




























































































5. Summary of papers

In this chapter I summarize the papers in this thesis. Most of the theoretical
background has been given in previous chapters and will not be repeated here.
Each summary is introduced with a statement of my contribution and the mo-
tivation of the work. This is followed by the methodology, main results and
conclusions.

The papers presented here all have originated in one way or the other from
my main supervisor Bjorn Lund. Most of the GIA models used have evolved
from models initially set up by Bjorn Lund.

5.1 Implementation of the glacial rebound pre-stress
advection correction in general-purpose finite
element analysis software: Springs versus
foundations

In this paper I have developed the suggested implementation, set up, run, and
post-processed all models. I have written all the code, including the mesher
and scripts for a quick generation of models and postprocessing of data. It
should, however, be recognized that the code snippet included in the paper
has been significantly cleaned up by Bjorn Lund, who also wrote most of the
first version of the manuscript while I corrected and added material during
the review process. With the exception of Figure 1 and 2 I have prepared the
figures and tables in the paper.

The FE-implementation of the GIA model, used in all papers in this thesis,
follows Wu (2004) who suggested that the pre-stress advection term should
be implemented using Winkler foundations. However, as Winkler foundations
always act perpendicular to an element face, the pre-stress advection term will
not be properly represented by Winkler foundations at interfaces that are not
perpendicular to the direction of the gravitational acceleration. The objective
of this paper is to quantify the errors arising from the use of Winkler founda-
tions at inclined material boundaries and to extend the methodology described
by Wu (2004) to allow for a proper implementation of the pre-stress advection
term under these conditions.

In the paper we suggest the usage of linear 1-node springs instead, acting
in the direction of the gravitational acceleration. These should be attached to
all nodes of the boundaries over which the the density changes. For this we
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need to compute the spring constant, k, of each spring and we show that this
is given by

k= Augw(pr— pu) (5.1)

where A, is the area perpendicular to the gravitational acceleration supported
by each node. A, is evaluated for each node by integrating the nodal shape
functions over the surface of the boundary. A python script for the compu-
tation of A, over a quadrilateral element as well as an algorithm for the im-
plementation over an element layer is included. We verify the computation of
A, by a simple 1-element model, and quantify the difference between the use
of Winkler foundations and springs on an inclined density contrast with 2D
models.

The 2D model consists of an upper elastic layer and a lower viscoelastic
layer of higher density. The thickness of the elastic layer increases over the
central 400 km of the model. The mean thickness of the elastic layer is 90
km and the thickening over the central part is quantified by the angle from the
horizon, a, of the inclined section of boundary between the layers. The model
is loaded by a 200 km wide central load, which grows from zero thickness to
2.5 km in 10,000 yrs, rests for 40,000 yrs, vanishes over 4,000 after which the
simulation continues for 10,000 years.

Horizontal difference Vertical difference
[km] [km]
2000 2350 2700 3050 2000 2350 2700 3050 3400

0= 50,000~ ‘ =50.000 °
N . ¢

T
0O 2 4 6 8 10 12 14 16 18 20 -08-04 00 04 08 12 16 20 24 28 32

Figure 5.1. Difference in predicted horizontal (left panels) and vertical (right panels)
displacements between models with foundations or springs for « in the range 0-20°.
Differences are shown just prior to the removal of the load after 50,000 model years
(upper panels) and at the end of the simulation (lower panels), 10,000 year after the
load has been removed. Differences are computed as foundation models minus spring
models, only the central 1400 km of the surface displacements are displayed. The
black bar on top and below the figures indicate the location and extent of the load and
the dashed lines indicate the width and location of the inclined part of the material
boundary. The upper layer is thinner to the left in the panels.
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Figure 5.1 displays the difference as a function of o between models using
foundations and models using springs as suggested here. We find that the
use of Winkler foundations on an inclined density contrast induce significant
errors in the horizontal displacements. In large regions, the difference in the
internal deformations are of comparable magnitude as the absolute horizontal
displacements. The difference is on the other hand found to be small in the
vertical component as expected from theory.

We conclude that pre-stress advection will be properly represented by Win-
kler foundations only if the element surface it is applied to is perpendicular
to the direction of the gravitational acceleration. We also confirm this with
our models. If inclined material boundaries are meshed with a stair case mesh
where all elements have faces perpendicular to the gravitational acceleration,
the use of Winkler foundations will be correct. However, if stresses are to be
extracted from the model close to the boundary, such a mesh is not recom-
mended as it will give rise to large stress concentrations at the corners of the
stair mesh.

5.2 Glacial isostatic adjustment constrains dehydration
stiffening beneath Iceland

In this paper I have done all the modeling and postprocessing of model data.
For this I have develop a FE mesher as well as a model of the present day
deglaciation of Iceland (Section 3.2 and Appendix C). Interpretation of the
model results has been done together with Bjorn Lund. I have written the
initial draft of the manuscript and prepared all the figures. The present version
has evolved through an iterative process between me and Bjorn Lund, aided
by comments from the other co-authors.

Laboratory experiments show that water in olivine will significantly reduce
the viscosity of the mantle. Upon melting, water will preferentially partition
into the melt, effectively dehydrating the solid residual above the dry solidus.
This will increase the viscosity of the mantle (Karato, 1986). Extrapolation of
laboratory results indicates that melting of a mantle, with typical Mid ocean
ridge basalt (MORB) water contents (125+75 ppm), will produce a sharp
5004300 viscosity contrast at the dry solidus (Hirth and Kohlstedt, 1996). In
Iceland, melting of the mantle occurs beneath the spreading ridge and in the
mantle plume. As geochemical studies have found that the Icelandic mantle
source is wet (Jamtveit et al., 2001; Nichols et al., 2002), dehydration stiffen-
ing is likely to occur beneath Iceland (Ito et al., 1999; Ito, 2001). The objective
of this paper is to investigate if the present day GIA process in Iceland as mea-
sured by GPS is sensitive to the suggested viscosity contrast, and if so try to
constrain the 3D viscosity structure in the Icelandic mantle.

The sensitivity of the observational data set to the suggested viscosity con-
trast is tested by a perturbation modeling approach. We find that a viscosity
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contrast of a factor 3 can be detected down to about 200 km depth, while a
viscosity contrast of a factor 10 can be detected down to a depth of about 360
km. We run a series of conceptual models of the 3D viscosity structure below
Iceland in the presence of a mantle plume. These consist of an elastic layer
on top of a high viscosity layer (HVL) representing the dehydrated region.
Beneath the HVL is a cylindrical low viscosity plume conduit, embedded in
the background mantle. The model initially have 6 free parameters but after
locating an optimal model through a grid-search of the parameter space, we
fix the three least sensitive parameters to their optimal values and focus on the
viscosity of the HVL, the background mantle and the depth to the base of the
HVL.

Figure 5.2 displays the y? fit of the conceptual models to the observational
data and outlines the VR = 90% region, and the viscosity structure in two of
the conceptual models can be seen in Figure 5.3a-b. The best fit models all
have a viscosity contrast between the HVL and the mantle in the range 0.5-3.
For a viscosity contrast larger than 10 the viscosity of the mantle has to be
lower than 4-8 x 10'8 Pa s, whereas a viscosity contrast of the order of 100
demands a mantle viscosity of less than 10'® Pa s, for a variance reduction
better than 90%.
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Figure 5.2. Data fit of conceptual plume models as a function of the viscosity of the
background mantle and the viscosity of the high viscous layer, HVL. The depth to
the base of the HVL is: a) 100 km b) 150 km. All models have an elastic thickness
of 30 km and a plume conduit radius of 100 km. The viscosity of the plume conduit
is 3 x 10'® Pa s except for models with mantle viscosity lower than this, which have
identical conduit and mantle viscosities. The white contour outlines a variance reduc-
tion of 90%. Black dashed lines display the viscosity contrast between the HVL and
the background mantle.

As our conceptual models might be too simplistic to accommodate a large
viscosity contrast, we implement a self consistent effective viscosity field from
a dynamical model of plume-ridge interaction (see Figure 5.3c-d). The dy-
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namic plume models use a non-linear rheology, but in our GIA model we
assume a linear rheology based on the arguments in Section 2.5. We test the
viscosity field from three dynamic models: a dry mantle, an initially wet model
switching to a dry rheology upon dehydration, and an initially wet model
switching to a less wet rheology upon dehydration.
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Figure 5.3. 3D viscosity structure and residual vertical velocities for a) well fitting
conceptual plume model, b) conceptual plume model with viscosity contrast 100, c)
dry dynamic plume model with viscosity down-scaled by a factor 10, d) wet to less
wet dynamic plume model .

Of the models with a viscosity extracted from the dynamical plume-ridge
models, only the viscosity field from the wet-to-less-wet model can fit the
observed velocities with a VR better than 90%. These dynamic plume mod-
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els were designed to study mantle melting and crustal accretion. All three
dynamic models used here therefore predict crustal thicknesses of good agree-
ment with observational data thereof.

The previously suggested factor of a 5004300 increase in viscosity (Hirth
and Kohlstedt, 1996) is based on a linear extrapolation of laboratory results.
This implies either a linear rheology in the uppermost mantle or that the stress
remains unaffected by the dehydration process. If instead the laboratory re-
sults are extrapolated assuming a non-linear rheology and constant viscous
dissipation rate to constant strain rate (see Section 2.4) the estimated magni-
tude of the viscosity contrast reduces to a factor of 3—12'. If also account-
ing for a possibly 7 times higher initial water content of the Icelandic mantle
(Jamtveit et al., 2001; Nichols et al., 2002), the magnitude of the expected
viscosity contrast will be of the order of 6-28, compatible with our results.

If the Icelandic mantle is wet and the effect of water in olivine rheology
can be directly extrapolated to mantle conditions, our results indicate that the
rheology of the uppermost mantle below Iceland is most likely non-linear.

5.3 Effects of present day deglaciation on melt
production rates beneath Iceland

In this study I have done all the modeling and postprocessing of model data.
For this I have developed all the numerical code used. I have also performed
the analysis of the model result, advised by Bjorn Lund. Finally I have pre-
pared all the figures and written the first draft of the manuscript, which sub-
sequently has been refined iteratively by Bjorn Lund and me with comments
from the other co-authors.

Previous studies have demonstrated that decompression in the Icelandic
mantle due to deglaciation will increase the melt production rate in the man-
tle (Jull and M¢Kenzie, 1996; Pagli and Sigmundsson, 2008). However, the
only study to date of the impact of present day deglaciation in Iceland only
considered melting beneath Vatnajokull (Pagli and Sigmundsson, 2008). Fur-
thermore, the authors adopted a rather simplistic melt parametrization in their
calculations. The objective of this paper is therefore to revisit the present day
melt productions rates beneath the entire rift zone across Iceland, using a more
realistic GIA model and the most recent melt parametrization.

I'A stress exponent of 3.5 has been assumed here. In addition, the laboratory results have been
reduced by a factor 3 due to a known problem with the method that was used to measure the
water content of the samples (Bell et al., 2003). This calibration also reduces the estimate by
Hirth and Kohlstedt (1996) to about 170+100.
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Figure 5.4. Models with laterally varying elastic thickness of the lithosphere. a) Depth
to 1200°C isotherm by Kaban et al. (2002) (KM). b) Depth to MOHO by Allen et al.
(2002b) (AM). ¢) %vz fit to GPS data for models using either KM (red solid line) or
AM (blue solid line), scaled to mean values in the range 20-50 km, as proxies of
elastic thickness variations. Blue dashed line is adjusted to mean value inside the
region outlined by a white line in a) and b) for the models using KM as a proxy.
d) Difference in predicted deformation rates between KM35 and AM25. All models
assume a mantle viscosity of 10!° Pa s. Location of the major Icelandic glaciers are
indicated by regions with white filling. In d, a positive difference indicates higher
velocities in KM35. The yellow stars in a and b mark the assumed center of the

plume.

The decompression rate in the mantle due to the present day deglaciation
in Iceland is extracted from a GIA model. For a natural termination at shal-
low depth we use the depth to the 1200°C isotherm (Kaban et al., 2002, Fig-
ure 5.4a) as a proxy of the elastic thickness variation over Iceland. Melting
is assumed to terminate at the base of the elastic layer. As the effect of lat-
eral variations in the elastic thickness on the Icelandic GIA process has not
been studied before, we also test a model where the Moho map by Allen
et al. (2002b, Figure 5.4b) has been used as a proxy for the elastic thickness.
We conclude that both models can fit the observed uplift rates equally well if
scaled such that the mean thickness beneath the glaciers in the ice model is the
same for both models. We note however, that differences of up to I mm/yr in
the horizontal displacement rates and 2 mm/yr in the vertical component exist
close the edge of Vatnajokull. Hence, with high quality measurements close
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to the glacier it might be feasible to investigate local variations in the elastic
thickness.

Assuming adiabatic decompression melting, we compute the GIA induced
melt rate in the mantle using the melt parametrization by Katz et al. (2003).
We find that the present day deglaciation in Iceland will increase the melt pro-
duction rate by 0.210-0.234 km?>/yr, of which about 0.045 km?/yr is generated
directly beneath Vatnajokull. Compared to the melt production rates needed
to reproduce the crustal thickness of Iceland (about 0.170-0.210 km?>/yr) this
is an increase of 100—138 %. Our estimated melt production rate below Vat-
najokull is significantly larger than the previous estimate (0.014 km?/yr) by
Pagli and Sigmundsson (2008). However, due to differences in the solidus
depth and width of the melting region at shallow depths, the volume consid-
ered here is about 140% larger than in Pagli and Sigmundsson (2008). Further
we are using a more recent melt parametrization in this study.
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Figure 5.5. Melt supply rate (MSR) at the base of the elastic lithosphere assuming a
potential temperature of 1500°C, a bulk water content of 125 ppm and ascent veloc-
ities of 50 m/yr (black), 100 m/yr (blue), 200 m/yr (red), SO0 m/yr (green) and 1000
m/yr (dark green). For the percentage of steady state melt production rate, Oy = 0.21
km?/yr has been assumed. Dashed lines display estimated MSR of melts produced be-
tween 1890-2010, dashed-dotted lines display MSR of melts produced up until 2110
assuming constant melting rates 2010-2110, solid lines display MSR assuming melt-
ing continues at present day rates until all Icelandic glaciers are gone.

Although the present day melt rate in the mantle might be significantly in-
creased this need not necessary mean that the melt supply rate at the base of the
lithosphere is increased by an equal magnitude. The reason being that present
day retreat of the Icelandic glaciers started around 1890, and melts from the
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deepest parts of the melting column might not have reached the surface yet.
Assuming a constant ascent velocity throughout the melting column we esti-
mate the melt supply rate (MSR) at the base of the lithosphere. Current MSR
ranges from ~ 0-0.2 km?/yr for ascent velocities in the range 50-1000 m/yr
(see Figure 5.5). For the increase in MSR to eventually reach a magnitude
equal to the estimated GIA induced melt production rate, the ascent velocity
has to be greater than 100 mm/yr, and deglaciation at the surface must con-
tinue. But, even for an ascent velocity as high as 1000 mm/yr, it will take
an additional 110 years of continued deglaciation until MSR matches the esti-
mated increase in the present day melt production rate.

5.4 Glacial isostatic adjustment in Fennoscandia, a
comparative study of three regional ice sheet
reconstructions

In this study I have done all the modeling and postprocessing of model data. 1
have also performed the analysis of the model result, advised by Bjorn Lund.
I have prepared all the figures and written the manuscript, aided by comments
from the other co-authors.

Today, several reconstructions of the Weichselian ice sheet are available
to the GIA community. Although similar in some aspects, significant differ-
ences exist between different ice sheet reconstructions (ISR). In this paper
we compare a recently developed thermo-mechanical ice sheet reconstruction,
UMISM (Nislund, 2010) and two ISRs constructed on the basis of rsl curves,
ANU (Lambeck et al., 2010) and ICE-5G (Peltier, 2004). We compare the ice
sheets directly as well as in terms of predicted present day uplift rates when
implemented in a GIA model.

Figure 5.6 displays a comparison of ice volumes, extent, mean and maxi-
mum thickness. We see that of the three ISRs, ICE-5G is the largest, while
UMISM has the smallest extent. The volumetric LGM occurs at 21,000 BP in
ANU and 26,000 BP in ICE-5G, although the deglaciation phase in ICE-5G is
relatively slow up until 21,000 BP. In UMISM, LGM occurs at 18,200 BP and
the following deglaciation phase is interrupted by two periods of of constant
volume, one about 1,500 years after LGM and the second during Younger
Dryas. A decreased deglaciation is also seen in ANU during Younger Dryas
while ICE-5G melts more or less at constant rate after 21,000 BP. Prior to
LGM both UMISM and ANU display a period of growth while ICE-5G dis-
plays an extensive ice sheet at all earlier times in Figure 5.6. End of glaciation
(EOG) occurs approximately at 10,100 BP in UMISM, 9,650 BP in ANU,
and 8,000 BP in ICE-5G. A notable difference between the models is seen in
the development of the mean thickness of the ice sheets during deglaciation.
Whereas UMISM increases during the first half, ANU and ICE-5G contin-
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uously decrease. This is due to UMISM melting preferentially from the ice
edges, whereas ICE-5G and ANU melt more or less uniformly over the entire
ice sheet.
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Figure 5.6. a) Ice volume, b) areal extent, ¢) mean thickness and d) maximum thick-

ness of the UMISM (red), ICE-5G (blue) and ANU (black) ice sheet reconstructions

(isr). The termination of each curve in time represents the snapshot closest in time to

68,000 BP of the individual ISRs.

We run two basic types of Earth models, one with a uniform viscosity man-
tle, U-models, and one with different viscosity in the upper and lower mantle,
L-models (boundary at 670 km depth). For the U-models we vary the thickness
of the elastic lithosphere and the viscosity of the mantle, and for the L-model
we vary the viscosity of the upper and lower mantle at fixed elastic thicknesses
of 120, 140, and 160 km. All models and parameter combinations tested are
run with all three ISRs.

Figure 5.7 summarizes the fit of the models to the present day uplift rate,
Vobs» as observed by GPS. We find that the misfit plots of ANU display a sim-
ply connected subregion of well fitted parameter combinations, whereas the
misfit plots of the L-model loaded by UMISM or ICE-5G have a donut shaped
subregion of well fitted models. The misfit plots of the U-models with ICE-
5G and UMISM show curved contours of equally fit parameter combinations.
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This is due to the bifurcation in the viscosity discussed in Section 3.5, arising
since there is an optimal viscosity, 1,,, for which the models predict the high-
est present day uplift rate, v,,, while the predicted velocity for both lower and
greater viscosities will be lower. If then the ISR is such that v,, > v, there
will be two viscosities that can fit the observations. In a single layer model
this gives rise to the curved contours seen for UMISM and ICE-5G if also the
velocity depends on the lithospheric thickness, whereas in a 2-layer model we
get the donut shaped region seen in Figure 5.7. As the ANU model in general
predicts slower present day uplift rates the bifurcation does not occur in this
model.
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Figure 5.7. x22 fit to the vertical displacement rates of the BIFROST data for GIA
models using ANU (upper row), ICE-5G (middle row) or UMISM (lower row) ice
sheet reconstructions. The left column displays model fit for a uniform viscosity man-
tle as a function of elastic thickness of the lithosphere and mantle viscosity, right block
shows model fit as a function of upper mantle lower mantle viscosity, for models with
elastic thickness of the lithosphere of 120 km (left column of block), 140 km (middle
column of block) and 160 km (right column). The crosses mark the locations of the
tested parameter combinations.

Comparing the residual velocities of the well fitted models we note that
ICE-5G consistently overpredicts the velocities over Finland whereas ANU
underpredicts the velocity in this region. All three models overpredict the
velocity in southern Norway, Denmark and southwestern Sweden. A notable
difference in the residual trend is seen between ANU and the other models
at the two stations along the southwestern coast of Norway. Whereas ANU
has a larger residual at Trondheim than at Stavanger in the south, UMISM
and ICE-5G display larger residuals at Stavanger. This is probably due the
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presence of an ice bridge from southern Norway to the British isles, present
in both UMISM and ICE-5G during LGM and the following deglaciation, but
absent in ANU. More stations along the southwestern Norwegian coast could
possibly help discriminate between the existence or not of such a feature.

We compare the relative displacement curves from 10,000 BP to present of
well fitted models along the Angerman river. For reference we display rsl data
along with model data. Although we do not properly solve the SLE and hence
the fit to the rsl data can not be trusted, we find that for all ISRs, it is possible
to fit the GPS and rsl data simultaneously. We can therefore not say that one
reconstruction is better than the other in capturing the Fennoscandian GIA
process. But, we note that of the three ISRs only the UMISM has a physically
self consistent ice and is not a priori tuned to fit the GIA observables.

We finally note that the ANU model predicts the thinnest lithosphere (< 100
km) and ICE-5G the thickest (160 — 280 km). The best fit L-model loaded by
ANU predicts an upper mantle viscosity of 5 x 10%° Pa s and a lower mantle
viscosity of 10%? Pa s, in reasonable agreement with the viscosity estimate
derived upon the inversion of the model. For UMISM and ICE-5G the donut
shaped well fitted region and an undersampling of the parameter space makes a
determination of the Earth structure somewhat speculative. However, we note
that the models that simultaneously display a good fit to the rsl and GPS data
have upper mantle viscosities of about 10?! Pa s and lower mantle viscosities
of about 2-3 x 10%! Pas.
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6. Discussion and conclusions

GIA modeling is a powerful tool for gaining insight into the properties of
the Earth’s interior, as well as for understanding the waxing and waining of
glaciers at its surface. In this thesis I have extended a previously suggested
modeling approach to properly handle 3D density variations in the Earth. We
have shown that an improper implementation of the pre-stress advection term
over inclined material boundaries will yield significant errors in the predicted
horizontal displacements. The new implementation is used to investigate the
effect of lateral variations in elastic thickness of the lithosphere on the current
GIA process in Iceland. We conclude that it might be possible to infer local
variations in the elastic thickness close to the ice edge if high precision data
becomes available. As the accuracy of measurements of the GIA process im-
proves, the precision of the numerical models used to infer Earth parameters
should improve accordingly. We are today at the point where data uncertain-
ties are becoming small enough for us to constrain 3D variations in the upper
mantle and lithosphere, for which traditional methods of solving the GIA prob-
lem, e.g. spectral and normal mode approaches, are no longer appropriate due
to the underlying 1D assumption of these methods. The finite element method
used here do not suffer from these drawbacks.

The GIA process in Iceland is also used to study the magnitude of dehy-
dration stiffening in the uppermost mantle beneath Iceland. In order to best
explain the observed uplift rates, the viscosity increase across the dry solidus
should be less than a factor 3. Larger viscosity contrasts would demand an in-
creasing contribution to the observed vertical velocities in Iceland from other
processes than GIA, as well as lower viscosities in the mantle beneath the dry
solidus. If one excepts a variance reduction as low as 90% between our model
results and the observational data, the viscosity contrast can be of the order of
a factor 100, but the mantle viscosity below the dry solidus need to be as low
as 10'8 Pa s down to a depth of at least 250 km. A viscosity contrast as low
as a factor 3-28 is, however, compatible with laboratory experiments for the
inferred water contents in the Icelandic mantle source, given that the mantle is
non-linear and in a state of constant strain rate to constant viscous dissipation.
This is considered to be a more likely scenario.

I'have here studied the effects of dehydration stiffening in a plume-ridge set-
ting. It would be of interest to compare the results derived here to other similar
regions. Although the combination of relatively large ice caps, a mantle plume
and a spreading ridge can not be directly matched elsewhere, appropriate can-
didates would be southeast Alaska (Larsen et al., 2005) and southernmost

54



South America (Ivins and James, 2004). In both these regions glacier retreat
causes ongoing GIA and whereas southernmost South America is underlain
by a subducting slab, southeast Alaska is close to a subduction zone (Aleutian
megathrust). Upon subduction, large amounts of water is transported by the
subducting plate. At increasing pressure and temperature much of this wa-
ter will be released and hydrate the overriding lithosphere and mantle wedge
(Peacock, 1993). In addition, an extensive magma generation will occur. It has
been suggested that the source of water in these settings will be great enough
for the solid residue upon melting to remain wet (Mei and Kohlstedt, 2000b).
In either case, high precision GIA studies in these regions offers a great op-
portunity to gain additional insights into the the structure and processes in the
uppermost mantle in these regions.

After having studied the effects of the mantle and lithospheric structure on
the GIA process in Iceland, I look in the opposite direction and study the ef-
fects of current Icelandic GIA on the mantle, and in particular on magma gen-
eration in the mantle. We find that the melt production rate beneath Iceland
has increased by 100-140% since the onset of deglaciation around 1890, out
of which approximately 20% is generated below Vatnajokull, the largest of the
Icelandic glaciers. This estimate is about three times as high as previous esti-
mates. There will however be a delay between the increase in melt production
rate in the mantle and melt supply rate (MSR) at the base of the lithosphere.
An simple analysis of when the melts will reach the base of the lithosphere
shows that the increase in MSR at present day ranges up to 120% for ascent
velocities in the range 50-1000 m/yr.

New constraints on the rheology, viscosity structure and present day melt
production rates in the uppermost Icelandic mantle have been gained in these
studies, as well as indications that local variations in the elastic thickness of
the lithosphere can become accessible close to the glaciers in the future. An
appropriate follow up on the mantle melting study would be to study the im-
pact of current GIA induced melting on the trace element geochemistry of
the generated magmas. This has previously been done for the magmas gen-
erated during the end of the late Pleistocene deglaciation in Iceland (Slater
et al., 1998), for which a notable decrease in REE concentrations have been
observed for magmas diluted by GIA induced melting. If similar signatures
can be expected due to the current increase in melt production rates this could
potentially be used to constrain melt ascent velocities. It would further be of
interest to study local variations of the MSR and GIA perturbed geochemistry
along the rift.

In the last study in this thesis, GIA models of the last glacial cycle in
Fennoscandia indicates that there exists a relatively large degree of freedom in
the reconstruction of the Weichselian ice sheet, if based solely on the criteria
that it should be able to fit present day uplift rates. However, the preferred
Earth models of different ice sheet reconstructions (ISR) differ, which is sat-
isfactory. Regions where the different reconstructions consistently seem to
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under- or overpredict the present day uplift rates are identified, these might
aid in improving future reconstructions. For the two ISRs that predict the
fastest present day uplift rates a bifurcation exist in the optimal viscosity, as
constrained by a fit of the model predictions to observational data. This can,
however, probably be removed if the model predictions are simultaneously
fitted to more than GPS data, e.g. gravity and rsl data. In addition, the inclu-
sion of the horizontal velocity component is expected to reduce the ambiguity
further.
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Sammanfattning pa svenska

Vid de hoga tryck och temperaturer som rader i jordens mantel kan defek-
ter och orenheter i det fasta materialets kristallstruktur mobiliseras da ma-
terialet utsétts for skjuvspianningar. Som en foljd av detta sker 6ver geolo-
giska tidsrymder en nettotransport av material fran omraden med hoga tryck
mot regioner med ldgre tryck, ett flode uppstar. Da glacidrer och inlandsisar
vixer till 6kar trycket i manteln nedanfor, vilket gor att mantelmaterialet ror
sig bort fran omradet. Den istickta markytan sjunker ner tills en tryckbalans
uppstar, en sa kallad isostatisk jamvikt. Nar klimatet blir varmare igen min-
skar isarnas storlek vilket tryckavlastar manteln, materialet flodar tillbaka och
markytan hojer sig igen. Jordens respons till fluktuerande isstorlekar dr vad
vi kallar glacio-isostatisk kompensation, eller kort och gott GIA fran engel-
skans glacial isostatic adjustment. Pa grund av den stora trogheten i manteln
fortskrider GIA-processen langt efter att isarna har forsvunnit.

Observationer av GIA-processen erbjuder ett fonster till Jordens inre. Kom-
binerat med dynamisk modellering av GIA-processen kan vi erhélla informa-
tion om litosfdrens elastiska struktur, mantelns reologi samt de spdnnings-
forhallanden som rader under och efter en glaciation. Denna information
kan sedan anvindas for att forsta var planets langsiktiga utveckling, sasom
mantelkonvektion och plattektonik, men kunskap kan dven erhallas om mer
kortlivade fenomen som t.ex. magmaproduktion och transport, jordbdavningar
och strandlinjeforskjutningen. Med det senaste seklets okande temperaturer
minskar ater Jordens istdcken, detta mojliggor detaljerade studier av lokala
forhallanden i jordens inre.

I dagens ldge, med en stidndigt vixande mingd precisionsmitningar av GIA-
processen, star vi infor mojligheten att kunna studera tre-dimensionella vari-
ationer i jordens inre. For detta krivs dock numeriska modeller som pa ett
korrekt sitt aterspeglar jorden i 3D.

I denna avhandling utvecklar jag en implementering av termen for advek-
tion av initialspdnningen i den linjdriserade elastiska rorelsemédngdsmoment-
ekvationen for GIA-processen. I den foreslagna implementationen aterges
kraftbalansen 6ver icke-horisontella densitetskontraster pa ett korrekt sitt, vil-
ket medger modellering av horisontella variationer i jordstrukturen, som t.ex.
griansen mellan jordskorpan och manteln. Vi anvinder implementeringen for
att studera hur dagens GIA-process pa Island paverkas av variationer i den
elastiska litosfarstjockleken. Vara resultat visar att lokala variationer i litos-
faren bor kunna detekteras i niromradet av Islands storsta glacidr Vatnajokull.
Den pagéaende isavsmiltningen pa Island anvinds dven for att undersoka grad-
en av dehydreringsforstyvning in den dversta manteln under Island. Vi finner
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att GIA-observationerna endast ger utrymme for en mindre forstyvning. Denna
slutsats dr forenlig med den uppskattade vattenhalten i den islindska manteln
samt om experimentella resultat for den 6versta manteln under Island tolkas i
enlighet med icke-linjar reologi.

Isavsmiltningen pa Island paverkar d&ven uppsméltningen av manteln genom
dekompressionssmaltning. Vi finner att den genomsnittliga 6kningen av mag-
maproduktion i den isldndska manteln, sedan isavsmaéltningen startade runt
ar 1890, dr mellan 100-140%, motsvarande 1.2—-1.3 ganger den uppskattade
volymen utslungad magma under den islindska vulkanen Eyjafjallajokulls hu-
vudutbrott 2010. Dock sker den GIA inducerade dkningen av mantelupp-
smiltningen genom hela sméltregionens djup under det islindska riftsystemet.
Okningen av magmatransporten till basen av litosfiren sker dirfér med en
viss fordrojning, vilket primért beror pa hastigheten med vilken smiltan trans-
porteras upp fran djupet. For transporthastigheter mellan 50-1000 m/ar upp-
skattar vi att volymsdkningen av magma som anlédnder till litosfirens bas idag
spinner frin forsumbara volymer upp till 0.2 km?/4r, eller motsvarande ca 1
Eyjafjallajokullutbrott per ar.

I det sista arbetet i denna avhandling fokuserar jag pa betydelsen av hur
isen representeras i GIA-modelleringen. Genom att jimfora tre rekonstruk-
tioner av istdcket 6ver Fennoskandien under den senaste istiden med obser-
vationer av dagens landhojning finner vi att det existerar en relativt stor fri-
hetsgrad i rekonstruktionen av forna inlandsisar. Vi konstaterar vidare att en
unik jordmodell utifran en basta anpassning till observationerna inte alltid kan
bestimmas. I de fall de modellerade vertikala hastigheterna kan overstiga de
observerade hastigheterna finner vi att en familj av olikartade jordmodeller
uppvisar en lika bra anpassning till dagens landh6jning. T dessa fall maste
dven en anpassningen till de horisontella deformationshastigheterna goras. Att
inkludera andra observabler, sdsom strandlinjeforskjutningar eller métningar
av tyngdkraftfiltet, kan bidra till att en och endast en jordmodell uppvisar den
bista anpassningen till méitdatat.
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Appendix A.
Derivation of the melt productivity equation

Here I derive the melt productivity equation as outlined in M“Kenzie (1984).
The reason for doing so is to verify the form we use here which is not included
in the original work.

Before we start we investigate the relation between the mean density, p, the
melt fraction by volume, ¢, and the melt fraction by weight, F, as this will be
used in the derivation to follow. The mean density, p, of a solid—liquid mixture
can be expressed as

P =90pm+(1—0)ps (6.1)
where p,, and p; are the densities of the melt and solid respectively. We can
then express the melt fraction by weight as

OPm O Pm

= ﬁ B ¢Pm+(]_¢)l)s

(6.2)

with the inverse given by
Fpg
¢ p—
P+ F(Ps — Pm)

Combining Equations 6.2 and 6.3 we can express the mean density in terms of
F as

(6.3)

D= ¢ Pm _ PmPs (6.4)

F pmtF(ps—Pm)
To derive the melt productivity equation we first assume the entropy of the
system to be a function of melt fraction by weight, temperature, and pressure,
S =S(F,T,P). Assuming isentropic melting we can then write the differential

of S as
as as as
ds = <_9F>p.,rdF+ <8_T>F7pdT+ <ﬁ>F,TdP: 0 (6.5)

Using standard thermodynamic relations, the partial derivatives on the right
hand side can be rewritten as

<§> dF = ASdF = MAsdF (6.6)
IF ) pr
c |~ F)cS, + Fem
<§) dT:<&) ar = L5 P MaT (6.7)
AT ) 1. T ), T
<§> dP = (—aV) dP——[ﬁer(a—m—“—S) F} MdP  (6.8)
P )y F Ps \Pm P '
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where AS and As are the change in entropy and specific entropy respectively,
M is the mass, fp and c,, are the mean heat capacity and mean specific heat ca-
pacity respectively, ¢}, and ¢} are the specific heat capacity of the solid and the
melt respectively', and V and @ are the volume and the mean thermal expan-
sion coefficient. In the last equality of Equation 6.8 I have used Equations 6.3
and 6.4,V =M/p,and @ = ¢pa" + (1 —¢)a’.

Summing up Equations 6.6—6.8 and using dS = Mds we get

1 —F)cS 4+ Fc™ s "o
Ps Pm Ps

which is equivalent to Equation D3 of MKenzie (1984). Now assume that
the temperature is a function of the melt fraction by weight and the pressure,
T =T(F,P) then dT can be written as

aT aT
dT = <ﬁ>PdF+ <ﬁ>FdP (6.10)

insertion of Equation 6.10 into 6.9 yields (after some algebraic manipulations)

(lfF)CS +Fc" oT o o™ oS
i TE() 15 (g g)r

arP (I=F)eytFey (o7
T ),

ds = AsdF +

6.11)

This is the form used in paper III. Now, assuming ¢}; = ¢}, = ¢,,, Equation 6.11

contracts to
¢p (IT ot o o
dP o (9T :
as+ ¢ (5),

which is equivalent to Equation D7 of M“Kenzie (1984).

Note that the mean specific heat is expressed in terms of the weight fraction as the specific heat
capacity is measured per mass unit.
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Appendix B.
Melt parametrizations

Here I present the melt parametrizations compared in paper III by numerical
integration of Equation 2.20. For the integration we need to know the rela-
tion between the temperature, pressure and melt fraction by weight, T (F,P),
the pressure derivative of T at constant melt fraction, (dT /dP), and the melt
fraction derivative of 7 at constant pressure, (d7/dF)p. As this is not ex-
plicitly given in the original papers of the melt parametrizations I present the
relations and derivatives here, in the cases where analytical solutions can be
derived. In the cases where no analytical solution exists I discuss how proper
estimates can be accessed.

Note that all melt parametrizations have been rescaled to SI-units (pressure
in Pa and temperature in K), hence constants will differ from those found in
the original papers, where pressures and temperatures are given in GPa and
°C.

M¢Kenzie 1984

M¢Kenzie (1984) suggests three different melt parametrizations. Of these, the
first (Equation D8) has been used the previous study of GIA induced decom-
pression melting by Pagli and Sigmundsson (2008). The relation used is

T=1373+(1.0x 107)P+ (6.0 x 107 )F (6.13)

from where it follows that

<d—T> —6.0x107" (6.14)
dF ) »
ar =1.0x107" (6.15)
dP ) .
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M¢Kenzie and Bickle 1988

M¢Kenzie and Bickle (1988) suggested a melt parametrization on the form
F =0.5—-0.25ap+ (1 —0.25a;) T’ + agT"* + a, T" (6.16)
where the homologous temperature 7’ is given by

T—(Ti+1y)/2

T = 6.17
T T, (6.17)
the liquidus temperature, 7, is given by
P
T) =2009.2 + (4.343 x 10°)P 4+ 180tan ™ | ——— 1
7 =2009.2 4 (4.343 x 1077)P + 180tan (2.2169><109> (6.18)

the solidus temperature, 75, can be found from
T, —1373
1.36x 1077

The parameters ag and a; were found from a fit to available experimental data
to be

+(4.968 x 10°)exp (1.2 x 107%(T; — 1373))  (6.19)

ag = 0.4256; a; = 2.988

This melt parametrization was used in the study of GIA induced decompres-
sion melting by Jull and M“Kenzie (1996)

As no analytical expression of 7y(P) can be derived from Equation 6.19,
the solidus temperature has to be found using a numerical method, e.g. a root
finder. The homologous temperature can be found as the real-valued root”
to Equation 6.16, and the liquidus temperature from Equation 6.18. Once
T', Ty, and T; have been found, the temperature can be computed by inverting
Equation 6.17 to yield

I+ T

T(F.P) =T (T, T)+ = (6.20)
from which the derivatives are found to be given by
dT T-T,
— | = 6.21
<dF>P 14+2a,T"+a; (3T"? —0.25) ©:21)
dT 3.9904 x 10"
— ) =(05+7")(4.3430x10°°
<dP>F 05+ )< 8 +4.9146><1018+P2>
05_T (6.22)
+ 107
T3¢ +5961.6exp (T, —1373)

ZVarious methods for finding the roots of a third order polynomial can be found in standard
mathematical literature and is therefore not included here.
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Katz et al. 2003

The melt parametrization given by Katz et al. (2003) is the one used for the
main work in paper III. The melting law applies to both dry and wet melting of
a depleted peridotite and takes into consideration the exhaustion of clinopy-
roxene, cpx, from the solid residual. Parameter values are evaluated from
laboratory results and summarized in Table 6.1.

Melting is divided into two regions separated by the exhaustion of cpx,
Fpx—our» defined by

Mcpx
Fcpx—out - chx(P)

where M., is the weight fraction of cpx in the solid peridotite being isobari-
cally melted and R, is the reaction coefficient for cpx in the melting reaction,
defined by

(6.23)

chx(P) =r +nP (6.24)

For F' < F¢px—ou» the melting law is parametrized as

Bi

T —T (P
F(T) - lherz SOl( ) (6.25)
Tliq (P) - Tsol(P)
where

Tyol(P) = Ay +A2P + A3P? (6.26)
T,"*(P) = B\ + B,P + B3P’ (6.27)

For F > F_ ¢ ous the melting style changes to consume mostly orthoyroxene
and the melting law becomes

T— Tcprout ﬁz
F(T) - FL‘px—out —+ (1 - Fcpx—out) - (628)
Tliq - Tcprout
where
1
Tcprout = (TIiZerz - Tsol.) Fc[)/xlglout + Tsor. (629)
Tiig. = C1 + CoP+ C5P? (6.30)

For hydrous melting, the melting law is modified in the region F < F.py o
to yield
Bi
T — (Tyo.(P) — AT (Xp,0))

= [ T7(P) — Ty (P)

(6.31)

3Note that in Equation 7 of Katz et al. (2003) the indices on the constants r; and r; are shifted
by -1 (i.e. rg and ry). This probably is a typo as Table 2 of Katz et al. (2003) lists parameter
values of r| and r, and not of rg.
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where

AT (Xu,0) = KX}, o

where the water content in the melt is given by

bulk
XH,0

Xm0 =

DH20 + (1 — DHZO)F

The effect of water on the solidus is further constrained by

AT (Xm0 > Xifp) = AT (

10)

where the saturation concentration of the melt is given by

Xy = x1P* + xoP

(6.32)

(6.33)

(6.34)

(6.35)

For hydrous melting and ' > F¢.,x . , Equation 6.28 remains unchanged, but

Equation 6.29 is modified to*

1
Tcprout = (Tlherz - Tsol.) F, /P + Tsol. - AT(XHz())

lig. cpx—out

Inversion of Equations 6.25, 6.28, and 6.31 then yields

FYB (T Ty ) + T,

bulk Y
-K _ Kmo
DH20+(] —DH20)F

T={ FVP(Tiher 1 )+ T,
—K (21 P* +XzP)y

F*Fcpx—out I/Bz
1-F cpx—out

+T. px—out

(Tliq. - Tcpx—out)

F SFcprout

sat
Xt,0=Xj0

F SFcprout

sat
XH20>XH20

[F>Fepx—out

(6.36)

(6.37)

where the expression for T¢.,, ., is given by Equation 6.29 for dry melting,

and Equation 6.36 for wet melting.

4 Actually this is not explicitly pointed out in Katz et al. (2003), but for consistency with Equa-

tion 6.31 this follows.
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From Equation 6.37 we then find

dT
dF

P

T
dP

F

where

aTcpx—out o

JdP

,

\

s

F P1 lherz

5 <Tliq. Ts;l) F<Fepx—out
() (1-Pro) [0 <Xifo

+vYK 7

(Dryo+(1-Dryo)F)

y (6.38)

EP(qplherz _ s aa
1-B

{M}#

I*Fcpx—out

ﬁ2 ( 1 _Fcprout

( lherz
F 1/B1 ( aTliq.

) (Tliq. - Tcprout) [F>Fcpx—0ut]

aTsol. aTsol.
P~ " oP )+ P

Tl herz

FSF‘C[J)C*OMI‘
XHzO SX;[ZIO

aT}!
1 lig. aTmL aTmL
F /Bl < 3}1’ T T OP )+ JP FSFcprout
XH20>X,§;12ZO

— k(1P +P) (PP )

-5
i| By ( rchpx(l—F)
(rl +"2P)2(1*Fcpx—0ut)2
aTcprout

1 F _Fcprout
B2

)

1 *Fcpx—(mt

X (Tliq - Tcpx—out) + [F>F”px_"”t]

[F—Fcprom} 1/B> (

1 *Fcpx—(mt

aP
aTliq. aTcp)cfout

oP 0P

(6.39)

1/B
Fcp/x—lout +
1-B

By

cpx—out

aTsol.
JP

Ih
T ory
JP JP

XH ngmt :|
(nol_Tl-herz)rZMcpx [ 2 Hp0

lig
Bi(ri+r,P)*
lherz
aTliq.er
JdP
<Tml 77"/1_/;67'2) "2Mcpx
Bi(r +72P)2y_1
—yK (P +P)" (A PP 4 )

ot (6.40)

1/B
ek ) Fope

cpx—out +
1-B;
B

cpx—out

J Tyo1.
apP

|:XH20 >X;_102t0:|

and the pressure derivatives of Ty, Tj;, and Tlliherz follow easily from Equa-
tions 6.26, 6.27 and 6.30. Equations 6.38 and 6.%9 for F' < Fpx—ous are equiv-
alent to Equations 21 and 22 of Katz et al. (2003)°.

5Note that there is a typo in Equation 22 of Katz et al. (2003) where the term F 3 should be F B>

instead.
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Parameter  Value Unit

A 1358.7 °K
A 132.9 x 1079 °K Pa~!
Az 5.1 x 10718 oK pa—2
B; 1748.0 °K
B, 80.0 x 1079 °K Pa~!
Bs 32 x 10718 oK pa—2
Ci 2050.0 9K
G 45.0 x 1079 °K Pa~!
C; 2.0 x 10718 oK pa—2
r 0.50 cpx/melt
r 0.08  x 1072 cpx/melt Pa~!
Bi 1.50
B 1.50
K 43 K wt% Y
y 0.75

D0 0.01
10 1200 x 1079 wt% Pa—*
2 1.00 x 1072 wt% Pa~!
A 0.60

Table 6.1. Parameter values given in Table 2 of Katz et al. (2003). Note that the
values have been rescaled to SI units by applying a shift of -273 for temperature and
1072 for pressure.
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Appendix C.
FE mesh generation

In the FE method the system of equations are solved on a mesh consisting
of elements, which in turn are built up by nodes. In setting up a FE model,
the mesh is generated and material properties are assigned to the elements
of the mesh. A wide range of element types exist, appropriate for different
types of problems. The Earth models of all the GIA models in the papers
presented in this thesis are meshed using linear 8-node block elements with
reduced integration®. For the construction of the meshes I have developed a
series of meshers from scratch. As this has taken an extensive amount of my
PhD time into account, I want to include a brief description of these meshers
in my thesis.

Base mesher (GridV7.py)

In order to set up the base mesh, I have developed a mesher that sets up a
central, rectangular box, embedded in element layers that gradually expands
into half-spherical layers (see Figure 6.1). Optionally an outer layer of 8-node
infinite elements’ can be added. This will act as an outer boundary condition.
It is also possible to only generate the mesh of the inner box. The load from
the ice model is applied at the surface of the central box, and in general the
radius of the outermost element layer is at least ten times the dimension of the
central box.

To generate a mesh, the user needs to supply the dimensions of the inner
box in terms of length and number of elements in each direction. In addition
the number of element layers to embed the box in should be specified, as well
as the number of elements to reach a half-sphere. The growth rate of the radius
of the outer layers can either be specified individually or as a constant ratio of
consecutive layers. Finally a maximum aspect ratio® of the generated elements
should be specified by the user. The mesher then attempts to generate a mesh
with elements of lower aspect ratio by varying the azimuthal width of elements
outside the central box.

5C3D8R elements in Abaqus (2007)

7CIN3DS in Abaqus (2007)

8The maximum aspect ratio is here defined by the ratio between the longest and shortest side of
an element
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A varying thickness of element layers can be achieved by supplying the
mesher with a depth file, specifying the depth to a specific element layer at
various horizontal coordinates inside the central box (see Figure 6.1, left). If
the specified coordinates do not coincide with the horizontal position of the
nodes, the depth at a specific node will be interpolated automatically. Several
depth files can be supplied, but must apply to different element layers, and
currently the uppermost and lowermost surface of the box has to be planar.
Variations in depth are compensated by a laterally varying distance between
nodes in the mesh, occurring over a user defined number of elements above
and below the element layer for which a depth file has been supplied.

Given densities, the mesher will further set up 1-node springs appropriate
for the GIA implementation used herein. In the generated mesh the nodes
and elements of the central box will be continuously numbered from 1, with
numbers increasing fastest in the x-direction and slowest in the z-direction
(assumed depth direction). Thus, the specific location of a particular node
or element in the central box is easily accessed. In addition to the mesh, a
readme file will be written fully specifying the generated mesh, as well as
several node and element sets, assembled into separate files for easy material
parameter assignment. All mesh and set files are written in ASCII on a format
that can be directly accessed by Abaqus (2007).

Figure 6.1. Examples of meshes set up by the base mesher. Left figures, outer bound-
ary of solid elements at different angles. Right figure, vertical cut through mesh with
infinite elements at outer boundary, blow up of central box with laterally varying thick-
ness of element layers. Note that the meshes shown here have been prepared for dis-
play purposes, rather than for use in a specific FE model.
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Sub-mesher (SubGrid.py)

In addition to the main mesher, I have developed a sub-mesher that allows a
splitting of the elements in a specified region into 3 x 3 x 3 = 27 equal sized
smaller elements (Figure 6.2a). To avoid hanging nodes the submeshed region
is embedded in a single element layer rim, in which the original elements are
split into 5 (along corners, Figure 6.2a) or 13 (at sides, Figure 6.2b) 8-node
elements transferring the finer interior mesh on the inside to the coarser mesh
on the outside. Currently, submeshing can only be done inside the central box
of the coarse mesh, starting from the uppermost element layer, and only within
uniform thickness element layers. A laterally varying thickness of element
layers therefore has to be fully compensated below the base of the submeshed
region.

Several submeshes can be defined in the same mesh. But, two submeshes
cannot overlap unless one is fully confined inside the other, in which case the
second will submesh the first submesh. This way the submeshing of an orig-
inal mesh is not restricted to a refinement of a factor of 3 in element size,
but instead to a factor of 3%, k being the number of nested submeshes. If
1-node springs have been defined for the mesh being submeshed, the sub-
mesher will replace the original spring elements with the appropriate ones in
the submeshed region. The submesher will update the readme file set up by
the mesher described above, with information about the final mesh, as well
as affected node and element set files. In addition a files with information on
renumbered nodes as well as splitting of elements will be output.

The submesher has been used to locally refine the Earth models used in
paper II and III, to allow for a higher resolution of the ice history model (see
Section 3.2.

o 1B
J ‘.’A‘.!.'Q -

(b) (©

Figure 6.2. Splitting scheme for submeshing. a) Splitting of a larger element into
5 smaller along corners of the rim, b) Splitting of a larger element into 13 smaller
elements at sides of submeshed region, c) splitting of a larger elements into 27 smaller
elements. Red nodes indicate original nodes of the larger element, blue nodes show
nodes added in the splitting scheme. Thick gray lines show original edges of larger
element, black lines display edges of generated smaller elements.
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Axi-symmetric mesher and tools for 3D variation of
material parameters

Finally I have developed an axi-symmetric mesher. This uses the 3D mesher
to set up a base mesh, after which the base mesh is split into an axi-symmetric
mesh, and the appropriate 1-node spring elements are set up where density
contrasts exist. The mesher can further set up simple ice histories, either as a
top hat load, an elliptical load with constant radius or an elliptical load with
evolving radius. The axi-symmetric mesher has been used in papers II and 1V,
to quickly access generic properties of the GIA process.

The use of infinite elements as outer boundary conditions has been com-
pared to the use of fixed nodes at the outermost rim. As long as the final
radius is at least ten times the dimensions of the inner box virtually no differ-
ence exists in the displacements or stresses. This is well in agreement with
the findings of Lund (2005). The submesh has been tested by comparison
with models where the resolution of the entire central box is equal to that of a
submesh embedded in a coarser mesh. Again the displacements and stresses
compare well, although caution should be taken not to place load on the rim
elements of the submesh, in which case, unphysical stresses can arise in the
uppermost loaded rim elements.

In addition to the meshers I have written a few stand-alone tools for im-
plementing 3D variations in pre-existing meshes/models, as used in paper II.
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