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A likelihood ratio test for idiosyncratic unit roots in a
dynamic-factor model with integrated factors

Martin Solberger*
Department of Statistics, Uppsala University

Abstract

We consider an exact factor model with the restriction of unobservable
common stochastic trends imposed by non-stationary factors as considered
by Zhou and Solberger (2012). Conditional on this, we propose a homoge-
nous likelihood ratio test for unit roots in the idiosyncratic components. The
likelihood approach has long been overlooked in this framework due to nu-
merical burdens, and though parts of the test are found numerically, the
homogeneity restrictions imposed here make the test feasible. In a simula-
tion study, for relatively large T, our test shows better local power than the
pooled Fisher-type test of Bai and Ng (2004), while it is roughly equivalent
to the LM test of Zhou and Solberger (2012).

JEL: C12, C15, C23, C63
Keywords: Panel unit root, Dynamic factors, Maximum likelihood

1 Introduction

Factor models have become a very popular approach among second generation
panel unit root tests to control for a cross-sectional dependence. For only one fac-
tor, Phillips and Sul (2003) consider defactorizing the data through feasible GLS
and Pesaran (2007) considers demeaning the data. Similarly, for a multifactor set-
ting, Moon and Perron (2004) consider defactorizing and Pesaran (2006) consider
demeaning. But as advocated by Bai and Ng (2004), the factors are then primar-
ily seen as a way to control for cross-sectional dependence rather than a source
for cumulative shocks, and they consider testing separately both for integrated
idiosyncratic components and for integrated common factors.

The standard approach in these papers is to use principal components in
combination with Dickey-Fuller based statistics or GLS based statistics. Mean-
while, maximum likelihood has been largely overlooked due to numerical burdens.
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Also, to our knowledge, any likelihood based methods have only been aimed at es-
timation and forecasting within stationary dynamic factor models, e.g. Engle and
Watson (1981), Stock and Watson (1989), Camba-Mendez, Kapetanios, Smith and
Weale (2001) and Jungbacker and Koopman (2008). Using maximum likelihood
to test for non-stationarity in panel factor models seems to have been overlooked.

Zhou and Solberger (2012) consider a static factor model, also considered by
Bai and Ng (2004), and propose an LM test for idiosyncratic unit roots conditional
on that all the factors are nonstationary. Though the assumption of integrated
factors is restrictive, it could typically arise in applied work for either a large
data set or a specific subset within a dynamic-factor model framework (see e.g.
Eickmeier, 2009). By simulation, Zhou and Solberger (2012) find that the LM test
has substantially higher local power than the pooled Fisher-type test in Bai and
Ng (2004) when there are unobservable common stochastic trends imposed by the
factors.

In this paper we follow the framework of Zhou and Solberger (2012) and look at
the likelihood ratio test for unit roots in the idiosyncratic components conditional
on a certain number of non-stationary common factors. The restrictions we impose
allow us to rely on standard optimization procedures, from which we provide
response surface regression estimates for critical values and compare power with
the pooled test of Bai and Ng (2004) and the LM test of Zhou and Solberger (2012).
The rest of the paper is organized as follows. Section 2 outlines the framework and
Section 3 specifies the likelihood ratio. Section 4 illustrates, through simulation,
the power properties of the likelihood ratio test and Section 5 concludes. All proofs
are placed in the Appendix.

Notation: ¢1(A) > pa(A) > ... > ¢, (A) denotes the eigenvalues, and
|A|| = [tr(AA")]Y/? denotes the Frobenius norm of a matrix A € R™ ™. I,, is the
n x n identity matrix and diag(aq, ag, ...,ay) is a diagonal matrix with diagonal
entries ai, a9, ...,a,. 1T — denotes limit taken over T' with N fixed, T,N —
denotes sequential limit with limit taken over T followed by limit taken over NNV,

d . .. .
and — denotes convergence in distribution.

2 The framework

For a panel, let ¢ = 1, ..., N denote the individuals and let ¢ = 1,...,T denote the
time points. We consider the factor model

Tit = [y + Aéft + Ui, (1)

where f; = (fit, fot, ..., fr¢) is a r x 1 vector of unobservable dynamic factors,
Al = (Ni1, Ai2, ., Air) 18 @ 7 x 1 vector of factor loadings, u;¢ is an idiosyncratic
component and p; is an individual-specific intercept. It is convenient to rewrite



Equation (1) as an N-dimensional time series,
Xt = (16, T20, -y tve) = p+ Afy +uy, (2)

where uy = (u1g, U, ..., unt)', o = (p1, pi2, ..., pv)’ and A is the N x r matrix of
factor loadings. Here non-stationarity in x; can arise as a result of non-stationary
factors or/and non-stationary idiosyncratics. We assume that x; ~ I(1) due to
at least f; ~ I(1), where f; is fully integrated, i.e. fj; ~ I(1) for all j. We then
propose a homogenous likelihood ratio test for a unit root in u; versus the alter-
native of u;; ~ I(0) for all i.> Following Zhou and Solberger (2012) we impose
the following restrictions.

Assumption 1. The factors admit the VAR(1) representation f; = I.f;_; + e,
where e; ~ N, (0,I) are i.i.d. (independently and identically distributed).
Assumption 2. The idiosyncratic components admit the VAR(1) representation
u; = pIyu;_q + &, where p € (—1,1] and where g, ~ Ny (O,U?I) are i.i.d. with
02 < oo.

Assumption 3. The factor loadings are non-random with ||A;|| < oo.
Assumption 4. The vector processes e; and &; are independently distributed
such that F (e.e}) = 0 for all .

Breitung and Das (2008) consider a similar framework, with three null hy-
potheses: (i) f; ~ I(1),u ~ I(1) (ii) f; ~ I(0), u; ~ I(1) and (iii) £f; ~ I(1),
u; ~ 1(0). One of their main findings are that none of the test statistics con-
sidered seem to handle Case (iii) well, i.e. when there is cross-unit cointegration.
From this perspective, our test can be seen as a test for Case (i) versus Case (iii).

Assumptions 1-4 are different from the assumptions in Breitung and Das (2008)
on a few accounts. First, we explicitly assume that the factors are independent
random walk processes. Second, we are more restrictive since we assume equal
variances in the idiosyncratic components, i.e. F (eg}) = diag (O’%E,O'gg, e ‘712\75)
where 02 = o2. This case was also considered by Moon and Perron (2004). Third,
we assume homogeneity in the autoregressive parameters, and, fourth, we assume
that the stochastic processes are Gaussian, which enables us to formulate the
likelihood.

For Assumption 1, the unit variance in e; is an identifiability restriction and
can be made without loss of generality. Under Assumption 2, the model (2) is
also ezact (or strict) as opposed to approzimate where some off-diagonal elements
of F (g.e}) are allowed to be non-zero (c.f. Chamberlain and Rothschild, 1983).
Assumptions 3-4 are standard in factor analysis and enable us to identify the co-
variance structure.

!'Eickmeier (2005, 2009) offer testing schemes for finding the number of non-stationary factors
in the possible presence of non-stationarity in the idiosyncratic components. Feasible procedures
are foremost Bai and Ng (2002, 2004). See also general discussion in Bai (2004).



Remark 1 The model (2) is static (or restricted), which is a special case of the
generalized dynamic-factor model of Forni, Hallin, Lippi and Reichlin (2000) where
the factor loadings are lag-polynomials. ? It is well known that the static repre-
sentation has a state space representation, whereby maximum likelihood estimates
can be achieved via iterative methods based on Kalman filters (see e.g. Fernandez-
Macho, 1997). Such a setup has been considered by e.g. Engle and Watson (1981)
and Stock and Watson (1989). In an non-likelihood based setting, the static model
has been considered by, among many others, Bai and Ng (2004).

Our interest here is to test the null hypothesis of a unit root in both the factors
and the idiosyncratic components versus the alternative hypothesis of stationary
idiosyncratics,

Hy : p= 1|fjt ~ I(l),Vj S {1, ...,7“}
H : p< 1|fjt ~ I(l),Vj S {1, ...,T‘}.

Because the covariances of the panel data are ill-defined due to the common
stochastic trends imposed by the factors, we take first differences. Let A be
the difference operator such that Az;; = z;; — z;;,—1, and define, y;, = Ax; =
(Azys, Axoy, ..., Axpyy) for t = 2,3, ..., T. Then

yi = AAf + Aug, (3)

where y; and Au; are vector stationary processes and Af; = e; is ai.i.d. vector sta-
tionary process. To fully exploit the time-dependence, we stack the panel data. Let
T* = (T —1) and let £ = (eg,e3,...,er) and V = (Aug, Aus, ..., Aur). Expand-
ing (3) over time we get the differenced panel data, Y = (y2,y3,...,yr) = A+ V,
which can be written in stacked form as (see the Appendix)

Y, =vec(Y) = (I ®A)§, + Vo,
with covariance matrix, using Assumptions 1-4,
Sy, = (Ir- @ AA') + By, (4)

where Xy, = Cov(V,). Here the matrix AA’ (N x N) has at most rank r and
is positive semidefinite. Thus, using a reduced singular value decomposition of A,

we may factorize as
AA = AHA’,

where H = diag (n1,n2, ...,my) is positive definite with 71 > 72 > ... > 7, and
A (N xr) is semi-orthogonal, A’A =1,. Under the null hypothesis, also the

2Note that the model is still dynamic in the sense that the factors and idiosyncratic compo-
nents are autoregressive.



differenced idiosyncratic components are i.i.d.-processes, implying v, = o2Ly7+.
For the stationary case |p| < 1, let u; = (ui1, w2, ...,u;r) be the T x 1 vector
tracking the ith idiosyncratic component over time and in levels. The covariance
matrix Cov (u;) is well documented and may be found explicitly from Van der
Leeuw (1994). If the starting value, wjp, is chosen such that E(ui) = 0 and

Var(uyp) = 1%5;, then Coov (w;) = o211 (p), where

1 0 prl
1 p 1 T—2
II(p) = : :
1—p? :
pT—1 T2 1
Further, let D be the T x T first-difference-matrix
-1 1 0 0
D— 0 -1 1
0
0 0 -1 1
Then Cov (Du;) = DE (u;u}) D’ = 02¥ (p), where
B %_p —]_ —p e _pT_3 T
-1 = 1 —pT4
1—p .
¥(p) =—" — -1 ,
(P) =17 ’ p
: : . -1
T-3 T—4 2
| —» —p I S i

and where it is readily verified that E [vec (V') vec (V')'] = (Iy ® 02®¥). Note
that ¥ properly defines the non-stationary case, as ¥ (1) = Ip«, and that ¥ is
continuous and twice differentiable around the non-stationary point p = 1. It is
therefore well suited for a likelihood based analysis. Let Kp+n be a commutation
matrix such that vec (V) = Kp«nvec (V') (see e.g. Magnus and Neudecker, 2001,
p. 47). Then the idiosyncratic variance part in (4) is

Y¥v, = KpnE [vec (V') vec (V')/} TN
Kprn (IN®O'52‘I’) /T*N
= (2T ®Iy)



3 The likelihood ratio

Let L (©) be the likelihood with the parameter set © = (vec(A),vec(H)', 02, p)
and let [ () = log L (-) be the corresponding log-likelihood. Here we consider the

likelihood ratio
sup L (O]Y)
) R CIS N

DY) = L@ (5)
BcO,
where ©g is the parameter space under the null hypothesis, where p = 1, and
©; is the parameter space under the alternative hypothesis, where p € (—1,1).
Assuming normality, the maximizing arguments may then be found by minimizing
the negative log-likelihood

*

NT 1 1
—1(©) = ——log2r + ; log [Z| + 5Y;,z—le . (6)

To find the maximum likelihood estimates we use the following results (all proofs
are in Appendix).

Theorem 1 Under the null hypothesis the mazimum likelihood estimator of A
is the set of eigenvectors of Zo = YY' associated with the v largest eigenvalues
01 (Zo) > P2 (Zo) >, ....,> §r (Zo), and the mazimum likelihood estimators of o2

and H are
N

1 1
UE_(N _ T)F Z i (Zo)
i=r+1
and )
H= & o1,

where ® = diag [p1 (Zo) , P2 (Zo) , ..., or (Zo)].

Under the alternative hypothesis, the maximum likelihood estimates have to
be found numerically. It will then show useful to define

Ci = [¥ (o2Ip+ + oty w)] (7)

and )
Cy = [¥ (oI« + ol 1 0)] (8)

T
where 7 = 1 3" ; = Lt (H). When there is only one factor, we have the following
i=1

result:

Theorem 2 For r = 1, the maximum likelihood estimator of A under the alter-
native hypothesis is given by the estimated eigenvector of Z1 = YC1Y' associated
with its largest eigenvalue @1 (Z1), where Cy is defined by (7).



Theorem 2 puts a restriction on the optimization procedures, which reduces the
complexity from evaluating A as a vector with IV parameters to an eigenvector-
eigenvalue problem. If we impose this restriction, we then only have to optimize
over {H, 02, W}. When there are more than one factor, a similar restriction cannot
be made. We will then consider the following ML-type estimator:

Proposition 1 For r > 1, a mazimum likelthood type estimator of A under the
alternative hypothesis is the set of eigenvectors of Zq1 = YCyY' associated with its
r largest eigenvalues o1 (Z1) > @2 (Z1) > ... > op (Z1), where Cq is defined by (8).

Similar as with Theorem 2, imposing the restriction from Proposition 1 reduces
the computational complexity compared to evaluating A as a matrix with N x r
parameters. This restriction will not provide us with full maximum likelihood
estimates, since we have put an arbitrary restriction on the optimization (see the
proof in Appendix). However, it is still of interest to see how well this restriction
works in terms of power. Let A denote the MLE of A for 7 = 1 and likewise the
ML-type estimator of A for » > 1. We then have the following result:

~

Corollary 1 Let © = (vec(A),vec(H), 02, p). The log-likelihood (6) with A =
A is proportional to
0 (éw) = T*(N —r)logo? + Nlog|¥| + log|R] 9)
Hoatr (F1) = ggtr (F2) + FAR7 3
where R= (@' @ H) + 02L7-, F1 = YT Y, Fo = A'Y®'Y'A and
[ 3 =vec (K’Y\Ilfl/Q).

4 Monte Carlo simulations

We consider the log of the likelihood ratio test (5),

log D(Y) = sup [ (O|Y) — sup [(O]Y). (10)
@G@o ®cO;

To implement the test we:

1. Find the explicit solutions for A, H and o2 under the null from Theorem 1
and calculate the respective log-likelihood.

2. Optimize the conditional likelihood (9) under the alternative and find the
respective log-likelihood. The necessary restrictions are, for » = 1 (Theorem
2): A is the left eigenvector associated with the largest eigenvalue of YC;Y’,
and for r > 1 (Proposition 1): A is the set of left eigenvectors associated
with the r largest eigenvalues of YCoY'.



3. Compute the log-likelihood (10) and compare with corresponding critical
values.

Here we find the critical values by simulation.? We generate data from equation
(1) with

fj,t = fj,t—l + €ity €4t~ N(07 1)7 fj,O = O,Vj, (11)
Uit = pUit—1 + €ir, €ix ~N(0,1), uio =0, Vi, (12)
Ai ~ N3 (0,T). (13)

where the loadings ()\;) are generated only once and are then kept fixed.* To find
the critical values we let p = 1 and compute (10) in 10,000 replications.

Figure 1 shows surface plots of the 5%-critical values for one and two factors
for T' € {10, 15, 20, 25, 30, 40, 60,100} and N € {5,10, 15,20, 25, 30,40,50}. Note
that the critical values seem to be stabilized for high T. We then perform response
surface regressions, where, following e.g. Jonsson (2005), we try different sets
of N and T as well as interaction terms. To avoid sensitivity from the choice
of loadings and idiosyncratic variance, we start with a rather large 7" and let
T € {30,40,60,100} for N € {5,10,15,20,25,30,40,50}. Let C, denote the
critical value on the significance level . Here we fit the regression:

N0y =Bo+ BT+ BT+ B3Nt + ByN"2 + B5(NT) (14)

Figure 1. Surface of 5%-critical values for r =1 (a) and r = 2 (b).

3We use the MATLAB routine fmincon from the optimization toolboz to find the maximum
likelihood estimates under the alternative.

“Zhou and Solberger (2012) find that the asymptotic distribution of the LM test is indepen-
dent of the factor loadings and the idiosyncratic variance. Since the LM test and LR test are
asymptotically connected, we conjecture that this independence should hold also here. Initial
simulations verify this, but are left out.



Table 1. Estimated coefficients from response surface regressions of critical values

a constant 71 T2 N1 N2 (NT)! R?

r=1 1%  -0.043 8.098* -214.311* -5.590* -1.379  -90.872* 0.999
2.5%  -0.044%  5.631% -131.628* -3.594* -3.159%  -67.865* 1.000

5%  -0.029%  3.505%  -73.736* -2.488* -2.870%  -50.503* 0.999

10%  -0.032%  2.934*  -52.182* -1.343* -2.789*  -36.651* 0.999

r=2 1%  -0.068*% 12.798* -406.496* -5.502* 0.208 -133.564* 0.999
2.5%  -0.076* 11.124* -297.861* -3.807* -1.287  -97.931* 0.999

5%  -0.050*  7.057* -172.698* -2.623* -1.366 -74.317* 0.999

10%  -0.028*%  3.697*  -80.184* -1.531* -1.929*%  -48.407* 0.999

Note: The estimates correspond to the regression (14).* denotes significant on the 1%-level.

Table 1 shows estimated coefficients from the regression (14) for some different
a with satisfactory R?, which may be used to find the critical values for finite
samples. Next, we compare size-adjusted power with the Fisher-type test proposed
by Bai and Ng (2004),

—25°N log p< (i) — 2N
Pe = 2i=1 10875 () 4 N(0,1), as N — oo, (15)

VAN
where pS (i) are the p-values from individual augmented Dickey-Fuller (ADF)
tests.”
From Assumption 2, w;; = pu;¢—1 + ;¢ Where g;; ~ N (0,03) for all 4. For any
i, the t-statistic for testing p = 1 can be written as (see e.g. Hamilton, 1994, pp.
487-489)

To compare power, we need to locate the p-values for finite dimensions.

Ty s a (1L/2{WQ)]? -1}
(T2 wd WV2{s23172 0 {1 [W(s))? ds}V/2

tr = as T — oo,  (16)

T
where s2. = ZtT:1(Ut —pus_ 1) /(T —1), p= Mﬁglut is the OLS estimate and

St Ui
W (s) denotes a standard Brownian motion deﬁnted1 021 ; € [0,1]. Here we simulate
the distribution for the univariate ADF-statistic (16) in 10,000 replications for
any specific T, letting p = 1, & ~ N (0, 1) and setting the starting value to ug = 0.
We then map the corresponding finite sample p-values. To find the power we then

®The procedure in Bai and Ng (2004) is to extract the factors and the factor loadings using
principal components on the differenced panel data, leaving the idiosyncratic components as
residuals. Dickey-Fuller regressions (without constant) are then run on the re-accumulated id-
iosyncratics. As we consider AR(1) processes, we choose no lags in the Dickey-Fuller regressions.
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Figure 2. Size-adjusted power for LR and BN when r = 1 for N = 10 (a) and
N =30 (b).

simulate data from (11-13) with p € [0,1] in 5,000 replications. Figure 2 shows
the size-adjusted power of the log-likelihood ratio test (10) (LR hereafter) and the
pooled test (15) (BN hereafter) for N = {10,30} and 7" = {20,60} when r = 1.

Note that, for T' = 20 and as soon as p is less than 1, LR has quite substantially
higher power than BN, while it is less obvious for 7" = 60 and close to the unit
root. We therefore study the local power using a panel near-unit-root model (see
e.g. Breitung and Das, 2005). We let

C
—1—
P VN

for ¢ =1 and ¢ = 5. Zhou and Solberger (2012) found similar power properties of
the analogous LM test, as we find here for the LR test. Because the LM test only
requires estimation under the null, and its asymptotic distribution is known, we
also compare the local power with the LM test.

The LM statistic in Zhou and Solberger (2012) is

(T —1) tr(s(il) - 2”(8611808611) + tr(SafsooSEf)
V2(T = 1) (T — 2) tr(S;,'S51))

= (17)

T T / ~ o~ o~
where S = YY’, Spo = (z yt) ( > yt) and So1 = AgHoA) + 52,1y and
t=2 t=2

where KO, ﬁo, 8310 are the estimators under the null from Theorem 1. For any
fixed N, (17) is shown to have an asymptotic distribution as T — oo that is a

10



Table 2. Size-adjusted local power (%) for LR, LM and BN,

one factor
LR LM BN
N T c=1 ¢c=5 c=1 ¢=5 c=1 ¢c=5
5 15 6.4 18.2 9.4 30.2 7.1 19.8
30 8.3 29.3 10.5 378 7.7 25.9
60 9.3 43.6 10.6  41.6 8.2 32.6
120  10.1  49.7 10.5 458 8.6 35.3
20 15 6.0 21.4 10.9 60.2 8.4 30.3
30 10.0 64.1 11.8 714 8.6 38.8
60 126 776 13.1 793 8.2 41.4
120 129 80.9 144 823 9.0 45.2
80 15 5.9 16.8 8.5 58.0 7.7 31.8
30 119 81.3 13.6  85.3 8.6 43.3
60 134 89.3 13.8  89.9 9.5 50.6
120 148 915 15.9  92.0 9.6 51.1

Note: The data is generated as z;; = Aify + u; ¢, where Afy ~
N-(0,1), A; ~ N;.(0,I) (generated once and then kept fixed), u; s =
puii—1+€i, €ir ~N(0,1),p=1- T\;ﬁ and the replication number
is 5,000.

weighted sum of independent x? (chi-square with one degrees of freedom) variables,

d 1 N N
¥ — 7]\[ [le wiX%,i - Zi:l wl:| ’
\/2 D1 w?

2
g .
£ fori1<i:<r
where w; = ¢ nmito? - =
1 forr<i<N

When T, N — oo, the asymptotic distribution of (17) is standard normal.

and where 7); are the diagonal entries of H.

The size-adjusted local power for LR, LM and BN for one factor is tabulated
in Table 2. For large 7" and N it seems that LR and LM are roughly equivalent in
terms of local size-adjusted power, and both are more locally powerful than BN.
However, for small T, LM is more powerful than LR. Also, for small T" and large
N, LR seems to be less powerful than BN. In Table 3, we have tabulated the local
size-adjusted power for two factors imposing the restriction from Proposition 1. It
seems that this restriction works well in terms power, but the pattern that LM is
more powerful for small 7', while roughly equivalent for large T, is persistent. This
is in favor of LM as it is much faster to compute and the asymptotic distribution
is known.

11



Table 3. Size-adjusted local power (%) for LR, LM and BN,
two factors

LR LM BN
NoT c=1 c¢c=5 c=1 ¢c=5 c=1 ¢c=5
10 20 6.3 17.8 9.0 38.7 7.3 22.2
40 9.2 44.9 114 545 8.2 32.0
80 10.1 55.8 11.2 589 8.4 36.6
25 20 6.5 19.8 11.0  59.1 7.8 29.4
40 10.8 69.2 123 753 8.9 39.2
80 129 79.6 13.1 81.7 8.5 41.8
50 20 6.1 17.4 9.0 56.8 7.5 30.9
40 115 77.6 13.3 826 8.6 40.5
80 148 878 14.8 88.3 8.7 45.3

Note: The data is generated as z;; = )\;ft + u; ¢, where Af; ~
N.-(0,1), A\; ~ N;(0,1) (generated once and then kept fixed), u; ; =
puit—1 + ity €ip ~ N(0,1), p =1-— ﬁ and the replication
number is 5,000.

5 Conclusions

In this paper we consider an exact static factor model and propose a likelihood
ratio test for idiosyncratic unit roots conditional on r non-stationary factors. Using
maximum likelihood to test for non-stationarity in this framework has long been
deemed too computationally expensive. The restrictions we impose here makes
the test feasible, though under the alternative hypothesis the likelihood has to be
found numerically. By simulation, we demonstrate that, for relatively large T, the
likelihood ratio test is more powerful than the Fisher-type pooled test of Bai and
Ng (2004) when the factors are integrated, and about equally powerful to the LM
test proposed by Zhou and Solberger (2012). However, for very small T, the LM
test is more powerful than both the LR test and the Fisher-type test. In conclusion,
this is in favor of the LM test, over the analogous LR test proposed here, as the
LM test does not need to be estimated under the alternative hypothesis, and as
such, it has an explicit test-statistic with a known asymptotic distribution.
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Appendix Proofs

We make use of the following results (A1,A2,A3), that can be found in e.g. Magnus and
Neudecker (2001, pp. 28-31). For a matrix A € R™*" with a; as its ith column vector,
vec (-) is the vectorization operator such that vec (A) = (af,a},...,a’,)" € R™*!  For

ey Ay

additional matrices B € R"*?, C € R?”** D € R**", we have that
vec (ABC) = (C' @ A) vec (B), (A1)
tr (ABCD) = vec (D)’ (C' ® A) vec (B), (A2)

where ® denotes Kronecker product. Also, for non-singular matrices A € R™*™ and
B E RTLXTL,
(A®B) ' =(A'@B™?). (A3)

Proof of Theorem 1. For optimization of (6) we may remove any redundant constants
and optimize
—1(®) =log ||+ Y,27'Y, . (A4)

Under the null hypothesis we have that ¥ (1) = Ipr-. Hence, then
Y =(Ir- ® AN) + 02 Iy7- = [Ir- @ (AN + 02Iy)] = (Ir- @ Q),
where © = AA’ + 021 y. Thus, using results (A2-A3),
~1(®) =log [T + vec(Y)' (Ir- @ Q1) vec (Y) (A5)

1
= T*log |Q| + T*tr (Q_lT*YY’) .

It is a standard result that (A5) is minimized for = 2YY’ (see e.g. Anderson, 2003, p.

N ~
69), and the maximum likelihood estimators are well known to be 52= (Nl_T) S o (Q)

and 7); = §; — 02 (see e.g. Stoica and Jansson, 2009). m

Proof of Theorem 2.  Working from (A4), let M = (¥ ® Iy), which is square
NT* x NT*. Then, using a common identity for determinants (see e.g. Mardia, Kent
and Bibby, 1979, p. 457, Result VII),
s = U?NT*‘M1/2 [(‘1,71/2 ® H1/2A’) (\1171/2 ®AH1/2) Jo? +I7"T*] M1/2|
— UgT*(N7T)|M1/2|| (\I,fl ® H) + O'?IT_T*
o2 NI MR

M1/2‘

say, with R = (\Il_1 ® H) + 02L,7-. Note that this determinant is not decided by the
elements of A. It is straightforward to show that R is symmetric positive definite. Let
R = B+02I, where B = (&' ® H) is symmetric positive definite. By definition |B—I]
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= |B+02I- (¢ + ¢2) I| = 0 implying ¢; (B+02I) = ¢; (B) + 02, where ¢; (B), 02 > 0
Vi € 1,...,7T*. Tt then follows that R is invertible, with the inverse symmetric positive
definite.

Making repeated use of the matrix inversion lemma (see e.g. Mardia, Kent and Bibby,
1979, p. 459, Result V), we have that

-1
1
2—1 — ;M 1/2 |: (\I’ ®AHA/> +INT :| M—1/2
-1
= 2 —1/2 |: IT* ®A 72 (‘1’71 ®H) (IT* ®A/) +INT*:| M*I/Q
E E
_ 1 —1/2 . -1 -1 B ’ —1/2
= Inps — (Ir- @A) |02 ('@ H)  +Lgp| (Ir-®A)M
-1
= o {INT* —(Ir- ®A) {ITT* - [ITT* + 2 (T '® H)] } (Ir- ® A’)} M-L/2
€

_ (\Ir @Ly) /o? = (¥ 2 AN) o2+ (T2 A) R (U720 AT),
Inserting these results into (A4) we get
~1(®) = T*(N —r)logo? + Nlog|¥| + log R/ (A6)
1 ~
+ ;t?" { [INT* — (IT* ® AA,)} S}

€

tir[R7 (1 9 A)S (I 0 4)]
where S = vec(Y® Y/ ?)vec(Y® /2y
The term in (A6) that is dependent on A is

tr [R*l (Ir- ® A)S (I ® A)} —%tr [(IT* © AA") §} (AT)

=tr |:(R71—ITT* /0’3) (IT* ® Al) g (IT* ® A)]
= —tr { [(R—02Lr-) R /0?] (I~ @ A) S @ A)}
= —tr (WQ),

-1
with W = (71 @ H) R /02 = [Lpe + 02 (81 @ H) '] /o2, which is positive def-
inite, and Q =vec (A’Y\Il_l/2) vec (A’Y‘Il_l/Q) , which is positive semi-definite.

We want to minimize (A6) with respect to A, i.e. maximize tr (WQ). If r = 1, then
H = 7 is a scalar. Hence, then

W= [ el (wey )]

= (o?Ip- +oln W)

[o?
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Also, because A is N x 1 and hence AYT V2591 x T vector,
/
Q = vec (A’Y\Il_l/z) vec (A’Y\Il_l/Q)
T2y AN YO 2,
Thus

tr(WQ) = AY® V2 (o +oly ') w2YA
A'CiA,

with C; = Y [¥ (6217 + oln~'¥)] ~1Y’. Tt then follows from the Poincaré separation
theorem (see e.g. Abadir and Magnus, 2005, p. 347ff) that

maxtr(A'C1A) = ¢ (Cq),
A’A=I,

where the maximum is attained when A is the eigenvector of C; associated with the
largest eigenvalue ¢1 (C1). =

Proof of proposition 1. Following the proof of Theorem 1, and arbitrarily replacing
H with 77 = 2¢r(H) in (A7) yields
W = [Lr+02(Teq'L)] " /o2
= [(o}77'® + 0% ) L]
[ o 02Ty ) ! ®IT}
= (CoL),

where C = (o2 ' ¥+ agIT*)fl. Then, using (A2),

!/
tr (WQ) vec (A’Y\IJ—W) (C®1L,)vec (A’Y\Il‘l/2)
— tr [A'YOT2Cu 2y A
— r[A/ChA],
where C; =Y [ (02577 ' W+ 0217 )] “y, Again, using the Poincaré separation theo-

rem,

max tr(A’'CyA) i (Ca)
A’AQI Z i(C2)

where the maximum is attained when A are the eigenvectors of Cy associated with the r
largest eigenvalues 1 (Cz), 2 (C2),...,or (C2). ®
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Proof of Corollary 1. For the fourth term in (A6) with A = A we have that, because
(I N — AA’ ) is symmetric idempotent,

Uigtr {[tvr- — (1 © A&)] S} = Uit {[1r- @ (1v - A4")] 8}
_ %vec [(IN - fxf&’) Y\Irl/ﬂ’vec [(IN - AK') Y\Il’l/z}

_ O_igtr [qf—l/QY’ (IN - Z\K’) Y\If’l/ﬂ

S |r (Ye 1Y) —ir (AYe'Y'A))|.

2
o¢

For the fifth term in (A6) with A = A we have that

tr [R_l (IT* ® A’) S (IT* ® A)} tr {R_lvec (X’Y\P‘lm) vec (X’Y‘P‘UQ)/}
= vec (.&’Y@‘l/z)/R_lvec (K’Y\If_lﬂ) .

Inserting these results into (A6) and rearranging we get (9). ®
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