x. Here {ξv}
form a null array which is used to get the asymptotic distribution of the
normalized X(Tn). By showing that three conditions of a null array {ξv} are
fullfilled, [17, Theorem 15.28] guarantees that there is a distribution ξ so that

the sum
∑

h(v)≤L ξv
d→ ξ. The calculations one gets to show these conditions

to be satisfied also give the characteristic function of ξ. In [14, Lemma 2.5]
Janson proves that the necessary conditions of {ξv} are fullfilled so that [17,
Theorem 15.28] can be used to prove convergence of

∑
h(v)≤L ξv. From this

lemma using (19) above one easily gets the asymptotic distribution of X(Tn)
in Theorem 3.1.

For the binary search tree one needs a similar result as [14, Lemma 2.5 ]
to be able to apply the classical theorem of triangular arrays that is used in
[14]. After normalizing X(Tn) according to Theorem 3.2 one gets a similar
result as (19) above, see equation (41) in The Paper, where 2 ln n

n
e−2 ln nλv

denoted by ξv is similarly to the nullarray that is used in [14]. However,
{ξv := 2 ln n

n
e−2 ln nλv} is not a triangular array since in a binary search tree

the nv’s are not independent (although they in fact are less dependent for
vertices that are far from each other). This complicates things significantly
so that it is harder and more technical to prove a result that corresponds to
[14, Lemma 2.5].

Furthermore, Theorem 2.1 stated in The Paper is the result that is needed
to use the ”classical triangular array” theorem for finding the asymptotic dis-
tribution of the normalized X(Tn). For the sake of independence I condition
on the subtree sizes nv’s in {ξv}. The idea is to show that (after normaliza-
tion) X(Tn) conditioned on the nv’s converges in distribution to W with an
infinitely divisible distribution, which is not depending on the nv’s that are
conditioned on. Consequently, after normalization also X(Tn) unconditioned
converges in distribution to W . To prove Theorem 2.1, which is done by
showing a kind of ”law of large numbers” using how the subtree sizes nv’s
are distributed, is the most difficult part of The Paper. The proof is quite
long including comprehensive calculations.

However, the method that Janson invented in [14] works for the binary
search tree and presumably for other logarithmic trees as well. The project
I am currently working on is trying to extend this method to work also for
the larger class of ”split trees” (discussed in Subsection 1.2 above) where the
binary search tree is one example of such tree. Hopefully I can refer to many
of the calculations for the binary search tree even if the class of split trees
contains many different trees. In the subsection that follows I present some
ideas how I intend to tackle this project.
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3.2 Ideas and Preliminary Results on Random Records
and Cuttings in Split Trees

The split trees which are discussed in Subsection 1.2 constitute a subclass
of trees in the bigger class of trees of logarithmic height. The advantage in
analyzing split trees compared to other trees of logarithmic height is that
there is a general definition of these trees given in Subsection 1.2. This is
the reason why I only intend to consider the split trees when generalizing
the result of the asymptotic distribution of X(Tn) in The Paper. Hopefully
I can present a result that includes many split trees; one might need some
conditions on the V-vector as is explained below.

The method used in The Paper should also work for other trees of loga-
rithmic height as well (the complete binary tree in [14] is one example), since
many of these trees have similar properties.

In the proof of Theorem 3.2 above that is Theorem 1.1 in The Paper, it
is frequently used that many nodes in a binary search tree of size n are close
to 2 lnn. Similarly the result in [5] stated in Theorem 1.1 above implies that
for a general split tree there is a depth Dn = ln n

µ
which most vertices are

close to. (Note that this means that for the binary search tree 1
µ

= 2.)
The result I expect for the split trees is that the asymptotic distribution

of X(Tn) is of the type

(
Xv(Tn)− n

( ln n
µ

)
− Cn ln ln n

ln2 n

)
n

( ln2 n
µ2 )

d→ −W, (20)

where W has an infinitely divisible distribution and C is a constant (which I
don’t know yet) depending on the tree. I conjectureW is also weakly 1-stable,
but this I am not sure of even if I have done calculations that strengthen this
hypothesis.

I expect the lemmas and Theorem 2.1 that are used to prove the main
theorem, Theorem 1.1 in The Paper, all can be generalized to work for split
trees in general. Because the trees are random it seems natural to keep many
notations involving for example conditional expected values and conditional
variances introduced in The Paper, in particular the notations of ϕ(Ti,Λi) :=
E(X(Ti)Λi

| Ti,Λi) and ψ(Ti,Λi) := Var(X(Ti)Λi
| Ti,Λi). I expect the Ti’s

are rooted at a height L close to lg lg n as for the complete binary tree and the
binary search tree. For simplicity in the definition of L in The Paper (which
occurs for example in Lemma 2.3 and Theorem 2.1), lg lnn is used for the
binary search tree instead of lg lg n that is used in [14] for the complete binary
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tree. Recall from Subsection 1.2 that branch factor b means each vertex have
exactly b children. In a general split tree of branch factor b, I suggest that a
suitable choice of L corresponding to the choice of L for the binary search tree
(where b = 2) is L = bβ logb lnnc, where β is chosen in interval depending
on the type of split tree. I argue below why I think it is reasonable that the
height L = bβ logb lnnc also occurs in the proof for a general split tree as in
the particular case of the binary search tree.

The approximation of ϕ(Ti,Λi) for the subtrees Ti that are rooted at vi

in Lemma 2.1 in The Paper is found by using that

ϕ(Ti,Λi) =
∑
v 6=vi

1− e−hi(v)Λi

hi(v)
=

∑
j

∑
hi(v)=j

1− e−jΛi

j
, (21)

where hi(v) is the height of v in the subtree Ti and Iv is the indicator that
λv is the smallest of all values attached to the nodes in the unique path from
v to the root vi. (This is equation (8) in The Paper.)

I use in particular that for a binary search tree of size n there are few
nodes that are not in a strip 2 lnn − ln0.6 n ≤ h(v) ≤ 2 lnn + ln0.6 n. This
fact is used several times in the proof of Theorem 3.2 above that is Theorem
1.1 in The Paper.

In general, finding the approximation of ϕ(Ti,Λi) for split trees one can
use (21) above and probably use the same type of proof as in The Paper.
First one finds the Taylor expansion of

∑
v 6=vi

1
hi(v)

about ln ni

µ
(Ti is of size ni)

up to an error term that is OL1( ni

ln2.2 ni
), this error term is used frequently in

the paper. Then by using that many nodes are close to ln ni

µ
one shows that

multiplying this expansion by (1− e−(
ln ni

µ
)Λi) gives an expression of ϕ(Ti,Λi)

up to OL1( ni

ln2.2 ni
).

In particular, from (4) in Theorem 1.1 above, one sees there are few
vertices that are not in a strip ln ni

µ
− ln0.6 ni ≤ hi(v) ≤ ln ni

µ
+ ln0.6 ni.

Also a sharper profile estimate is used in the proof when proving (21)
above, but it seems like this profile result is sharper than one needs which
I briefly explain here. The sharp profile estimation is used in The Paper to

approximate the third term
P

v(hi(v)−2 ln ni)
2

8 ln3 ni
in equation (11) in The Paper.

However, I could manage with the result of equation (4) in Theorem 1.1 above
using that the expected number of (hi(v) − 2 lnni)

2 is close to the variance
of hi(v) which one gets from the denominator in (4) (that is the square root
of the variance) and which for the binary search tree of size ni is close to its
expected value 2 lnni. One gets that for a binary search tree, the third term
is ni2 ln ni

8 ln3 ni
= ni

4 ln2 ni
with the error term OL1( ni

ln2.2 ni
). For a general split tree

one gets by the same type of argument that the corresponding term is σ2ni

ln2 ni
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with the error term OL1( ni

ln2.2 ni
), where σ2 is defined in (2) above. I use the

sharp profile estimate also to show equation (15) in The Paper (which I do
by showing (16)+(17)=OL1( ni

ln2.2 ni
)) that is the part where I show that I get

an expression of ϕ(Ti,Λi) that is good enough by multiplying the expansion
of

∑
v 6=vi

1
hi(v)

by (1 − e−(2 ln ni)Λi). However, also here one could manage to
show this by only using the weak result of the profile that there are “few
nodes” outside 2 lnni − ln0.6 ni ≤ hi(v) ≤ 2 lnni + ln0.6 ni. By analogy for
a general split tree to show an equation that correspond to equation (15) in
The Paper it is enough to use that one only have to consider the vertices in
ln ni

µ
− ln0.6 ni ≤ hi(v) ≤ ln ni

µ
+ ln0.6 ni since the vertices outside this strip

are few and can be ignored, and thus there is no need for a sharper profile
estimate to prove this lemma.

Proving Lemma 2.2 that is the upperbound of ψ(Ti,Λi) in The Paper, I
use that

ψ(Ti,Λi) =
∑

v,w∈Ti

Cov(Iv, Iw),

where Iv is the indicator function in (21) above. The idea of the proof is to
first take the sum of covariances over “good pairs” (v, w) in Ti (of size ni)
since they have small covariances and also the sum of them is small. These
pairs are defined as those that are in the strip
2 lnni − ln0.6 ni ≤ hi(v) ≤ 2 lnni + ln0.6 ni (this strip as was mentioned is
frequently used in The Paper), the other criterion is that they also have
their last common ancestor at height h ≤ α lnni for some constant α. The
“bad pairs” (those that are not good) have a larger covariance, but this does
not matter since they are few again using the fact that there are few vertices
outside the strip 2 lnni− ln0.6 ni ≤ hi(v) ≤ 2 lnni +ln0.6 ni. To prove Lemma
2.2 I also use the first and second moment of the subtree sizes ni, see equation
(23) in The Paper. In a tree of size n one calculates (in the proof of Lemma
2.2 ni is used instead of n since the Ti’s are considered) using the subtree
sizes expressed as random variables, E(nv) for a vertex v at height j (where
j is not too large) as very close to the upperbound n

2j . This can also be
obtained without calculations: At level j there are 2j vertices and the sum of
the subtree sizes has to be close to n for subtrees rooted at j (if j is not too
large there are just a few vertices below this level). This implies that since
the subtree sizes are identically distributed, the mean is just the mean value
of the sum of nodes above level j and thus the mean is close to n

2j .
For a general split tree of branch factor b, I expect one could argue in the

same manner. There is a strip ln n
µ
− ln0.6 n ≤ hi(v) ≤ ln n

µ
+ln0.6 n where most

vertices are in the subtree Ti i = 1, . . . bL. Thus, the good pairs (v, w) can be
defined as those that are in this strip together with the criterion that (v, w)
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have their last common ancestor at height h ≤ α lnni for some constant
α as for the binary search tree. Also the first and second moment, can be
calculated, since as mentioned in Subsection 1.2 the subtree sizes nv in a
split tree given the total size (Ti is here a tree of size ni) can be expressed as
random variables using the split vector V . Comparing with the binary search
tree one sees that in a general split tree of size n and branch factor b the first
moment E(nv) for a vertex v at height j (where j is not too large) must be
close to n

bj using that the subtree sizes are equally distributed and that at
height j there are bj vertices. (Even if a stronger result of the second moment
is used in The Paper for the binary search tree, one in fact only needs a rough
estimate of this for proving this lemma.) In Lemma 2.3 in The Paper the
result of Lemma 2.2 is used to show that X(Tn) can be approximated by

X(Tn) =
2L∑
i=1

ϕ(Ti,Λi) + op(
n

lg2 n
),

where L is close to lg lnn. In the proof I use equation (23) in The Paper to

get
∑2L

i=1 E(n2
v) = O(2L n2

3L ) = o( n2

ln n
). In general for split trees with branch

factor b one may argue that choosing the constant β in L = bβ logb lnnc large
enough one gets

bL∑
i=1

E(n2
v) = O(

n2

lnn
). (22)

At height L the distribution of nv is close to nX where X is a product of
L independent random variables {Zi, i = 1, . . . , L} with Zi ∈ [0, 1]. Thus,
n2

v = n2X2 and E(Z2
i ) < E(Zi) = 1

b
implies there is an ε > 0 such that

E(X2) =
L∏

i=1

E(Z2
i ) ≤ 1

(b+ ε)L
. (23)

This implies that if β in L = bβ logb lnnc is large enough one gets (22) above.
From Lemma 2.3 in The Paper I approximate X(Tn) up to op( n

ln2 n
) as a sum

depending on Λi, see equation (35) in The Paper. From this (as mentioned in
Subsection 3.1) it is easy to show by using Janson’s calculations in the proof
of [14, Lemma 2.4] that X(Tn) also can be approximated up to op( n

ln2 n
) as a

sum depending on {λv, h(v) ≤ L} instead of {Λi, i = 1 . . . L}. The proof of

Lemma 2.4 in The Paper uses that O(2L ln4 m
m2 ) = o(1), where m = 2 lnn is the

”central” height which most vertices are close to. Thus, it is important that
L < 2 lg lnn. In general for split trees of branch factor b it seems likely that

21



one can achieve a similar result as Lemma 2.4 in The Paper again using the
proof of [14, Lemma 2.4], since the calculations there are very general (that is
the argument there also works for many other trees). However, for these trees

because of the branch factor b one needs O( bL ln4 m
m2 ) = o(1), where m = 1

µ
lnn

is the central region. Thus, one needs L < 2 logb lnn. Hence, together with
the lower bound of L one gets L = bβ logb lnnc where β ∈ (x, 2) for some x
depending on the type of split tree (or equivalently depending on the type
of V-vector), where one of course needs to show that x satisfies x < 2 to be
able to choose a possible L. This is satisfied for many important split trees,
but unfortunately not for all. However, if there is a β ∈ (x, 2) one gets an
expression of X(Tn) (similar to the one in Lemma 2.4 in The Paper) that is

X(Tn) =
bL∑
i=1

2ni

1
µ

lnni

−
bL∑
i=1

Υ(Ti)
1
µ2 ln2 ni

− 1
1
µ

lnn

∑
h(v)≤L

nve
−( 1

µ
ln n)λv +

σ2n

ln2 n
+ op(

n

ln2 n
), (24)

where µ and σ2 are defined in equation (2) above. Note that (24) (except for
possibly the total path length Υ(Ti)) depends on the split tree parameters b
and V and not of the parameters s, s0 and s1.

The expression in Lemma 2.4 in The Paper is then used in Theorem 2.1
to show that the triangular array theorem in [17, Theorem 15.28] can be used
to find the distribution W which X(Tn) (after normalization) converges to.
Theorem 2.1 is as mentioned above the hardest result to show in The Paper,
and is shown by using a “law of large numbers” using the subtree sizes in
a binary search tree represented as random variables. Since there is such a
representation of subtree sizes also for general split trees, I hope to be able
to extend also this theorem using (24).

4 Conclusions

The proof of Theorem 1.1 in The Paper shows that the method by approxi-
mating X(Tn) by a sum of independent random variables derived from {λv}
that is used in [14] can be modified so that it also allows finding the asymp-
totic distribution of X(Tn) (normalized) for the binary search tree. The
results obtained for the binary search tree are similar to the lemmas that
are presented in [14]) for the complete binary tree. However, the proofs of
the results for the binary search tree are more complicated and require more
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extensive calculations due to the random rather than deterministic nature
of this tree. At the same time the randomness makes the result for the bi-
nary search tree nicer than that for the complete binary tree. Thus, after
normalization there is a true asymptotic distribution of X(Tn) for the binary
search tree, while for the complete binary tree there is no true asymptotic
distribution but a family of limits of different subsequences.

Furthermore, the discussion and preliminary results in Subsection 3.2 strengthen
the hypothesis that the method can also be extended to find the asymptotic
distribution of X(Tn) even for the larger class of split trees. See in particular
equation (24) above, which is an approximation of X(Tn) for split trees by a
sum derived from {λv}.
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Random Records and Cuttings in Binary
Search Trees

Cecilia Holmgren

October 11, 2007

Abstract

We study the number of records in a random binary search tree on n
randomly labelled vertices. Equivalently the number of random cuttings
required to eliminate a random binary search tree can be studied. After
normalization the distribution is shown to be asymptotically 1-stable.

1 Introduction

1.1 Preliminaries

Given a rooted tree T with n nodes, let each vertex v (one may alternatively
consider edges) have a random value λv attached to it, and assume that these
values are i.i.d. with a continuous distribution. We say that the value λv is
a record if it is the smallest value in the path from the root to v. Let Xv(T )
denote the (random) number of records. It is easy to see that the distribution
of λv does not matter, that is one can choose it as any continuous distribution,
or alternatively let the values λv be a random permutation of {1, 2, . . . , n},
see [12, 11].

The same random variable appears when we consider cuttings of the tree
T (that is cuttings and records give random variables with the same distri-
bution) defined as follows, see e.g. [18, 12]: Make a random cut by choosing
one vertex at random. Delete this vertex so that the tree separates into two
parts and keep only the part containing the root. Continue recursively until
the root is cut. Then the total (random) number of cuts made is Xv(T ). The
proof of this equivalence uses a natural coupling argument, see [12, 11].

A binary search tree is a binary tree in which each node is linked to a key,
where the keys are drawn from a totally ordered finite set, say {1, 2, . . . , n}.
The keys are drawn in a random order from the set until the set is exhausted.
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Each possible draw order corresponds to a permutation of the elements in
the set (then each permutation is equally likely). The first key is linked to
the root. The next key is placed at the left child of the root if it is smaller
than the key of the root, and it is placed at the right child of the root if
it is larger than the key of the root. In this way we proceed progressively,
inserting key by key. When all keys are placed one gets a binary tree on n
vertices, such that the keys of the left subtree of any given node x are smaller
than the key of x, and the keys of the right subtree are larger than the key
of x. See e.g. [1, 4].

In [12] the asymptotic distributions are found for random trees that can
be constructed as conditioned Galton-Watson trees, e.g. labelled trees and
random binary trees. There the proof relies on the fact that the method of
moments could be used.

For the complete binary tree it is impossible to use the method of mo-
ments, see [11]. Therefore Janson introduced another strategy, which is to
approximate Xv(T ) by a sum of independent random variables derived from
λv, and then apply a classical limit theorem for triangular arrays. From the
proof it is easy to see that the method also works for all complete d-ary trees
as well.

In this paper we consider the case of binary search trees. These belong
to the family of the so called log n trees, that are trees with height O(log n).
These trees have similar properties to the deterministic (not random) com-
plete binary tree considered in [11]. The height in a complete binary tree is
blog2 nc, also the height in the log n tree is O(log n) and the profile in the
complete binary tree has most nodes at height blog2 nc compared to ∼ C log n
(C constant) for the log n tree.

1.2 Useful facts about binary search trees

In this section some of the most important facts and results of the binary
search tree are collected for later use.

1.2.1 Properties

We say that an event An happens asymptotically almost surely (a.a.s.) if
P(An) → 1 as n→∞, see [13].

The height is a.a.s. c1 lnn + O(ln lnn) (where c1 = 4.31107 . . . ). Also
a.a.s. up to c2 lnn (where c2 = 0.3711 . . . ) all levels are full. Most nodes
are at height 2 lnn+O(

√
lnn) and the peak around the “belly” is Gaussian.

(See e.g [2, 4, 1, 5].) See figure 1.
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2ln n

2ln n+O(ln^(1/2)n)

2ln n−O(ln^(1/2)n)

0.3711... ln n

4.31107... ln n

All levels are full up to here.

The height of the tree.

Most nodes are in this strip.

Figure 1: This figure illustrates the shape of the binary search tree. The root is at
the top. The horizontal width represents the number of nodes at each level. Most
nodes are in a strip of width O(

√
lnn) about 2 ln n.

1.2.2 Quicksort

Quicksort is one of the most used sorting algorithms because it is so fast
and simple. It is the standard sorting algorithm in Unix systems, and is used
for sorting an array of n distinct numbers. The Quicksort algorithm can be
described as follows:

If n = 0 or n = 1 there is nothing to do (the elements are sorted). If
n ≥ 2, then pick a number uniformly at random from the list of n numbers.
Compare the other numbers to it (smaller or larger) to get two subsets of
numbers. Next apply the same procedure to each of these two sets if they
contain more than one element. Thus, we end up with a sorted list of the
original numbers.

It is easy to see that the random tree that one gets from Quicksort is a
random binary search tree, and this is one reason why these trees are very
interesting, see e.g. [4, 7].

Let Ln denote the number of comparisons required. Then it is easy to
see that Ln satisfies

Ln
d
= LUn−1 + L∗n−Un

+ n− 1, n ≥ 1
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where Uk is uniformly distributed on the set {1, 2, . . . , k}, d
= denotes equality

in distribution and L∗j
d
= Lj and Un;L0, L1, . . . Ln−1;L

∗
0, L

∗
1, . . . L

∗
n−1 are all

independent.
This random variable Ln is equal to the so called total path length (we

denote by Υ(T ) the total path length of the binary search tree T ), which
equals the sum of the heights (distances to the root) for all n nodes in the
(binary search) tree. This random variable has been extensively studied, see
e.g. [7, 16, 17]. Two easily established facts are the expected value of Ln see
e.g. [15] and the variance of Ln, see [17, Exercise 6.2.2-8]:

ELn = 2(n+ 1)Hn − 4n = 2n lnn+ n(2γ − 4) + 2 lnn+ 2γ + 1 +O(
1

n
),

VarLn = σ2n2 − 2n lnn+O(n),

where Hn =
∑n

k=1
1
k

(the n’th harmonic number), σ2 = 7− 2
3
π2 = 0.42026 . . .

and γ = 0.5772 . . . (Euler’s constant).

1.2.3 The subtree method

There is a third way to generate the binary search tree that is very useful
in many applications. We use this representation in Lemma 2.2 and Lemma
2.3 below. The method can be explained briefly as follows:

Associate with each node in the binary search tree Tn (where Tn denotes
a binary search tree with n vertices) the size of the subtree rooted at that
node. This means that the root of Tn has value n. Since the rank of the root
element is equally likely to be {1, . . . , n}, the random number N of nodes in
the left subtree of the root of T is uniformly distributed on {0, . . . , n − 1}.
It follows easily that N

d
= bnUc where U is uniformly distributed on [0,1].

The size of the right subtree is n− 1−N which is distributed as bn(1−U)c.
Now all subtree sizes in the tree can be explained similarly by proceeding
in the same manner by introducing independent uniform [0,1] (U) random
variables. See e.g. [3]. Equivalently this means that starting from the root
(which we give the subtree value n) there is an independent uniform random
variable Uv associated with each node v, such that if we let the right and left
child of v be vr and vl respectively and v has subtree value V , then vr and vl

have subtree value bV Uvc and bV (1−Uv)c respectively. This representation
of uniform random variables gives that the subtree size of any node v at
height j is distributed as

b. . . bbnU1cU2c . . . Ujc, (1)

where Ur, r = 1, . . . j, are i.i.d. uniform random variables given by the nodes
in the unique path from vertex v to the root vertex. Thus, the value n and
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the uniform random variables associated to the nodes give all subtree sizes
of the tree. For later use to see that a representation of uniform random
variables as in (1) is a representation of the subtree size rooted at vertex
v, we give a vertex index to these i.i.d. uniform random variables letting
Ur,v := Ur so that the subtree size of v at height j, is

b. . . bbnU1,vcU2,vc . . . Uj,vc. (2)

This means e.g. for the right child vertex vr (at height j + 1) of a vertex v
at height j, Uj+1,vr = Uv and for the left child vertex vl, Uj+1,vl

= 1− Uv.

1.3 The Main Theorem

Theorem 1.1. Suppose that n→∞. Then,(
Xv(Tn)− n

2 lnn
− n ln lnn

2 ln2 n

) / n

4 ln2 n

d→ −W, (3)

where W has an infinitely divisible distribution with characteristic function

EeitW = exp
(
− π|t|+ it(−1− 2 ln 2− 2 ln |t|)

)
. (4)

The same result holds for Xe(Tn).

Remark 1.1. In the proof of (3) that follows below we get

EeitW = exp

(
i(−3− 2 ln 2 + 2γ)t+

∫ ∞

0

(eitx − 1− itx1[x < 1])dν(x)

)
,

(5)

where (γ = 0.577 . . . is the Euler constant) and the Lévy measure ν is sup-
ported on (0,∞) and has density

dν

dx
=

2

x2
.

We can simplify the expression in (5) to get (4) above. The Lévy measure
ν gives that W is a weakly 1-stable distribution. That a distribution of
a random variable Z is α-stable for α ∈ (0, 2] means that for a sequence

of i.i.d. random variables Zk, k ≥ 1, (such that for all k, Zk
d
= Z), then∑n

k=1 Zk
d
= cnZ + dn for all n, where cn = n

1
α . The distribution is strictly

stable if for all n, dn = 0 and weakly stable otherwise. See e.g. [8, Section
XVII.3].
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Remark 1.2. We note as in [11] that even if most records occur at height
close to∼ 2 lnn where most of the vertices are, from Lemma 2.4 and the proof
of Theorem 2.1 it follows that most of the random fluctuations of Xv(Tn) can
be explained by the values at heights close to ln lnn. As explained in [11], a
few values at these heights are so small that they reduce a large number of
records among their descendants. Vertices of smaller height are too few and
so there is usually not any sufficiently small value among them. Vertices of
larger height affect only a small subtree.

Remark 1.3. For all rooted trees Tn (see [12, 11]), EXv(Tn)=
∑

v
1

h(v)+1
and

for the edge version EXe(Tn)=
∑

v 6=σ
1

h(v)
(where σ is the root). For random

trees E(Xv(Tn) | Tn) (or E(Xe(Tn) | Tn)) is the conditional expected value

given the tree Tn thus E(Xv(Tn)) = E
(∑

v
1

h(v)+1

)
.

Thus, for the binary search tree (compare to [11, Remark 1.3] ),

E(Xe(Tn))− E(Xv(Tn)) = E
(∑

v 6=σ

1

h(v)(h(v) + 1)

)
∼ C

n

log2 n
,

for some constant C > 0, while there is no similar difference in the limit
distribution; see Theorem 1.1 above. As noted for the complete binary tree
[11], this is explained by the fact that the expected value is affected by the
unlikely event that a node close to the root has a very small value which
reduces the number of records among its descendants significantly. This
behaviour suggests it is impossible to use the method of moments to find the
record distribution for the binary search tree as one could do for the Galton
Watson trees. Instead we intend to use similar methods as were used for the
complete binary tree, see [11].

Remark 1.4. Presumably the method that is used here should also work
for many other trees of logarithmic height as well, and thus the limiting
distribution for these trees should also be infinitely divisible and probably
also weakly stable. This turns out to be the case for the random recursive
tree (that is a logarithmic tree) where the limiting distribution of X(Tn) was
recently found to be weakly stable, see [6, Theorem 1.1] and [10, Theorem
1.1]. Note, that also the normalization for this tree is similar to the one
in (3), which is not surprising from the proof of Theorem 1.1 that follows
below. The proof of [6, Theorem 1.1] uses generating functions while the
proof of [10, Theorem 1.1] is more probabilistic. However, in both of these
proofs X(Tn) is considered as the cutting down random variable instead of
the record random variable that is considered in this paper and also the
methods they use differ completely from the methods that we use here to
find the limiting distribution of X(Tn) for the binary search tree.
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2 Proofs

We use the usual notations lg for the 2-logarithm and ln for the e-logarithm,
and let {x} = x−bxc denote the fractional part of a real number x. We treat
the case Xv(Tn) in Theorem 1.1 in detail and then indicate why the same
result holds for Xe(Tn) too. From now on since it is clear that we consider the
vertex model we just write X(Tn). First let X(Tn)y be X(Tn)−1 conditioned
on the root label λσ = y (that is the number of records in Tn given the root
value λσ = y except from λσ which always is a record).

We say that, Yn = op(an) if an is a positive number and Yn is a random

variable such that Yn/an
p→ 0 as n→∞.

We say that, Yn = OLp(an) if an is a positive number and Yn is a random

variable such that (E(Yn
p))

1
p ≤ Can for some constant C as n→∞.

We sometimes use the notation m = 2 lnn.
For simplicity in the proofs below we write lnni when we mean max{1, lnni}.
In the sequel we write T instead of Tn. For a vertex v ∈ T , we let Tv be

the subtree of T rooted at v, and let nv denote the size (number of nodes)
of Tv. We can without loss of generality assume that the labels λv have an
exponential distribution Exp(1). As mentioned above this does not affect the
distribution of Xn. We define ϕ(Tv) := E(X(Tv) | Tv).

Denote by h(v) the height of v (distance to the root). Let Λvi
be the

minimum of λv along the path P (vi) = σ, . . . , vi, from the root σ of T, to
vi, 1 ≤ i ≤ 2L, where vi are the vertices at height L = bβ lg lnnc for some
constant β. (Below we choose β ∈ ( 1

lg 3−1
, 2).) Thus, the definition of Λvi

and

the assumption λv ∈ Exp(1) give Λvi
∈ Exp( 1

L+1
). For simplicity we write

Ti := Tvi
, ni := nvi

and Λi := Λvi
. We denote hi(v) := h(v)− L (that is the

height in the subtree Ti of a vertex v ∈ Ti).
Define ϕ(Ti,Λi) := E(X(Ti)Λi

| Ti,Λi) as the conditional expected value
given the tree Ti and Λi. (We can think of X(Ti)Λi

as X(Ti)− 1 conditioned
on the root label λvi

= Λi.) Define ψ(Ti,Λi) := Var(X(Ti)Λi
| Ti,Λi) for

vertices vi, 1 ≤ i ≤ 2L, as the conditional variance given the tree Ti and
Λi. The conditional expected value of a random variable Z given the sub-
tree size ni of Ti is denoted by Eni

(Z) := E(Z | ni) and similarly we let
Varni

(Z) := Var(Z | ni).
For the later part of the proof of Theorem 1.1, we also define Gj for j = 1, 2 . . .
as the σ-field generated by {Ur,v, r = 1, 2 . . . , j} for all vertices v with
h(v) = j, or equivalently this is the the σ-field generated by {Uv, h(v) < j}.
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Lemma 2.1. For all subtrees Ti rooted at vi with h(vi) = L conditioning on
(the subtree size) ni gives

ϕ(Ti,Λi) =
ni

2 lnni

(1− e−(2 ln ni)Λi) +
ni

4ln2 ni

− Υ(Ti)− 2ni lnni

4 ln2 ni

+OL1

( ni

ln2.2 ni

)
. (6)

where Υ(Ti) is the total path length of the tree Ti.

This conditional expected value appears in Lemma 2.3 below. This is the
corresponding result to [11, Lemma 2.1 and Lemma 2.2].

Proof of Lemma 2.1. Let, for each vertex v ∈ Ti, Iv be the indicator that λv

is the minimum value (the smallest of all the values attached to the nodes
in the unique path from the given vertex v to the root vi) given Ti and Λi.
We get that ϕ(Ti,Λi) =

∑
v 6=vi

EIv. If hi(v) = j, let vi, vi1, . . . , vij = v be the
vertices in the path from the root vi to v. Then Iv = 1 if and only if λvij

< Λi

and λvik
> λvij

for k ∈ {1, . . . , j − 1}. Since the λv’s (for all vertices v in Ti)
are independent Exp(1) random variables we have,

E(Iv) =

∫ Λi

0

j−1∏
k=1

P(λvik > x)e−xdx =

∫ Λi

0

e−jxdx =
1− e−jΛi

j
. (7)

Thus,

ϕ(Ti,Λi) =
∑
v 6=vi

1− e−hi(v)Λi

hi(v)
. (8)

We remember from Subsection 1.2.1 above that the binary search tree of
size n has most nodes at height 2 lnn+O(

√
lnn), see [1, 5, 4].

Roughly, the idea of the proof is that we first find the Taylor expansion

of
∑

v 6=vi

1
hi(v)

about 2 lnni up to the error term OL1

(
ni

ln2.2 ni

)
, then using that

many nodes are close to 2 lnni we show that if we multiply this expansion
by (1− e−(2 ln ni)Λi), from (8) we get (6).

A quite sharp profile estimate of the binary search tree one gets from
[1, p.1043-1044]. Uniformly for all k ∈ [(1 + ε) lnn, (2 +

√
2 − ε) lnn], the

number of nodes at height k in the binary search tree of size n (this number
is denoted by Vk(n) in [1]) is

n√
4π lnn

· e−
(k−2 ln n)2

4 ln n +OL1

( n

lnn

)
. (9)
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(The profile result in (9) is obtained from a generating function and asymp-
totics for Stirling numbers of the first kind.)

We say a vertex v ∈ Ti is ”good” if

2 lnni − ln0.6 ni ≤ hi(v) ≤ 2 lnni + ln0.6 ni,

and ’bad” otherwise. As was mentioned before “most” nodes are in the strip
of the good vertices. One deduces easily from [1, equation(3)] (see also [5,
Theorem 1] where equation (9) above is mentioned as a particular case of a
more general result of the expected profile) that the number of “bad” nodes

in Ti is bounded by OL1

(
n1−ε

i

)
for some ε > 0. Thus, since the number of

bad nodes is bounded by OL1

(
ni

ln2.2 ni

)
, they can be ignored.

If we expand 1
hi(v)

for arbitrary good v ∈ Ti,

1

hi(v)
=

1

2 lnni

−hi(v)− 2 lnni

4 ln2 ni

+
(hi(v)− 2 lnni)

2

8 ln3 ni

+O
( | (hi(v)− 2 lnni)

3 |
ln4 ni

)
.

(10)
This implies that the total sum is, by summing over all nodes,∑

v 6=vi

1

hi(v)
=

ni

2 lnni

−Υ(Ti)− 2ni lnni

4 ln2 ni

+

∑
v (hi(v)− 2 lnni)

2

8 ln3 ni

+OL1

( ni

ln2.2 ni

)
.

(11)
For the third term in the expansion in (11) we use the profile estimate

(9). We see that the error term OL1

(
n

ln n

)
in the profile estimate in (9) is

good enough in this term. Since the distance for the good vertices to 2 lnni

is less than ln0.6 ni and there are at most 2 · ln0.6 ni levels we see that the
error term in (9) could not contribute to the third term in (11) more than

OL1

(
ni

lnni

)
· (ln0.6 ni)

2 · 2ln0.6 ni

8 ln3 ni

= OL1

(
ni

ln2.2 ni

)
.

Hence, the third term in the Taylor estimate in (11) is

∞∑
−∞

(k − 2 lnni)
2e

(k−2 ln ni)
2

4 ln ni · ni/
√

4π lnni

8 ln3 ni

+OL1

(
ni

ln2.2 ni

)
. (12)

Note that we could take the sum over all k in (12) since the sums over the
tails for k ≤ 2 lnni − ln0.6 ni and k ≥ 2 lnni + ln0.6 ni in (12) are dominated

by the error term OL1

(
ni

ln2.2 ni

)
.
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To calculate the sum
∑∞

−∞(k − 2 lnni)
2e

(k−2 ln ni)
2

4 ln ni we use integral ap-
proximation (with an error term that is easily calculated to be bounded

by O
(

ni

ln2.2 ni

)
) and get∫ ∞

−∞
(x− 2 lnni)

2e
(x−2 ln ni)

2

4 ln ni dx = 2
√

4π lnni

√
lnni.

Thus, (11) implies that∑
v 6=vi

1

hi(v)
=

ni

2 lnni

− Υ(Ti)− 2ni lnni

4 ln2 ni

+
ni

4 ln2 ni

+OL1

(
ni

ln2.2 ni

)
. (13)

Remark 2.1. We cannot use the profile approximation in (9) to calculate
the second term in (11) since the error term OL1( ni

ln ni
) is too large. The total

path length random variable Υ(Ti) (given ni) has a variance of order O(n2
i ),

see Subsection 1.2.2 above. Thus, the error estimate one gets is not small
enough.

Now we prove that∑
v 6=vi

1

hi(v)
(e−hi(v)Λi − e−2Λi ln ni) = OL1

( ni

ln2.2 ni

)
, (14)

which by (8) obviously implies that

ϕ(Ti,Λi) = (13) · (1− e−(2 ln ni)Λi) +OL1

( ni

ln2.2 ni

)
. (15)

For simpler calculations below we consider the term e−Λib2 ln nic instead
of e−(2 ln ni)Λi in (14) and (15). That one can do this follows from that mul-
tiplying (13) by e−Λib2 ln nic gives the same expression up to the error term

OL1

(
ni

ln2.2 ni

)
as multiplying by e−2Λi ln ni .

For j > 0,

e(−b2 ln nic+j)Λi = e−Λib2 ln nic + e(−b2 ln nic+j)Λi · (1− e−jΛi)

and

e(−b2 ln nic−j)Λi = e−Λib2 ln nic + e(−b2 ln nic+j)Λi · (e−2jΛi − e−jΛi).
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We use the profile estimate in (9). In particular we need to show that

ln0.6 ni∑
j=1

(( ni√
4π lnni

e
−(j+{2 ln ni})

2

4 ln ni +OL1

( ni

lnni

))
· e(−b2 ln nic+j)Λi(1− e−jΛi)

1

b2 lnnic − j

)
= OL1(

ni

ln2.2 ni

) (16)

and

ln0.6 ni∑
j=1

(( ni√
4π lnni

· e
−(j−{2 ln ni})

2

4 ln ni +OL1

( ni

lnni

))
· e(−b2 ln nic+j)Λi(e−2jΛi − e−jΛi)

1

b2 lnnic+ j

)
= OL1(

ni

ln2.2 ni

), (17)

where {2 lnni} is the fractional part of 2 lnni.
We show that (16)+(17) = OL1( ni

ln2.2 ni
) is true. Taylor expansion gives

(16) =

ln0.6 ni∑
j=1

( ni√
4π lnni

e
−(j+{2 ln ni})

2

4 ln ni +OL1

( ni

lnni

))
e(−b2 ln nic+j)ΛiO

( jΛi

lnni

)
.

(18)

We calculate ∫ ∞

j=0

je
−(j+{2 ln ni})

2

4 ln ni dj = O(lnni).

Since Λi is an Exp( 1
L+1

) random variable, we have that, for all j ≤ ln0.6 ni

EΛie
(−b2 ln nic+j)Λi =

∫ ∞

0

(L+ 1)ye(−b2 ln nic+j)ye−y(L+1)dy

=
L+ 1

(b2 lnnic − j + L+ 1)2
. (19)

Thus,

ln0.6 ni∑
j=1

ni√
4π lnni

e
−(j+{2 ln ni})

2

4 ln ni e(−b2 ln nic+j)ΛiO
( jΛi

lnni

)
= OL1

( ni

ln2.2 ni

)
.

We easily check that also the error term in the profile estimate can be
ignored so that

ln0.6 ni∑
j=1

OL1

(
ni

lnni

)
e(−b2 ln nic+j)ΛiO

( jΛi

lnni

)
= OL1

( ni

ln2.2 ni

)
.
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Thus, (16)= OL1( ni

ln2.2 ni
). By similar calculations one shows that also (17)

= OL1( ni

ln2.2 ni
). Thus, it follows that (15) is satisfied.

We have e−(2 ln ni)Λi = OL1( L
ln ni

), hence e−(2 ln ni)Λi ·O( ni

ln2 ni
) = OL1( ni

ln2.2 ni
).

Since also E(e−(2 ln ni)Λi)2 = O( L
ln ni

) and (see Section 1.2.2)

Eni

(Υ(Ti)− 2ni lnni

4ln2 ni

)2

= O
( ni

2

ln4 ni

)
one gets

(Υ(Ti)− 2ni lnni)e
−(2 ln ni)Λi

4 ln2 ni

= OL2

( ni

ln2.2 ni

)
= OL1

( ni

ln2.2 ni

)
(where the last equality is obtained by using the well-known Lyapounov
inequality e.g. [9, p.129]) and Lemma 2.1 follows.

Lemma 2.2. For all vertices vi with h(vi) = L, conditioned on ni,

Eni
(ψ(Ti,Λi)) = O

( n2
i

ln3 ni

)
. (20)

This is the corresponding result to [11, Lemma 2.1 (2nd part)]. This estimate
is used in Lemma 2.3 below.

Proof of Lemma 2.2. We condition on the binary search tree Ti and Λi and
for all vertices v ∈ Ti we let Iv be the same indicator as in the proof of
Lemma 2.1 above.

Suppose that v and w are two vertices in Ti at height hi(v) = j, hi(w) = k
with their last common ancestor at height hi(u) = h. Suppose first that
h < j, h < k. (In fact we show below that other choices of vertices can be
ignored.) Let {vi, u1, . . . , uh = u} be the vertices in the path from vi to u and
let Z = min{λus : 1 ≤ s ≤ h}. Conditioned on Z, Iv and Iw are independent.
Let Z ∧Λi denote the minimum of Z and Λi. Since v has height j− h above
u, (7) yields

E(Iv | Z) =
1− e−(j−h)(Z∧Λi)

j − h
,
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and similarly for Iw. See [11, p.244]. As in [11, equation (6) p.245]

E(IvIw) =
1

j − h

1

k − h

(
1− e−hΛi − h

j
(1− e−jΛi)− h

k
(1− e−kΛi)

+
h

j + k − h
(1− e−(j+k−h)Λi) + e−hΛi − e−jΛi − e−kΛi + e−(j+k−h)Λi

)
. (21)

The covariance of Iv and Iw is:

Cov(Iv, Iw) = E(IvIw)− E(Iv)E(Iw).

Remark 2.2. The fewer common vertices in v′s and w′s paths to the root
the smaller covariance of Iv and Iw. Consequently, to minimize the covariance
we want hi(v) = j and hi(w) = k to be large and hi(u) = h to be small.

We say that a pair (v, w) is ”good” if j and k satisfy

2 lnni − ln0.6 ni ≤ j, k ≤ 2 lnni + ln0.6 ni

and h ≤ α lnni for some α that we choose small enough, and ”bad” otherwise.
If α is chosen to be small it is obvious that the covariance estimate for the
good pairs of vertices in the binary search tree is not worse than the order of
the estimate for the complete binary tree in [11]. Thus, (from [11, equation
(7) p.245] ) by (7) and (21) above for a good pair

Cov(Iv, Iw) = E(IvIw)− E(Iv)E(Iw) =
1

jk
e−(j+k−h)Λi(1− e−hΛi) +O

( h

ln3 ni

)
= O

( 1

ln2 ni

e−(j+k−h)ΛihΛi

)
+O

( h

ln3 ni

)
= OL1

( hL

ln4 ni

)
+O

( h

ln3 ni

)
= OL1

( h

ln3 ni

)
, (22)

where we in the fourth equality use e−(j+k−h)ΛihΛi = OL1

(
hL

ln2 ni

)
(that is

obtained by similar calculations as in (19) above).
Using the result of the profile estimate we discussed in the proof of Lemma

2.1 that there are OL1(n1−ε
i ) nodes that are not in

2 lnni − ln0.6 ni ≤ h(v) ≤ 2 lnni + ln0.6 ni,

it follows that if v and w are not both in this strip there are OL1(n2−ε
i ) ways

to choose the pair v, w for some ε > 0.

39



Let nhk, 1 ≤ k ≤ 2h, be the subtree sizes rooted at height h (they are

random numbers) in Ti. For a given height h there are at most
∑2h

k=1 n
2
hk

choices of v and w. Now we use the subtree method above, see Subsection
1.2.3, to calculate the expected value of n2

hk, 1 ≤ k ≤ 2h. Note that they all
have the same expected value since they are on the same level (height) from
the root vi. It is easy to see that

Eni
(nhk) ≤

( h∏
r=1

EUr

)
ni =

ni

2h
, Eni

(n2
hk) ≤

( h∏
r=1

EU2
r

)
n2

i =
n2

i

3h
, (23)

since the Ur’s are independent uniform random variables. Consequently, the
expected number of pairs of vertices with h > α lnni is

Eni
(
∑

h>α ln ni

2i∑
k=1

n2
hk) = O

( ∑
h>α ln ni

n2
i · 2h

3h

)
= O

( n2
i

ln3 ni

)
. (24)

Thus, the number of ”bad” pairs of vertices is OL1

(
n2

i

ln3 ni

)
.

Now for the random binary search tree Ti on ni vertices

ψ(Ti,Λi) =
∑

v,w∈Ti

Cov(Iv, Iw)

(ψ is a random variable depending on the random tree Ti and Λi).
Since we have the the obvious upper bound Cov(Iv, Iw) ≤ 1, the bad

pairs can be ignored. Thus,

Eni
(ψ(Ti,Λi)) = Eni

( ∑
good v,w)∈Ti

Cov(Iv, Iw)
)

+O
( n2

i

ln3 ni

)
.

Using Eni
(n2

hk) ≤ n2
i

3h (see equation (23)) and equation (22) give

Eni
(ψ(Ti,Λi)) = OL1

(
Eni

∑
good (v,w)∈Ti

h

ln3 ni

))
+O

( n2
i

ln3 ni

)
(25)

= O
(∑

h

n2
i · 2h · h
3hln3 ni

)
+O

( n2
i

ln3 ni

)
= O

( n2
i

ln3 ni

)
.

The estimate in (25) is used in the proof of the following result.
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Lemma 2.3. For a binary search tree on n vertices let vi, 1 ≤ i ≤ 2L be the
vertices at height L = bβ lg lnnc for β > 1

lg 3−1
. Then

X(Tn) =
2L∑
i=1

ϕ(Ti,Λi) + op(
n

ln2 n
). (26)

This is the corresponding result to [11, Lemma 2.3 equation (10)].

Proof of Lemma 2.3. We write the number of records as {V ∗+V1+ . . .+V2L}
where V ∗ is the number of records with height ≤ L and Vi is the number of
records in the subtree Ti that is rooted at vertex vi at height L except for
the root vi.

Let FL be the σ-field generated by {λv : h(v) ≤ L} and F ∗
L the σ- field

generated by Tn and FL. Conditioned on F ∗
L, V

∗ and Λi become fixed and
E(Vi | F ∗

L) = ϕ(Ti,Λi).
Given F ∗

L, the variables Vi and Vj, i 6= j are independent and thus

E

((
Xn − V ∗ −

2L∑
i=1

ϕ(Ti,Λi)
)2
∣∣∣∣F ∗

L

)
= E

(( 2L∑
i=1

Vi − ϕ(Ti,Λi)
)2
∣∣∣∣F ∗

L

)

=
2L∑
i=1

E
((
Vi − ϕ(Ti,Λi)

)2∣∣∣F ∗
L

)
=

2L∑
i=1

ψ(Ti,Λi). (27)

Now taking the expectation of (27) yields

E

((
X(Tn)− V ∗ −

2L∑
i=1

ϕ(Ti,Λi)
)2
)

= E
( 2L∑

i=1

ψ(Ti,Λi)
)

=
2L∑
i=1

Eψ(Ti,Λi).

(28)

By using Lemma 2.2 and observing the obvious fact that one can ignore
those ni <

n
2kL for k large enough (there are 2L vertices at height L) give that

2L∑
i=1

Eni
(ψ(Ti,Λi)) = O

( 2L∑
i=1

n2
i

ln3 ni

)
= O

( 2L∑
i=1

n2
i

ln3 n

)
. (29)

The expected value of (29) is (28) and thus from equation (23) above

(28) = O(
2Ln2

3L ln3 n
). (30)
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If the constant β > 1
lg 3−1

in L then

(30) = o(
n2

ln4 n
). (31)

.
This implies by using the well-known Markov inequality (e.g. [9, p. 120])

that

X(Tn)− V ∗ −
2L∑
i=1

ϕ(Ti,Λi) = op(
n

ln2 n
). (32)

The result follows because also

V ∗ < 2L+1 = O(lnβ n) = o(
n

ln2 n
).

Since one can ignore those ni <
n

2kL for k large enough by Taylor expansion

2L∑
i=1

ni

ln2.2 ni

=
n

ln2.2 n
+O

(n ln lnn

ln3 n

)
. (33)

Using this and OL1

(
n

ln2.2 n

)
= op( n

ln2 n
) (from the Markov inequality),

applying Lemma 2.1 and Lemma 2.3 yields for β > 1
lg 3−1

X(Tn) =
2L∑
i=1

(
−nie

−(2 ln ni)Λi

2 lnni

+
ni

4 ln2 ni

+
ni

lnni

− Υ(Ti)

4ln2 ni

)
+ op(

n

ln2 n
).

(34)

Similarly as in (33)

2L∑
i=1

ni

4 ln2 ni

=
n

4 ln2 n
+O

(n ln lnn

ln3 n

)
.

Again we use that one can ignore ni <
n

2kL for k large enough, comparing
with [11, equations (12,13) p.247] for ni ≥ n

2kL

Eni

(∣∣∣e−(2 ln ni)Λi−e−(2 ln n)Λi

∣∣∣) =
L+ 1

L+ 1 + 2 lnni

− L+ 1

L+ 1 + 2 lnn
= O

( L2

ln2 n

)
,

and it follows that
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E
(∣∣∣ ni

2 lnni

e−(2 ln ni)Λi − ni

2 lnn
e−(2 ln n)Λi

∣∣∣) = O
( L2n

2L ln3 n

)
.

Thus, for β > 1
lg 3−1

with another application of the Markov inequality

(e.g. [9]),

X(Tn) =
2L∑
i=1

ni

lnni

−
2L∑
i=1

Υ(Ti)

4ln2 ni

− 1

2 lnn

2L∑
i=1

nie
−(2 ln n)Λi +

n

4 ln2 n
+ op(

n

ln2 n
). (35)

Lemma 2.4. If the constant β in L = bβ lg lnnc is < 2, then

2L∑
i=1

nie
−(2 ln n)Λi =

∑
h(v)≤L

nve
−(2 ln n)λv + op(

n

lnn
).

Thus, choosing β ∈ ( 1
lg 3−1

2) from (35)

X(Tn) =
2L∑
i=1

ni

lnni

−
2L∑
i=1

Υ(Ti)

4ln2 ni

− 1

2 lnn

∑
h(v)≤L

nve
−(2 ln n)λv +

n

4 ln2 n
+ op(

n

ln2 n
). (36)

(Compare with [11, Lemma 2.4].)

Proof of Lemma 2.4. The proof follows by the same calculations as in [11,
Lemma 2.4]. Choosing a = 2 ln m

m
where m = 2 lnn we see as in [11, p.248]

that the probability for some i that at least two λv, v ∈ P (vi) are less than
a is

O
(2L ln4m

m2

)
= o(1), (37)

so that with probability tending to 1 there is at most one λv less than a in
each P (vi). This gives that

0 ≤
∑

v∈P (vi)

e−mλv − e−mΛi ≤ Le−ma =
L

m2
. (38)

From (38) it is quite easy to get the result. (See [11, p. 248].)
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Remark 2.3. From (37) we see why we choose the constant β in L as less
than 2.

We recollect the definition of Gj in the beginning of Section 2 as the σ-
field generated by {Ur,v, r = 1, 2 . . . , j} for all vertices v with h(v) = j. In
particular we get that GL is the σ-field generated by {Ur,v, r = 1, 2 . . . , L}
for all vertices v with h(v) = L. Note that in particular the σ-field generated
by {nv, h(v) ≤ L} is a sub-σ-field of GL.

Conditioned on GL the summands Υ(Ti) in (36) are independent thus
from Subsection 1.2.2 we obtain

E

( 2L∑
i=1

Υ(Ti)

4ln2 ni

∣∣∣∣GL

)
=

2L∑
i=1

ni

2lnni

+
2L∑
i=1

ni(2γ − 4)

4ln2 ni

+
2L∑
i=1

O
( 1

lnni

)
,

and

Var

( 2L∑
i=1

Υ(Ti)

4ln2 ni

∣∣∣∣GL

)
= O

( 2L∑
i=1

n2
i

ln4 ni

)
.

Thus, in analogy with (30) and(31), given GL

2L∑
i=1

Υ(Ti)

4ln2 ni

=
2L∑
i=1

ni

2 lnni

+
n(2γ − 4)

4 ln2 n
+ op(

n

ln2 n
). (39)

For simplicity (in the calculations below) we change the notation
ni, 1 ≤ 2L, to nv, h(v) = L.

Thus, from (36), choosing the constant β ∈ ( 1
lg 3−1

, 2),

X(Tn) =
∑

h(v)=L

nv

2lnnv

− 1

2 lnn

∑
h(v)≤L

nve
−(2 ln n)λv +

n(5− 2γ)

4 ln2 n
+ op(

n

ln2 n
).

(40)

As in [11], the proof of Theorem 1.1 will be completed by a classical the-
orem for convergence of triangular arrays to infinitely divisible distributions,
see e.g. [14, Theorem 15.28]. Since the nv’s in the sums in (40) are not in-
dependent (although they are less dependent for vertices that are far from
each other), {ξv = mnv

n
e−mλv} is not a triangular array. For the sake of in-

dependence we intend to condition on the nv’s in the sums in (40) and show
that (after normalization) we get convergence in distribution to W with an

44



infinitely divisible distribution, which is not depending on the nv’s we condi-
tioned on. That is, after normalization also X(Tn) converges in distribution
to W . Because of (40) and the notation of ξv

4 ln2 n

n

(
Xv(Tn)− n

2 lnn
− n ln lnn

2 ln2 n

)
= −

∑
h(v)≤L

ξv +
4 ln2 n

n

∑
h(v)=L

nv

2 lnnv

− 2 ln lnn− 2 lnn+ 5− 2γ + op(1).

(41)

The next theorem will imply Theorem 1.1 above.

Theorem 2.1. Suppose that n → ∞ and choose any constant c > 0 (γ is
the Euler constant). Conditioning on the σ-field GL defined above (where
L = bβ lg lnnc, β ∈ ( 1

lg 3−1
, 2)) the following hold:

(i) sup
v

P
(
ξv > x

∣∣GL

)
→ 0 for every x > 0,

(ii)
∑

h(v)≤L

P
(
ξv > x

∣∣GL

) p→ ν(x,∞) =
2

x
for every x > 0,

(iii)
∑

h(v)≤L

E
(
ξv1[ξv ≤ c]

∣∣GL

)
− 4 ln2 n

n

∑
h(v)=L

nv

2 lnnv

+ 2 ln lnn+ 2 lnn− 5 + 2γ
p→ −3− 2 ln 2 + 2γ + 2 ln c,

(iv)
∑

h(v)≤L

Var
(
ξv1[ξv ≤ c]

∣∣GL

) p→ 2c.

Before proving this theorem we show how it will imply Theorem 1.1 above.
Let C = 4 ln2 n

n

∑
h(v)=L

nv

2 ln nv
− 2 ln lnn − 2 lnn + 5 − 2γ. We apply [14,

Theorem 15.28] with a = 0 and b = −3− 2 ln 2 + 2γ to
∑

h(v)≤L ξv +
∑n

i=1 ξ
′
i

conditioned on G L with ξ
′
i = −C

n
deterministic. (Note that C

n
→ 0, thus

{ξv}
⋃
{ξ′i} is a null array.) We define S(n) :=

∑
h(v)≤L ξv +

∑n
i=1 ξ

′
i. We have

dν
dx

= 2
x2 , hence ∫ c

0

x2dν(x) =

∫ c

0

2dx = 2c,∫ 1

c

xdν(x) =

∫ 1

c

2

x
dx = −2 ln c.
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The convergence in Theorem 2.1 is in probability, while [14, Theorem
15.28] requires usual convergence.

(For the complete binary tree Janson applies [14, Theorem 15.28] by using
the result in [11, Lemma 2.5], in contrast to Theorem 2.1 the convergence
in this lemma is in the usual rather than deterministic sense due to the fact
that the nv’s are fixed for this tree.) However, if the convergence instead was
a.s. in Theorem 2.1, then it would have been easy to see from this theorem
that conditionally on G L, the conditions of [14, Theorem 15.28] are fullfilled,
implying∑

h(v)≤L

ξv −
4 ln2 n

n

∑
h(v)=L

nv

2 lnnv

+ 2 ln lnn+ 2 lnn− 5 + 2γ = S(n)
d→ W,

(42)

conditioned on G L.
It follows from (42) that conditioning on G L has no influence on the

distributional convergence of S(n) (unconditioned), since for any continuous
bounded function g : < → <,

Eg(S(n) | G L) =

∫
gdF (S(n) | G L) → Eg(W ).

Thus, taking expectation by dominated convergence

Eg(S(n)) → Eg(W ).

This shows that S(ζn)
d→ W . Compare this with [12] and note the difference

that the measure defined there is a random probability measure while FW is
not random.

It remains to show convergence in probability, which is the type of con-
vergence in Theorem 2.1 actually is sufficient to get Theorem 1.1 from this
theorem. We do this by showing that every subsequence {ζk} of the positive
integers contains yet another subsequence {ζkj

} so that S(ζkj
) converges in

distribution to the same limit W as j → ∞. Then it follows easily (by the
well known fact that a sequence of reals converges to a constant a if and only
if every subsequence contains a subsequence that converges to a, see e.g. [9,

Section 5.7]), that also S(n)
d→ W .

To show this we use the fact that if a random variable Xn
p→ X as

n→∞, then there is an increasing subsequence of the integers {ζk, k ≥ 1},
such that Xζk

a.s→ X as n → ∞, see e.g. [9, Section 5.3]. Using this fact
together with the famous diagonal method, see e.g. [9, Section 5.8], we can
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for all subsequences {ζk} pick a subsequence {ηj} so that (ii) in Theorem 2.1
above holds a.s. for all x ∈ Q. Since the set of rational numbers is dense in
<, there are for all x arbitrarily close rational numbers r and s, r < x < s
so that

∑
h(v)≤L P(ξv > s) ≤

∑
h(v)≤L P(ξv > x) ≤

∑
h(v)≤L P(ξv > r) and

it follows easily that (ii) holds (for the sub-subsequence we picked) for all
x ∈ <. Now we can pick yet another subsequence from this sub-subsequence
so that (iii) holds a.s. and from this yet another subsequence so that (iv)
holds a.s. That is for all subsequences {ζk, k ≥ 1} we find a subsequence

{ζkj
} so that S(ζkj

)
d→ W and thus (42) holds.

Alternatively one can use Skorohod’s coupling theorem, e.g. [14, Theorem
3.30], that is one can assume that (ii),(iii) and (iv) hold a.s. since one can
couple the vector of( ∑

h(v)≤L

P(ξv > x),
∑

h(v)≤L

E(ξv1[ξv ≤ c]),
∑

h(v)≤L

Var(ξv1[ξv ≤ c])
)
,

with a parallel vector that converges a.s..
Thus, Theorem 1.1 for Xv(T ) follows from (41). Now it follows easily

that the result holds for Xe(T ) too. The only difference is that the root
vertex is ignored so that Λi ∈ Exp( 1

L
) instead of Λi ∈ Exp( 1

L+1
) as for

Xv(T ). However, it follows easily that this minor difference does not affect

the calculations in the proofs. Alternatively we could see T̂ (the rooted for-
est with two tree components) as the tree T with the root vertex deleted.
Then there is a natural 1-1 correspondence between edges of T and vertices
of T̂ and this correspondence also preserves the record (and cutting) opera-

tions. Hence, Xe(T ) = Xv(T̂ ). Thus, the proof of Theorem 1.1 is completed.

Proof of Theorem 2.1. For any x > 0,

P
(
ξv > x

∣∣GL

)
= P

(
e−mλv >

nx

mnv

∣∣GL

)
= P

(
λv <

1

m
ln
mnv

nx

∣∣GL

)
= 1− exp

(
− 1

m
ln+

mnv

nx

)
. (43)

Thus, for every x > 0,

P
(
ξv > x

∣∣GL

)
≤ 1

m
ln+

mnv

nx
≤ 1

m
ln+

m

x
→ 0, (44)

which proves (i).
Now we start by calculating the expected values of

∑
h(v)≤L P

(
ξv > x

∣∣GL

)
,∑

h(v)≤L E
(
ξv1[ξv ≤ c]

∣∣GL

)
and

∑
h(v)≤L Var

(
ξv1[ξv ≤ c]

∣∣GL

)
. For each ver-

tex v, where Ur,v are the uniform random variables defined in Subsection
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1.2.3, let Zk,v :=
∑k

r=1 lnUr,v. Below we skip the vertex index and just
write Zk, since for vertices v on the same level k the Zk,v’s are identically
distributed. We also let Yk := −Zk. Noting that

nv ≤ n

k∏
r=1

Ur,v ≤ nv + k, (45)

motivates the following notation of n̂v := n
∏k

r=1 Ur,v. We note that the σ-
field Gj defined in the beginning of Section 2 equivalently can be defined as
the σ-field generated by {n̂v : h(v) ≤ j}.

Hence, by using (45), for large n

∑
h(v)≤L

P
(
ξv > x

∣∣GL

)
=

L∑
k=0

∑
h(v)=k

1

m
ln+

mnv

nx

(
1 +O

( lnm

m

))

=
L∑

k=1

∑
h(v)=k

1

m
ln+

mn̂v

nx

(
1 +O

( lnm

m

))
+ o(1). (46)

Thus, the expected value of (46) is

(1 + o(1))
L∑

k=1

2kE
1

m
ln+

m
∏k

i=1 Ui

x
+ o(1).

= (1 + o(1))
L∑

k=1

2kE
((lnm− lnx− Yk)

m
I{Yk ≤ lnm− lnx}

)
+ o(1). (47)

Using characteristic functions (or from standard results) it follows that
Yk ∈ Γ(k, 1), whence,

(47) = (1 + o(1))
L∑

k=1

∫ ln m−ln x

0

2k (lnm− lnx− y)

m

e−yyk−1

(k − 1)!
dy + o(1)

= (1 + o(1))

∫ ln m−ln x

0

L∑
k=1

2k (lnm− lnx− y)

m

e−yyk−1

(k − 1)!
dy + o(1) (48)

We use the ratio test on the sum

∞∑
k=L+1

2kyk−1

(k − 1)!
, (49)

and note that if n is large then k > 2 lnm > 2y for all k > L and thus (49)
is O(1).

48



Hence, ∫ ln m−ln x

0

∞∑
k=L+1

2k (lnm− lnx− y)

m

e−yyk−1

(k − 1)!
dy = o(1). (50)

The Taylor expansion of ex gives

(48) =

∫ ln m−ln x

0

2ey(lnm− lnx− y)

m
dy + o(1)

=

∫ ln m−ln x

0

2eln m−ln x−u

m
du+ o(1) =

2

x

∫ ln m−ln x

0

e−udu+ o(1)

=
2

x
+ o(1) = ν(x,∞) + o(1). (51)

Note that ν(x,∞) is continuous and decreasing with ν(x,∞) → 0 as x→∞.
The derivative is

dν(x,∞)

dx
=
−2

x2
.

For (iii) in Theorem 2.1 it is easy to calculate (compare with [11, p.251])
that ∑

h(v)≤L

E
(
ξv1[ξv ≤ c]

∣∣GL

)
=
∑

h(v)≤L

mnv

n
E
(
e−mλv1[e−mλv ≤ nc

mnv

]
∣∣GL

)
=
∑

h(v)≤L

mnv

n(m+ 1)
e−

m+1
m

ln+(mnv
nc

). (52)

By using (45) one gets

(52) =
∑

h(v)≤L

mn̂v

n(m+ 1)
e−

m+1
m

ln+(m cnv
nc

) + o(1). (53)

Thus, the expected value of (52) is

E
∑

h(v)≤L

m
∏k

r=1 Ur,v

m+ 1
e−

m+1
m

ln(
m

Qk
r=1 Ur,v

c
)I{

Qk
r=1 Ur,v≥ln c−ln m} + o(1)

= E
∑

h(v)≤L

m

m+ 1
e−Yke−

m+1
m

(ln m−ln c−Yk)I{Yk≤ln m−ln c} + o(1)

= E
∑

h(v)≤L

m

m+ 1
e−Yke−

m+1
m

(ln m−ln c−Yk)I{Yk ≤ lnm− ln c}

+ E
∑

h(v)≤L

m

m+ 1
e−YkI{Yk > lnm− ln c}+ o(1). (54)
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Yk ∈ Γ(k, 1) implies,

(54) = E1 + E2 + o(1),

where

E1 :=
L∑

k=1

2k

∫ ln m−ln c

0

m

m+ 1
e−ye−

m+1
m

(ln m−ln c−y) e
−yyk−1

(k − 1)!
,

E2 := E
L∑

k=1

2k m

m+ 1

k∏
r=1

Ur,v(1− I{Yk ≤ lnm− ln c}). (55)

We again use the ratio test on the sum in (49) and by a similar argument
that is used to show that (50) gives (51) one gets from the Taylor expansion
of ex,

E1 =

∫ ln m−ln c

0

m

m+ 1

L∑
k=1

2ke−2ye−
m+1

m
(ln m−ln c−y) yk−1

(k − 1)!
dy + o(1)

=

∫ ln m−ln c

0

2m

m+ 1
e−

m+1
m

(ln m−ln c−y)dy + o(1)

=

∣∣∣∣ 2m2

(m+ 1)2
e−

m+1
m

(ln m−ln c−y)

∣∣∣∣ln m−ln c

0

+ o(1) = 2 + o(1) (56)

and

E2 =
m

m+ 1
L−

∫ ln m−ln c

0

m

m+ 1

L∑
k=1

2ke−2y yk−1

(k − 1)!
dy + o(1)

= L−
∣∣∣∣ 2my

m+ 1

∣∣∣∣ln m−ln c

0

+ o(1)

= L− 2 lnm+ 2 ln c+ o(1). (57)

Thus,

(54) = L+2−2 lnm+2 ln c+o(1) = L+2−2 ln lnn−2 ln 2+2 ln c+o(1). (58)

For
∑

h(v)=L
nv

2 ln nv
(since we can ignore those nv <

n
2kL for k large enough)
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we have the expansion∑
h(v)=L

nv

2 lnnv

=
∑

h(v)=L

nv

2 lnn
(

1 +
ln(nv

n
)

ln n

)
=
∑

h(v)=L

nv

2 lnn
−
∑

h(v)=L

nv ln(nv

n
)

2 ln2 n
+ o(

n

ln2 n
)

=
n

2 lnn
−
∑

h(v)=L

nv ln(nv

n
)

2 ln2 n
+ o(

n

ln2 n
). (59)

Using (45) again gives

∑
h(v)=L

nv

2 lnnv

=
n

2 lnn
−
∑

h(v)=L

n̂v ln( cnv

n
)

2 ln2 n
+ o(

n

ln2 n
)

=
n

2 lnn
−
∑

h(v)=L

n
∏L

r=1 Ur,v

∑L
r=1 lnUr,v

2 ln2 n
+ o(

n

ln2 n
). (60)

Taking expectation of (60) we get

n

2 lnn
+

nL

4 ln2 n
+ o(

n

ln2 n
). (61)

For (iv) in Theorem 2.1 by using the calculations in [11, p.251-252] we
get∑

h(v)≤L

Var
(
ξv1[ξv ≤ c]

∣∣GL

)
=
∑

h(v)≤L

m2nv
2

n2
Var

(
e−mλv1[e−mλv ≤ nc

mnv

]
∣∣GL

)
=
∑

h(v)≤L

m2nv
2

2mn2
e−

2m+1
m

ln+(mnv
nc

) + o(1). (62)

Using (45) one obtains,

(62) =
∑

h(v)≤L

m2n̂v
2

2mn2
e−

2m+1
m

ln+(m cnv
nc

) + o(1). (63)

Hence, by using Yk ∈ Γ(k, 1) and taking expectation of (62) one gets

L∑
k=1

2km

2
E

(
k∏

r=1

U2
r,ve

− 2m+1
m

(ln m−ln c−Yk)I{Yk≤ln m−ln c}

)
+ o(1) = V1 + V2 + o(1),

(64)
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where

V1 :=
L∑

k=1

2km

2

∫ ln m−ln c

0

e−2ye−
2m+1

m
(ln m−ln c−y) e

−yyk−1

(k − 1)!
dy,

V2 := E

(
L∑

k=1

2km

2

k∏
r=1

U2
r,v(1− I{Yk ≤ lnm− ln c})

)
. (65)

Again we use the ratio test on the sum in (49) and the Taylor expansion
of ex to get

V1 =

∫ ln m−ln c

0

me−
2m+1

m
(ln m−ln c)e

m+1
m

ydy + o(1) =
m2

m+ 1
e(ln m−ln c) + o(1)

= c+ o(1) (66)

and

V2 =
L∑

k=1

2k−1m

3k
−
∫ ln m−ln c

0

L∑
k=1

e−2y e
−y2k−1myk−1

(k − 1)!
dy + o(1)

= m−
∫ ln m−ln c

0

me−ydy + o(1) = c+ o(1). (67)

We have now proved that the expected values of the left hand sides (ii),
(iii) and (iv) in Theorem 2.1 converge to the right hand sides.

We complete the proof of Theorem 2.1 by showing,

Var
∑

h(v)≤L

P
(
ξv > x

∣∣GL

)
→ 0 for every x > 0, (68)

Var

 ∑
h(v)≤L

E(ξv1[ξv ≤ c] | GL)− 4 ln2 n

n

∑
h(v)=L

nv

2 lnnv

→ 0, (69)

Var
∑

h(v)≤L

Var(ξv1[ξv ≤ c] | GL) → 0. (70)

Then by Chebyshev’s inequality (ii), (iii) and (iv) in Theorem 2.1 follow.
In preparation to show (68), (69) and (70), defining l as l := b100 ln ln lnnc

we note that by using (44) one easily obtains (see [11, equations (19), (21),
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(22)]) ∑
h(v)≤L

P
(
ξv > x

∣∣GL

)
=

∑
l≤h(v)≤L

P
(
ξv > x

∣∣GL

)
+ o(1), (71)

∑
h(v)≤L

E(ξv1[ξv ≤ c] | GL) =
∑

l≤h(v)≤L

E
(
ξv1[ξv ≤ c]

∣∣GL

)
+ o(1), (72)

∑
h(v)≤L

Var
(
ξv1[ξv ≤ c]

∣∣GL

)
=

∑
l≤h(v)≤L

Var
(
ξv1[ξv ≤ c]

∣∣GL

)
+ o(1). (73)

(In fact one can choose a larger value for l in (71), (72) and (73), that is
ρ ln lnn for some constant ρ.)

To show (68), (69) and (70) we use a variance formula that is easy to
establish, see e.g. [9, exercise 10.17-2],

Var(Y ) = E(Var(Y | G )) + Var(E(Y | G )), (74)

where Y is a random variable and G is a sub-σ-field. From the definition of
Gj we get that in particular Gl is the σ-field generated by {n̂v : h(v) ≤ l}.
(All the conditional expected values below are as always defined a.s. but we
do not write it out.)

Consequently,

Var
( ∑

l≤h(v)≤L

P
(
ξv > x

∣∣GL

)∣∣∣Gl

)

= E

Var
( ∑

l≤h(v)≤L

P
(
ξv > x

∣∣GL

)∣∣∣Gl

) (75)

+ Var

E
( ∑

l≤h(v)≤L

P(ξv > x | GL)
∣∣∣Gl

) . (76)

For a given vertex vi ∈ T with h(vi) = l, there are at most 2j−l choices
of v at height j with ancestor vi. From Subsection 1.2.3 and the notations
introduced in the beginning of this proof n̂vi

= n
∏l

r=1 Ur,vi
, n̂v = n

∏j
r=1 Ur,v,

Zl :=
∑l

r=1 lnUr,v, and Yl,vi
:= −

∑l
r=1 lnUr,vi

. For v with h(v) = j, we also

define Yj−l,v := −
∑j

r=l+1 lnUr,v.
Since Yk ∈ Γ(k, 1) (by using (71)) we get by similar calculations as in
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(46)–(51),

E
( ∑

l≤h(v)≤L

P
(
ξv > x

∣∣GL

)∣∣∣Gl

)

= (1 + o(1))
2l∑

i=1

∫ ln m−ln x−Yl,vi

0

L∑
j=l+1

2j−l (lnm− lnx− Yl,vi
− yj−l,v)

m

e−yj−l,vyj−l−1
j−l,v

(j − l − 1)!
dyj−l,v

+ o(1)

=
2l∑

i=1

∫ ln m−ln x−Yl,vi

0

2eyj−l,v(lnm− lnx− Yl,vi
− yj−l,v)

m
dyj−l,v + o(1)

=
2l∑

i=1

∫ ln m−ln x−Yl,vi

0

2eyj−l,v

m
dyj−l,v + o(1) =

2l∑
i=1

l∏
r=1

Ur,vi

2

x
+ o(1) =

2

x
+ o(1).

(77)

Thus,

Var

E
( ∑

l≤h(v)≤L

P
(
ξv > x

∣∣GL

)∣∣∣Gl

)→ 0. (78)

We proceed by analyzing (75) in the variance formula above.

Var
( ∑

l≤h(v)≤L

P
(
ξv > x

∣∣GL

)∣∣∣Gl

)
=

∑
l≤h(v)≤L,
l≤h(w)≤L

Cov
(
P
(
ξv > x

∣∣GL

)
,P
(
ξw > x

∣∣GL

)∣∣∣Gl

)
. (79)

To calculate these conditional covariances we can suppose that the closest
ancestor u for v at h(v) ≤ L and w at h(w) ≤ L is at height h ≥ l since the
other terms are just 0 because of independence.

For h ≥ l we use

Cov
(
P
(
ξv > x

∣∣GL

)
,P
(
ξw > x

∣∣GL

)∣∣∣Gl

)
≤ E

(
P
(
ξv > x

∣∣GL

)
(P
(
ξw > x

∣∣GL

)∣∣∣Gl

)
,

(80)

which implies

E
(
Cov

(
P
(
ξv > x

∣∣GL

)
,P
(
ξw > x

∣∣GL

)∣∣∣Gl

))
≤ E

(
P
(
ξv > x

∣∣GL

)
(P
(
ξw > x

∣∣GL

))
.

(81)
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Denote by (vu, wu) a general pair of vertices with closest ancestor u. Then
by using (81) we get,

(75) ≤
L∑

h=l

∑
u:h(u)=h

∑
(vu,wu)

E
(
P
(
ξvu > x

∣∣GL

)
· (P

(
ξwu > x

∣∣GL

))
. (82)

For the pair vu, wu with h(u) = h we get that if we condition on Gh+1 (the
σ-field generated by {n̂v : h(v) ≤ h+1}) then, E

(
P
(
ξvu > x

∣∣GL

)
| Gh+1

)
and

E
(
P
(
ξwu > x

∣∣GL

)
| Gh+1

)
are independent. Thus,

E
(
P
(
ξvu > x

∣∣GL

)
P
(
ξwu > x

∣∣GL

)∣∣∣Gh+1

)
= E

(
P
(
ξvu > x

∣∣GL

)
| Gh+1

)
· E
(
P
(
ξwu > x

∣∣GL

)∣∣∣Gh+1

)
. (83)

Denote by v, w : v ∧ w = u that the vertices v, w have closest ancestor
u. Using (43) and (44), by similar calculations as in (47) for v, w and u
with h(v) = j, h(w) = k and h(u) = h respectively (where u is the closest
ancestor vertex to v and w) we get

L∑
h=l

∑
u:h(u)=h

∑
v,w∈Tu:v∧w=u

E
(
P
(
ξv > x

∣∣GL

)
· (P

(
ξw > x

∣∣GL

)∣∣∣Gh+1

)
(84)

=
L∑

h=l

∑
u:h(u)=h

∑
h≤j≤L,
h≤k≤L

∑
v,w∈Tu:v∧w=u;
h(v)=j,h(w)=k

E
(
P
(
ξv > x

∣∣GL

)
(P
(
ξw > x

∣∣GL

)∣∣∣Gh+1

)

≤
L∑

h=l

∑
u:h(u)=h

∑
h≤j≤L,
h≤k≤L

∑
v,w∈Tu:v∧w=u;
h(v)=j,h(w)=k

E
( 1

m
ln+

(m∏j
r=1 Ur,v

x

) 1

m
ln+

(m∏k
r=1 Ur,w

x

)∣∣∣Gh+1

)
≤

L∑
h=l

∑
u:h(u)=h

L∑
j=h

∑
v∈Tu:
h(v)=j

E
( 1

m
ln+

m
∏j

r=1 Ur,v

x

∣∣∣Gh+1

)

·
L∑

h=l

∑
u:h(u)=h

L∑
k=h

∑
w∈Tu:
h(w)=k

E
( 1

m
ln+

m
∏k

r=1 Ur,w

x

∣∣∣Gh+1

)
. (85)

Note that the expected value of (84) is (82).
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From the notations in Subsection 1.2.3 we get for a triple (v, w, u) with
h(v) = j, h(w) = k, h(u) = h that

n̂v = n

j∏
r=1

Ur,v = n

h∏
r=1

Ur,uÛu

j∏
r=h+2

Ur,v,

n̂w = n

k∏
r=1

Ur,w = n

h∏
r=1

Ur,u(1− Ûu)
k∏

r=h+2

Ur,w,

where Ûu is either Uu or 1−Uu depending on if v is to the right or left of w.
For given h(u) = h ≥ l, h(v) = j and h(w) = k there are at most 2h choices of
u and then at most 2j−h choices of v and 2k−h choices of w. (We can assume
that j > h+ 1 and k > h+ 1, since it is easy to see that the other terms are
few and the sum of them is small.) Using the notations in Subsection 1.2.3,
we define for a vertex u with h(u) = h (the closest ancestor vertex of a pair

(v, w)) Yh+1,u := −
∑h

r=1 lnUr,u− ln Ûu, Ŷh+1,u := −
∑h

r=1 lnUr,u− ln (1− Ûu)

and for the vertex v with h(v) = j we let Yj−h−1,v := −
∑j

r=h+2 lnUr,v (and
use the corresponding notation for w with h(w) = k). (For simplicity we skip
the vertex index in the calculations below except for the vertices vi at height
l.)

Thus, by similar calculations as in (48) and (51),

(84) =
1

m2
O

(
L∑

h=l

∑
h(u)=h

( L∑
j=h+2

∫ ln m−ln x−Yh+1

0(
2j−h−1(lnm− lnx− Yh+1 − yj−h−1)

e−yj−h−1yj−h−2
j−h−1

(j − h− 2)!

)
dyj−h−1

)
·

( L∑
k=h+2

∫ ln m−ln x−bYh+1

0

2k−h−1(lnm− lnx− Ŷh+1 − yk−h−1)
e−yk−h−1yk−h−2

k−h−1

(k − h− 2)!
dyk−h−1

))

= O

(
L∑

h=l

∑
h(u)=h

1

m2

(∫ ln m−ln x−Yh

0

eydy
)2
)

= O

(
L∑

h=l

∑
h(u)=h

1

x2

h∏
j=1

U2
j

)
. (86)

The expected value of (86) is

O(
L∑

h=l

2h

3h

1

x2
) = o(1), (87)
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and thus (82)=o(1).
This implies by using that (75) ≤ (82)

E

Var
( ∑

l≤h(v)≤L

P
(
ξv > x

∣∣GL

)∣∣∣Gl

)→ 0, (88)

which shows (68).
We show that (69) is true by similar calculations as for (68). First, as

before let vi with h(vi) = l be a given vertex so that there are at most 2j−l

choices of v at height j with ancestor vi. Recall the notations introduced
to prove (78). The notations above also give Zj,v = Zl,vi

+ Zj−l,v where
Zl,vi

:= −Yl,vi
and Zj−l,v := −Yj−l,v.

Using (72) by similar calculations as in (77) (glancing at the calculations
in (52), (54) and (55)) we obtain

E

 ∑
l≤h(v)≤L

E
(
ξv1[ξv ≤ c]

∣∣GL

)∣∣∣Gl


= E

( ∑
l≤h(v)≤L

m

m+ 1
e−Yl,vi

−Yj−l,ve−
m+1

m
(ln m−ln c−Yl,vi

−Yj−l,v)

I{Yl,vi
+ Yj−l,v ≤ lnm− ln c}

∣∣∣Gl

)
+ E

 ∑
l≤h(v)≤L

m

m+ 1
e−Yl,vi

−Yj−l,vI{Yl,vi
+ Yj−l,v > lnm− ln c}

∣∣∣Gl

+ o(1)

= F1 + F2 + o(1), (89)

where

F1 :=
2l∑

i=1

L∑
j=l+1

2j−l
(∫ ln m−ln c−Yl,vi

0

m

m+ 1
e−Yl,vi

−yj−l,v

· e−
m+1

m
(ln m−ln c−Yl,vi

−yj−l,v)
e−yj−l,vyj−l−1

j−l,v

(j − l − 1)!
dyj−l,v

)
(90)

and

F2 :=
2l∑

i=1

E

(
L∑

j=l+1

2j−l m

m+ 1

l∏
r=1

Ur,vi

j∏
r=l+1

Ur,v(1− I{Yl,vi
+ Yj−l,v ≤ lnm− ln c})

∣∣∣Gl

)
.

(91)
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Now using similar calculations as in (56) we obtain

F1 =
2l∑

i=1

∫ ln m−ln c−Yl,vi

0

( m

m+ 1

L∑
j=l+1

2j−le−Yl,vi
−2yj−l,v

· e−
m+1

m
(ln m−ln c−Yl,vi

−yj−l,v)
yj−l−1

j−l,v

(j − l − 1)!

)
dyj−l,v

=
2l∑

i=1

∫ ln m−ln c−Yl,vi

0

e−Yl,vi
2m

m+ 1
e−

m+1
m

(ln m−ln c−Yl,vi
−yj−l,v)dyj−l,v + o(1)

=
2l∑

i=1

2
l∏

r=1

Ur,vi
+ o(1) = 2 + o(1). (92)

By using similar calculations as in (55) and (57) we obtain

F2 =
2l∑

i=1

( l∏
r=1

Ur,vi
(L− l)−

∫ ln m−ln c−Yl,vi

0

( m

m+ 1

L∑
j=l+1

2j−l

· e−Yl,vi
−2yj−l,v

yj−l−1
j−l,v

(j − l − 1)!

)
dyj−l,v

)
+ o(1)

=
2l∑

i=1

l∏
r=1

Ur,vi

(
(L− l)−

∣∣∣∣2myj−l,v

m+ 1

∣∣∣∣ln m−ln c−Yl,vi

0

)
+ o(1)

=
2l∑

i=1

l∏
r=1

Ur,vi

(
L− l − 2 lnm+ 2 ln c− 2

l∑
r=1

lnUr,vi

)
+ o(1)

= L− l − 2 lnm+ 2 ln c−
2l∑

i=1

2
l∏

r=1

Ur,vi

l∑
r=1

lnUr,vi
+ o(1). (93)

Thus,

E
( ∑

l≤h(v)≤L

E
(
ξv1[ξv ≤ c]

∣∣GL

)∣∣∣Gl

)

= 2 + L− l − 2 lnm+ 2 ln c−
2l∑

i=1

2
l∏

r=1

Ur,vi

l∑
r=1

lnUr,vi
+ o(1). (94)

We now use the expansion of
∑

h(v)=L
nv

2 ln nv
in (59) and (60) keeping the

notations used in earlier calculations. Let vi be a vertex at height l and let
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v now be a vertex at the fixed level L. Thus, using (45)

E
( ∑

h(v)=L

nv

2 lnnv

∣∣∣Gl

)
= E

( ∑
h(v)=L

n̂v

2 ln n̂v

∣∣∣Gl

)
+ o(

n

ln2 n
)

= E

(
n

2 lnn
−

2l∑
i=1

l∏
r=1

Ur,vi

(
2L−l(

n
∏L

r=l+1 Ur,v

∑L
r=l+1 lnUr,v

2 ln2 n

+
n
∏L

r=l+1 Ur,v

∑l
r=1 lnUr,vi

2 ln2 n
)
)∣∣∣Gl

)
+ o(

n

ln2 n
). (95)

Thus, the conditional expected value in (95) given Gl is (similar to (61))

E
( ∑

h(v)=L

nv

2 lnnv

∣∣∣Gl

)
=

n

2 lnn
+

2l∑
i=1

l∏
r=1

Ur,vi

n(L− l)

4 ln2 n
−

2l∑
i=1

n
∏l

r=1 Ur,vi

∑l
r=1 lnUr,vi

2 ln2 n
+ o(

n

ln2 n
)

=
n

2 lnn
+
n(L− l)

4 ln2 n
−

2l∑
i=1

n
∏l

r=1 Ur,vi

∑l
r=1 lnUr,vi

2 ln2 n
+ o(

n

ln2 n
). (96)

From (94) and (96) we obtain

Var

(
E
( ∑

l≤h(v)≤L

E
(
ξv1[ξv ≤ c]

∣∣GL

)
− 4 ln2 n

n

∑
h(v)=L

nv

2 lnnv

∣∣∣Gl

))
→ 0. (97)

We proceed with the first term on the right hand side of the variance
formula in (74). First we consider

Var
( ∑

l≤h(v)≤L

E
(
ξv1[ξv ≤ c]

∣∣GL

)∣∣∣Gl

)
=

∑
l≤h(v)≤L,
l≤h(w)≤L

Cov
(
E
(
ξv1[ξv ≤ c]

∣∣GL

)
,E
(
ξw1[ξw ≤ c]

∣∣GL

)∣∣∣Gl

)
. (98)

As in (68) we can suppose that the closest ancestor u for v and w is at
height h ≥ l.

Similar to 80,

Cov
(
E
(
ξv1[ξv ≤ c]

∣∣GL

)
,E
(
ξw1[ξw ≤ c]

∣∣GL

)∣∣∣Gl

)
≤

E
(
E
(
ξv1[ξv ≤ c]

∣∣GL

)
E
(
ξw1[ξw ≤ c]

∣∣GL

)∣∣∣Gl

)
. (99)
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Thus,

E
(
Cov

(
E
(
ξv1[ξv ≤ c]

∣∣GL

)
,E
(
ξw1[ξw ≤ c]

∣∣GL

)∣∣∣Gl

))
≤

E
(
E
(
ξv1[ξv ≤ c]

∣∣GL

)
E
(
ξw1[ξw ≤ c]

∣∣GL

))
. (100)

We use calculations as in (52) to get for a vertex v with h(v) = j,

E
(
ξv1[ξv ≤ c]

∣∣GL

)
=

mnv

n(m+ 1)
e−

m+1
m

ln+(mnv
nc

) ≤ nv

n
≤

j∏
r=1

Ur,v. (101)

Denote by (vu, wu) a pair of vertices with closest ancestor u as in (82).
Consider one such pair (vu, wu) and let h = h(u), j = h(v) and k = h(w).

Since E(Ur,v) = 1
2

and E(Uh,u(1− Uh,u) = 1
6
< 1

4
, where u with h(u) = h

is the closest ancestor of v and w, it follows that

E
(
E
(
ξvu1[ξvu ≤ c]

∣∣GL

)
E
(
ξwu1[ξwu ≤ c]

∣∣GL

))
≤ E

h∏
r=1

U2
r,u2−(j−h)−(k−h)

=
(1

3

)h

2−(j−h)−(k−h). (102)

Thus, by using (98)–(102) and letting v, w : v ∧ w = u denote that the
vertices v, w have closest ancestor u as in (84) and (85) we get

E

(
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( ∑
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E
(
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∣∣GL
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=
L∑
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∑
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E
(
E
(
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∣∣GL

)
E
(
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∣∣GL

))

=
L∑

h=l

∑
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∑
h≤j≤L,
h≤k≤L

∑
v,w∈Tu:v∧w=u
:h(v)=j,h(w)=k

E
(
E
(
ξv1[ξv ≤ c]

∣∣GL

)
E
(
ξw1[ξw ≤ c]

∣∣GL

))

≤
L∑

h=l

(1

3

)h

2h

L∑
j=h

2j−h−(j−h)

L∑
k=h

2k−h−(k−h) ≤ 3L2
(2

3

)l

→ 0. (103)

We now show that

E

(
Var

(4 ln2 n

n

∑
h(v)=L

nv

2 lnnv

∣∣∣Gl

))
→ 0. (104)
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Using the expansion of
∑

h(v)=L
nv

2 ln nv
in (59) and (60) we only need to

show,

E

(
Var

( ∑
v:h(v)=L

L∏
r=1

Ur,v

L∑
r=1

lnUr,v

∣∣∣Gl

))
→ 0. (105)

Using (103) we obtain for each s ≤ L,

E

(
Var

( ∑
v:h(v)=L

L∏
r=1

Ur,v lnUs,v

∣∣∣Gl

))
= O

(
L2(

2

3
)l
)
. (106)

Thus, applying the conditional Hölder inequality, see e.g. [9, p. 476], we
get

E

(
Var

( ∑
v:h(v)=L

L∏
r=1

Ur,v

L∑
r=1

lnUr,v

∣∣∣Gl

))
= O

(
L4(

2

3
)l
)
.

Hence,

E

Var
(4 ln2 n

n

∑
h(v)=L

nv

2 lnnv

∣∣∣Gl

)→ 0.

Using the conditional Hölder inequality again gives

Cov

 ∑
l≤h(v)≤L

E(ξv1[ξv ≤ c]
∣∣GL),

∑
h(v)=L

nv

2 lnnv

∣∣∣∣Gl


≤ max

(
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( ∑
l≤h(v)≤L

E
(
ξv1[ξv ≤ c] | GL

)∣∣∣Gl

)
,
4 ln2 n

n
Var

( ∑
h(v)=L

nv

2 lnnv

∣∣∣Gl

))
.

(107)

Thus, (103) and (104) imply

E

(
Var

( ∑
l≤h(v)≤L

E
(
ξv1[ξv ≤ c]

∣∣GL

)
− 4 ln2 n

n

∑
h(v)=L

nv

2 lnnv

∣∣∣Gl

))
→ 0,

(108)

which together with (97) proves (69).
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For (70) we proceed with the same method as for showing (68) and (69).
Using (73) one gets (by similar calculations as in (64) and (65)),

E
( ∑

l≤h(v)≤L

Var
(
ξv1[ξv ≤ c]

∣∣GL

)∣∣∣Gl

)

=
2l∑

i=1

L∑
j=l+1

2j−lm

2
E
( l∏

r=1

U2
r,vi

j∏
r=l+1

U2
r,v
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−Yj−l,v)I{Yl,vi
+Yj−l,v≤ln m−ln c}

∣∣∣Gl

)
+ o(1)

= I1 + I2 + o(1), (109)

where

I1 :=
2l∑

i=1

L∑
j=l+1

2j−lm

2

∫ ln m−ln c−Yl,vi

0

(
e−2(Yl,vi
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and
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j∏
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∣∣∣Gl

)
.

(111)

We calculate (similarly as in (66) and (67)),

I1 =
2l∑
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m+ 1
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2l∑
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Ur,vi

m2c

m(m+ 1)
+ o(1)

=
2l∑

i=1

l∏
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Ur,vi
c+ o(1) = c+ o(1) (112)
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and

I2 =
2l∑

i=1

l∏
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U2
r,vi

L∑
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2j−lm

2 · 3j−l

−
2l∑

i=1

∫ ln m−ln c−Yl,vi

0

L∑
j=l+1
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=
2l∑

i=1
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U2
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∫ ln m−ln c−Yl,vi

0

e−Yl,vime−Yl,vi
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=
2l∑
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Ur,vi
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Thus,

Var

(
E
( ∑

l≤h(v)≤L

Var
(
ξv1[ξv ≤ c]

∣∣GL

)∣∣∣Gl

))
→ 0. (114)

It remains to show that

E

(
Var

( ∑
l≤h(v)≤L

Var
(
ξv1[ξv ≤ c]

∣∣GL

)∣∣∣Gl

))
→ 0. (115)

To show this we observe that

Var
(
ξv1[ξv ≤ c]

∣∣GL

)
≤ E

(
ξ2
v1[ξv ≤ c]

∣∣GL

)
≤ cE

(
ξv1[ξv ≤ c]

∣∣GL

)
, (116)

and thus (115) follows from (102) by similar calculations as in (103). Hence,
(115) together with (114) show (70).

We have proved Theorem 2.1.
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