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A Simulation Verification of the Asymptotic Refinement
in the Bootstrap Cointegration Rank Test

Jianxin Wei

Abstract

The cointegration rank trace test using asymptotic critical value exhibits size
distortion when the sample size is small. Bootstrap is an appealing method
to get an actual test size closer to the nominal one. This short paper discusses
the bootstrap cointegration test focusing on the asymptotic refinement. We
expand the test statistic of a simplified model and an intensive Monte Carlo
simulation is done to verify that the bootstrap test gives asymptotic refine-
ment.

Keywords: Cointegration, Rank test, Monte Carlo simulation, Bootstrap

1. Introduction and Motivation

An important and widely used model in formulating the cointegrating
long-run economic relations is the vector error correction model (VECM):

k—1
AXy=af' X, + > TiAX, i+ @D +e, t=1,..T, (1)

i=1

where k is the number of lags in levels, ¢, are independent error terms,
E(e) = 0, E(ge}) = Q with Q positive definite and D; is the deterministic
term. If: (a) the AR characteristic polynomial has p—r roots equal to 1 and all
other roots lie outside the unit circle and (b) o and § have full column rank r,
then X, satisfies the I(1,r) condition, i.e. X is (1) with cointegration rank
r. The cointegration relationship is 5 such that 5'X; — F(/5’'X;) is stationary.
To determine the cointegration rank r, the most commonly used procedure
is the likelihood ratio based trace test given by Johansen (1995). The test
procedure is outlined as follows: first, do the regression of AX; and X;_; on
(AX; 1, ..., AX;_py1, Dy) respectively and obtain the residuals Ry and Ry
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second, construct the matrices S;; = T—! Zthl Rt R}, 4, j = 0,1; third, solve
the eigenvalue problem

|5\Sll - 5105&)1501‘ - 0, (2)

for the eigenvalues A, > ... > 5\;,,; the test statistic to test H(r) : rank < r
against H(p) : rank = p is

p
Qrr =T > log(l—Xy).

i=r+1

The distribution of @), 7 is unknown and the inference is based on the asymp-
totic distribution:

—2log Q;.1 N tr(Q(r, oo)) as T — oo,

where

Qtro0) = [ Wit [ BBy o [ B,

with W,_, a standard p — r dimensional Wiener process, F,,_, = W,_, when
there is no deterministic term; F, , = (W,_,,1)" when there is a restricted
constant; F, , = (W)_,,u|l)" when there is a restricted linear trend, for
details see e.g. Johansen (1995). The distribution of ¢r(Q(r,0)) is non
standard and the critical values are tabulated by simulation. Usually a se-
quential test procedure is used to determine the cointegration rank. Starting
with testing #(0) against H(p), if H(0) is accepted, the rank is determined
as 0 (no cointegration). If #(0) is rejected, continue testing #H(1) against
H(p). If H(1) is accepted, the rank is determined as 1 (1 cointegration re-
lationship) otherwise continue to test H(2) against H(p). The cointegration
rank is determined as r until H(r) against H(p) is accepted. Once the rank is
determined, Bpxr is estimated as (1, B2, ..., Br) with §; being the eigenvectors
corresponding to \; in the eigenvalue problem (2). The rest of the parameters
a, I';, and @ can be estimated by standard OLS regression results.

The main drawback in rank testing when using the asymptotic critical val-
ues is the size distortion, i.e. the discrepancy between the empirical rejection
probability and the nominal size is large and sometimes too large to make
reliable inference. To overcome this drawback, the small sample correction



by Johansen (2002) can be used. The bootstrap method, if used correctly,
can also help improve the finite sample size properties of asymptotic tests,
see, among others Swensen (2006) and Cavaliere et al. (2012). However, all
previous work has been focusing on the consistency and no work has been
done regarding the asymptotic refinement. The motivation of this paper is to
make an attempt to study the asymptotic refinement of the bootstrap coin-
tegration rank test. The rest of the paper is organized as follows: Section
2 introduces the bootstrap algorithm and the consistency of the bootstrap
cointegration rank test. Section 3 discusses the asymptotic refinement and
section 4 presents the result from an intensive Monte Carlo experiment and
a conclusion ends the paper.

2. Bootstrap

When the exact distribution of a statistic is unknown or very difficult
to derive, people usually turn to the asymptotic distribution, which can be
considered as an approximation of the exact distribution. The bootstrap is
another way to approximate the exact distribution. In a bootstrap frame-
work, the sample is considered as the population and the functionals of the
empirical distribution function are approximations to the counterparts of the
functionals of the population distribution function. In bootstrap hypothesis
testing, the distribution of the statistic under the null is approximated by
resampling. The crucial point is that the bootstrap sample must mimic the
data generating process (DGP) under the null. In the procedure of determin-
ing the cointegration rank, for each test H(r) against H(p), the bootstrap
sample should satisfy the I(1, ) condition regardless of the true cointegration
rank 7. Cavaliere et al. (2012) gives a valid bootstrap algorithm as follows:

(1) Estimate Model (1) under H(r) yielding the estimates B G, f‘Y),...,I‘

and &) together with the corresponding residuals, €,4;

(2) Check that the equation |[A")(z)] = 0, with A" (2) = (1 — 2)I, —
Qe — S f‘l(-r)(l — 2)2%, has p — r roots equal to 1 and all other
roots lie outside the unit circle;

(3) Generate T bootstrap residuals €}, by i.i.d. sampling with replacement
from the re-centered residuals {&,; — 7! Z;‘le Erit,t =1,...,T. The
recentering is to ensure that the mean of the bootstrap residuals is

r(r)

k—1



zero and is only necessary when no constant term is included in the
regression;

(4) Construct the bootstrap sample recursively by

k—1
AXZ, = a0+ STEIAX, 4+ 30D, + e

i=1
fort=1,2,...,T, starting from X*, , = X_;1,...,. X5 = Xo.

(5) Using the bootstrap sample {X,}, calculate the bootstrap analogue

S}, 1,7 = 0,1 and the corresponding eigenvalues 5\’{ > ... > 5\;‘ Com-

pute the bootstrap LR statistic Q= =T 7 ., log(1 — A});

(6) Repeat (3)-(5) B times, obtain the empirical distribution of Q7 .

The crucial point in the bootstrap algorithm is that all parameters should
be estimated under the null, i.e. imposing rank r in the underlying VECM
model. In practice, this means that we need to estimate the parameters for
each test H(r) against H(p). Cavaliere et al. (2012) shows that, asymp-
totically, X, satisfies the I(1,7) condition if the parameters FET) and &)
are estimated under #H(r). However, if these parameters are estimated from
the unrestricted model, i.e. under H(p), X}, are not guaranteed to satisfy
the I(1,r) condition even asymptotically. Step (2) is necessary because the
bootstrap algorithm only ensures that the bootstrap sample X, satisfies the
I(1,7) condition asymptotically and this could fail in finite samples.

The distribution of the bootstrap statistic is analyzed in the bootstrap
probability space. To be specific, for each realization of {é;}, it generates
a bootstrap probability space (2, F*, P*) conditional on the realization of
{é:}. The bootstrap residuals {e;} can be regarded as random variables
defined on this probability space and its distribution function is the empir-
ical distribution function of {£;}. Under this set up, we can discuss the

expectation E*, the variance Var* and the convergence behavior p—*>, <z,
for the (functionals of) bootstrap samples defined on (2*, F*, P*). Further-
more since {&;} is a realization of the process {e;}, if the convergence in
(Q*, F*, P*) occurs a.s. (almost surely) for all realizations of {é;}, then we

say, — a.s. and ¥y as.. We can define 2 in probability and %5 in
probability in the similar manner, see e.g. Park (2002).



Cavaliere et al. (2012) show the consistency of the bootstrap cointegration

rank test, i.e. for any r <o, Qr 7 g (Q(r, oo)) as T — oo in probability.

3. Asymptotic refinement

3.1. Revisit the asymptotic refinement of the unit root test

We first review the asymptotic refinement of the unit root test which is
highly related to our topic because each individual process in a cointegrated
system is a unit root process. Park (2003) proved that the bootstrap gives
asymptotic refinements in the Dickey-Fuller unit root test (both in the ¢-test
and coefficient test) in the AR(p) model with p known:

p—1
Yi=pYi1+ Z YAY, i + &

i=1

For a review of unit root t-test and unit root coefficient test, see Hamilton
(1994). Take the coefficient test for example (the ¢-test follows in a com-
pletely same manner), the Dickey-Fuller coefficient test statistic G and the
asymptotic distribution are

T(Hp—1 2y -1
Gr— L0 0, W=
L—>" 0 fo W?2(r)dr

where G represents the random variable with the asymptotic distribution.
Under some technical moment conditions, the test statistic can be expanded
as

Gr=G+T 3G +T Gy +0,(T7). (3)

The first order term G follows the asymptotic distribution as expected. Let
Grr denote the second order terms T_%Gl + T_%Gg, Grr involves vari-
ous functionals of Brownian motions and various model parameters: G =
(6, (W, W, W?2,.85)), where § = (v, 02, 1, k*, 7), and W' and W? are stan-
dard Brownian motions independent of W, S is a normal random vector, v
represents the starting value, 0? = Ee?, u® = Fe?, k* = Fe} and 74 can be
regarded as the non-normality parameter. 7 = 0 if and only if €, is normal.
The distributional effect of G is of order O(T_%) because the characteristic
function of G; can be expanded in powers of T_%, for more details, see Park



(2003). We have

P(Gr <a) = P(G <x)+O(T™3),
= P(G+Grr < ) +o(T77).

From the above result it can be seen that if the asymptotic critical value ¢, is
used in the test, then P(Gp < ¢,) = o+ O(T~2). The discrepancy between
the rejection probability and the nominal size « is of order O(T_%).
For the bootstrap statistic G7., the expansion is analogous to the expan-
sion G in (3),
5 =G+ Grr(fr) + 05(T72).

where Grr(0r) = f(0r, (W, W', W28)), 6y = (v,0%, i}, k%, 77) are the
sample analogue estimators of § = (v, 02, 1i®, k*, 71). For example 02 = 62 =
E*e3?. Due to the law of iterative logarithm for i.i.d. sequences, we have for
any € > 0, )

Or =0+ OZ(TT“),

and therefore,

=G+ Grr(0) + 05(T72). (4)

Define ¢}, as the bootstrap critical value for testing Gy with nominal rejection
probability «;, i.e.
PG <) = o

then we have X
P(Gr<c)=a+o(T2),

i.e. the discrepancy between the rejection probability of the bootstrap test
and the nominal size is of order o(72).

To sum up, the result of bootstrap unit root test, under the condition
that E(e;) = 0 and El|e}| < oo, for some r > 12, the critical values obtained
by the bootstrap resampling are correct up to the second-order terms, and
the errors in rejection probabilities are of order O(T’%) if the tests are based
upon the bootstrap critical values.

3.2. Asymptotic refinement of the cointegration rank test

For the trace statistic of the cointegration rank test, consider the VECM

model:
AXt :HXt—l+gt7 t = 1,...,T (5)

6



with Xo = 0 and &, are iid N(0,Q). Model (5) is quite restrictive, as we
exclude the short run dynamics and deterministic terms which are important
in real life macro-econometric analysis. However, the focus of this paper is to
verify the asymptotic refinement of cointegration rank test. Therefore, the
simplest framework is addressed at this first stage.

Under this framework, the residuals Ry; and Ry; are reduced to AX; and
Xi—1, the S;; matrices in (2) are simplified as Spo = %Zthl AX;AX], Sip =
%ZL Xi 18}, Si = %Zthl X; 1X] ,. The expansions of these matrices
are given by the following proposition,

Proposition 1. Ife; ~ N(0,9Q), X; is generated by Model (5) with Xy =0,
then

T 1
1 1 1 1 _
75 = Xt =0k [ Wl s o,r)

1
U —1)Q7 + 0, (T 2),

T T
1 1
— — (3 Xag 4+ S Xl ) = BV W(1) — —=
S0 + So1 T(t:1 t15t+t:1€t 1) W (1)w’'(1) T

T
1 1 1 1 1
So0 = ZAXtAX; =021+ ﬁU)Qz +0,(T72),
where W (1) is a standard p-dimensional vector random variable N,(0,1), U
is a normally distributed random matriz with mean zero and Var[vec(U)] =
Iyyp + K, where K is the commutation matriz. The expansions of Sp1 and
S10 have the forms

1 1 1 1
SOl =2 (Sl — ﬁSQ)Qi + OP(Tii)

1 1 1
S;)QE +0,(T72)

510 - Q% (Si - ﬁ

where Sy and Sy are random matrices of stochastic order Opy(1), Sy + S =

W(L)W'(1) — Q and Sy + S5, =U.
Corollary 1.

L 1
St=Q: /WWdr 2+Op(T’1),

Sot = Q3 (I — —=U)Q7% 4 0,(T77).

\/T



With these results, the trace statistic of the rank zero test Qo can be
expanded as:

Theorem 1.

p
Qor = —TZlog(l — 5\1) =R— T*%R1 4 op(T’%),

t=1

R:tr{(/olWW’dr)_l/()lW(dW)’/ol W’(dW)},

Ry :tr{( / 1 WW’dr)lslx/ﬁUsg
0

where

+ (/01 WW’dr)_lslsg

+ ( /0 1 WW’dr) 15251}.

The asymptotic expansion has the leading term R representing its asymp-
totic distribution. The second order term R;, which involves a standard p-
dimensional vector Brownian motions W and a normal random matrix U,
corresponds to G; and Gy in the expansion (3). The remainder term in the
expansion is of stochastic order op(T_%). As a result of Theorem 1, when
using the asymptotic critical value in testing #(0) against H(p), the error
in the rejection probability is of order O(T~2), i.e. P(Qor < z) = P(R <
)+ O(T 2).

The asymptotic expansion of the bootstrap analogue is very difficult to
derive. This is because the bootstrap residuals {e;} are sampled from the
estimated residuals {£;} and hence are not normal even if the error term ¢, is
from N(0,€2). In the univariate unit root test, the non-normality is treated
by a non-normality parameter 7. The non-normality parameter 7 appears in
Grr(f) in (4) and can not be generalized to vector form directly. This is of
interest to the author for further study. However, it can be expected that
each component in the bootstrap asymptotic expansion will converge to the
counterpart in the non-bootstrap version, i.e. the non-normality parameter
in the bootstrap expansion will converge to zero. Hence the bootstrap will
provide asymptotic refinement such that the discrepancy between the nom-
inal size and the bootstrap test rejection probability is of order o(T*%). In
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the next section, we present an intensive Monte Carlo experiment to verify
this property.

4. A Monte Carlo Simulation

In our simulation we consider a 2-dimensional VECM model. The DGP
is an 2-dimensional random walk with no cointegration relation, i.e. af’ is a
zero matrix. The data is generated from

A)(t = &, <6>

where ¢, ~ N(0,1), and Xy = 0. The sample size T is from (25,50, ..., 400)
and the experiment was run with 1,000,000 replications. The asymptotic
critical value is the 0.05 quantile of the 100,000 evaluated statistics simulated
from model (6) with sample size T' = 1000. A Warp-Speed bootstrap® is used
to reduce the heavy computational cost. To be specific, for each replication,
only one bootstrap statistic is calculated and the bootstrap distribution is
taken as the empirical distribution of the whole 1,000,000 bootstrap statistics.
For each replication and each sample size T, we test H(0) against H(2) at
significance level @ = 0.05 using both the asymptotic critical value and the
bootstrap critical value. After 1,000,000 replications, we get &4 and apr,
which are the rejection probability of the asymptotic test and the bootstrap
test respectively when the sample size is T. The 95% pointwise confidence
interval is constructed as & + 1.964/0.05(1 — 0.05)/1000000.

Table 1 reports &4 r and &g and it is clear that the bootstrap test has
smaller error in rejection probability than the test using asymptotic critical
value. To investigate the property of asymptotic refinement, we calculate
and plot vT(Ga7 — 0.05) and VT(dpr — 0.05) together with their point-
wise confidence intervals as shown in Figure 1, panel(a). For the test using
asymptotic critical value, VT (&ar —0.05) tends to a nonzero constant while
VT (G —0.05) tends to zero. This verifies that the bootstrap gives asymp-
totic refinements, i.e. (Gar — a) is of order O(T~2) and (dpr — ) is of

!The Warp-Speed bootstrap only draws one bootstrap replication for each simulation
and hence largely reduces the computational cost. Giacomini et al. (2013) show that the
Warp-Speed bootstrap is valid when calibrating the finite sample coverage of bootstrap
confidence intervals if the bootstrap is asymptotically valid. Because of the close relation
between confidence intervals and hypothesis testing the method should be valid in our
simulation.



order o(T~2). We also plot T(&ar—0.05) and T'(&pr —0.05) in panel(b), if
we multiply the discrepancy by T', T'(&a 1 — 0.05) diverges as expected while
T(&pr—0.05) does not. However, it is difficult to see whether T'(ép 7 —0.05)
converges to zero or a nonzero constant.

Table 1: Empirical rejection probability in percent.

T 20 100 150 200 250 300 350 400

aar | 5.6679 54874 5.3643 5.2958 5.2911 5.2951 5.2681 5.2508

)

apr | 49367 5.0428 5.0025 4.9204 4.9719 5.0142 5.0050 4.9576

5. Conclusion

In this paper, we study the asymptotic refinement of the bootstrap coin-
tegration rank trace test. An asymptotic expansion is derived for the test
statistic of testing H(0) against H(p) in the simplest model framework with
normal errors. However, the bootstrap analogue of the expansion is very diffi-
cult to derive, mainly because normality of the bootstrap residuals is violated.
We verify that the bootstrap cointegration rank test will give asymptotic re-
finement by an intensive Monte Carlo experiment and the results exhibit the
evidence that the error in bootstrap rejection probability is of smaller order
than the asymptotic rejection probability. Due to the extremely heavy com-
putational cost we did not do the simulation for the model with lag terms and
deterministic terms. We conjecture that when it comes to more complicated
models, the bootstrap will probably also give asymptotic refinement because
the test statistic is still pivotal. In further studies it is still very interesting
to find a complete theoretical result of the asymptotic refinement.
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Figure 1: Asymptotic properties of &4 and ap.
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6. Appendix

Proof of Proposition 1
First, if we define Xr(u) = \/LT Zg{] er, and let W(u), 0 < u < 1, denote
the p-dimension standard Brownian motion. Then given T and r, Xr(u) ~
Q%Np((), @Ip). Since for given u, W(u) ~ N,(0,ul,), we also have
T
Xr(u) = 24w () ()3
Tu — [Tu] )%
Tu

= QW (u)(1 — %T”;—f“]) + 0, (T7Y).

= QW (u)(1 —

It follows that X7 (u) = Q2W (u) + O,(T1) for large T It is then straight-
forward to show that

T 1 1
1 1 1 1 _
5= ;:1 X, X | = /0 Xp(r) Xh(r)dr = Q2 /O WW'drQz+0,(T).
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Note that the second equality sign holds exactly. Now we consider Sy,

T T
1 1
510 + S()l = T E Xt_léfé + T E €tX£71

:—Z Z€5t+5t25

t=1 =1

= fZaaz

1#]
T
TZ (X, X] — X, 1 X, — &e))
T XTX/ thﬁt
1 T
= (X7 X5 = (a5, — Q) = TQ).

t=1

Let Z, = Q_%Xt and n; = Q_%st, then
T
Sio + So1 = —Q2 [Zt > (nn - 1)~ TI| Q23
t=1

Note that 7, ~ N,(0,1) and <=7, = <= 37, ~ N,(0,1) = W(1). By the

VT
central limit theorem

T
TZ nen, — ) -5 N(0, %),
where ¥ = I, + K, (K, is the commutation matrix),

1 1 1 1
Sio+ S10 = QW)W (1) — —=U — I]Q% + 0,(T" ),

VT
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where U is a random symmetric p X p matrix distributed as N(0,%). The
expansion of Sy is straightforward,

T
1 /
Swo = 7 Y AXAX

T

! Z /
t:l
T
1
— E Etgt
t=1

n
VT

'ﬂ

= Q3 (I + —=U)Q2 + 0,(T"3),

where U ~ N(0,%).

Proof of Corollary 1

If a random variable Ay is of order Ay = A+ O,(T7!), then Az} = A7! +
O,(T™1), so

1 1 -1 1
TS =0 (/0 WW’dr) Q724+ 0,(T1).

1 1 1
St = Q2(1 — —=U)Q77 + 0,(T3).
00 (1= —50) p(T77)

Proof of Theorem 1 )
We note that Sy is O,(T") whereas Sjp and Spy are O,(1), so the roots A; of
equation (2) is O,(T~'). This implies that

—TZlog (1-X TZ)\—TZ)\2+OP

Note that 7' "7, N = Ttr{S;;*S10Syq So1 } and therefore Theorem 1 is proved.
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