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1. Introduction

1.1 Categorical Data

Social scientists often deal with categorical data. Categorical variables can

have two types of scales, nominal and ordinal. Nominal variables have cate-

gories that can not be naturally ordered. Examples for nominal variables are

gender (female, male), hair color (brown, blonde, red, brunette, etc.), favorite

subject in school (math, English, science, history, etc.), or occupation. No

intrinsic ordering of the categories can be made. The order of the categories

can be changed without any loss of information. When there is a natural order

of the categories, a variable is called ordinal. Examples for ordinal variables

are educational experience (elementary school graduate, high school graduate,

college graduate, university graduate), liking of a product (dislike very much,

dislike moderately, dislike slightly, neither like nor dislike, like slightly, like

moderately, like very much), or agreement to a statement (disagree strongly,

disagree, agree, agree strongly). The categories of an ordinal variable can be

ordered but, as for nominal variables, numerical values can not be assigned to

the categories because there is no meaningful interpretation of these values.

The spacing between the categories of an ordinal variable might not be equal

for the levels of the variable. The difference between ’neither like nor dislike’

and ’like slightly’ may not be the same as the difference between ’like mod-

erately’ and ’like very much’. Categorical variables have in common that the

number of categories is limited. A researcher investigating categorical data has

to base her analysis on the observed frequencies of the categories. Statistical

inference based on categorical data requires furthermore some assumptions on

the data generating process, as the distribution of the investigated variables.

One of the most important distributions in the context of categorical vari-

ables is the multinomial distribution. Consider the following situation: In each

of a series of n identical and independent trials, exactly one of C mutually inde-

pendent outcomes is observed. C denotes the fixed finite number of categories

for variable Y . Let πc = P(Yic = 1) be the probability of outcome in category c
for each trial. The vector π = (π1,π2, . . . ,πC) summarizes these probabilities.

One multinomial trial can be expressed as yi = (yi1,yi2, . . . ,yiC) with yic = 1

if category c is the outcome for trial i and yic = 0 otherwise. The observed

frequency for category c is denoted as nc with nc = ∑i yic being the number of

trials that result in an outcome in category c. The vector (n1,n2, . . . ,nC) is said

to follow a multinomial distribution with parameters n and π . For a multino-

mial distributed variable it applies that the expected number of times category
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Table 1.1. A 2×3 contingency table. (Imaginary data.)

Y
j = 1 j = 2 j = 3 total

X i = 1 10 12 8 30

i = 2 6 12 14 32

total 16 24 22

c is observed is E(nc) = nπc with var(nc) = ncπc(1−πc). The binomial dis-

tribution is a special case of the multinomial distribution when the considered

variable has only two categories, that is, the variable is dichotomous.

The relationship between two categorical variables can be illustrated by

means of a two-dimensional contingency table. Let X be a variable with I cat-

egories and let Y be a variable with with J categories. Let the I rows of a table

represent the I categories of variable X and the J columns of the table repre-

sent the J categories of variable Y . Let further the cells of the table present the

IJ outcomes of the joint distribution of X and Y . When the table contains the

frequencies of the cells, the table is called a contingency table. The totals for

the rows and columns represent the marginal distributions of X and Y . Table

1.1 shows a 2×3 contingency table for two variables X and Y with I = 2 cate-

gories for variable X and J = 3 categories for variable Y . Variable X could for

example be a treatment variable where the two categories are ’treatment’ and

’no treatment’. Variable Y could be a result variable with categories ’improve-

ment’, ’no change’, and ’deterioration’. The table shows imaginary data for

62 participants. It can be seen that ten participants of the study got treatment

and an improvement was observed. For eight participants, deterioration was

observed despite getting the treatment.

In practise, often more than two categorical variables are considered at the

same time. For example in surveys, respondents are asked several questions

on some concepts as their mood status, their liking of a new product or polit-

ical attitudes. An example questionnaire on mood status may consist of three

items or statements: ’I feel happy today’, ’Today is a good day’, and ’I feel

excited’. Response alternatives could then be given as ’disagree strongly’,

’disagree’, ’agree’ and ’agree strongly’. The respondent is asked to choose a

response alternative for each question. In the considered situation, the respon-

dent can choose from four response alternatives for each of the three questions.

In total, the respondent has 4×4×4 = 64 possibilities to respond to the state-

ments. It can also be said that there are 64 response patterns in the present

situation. Usually, a survey consists of many more than three questions. The

number of possible response patterns increases substantially when the number

of questions or response alternatives increases. Consider z observed variables

Xi, i = 1, . . . ,z, that allow for ci = 1, . . . ,Ci response alternatives. The total
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number of response patterns is then

R =
z

∏
i=1

Ci.

When ten variables are considered with four response alternatives each, the

number of response patterns increases to 1,048,576. All inference in the con-

text of categorical data is based on the frequencies of the response pattern. On

one hand, frequencies for the response patterns are observed in the sample.

The probabilities of the response pattern can, on the other hand, for example

in the context of factor analysis, be modelled. Model implied probabilities of

the response patterns can then be expressed as functions of the parameters of

the model. It is easy to understand that the computational burden for maximum

likelihood increases with the number of response patterns for full information

estimation methods (e.g., Jöreskog & Moustaki, 2001). Note, however, the

conceptional similarities between the situations of one, two, or more categori-

cal variables. The R response patterns in a situation with z categorical variables

can be seen as the cells of a z-dimensional contingency table. The response

patterns, or the cells of a contingency table can also be regarded as categories

of a multinomial variable.

1.2 Pearson’s Goodness-of-Fit Statistic

Inference based on categorical data is done in two steps. First, parameter val-

ues are estimated according to a prespecified structural model, for example,

a factor model or a latent class model. Then, the goodness of the model fit

has to be evaluated to see how well the model with the estimated parameter

values fits the data. A test for the goodness of a model fit is conducted to

compare the model implied frequencies of the response patterns with the cor-

responding observed frequencies in the sample. The null hypothesis is that

the observed frequencies equal the model implied frequencies of the response

patterns. When the null hypothesis is true, the expected values of the observed

frequencies nr, r = 1, . . . ,R, called expected frequencies, are E(nr) = Nπ̂r.

The most widely used statistic for the measurement of fit for categorical data

is Pearson’s goodness-of-fit statistic. It is defined as:

GF =
R

∑
r=1

(nr −Nπ̂r)
2

Nπ̂r
,

where N denotes the sample size, nr is the observed frequency of response pat-

tern r, r = 1, . . . ,R. The expected frequency of response pattern r is denoted

as Nπ̂r where the probability π̂r = π
(
θ̂
)

is a function of the estimated pa-

rameter values, summarized in vector θ̂ . Under the null hypothesis, Pearson’s
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goodness of-fit statistic is asymptotically chi-square distributed with R−1−k
degrees of freedom:

GF ∼ χ2
R−1−k,

where k denotes the number of parameters that have to be estimated. Hence,

the null hypothesis is rejected, that is, the model is said not to fit the data, when

the observed value of GF exceeds a critical value derived from the chi-square

distribution with d f = R−1− k.

Other fit statistics have been proposed that use different measures of the dif-

ference between the observed and the expected frequencies of response pat-

terns. The most prominent alternative to Pearson’s goodness-of-fit statistic

is the likelihood ratio test statistic. The two fit statistics are asymptotically

equivalent and the likelihood ratio test statistic is often regarded as on a par

with Pearson’s goodness-of-fit statistic. Irrespective of the applied fit statis-

tic it is implicitly assumed that the differences between the observed and the

expected frequencies of the response patterns are smallest when the null hy-

pothesis is true, that is, when the model fits the data. Hence, it is assumed that

the value of the fit statistic is smallest under the null hypothesis and that the

value of the fit statistic increases when the data generating model and the null

model differ. Tests for the goodness-of-fit are therefore conducted one sided.

1.3 Sparseness

It was mentioned above that the number of response patterns increases rapidly

when the number of considered variables or the number of categories of the

variables increase. Only six items with five response alternatives each allow

for 15,625 response alternatives. Ten items with five response alternatives

each allow for 9,765,625 response patterns. In practise, the number of re-

sponse patterns might be considerably larger than the sample size. In these

situations, the data are said to be sparse. In the literature, sparseness is often

described as small observed or expected frequencies due to small sample sizes

in comparison to the number of response patterns. According to Agresti and

Yang (1987), “contingency tables are said to be sparse when the ratio of the

sample size to the number of cells is relatively small” (p. 9). In this thesis,

a broader definition of sparseness is applied, based on Agresti (2002) who

states that "contingency tables having small cell counts are said to be sparse"

(p. 391). Sparseness will here refer to any situation that causes observed or

expected frequencies of response patterns to be small.

Sparse data usually contain a considerable number of response patterns with

observed frequencies that equal zero. There are mainly two reasons for ob-

served frequencies of zero. The first is of structural nature. When the sample

size is smaller than the number of response patterns, it is not possible to have

observed frequencies of at least one for each response pattern. The second
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reason for observed frequencies of zero is sampling. The number of sampling

zeros is partly due to the model and parameters, and partly due to pure sam-

pling. When strong models underlie a sampling process, for example, in factor

analysis when factor loadings are high, some response patterns are expected to

occur often whereas other response patterns are expected to occur very seldom

under the null hypothesis. The amount of sampling zeros can therefore be an

indicator for the strength of a model that is underlying the data. On the other

hand, respondents might, however, choose some of the response patterns with

very small expected frequencies by chance or because of similarities to other

response patterns.

Consequences of sparseness for the evaluation of the model fit have been

widely investigated and discussed in the literature (e.g., Larntz, 1978; Koehler

& Larntz, 1980; Agresti & Yang, 1987; Reiser & VandenBerg, 1994; Jöreskog

& Moustaki, 2001). The main issue is that the chi-square approximation does

not hold for the distribution of the fit statistics when data are sparse. Pear-

son’s goodness-of-fit statistic is inflated and empirical rejection rates are too

high. This is due to very large contributions of response patterns with small

expected frequencies and observed frequencies of at least one. Unfortunately,

"there is a lack of universal agreement on what constitutes a small expected

frequency" (Reiser and VandenBerg, 1994, p. 87). Hence, there is no univer-

sal recommendation on when the chi-square approximation can be applied for

the test of a model fit and when the chi-square approximation does not hold.

The most famous recommendation is the one of Cochran (1950) that most of

the response patterns should have expected frequencies of at least five to use

Pearson’s goodness-of-fit statistic with the asymptotic chi-square approxima-

tion. Reiser and VandenBerg give a brief overview of other suggestions for

the use of the chi-square approximation. Guidelines are also given by Koehler

and Larntz (1980) and Agresti and Yang (1987). Other fit statistics, as the like-

lihood ratio test statistic are not defined for response patterns with observed

frequencies of zero. These response patterns do not contribute to the value of

the likelihood ratio test statistic irrespective of the expected frequencies of the

response patterns. Some authors, as Koehler and Larntz (1980), describe the

contribution of response patterns with observed frequencies of zero to the like-

lihood ratio test statistic as a limit that equals 2Nπ̂r. Other authors, as Reiser

and VandenBerg (1994) set their contribution to zero.

A variety of remedies have been suggested to solve the issues that emerge

when data are sparse. Agresti and Yang (1987), as well as Reiser and Vanden-

Berg (1994), and Jöreskog and Moustaki (2001) discuss a variety of ideas that

have been suggested in the literature to improve the measurement of model

fit for sparse contingency tables. These ideas include (i) adding constants to

cells, (ii) collapsing cells, (iii) considering only cells with observed or ex-

pected frequencies that exceed a certain values, and (iv) deriving the small

sample distribution of a fit statistic by means of the bootstrap.
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One aspect of inference that is not discussed in this thesis is the estimation

of parameter values that can be problematic for sparse data. In the litera-

ture it has been suggested to add small constants to the cells of a contingency

table. Goodman (1970) recommends to add small constants to each cell. Griz-

zle, Starmer, & Koch (1969) suggest adding to each cell with an observed

frequency of zero the reverse of the number of cells in a contingency table.

Agresti and Yang (1987) investigate the effects of adding cell constants on

fit statistics and find that this approach causes havoc for the use of Pearson’s

goodness-of-fit statistic. They interpret the findings as that the adding of cell

constants has a smoothing effect towards independence. Hence, the statistic

is affected to be more conservative, rejecting the null hypothesis too seldom.

They conclude that "if adding a constant is necessary to ensure existence of

estimates, it may be preferable to select a very small constant and it is wise

to try constants of various size to assess the dependence on the result on that

choice" (Agresti & Yang, 1987, p. 20).

Another widespread attempt to decrease the impact of small expected fre-

quencies on the value of the fit statistic is to collapse categories or response

patterns. The number of response patterns can be reduced by collapsing two or

more categories, for example, ’agree’ and ’agree strongly’, for one or several

variables of a survey. By combining categories for all variables, the number

of response patterns can be reduced substantially and the expected frequencies

of the individual response patterns increase. However, there is no guarantee

that the expected frequencies increase to such an amount that the fit statistic

will not be affected by small expected frequencies of individual response pat-

terns. When there is a large number of response patterns from the beginning,

it is likely that the number is not reduced enough to eliminate all very small

expected frequencies. Reiser and VandenBerg (1994) note that "combining

cells is more successful when the extent of sparseness is not widespread" (p.

87). A further reason against collapsing categories or response patterns is that

the choice which pairs of categories or response patterns to collapse is rather

arbitrary. Note also that the categories should be collapsed before parameter

estimation to assure that the model is fitted to the same data as it is tested

against. This means that a considerable amount of information that is given

by the data will not be taken into account because the diversity in the data is

reduced.

Considering only response patterns with observed or expected frequencies

that exceed a certain value can substantially reduce the number of response

patterns that are taken into account. For instance, Jöreskog and Moustaki

(2001) calculate Pearson’s goodness-of-fit statistic only over response patterns

that have observed frequencies of at least one. They also reduce the degrees

of freedom by the number of response patterns that have been excluded from

the evaluation of the model fit, that is, the response patterns with observed

frequencies of zero. Reiser and VandenBerg (1994) investigate this approach

of reducing the degrees of freedom for the likelihood ratio test statistic. This
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statistic is not defined for response patterns with observed frequencies of zero

and, hence, these response patterns do not contribute to the total value of the

fit statistic. They found the empirical rejection rates to be considerably too

high for this approach and conclude that the approach of reducing the degrees

of freedom by the number of response patterns with observed frequencies of

zero is not useful when sparseness is severe. Jöreskog and Moustaki inves-

tigate further the approach of calculating the fit statistic only over response

patterns with observed frequencies that exceed a certain value. The number

of response patterns that is included in the evaluation of the model fit can be

reduced considerably by this approach. They find evidence for their data set

that sparseness adversely affected the value of the fit statistics. However, they

criticize the arbitrariness of the choice of a limit for the expected frequencies

for the exclusion from the calculation. Further they explain that the fit statis-

tics are no longer chi-square distributed because the parameter estimation was

done based on another set of response patterns than the model evaluation.

The chi-square approximation for the distribution of Person’s goodness-

of-fit statistic, and other statistics, holds for the asymptotic situation, that is,

when the sample size goes to infinity for a fixed number of response patterns.

In practise, the sample size and the number of response patterns use to be

fixed. Hence, it is likely that the asymptotic approximation does not hold.

The bootstrap has therefore been suggested to derive the distribution of a fit

statistic for small sample situations (e.g., Bollen & Stine, 1992; Collins, Fidler,

Wugalter, & Long, 1993). Langeheine, Pannekoek, and van de Pol (1996)

argue that resampling from the original sample is not the appropriate way to

derive the distribution of fit statistics under the null hypothesis. They explain

why parametric bootstrap should be applied instead in the context of model fit

evaluation. Von Davier (1997) reports that the bootstrap approach works well

for Pearson’s goodness-of-fit statistic even for very sparse data.

1.4 Contributions of the Thesis

This thesis deals with several aspects of the measurement of fit when data are

sparse. The first concerns the computational burden of calculating Pearson’s

goodness-of-fit statistic for situations where many response patterns have ob-

served frequencies that equal zero. A simple solution is presented that allows

for the computation of the total value of Pearson’s goodness-of-fit statistic

when the expected frequencies of response patterns with observed frequencies

of zero are unknown. Further reasons are discussed that the statistic should

be computed based on the complete set of response patterns and not only on

response patterns that have observed frequencies of at least one. Additionally,

a new fit statistic is presented that is a modification of Pearson’s statistic but

that is not adversely affected by response patterns with very small expected

frequencies. It is shown that the new statistic is asymptotically equivalent to
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Pearson’s goodness-of-fit statistic and hence, asymptotically chi-square dis-

tributed. Further, comprehensive simulation studies are conducted that com-

pare seven asymptotically equivalent fit statistics, including the new statistic.

Situations that are considered concern both multinomial sampling and factor

analysis. Tests for the goodness-of-fit are conducted by means of the asymp-

totic and the bootstrap approach both under the null hypothesis and when there

is a certain degree of misfit in the data. Results indicate that recommendations

on the use of a fit statistic can be dependent on the investigated situation and on

the purpose of the model test. In general, the bootstrap approach works well

for most of the statistics and results from the literature are confirmed that it has

to be advised against the use of the asymptotic approach when data are sparse.

It is found that the power varies substantially between the fit statistics and the

cause of the misfit of the model. Findings indicate further that the new statistic

proposed in this thesis shows rather stable results and compared to the other

fit statistics, no disadvantageous characteristics of the fit statistic are found.

Finally, in this thesis, the potential necessity of determining the goodness-of-

fit by two sided model testing is adverted. Situations are discussed where the

value of Pearson’s goodness-of-fit statistic might be smaller under an alter-

native data generating model than under the null model. A simulation study

is conducted that investigates differences between the one sided and the two

sided approach of model testing. Situations are identified for which two sided

model testing has advantages over the one sided approach.
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2. Summary of Papers

2.1 Paper I: On the Computation of Pearson’s
Goodness-of-Fit Statistic for Sparse Contingency
Tables

Pearson’s goodness-of-fit statistic is probably the most widely used statistic

when the model fit for a contingency table has to be derived. The statistic

is asymptotically chi-square distributed with R−1 degrees of freedom where

R denotes the number of cells of the contingency table. The degree of free-

dom is further reduced by the number of parameters when parameter values

have to be estimated. The most influential rule of thumb states that expected

frequencies should exceed five (Cochran, 1954) for the chi-square approxi-

mation to hold. In practice, this rule of thumb is often not met. Especially

in the context of analyzing z categorical variables that can be summarized in

z-dimensional contingency tables, sample sizes are usually smaller than the

number of cells of the contingency table. The contingency table is then said

to be sparse (Agresti & Yang, 1987). Even when the sample is larger than

the number of cells, a contingency table can contain cells with observed fre-

quencies that equal zero, also called empty cells. This can be caused by the

underlying data generating model that implies skewness in the data or sim-

ply by sampling. In this paper, the term sparse table refers to all kinds of

contingency tables that contain empty cells. Besides the issue of inflation of

Pearson’s goodness-of-fit statistic when contingency tables are sparse and the

expected frequencies of some cells are very small, there are two approaches

for the handling of empty cells found in the literature. The first approach is the

complete approach. The fit statistic is calculated over all cells. This approach

is often found in studies when the number of cells is relatively small. Agresti

& Yang (1987), for example, base their investigation on a maximum of ten di-

chotomous variables giving a total of 1,024 cells and Reiser and VandenBerg

(1994) regard a 10× 10 contingency table as the largest model. The second

approach that is found in the literature is based only on cells with observed

frequencies of at least one (Jöreskog & Moustaki, 2001; 2006; Jöreskog &

Sörbom, 2006). Empty cells are ignored when the fit statistic is calculated and

the degrees of freedom is reduced by the number of empty cells. This approach

has one major advantage. The computational burden of the calculation of the

model fit can be very high when the expected frequencies of a large number

of cells have to be computed (Jöreskog & Moustaki, 2001). For the reduced
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version of Pearson’s goodness-of-fit statistic, expected frequencies need only

to be computed for cells with observed frequencies of at least one.

A simple solution to the issue of computational burden for large sparse ta-

bles is shown in the paper. The calculation of the values of Pearson’s goodness-

of-fit statistic can be decomposed in two parts concerning cells with observed

frequencies of at least one and empty cells:

GF = ∑
r∈I1

(nr −Nπ̂r)
2

Nπ̂r
+ ∑

r∈I0

Nπ̂r, (2.1)

where N denotes the sample size, nr is the observed frequency and π̂r the

expected probability of cell r, with π̂r = π
(
θ̂
)
. ∑r∈I1 and ∑r∈I0 denote the

sum over the cells with observed frequencies of one or zero respectively. The

first part of Equation (2.1) corresponds to the reduced version of GF that is

calculated only over the observed cells. The second part of Equation (2.1) can

be rewritten as:

∑
r∈I0

Nπ̂r = N − ∑
r∈I1

Nπ̂r.

This shows that the contribution of all empty cells to the value of Pearson’s

goodness-of-fit statistic can easily be derived from the expected frequencies

of the cells with observed frequencies of at least one. The computational bur-

den for the calculation of the complete version of Pearson’s goodness-of-fit

statistic is therefore not noticeable higher than for the reduced version of the

fit statistic.

A small simulation study is conducted to investigate whether there are other

reasons for the use of the reduced version of Pearson’s goodness-of-fit statistic

in favor of the complete version. Findings show that the empirical rejection

rates are far too high when the reduced version of the fit statistic is used and

the sample size is considerably smaller than the number of cells. The results

can be explained by the character of the difference between the two versions

of Pearson’s goodness-of-fit statistic. The value of the fit statistic is reduced

by less than the sample size for the reduced version compared to the complete

version of the statistic. The degree of freedom, on the other hand, is reduced

at least by the difference between the number of cells and the sample size. For

very large sparse tables and small sample sizes this can explain the findings

of the simulation study. In sum, it is shown in the first paper that there is no

reason for the use of the reduced version of Pearson’s goodness-of-fit statistic.

On contrary, it is advised against the approach of calculating the fit statistic

only over cells with observed frequencies of at least one and reducing the

degrees of freedom by the number of empty cells.

16



2.2 Paper II: An Alternative to Pearson’s
Goodness-of-Fit Statistic for Sparse Contingency
Tables

In the second paper, a new statistic is introduced that is asymptotically equiva-

lent to Pearson’s goodness-of-fit statistic GF . However, in contrast to GF , the

new statistic is not adversely affected by cells with observed frequencies of at

least one and very small expected frequencies. The statistic is a modification

of Pearson’s goodness-of-fit statistic containing both the expected and the ob-

served frequency of a cell in the denominator of the statistic. The statistic is

defined as:

K = 2
R

∑
r=1

(nr −Nπ̂r)
2

nr +Nπ̂r
,

where nr denotes the observed frequency and π̂r the expected probability of

a cell r, r = 1, . . . ,R, that is a function of the estimated parameter values of

the model, π̂r = πr(θ̂). The sample size is denoted as N. By including both

the expected and the observed frequency of a cell in the denominator of the

statistic, it is obviated that the denominator becomes less than one for cells

with observed frequencies of at least one, and the contribution of a cell is

bounded. In the paper, it is shown that K is asymptotically equivalent to Pear-

son’s goodness-of-fit statistic. Hence, K is under the null hypothesis asymp-

totically chi-square distributed with R−1− k degrees of freedom:

K ∼ χ2
R−1−k,

where k denotes the number of parameter values that have to be estimated.

Three examples are discussed that describe the similarities and differences

between the new statistic and Pearson’s goodness-of-fit statistic. The third

example concerns a real data example from factor analysis. The value of

Pearson’s goodness-of-fit statistic is very much accounted for by just a few

response patterns that have been chosen by only six of the 392 respondents

of the sample. It is argued that in practise, a researcher would exclude these

response patterns from the analysis. Then, the value of K would exceed the re-

duced value of Pearson’s goodness-of-fit statistic. In practise, it can be difficult

to motivate the exclusion of individual response patterns from the determina-

tion of the model fit. The decision of which response patterns to exclude may

be highly subjective and may have a large impact on the decision considering

the fit of a model. The advantage of the new statistic K is that a researcher does

not need to decide whether a response pattern that is occasionally observed in

the data and that has a small expected frequency should be excluded from

the determination of the model fit because the new statistic is not adversely

affected by such response patterns.
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Table 2.1. The seven asymptotically equivalent fit statistics that are included in the
study and their computation. Each fit statistic is a function of the observed (nr) and
expected (Nπ̂r) frequencies of the response patterns r = 1, . . . ,R.

Statistic Computation

GF = ∑ (nr−Nπ̂r)
2

Nπ̂r

K = 2∑ (nr−Nπ̂r)
2

nr+Nπ̂r

LR = 2∑nr ln
(

nr
Nπ̂r

)

CR = 2
λ (λ+1) ∑nr

[(
nr

Nπ̂r

)λ −1

]
;λ = 2/3

NM = ∑ (nr−Nπ̂r)
2

nr

FT = 4∑
(√

nr −
√

Nπ̂r
)2

mFT = ∑
(√

nr +
√

nr +1−√
4Nπ̂r +1

)2

2.3 Paper III: Measurement of Fit in Categorical Data
Analysis

It is the aim of the third paper to compare seven asymptotically equivalent

fit statistics for the measurement of fit for categorical data for situations with

sparse data. It is of special interest to investigate the performance of the statis-

tic K, proposed in Paper II, in a variety of situations and in comparison to other

fit statistics for categorical data. The seven fit statistics that are included in the

study are given in Table 2.1.

Three simulation studies are conducted that investigate the performances

of the fit statistics for a variety of situations concerning (i) model tests when

the model is true or false, (ii) the asymptotic and the bootstrap approach for

the determination of the critical values for a decision on the rejection of the

null hypothesis and (iii) multinomial sampling and factor analysis. The first

study is an extension and continuation of the first study in Larntz (1978) inves-

tigating the performances of the fit statistics for simple multinomial sampling

for several degrees of sparseness. The study examines empirical Type I error

levels when the null hypothesis is true both with the asymptotic approach and

the bootstrap approach. The study by Larntz is extended by considering seven

instead of three asymptotically equivalent fit statistics, providing a larger va-

riety of skewnesses, larger number of cells and hence, more severe sparseness

and smaller minimum cell expectations, and taking both the asymptotic and

the bootstrap approach into account. The second simulation study focuses on

the power of tests with the seven fit statistics when the bootstrap approach is

applied. The sensitivity of the fit statistics to misfit is investigated by generat-

ing some of the data according to some prespecified null model and some of

the data according to an alternative data generating model, the equiprobable

model. Several null models are considered that differ in their skewness param-

eter and, hence, from the alternative data generating model. The third study
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investigates the performances of the seven fit statistics in the context of factor

analysis for ordinal data both when the null hypothesis is true and false, and

with the asymptotic and the bootstrap approach.

Findings from the present paper confirm results from the literature that the

asymptotic approach should not be used for testing the goodness of a model

when the data are sparse. The bootstrap approach worked in general well for

the situations considered in the three simulation studies. Results indicate that

the context of the model test might be important for the choice of the fit statis-

tic. The statistics GF , CR, and LR where found to be extremely sensitive to

misfit in the data when the misfit is due to some observations of response pat-

terns with very small expected frequencies. On the other hand, power was

found to be rather low for GF and CR in the context of factor analysis. Based

on the findings in the present paper it has to be advised against the use of the fit

statistics NM and FT because of some ambiguous findings. Results for the fit

statistic K indicate that it has none of the disadvantageous of GF and NM that

it can be seen as a modification of. Findings for K are rather stable compared

to the other fit statistics. However, the chi-square approximation does not hold

for K either when the data are sparse. Further simulation studies are suggested

to investigate conditions for the use of the fit statistics or combinations of them

and that investigate the question how differences between the fit statistics can

be interpreted.

2.4 Paper IV: A Note on Two Sided Goodness-of-Fit
Testing

Statistics that measure the goodness of a model fit for categorical data are usu-

ally constructed as measures of the discrepancy between the observed and the

expected frequencies. It is implicitly assumed that a function of the difference

between the observed and the expected frequencies is smallest under the null

hypothesis. When data are generated according to an alternative model, it is

assumed that, overall, the discrepancy between the observed and the expected

frequencies is larger than under the null model. It is therefore a matter of

course that tests for the goodness-of-fit are conducted one sided.

Pearson’s goodness-of-fit statistic is often used when the goodness of a

model fit is to be determined for categorical data. It is, however, known

that Pearson’s goodness-of-fit statistic is inflated when contingency tables are

sparse (e.g. Larntz, 1978; Agresti & Yang, 1987) and the chi-square approx-

imation does not hold. The inflation of the statistic is due to cells that are

observed in the data but that have very small expected frequencies (Jöreskog

& Moustaki, 2001). In the literature, the bootstrap approach is suggested to

derive the distribution of a fit statistic when data are sparse (Efron & Tibshi-

rani, 1993; Langeheine, Pannekoek, & van de Pol, 1996). Critical values for

the rejection of the null hypothesis are obtained by comparing the actual value
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of the fit statistic to the bootstrap distribution of the statistic. Again, it is as-

sumed that the values of the fit statistic are in general smallest under the null

hypothesis. Model tests are conducted one sided.

In the fourth paper of this thesis, an example illustrates a situation where

the values of Pearson’s goodness-of-fit statistic are considerably smaller under

the alternative hypothesis than under the null hypothesis. As a consequence,

two sided model testing is suggested. A small simulation study is conducted

that compares the approaches of one sided and two sided model testing for the

situation of large, sparse tables when the bootstrap approach is applied. Re-

sults indicate that the two sided approach in some situations with very sparse

tables is superior to the one sided approach of model testing. This is the case

when the probability of observing the group of cells with very high contribu-

tions to the fit statistic is lower under the alternative hypothesis than under the

null hypothesis.
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