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1. Introduction

1.1 Lagrange multiplier test
The Lagrange multiplier (LM) test (Silvey, 1959), the Wald test (Wald,
1943) and the likelihood ratio (LR) test (Neyman and Pearson, 1928)
are three commonly used likelihood-based tests for hypotheses test-
ing in econometrics. It is well known that in well-behaved problems
these three tests are asymptotically equivalent and asymptotically lo-
cally most powerful (e.g., Engle, 1984).

For the LM test, it suffices to estimate the model under the null hy-
pothesis, which is a major advantage since in many cases estimation
under the null is computationally convenient. This is in contrast to the
Wald test which is based on the estimates of the model under the al-
ternative hypothesis, and the LR test which requires the estimates of
parameters for both the restricted and the unrestricted models.

Let l(θ) be the log likelihood function of a k× 1 parameter vector θ,
then the score is

s(θ) =
∂l(θ|x)

∂θ
,

and the information matrix is

I (θ) = −E

[
∂2

∂θ∂θ′
l(x;θ)|θ

]
.

Let θ̃ be the maximum likelihood (ML) estimator of θ subject to an
r × 1 vector of constraints h (θ) = 0. The LM test is derived from the
maximization of the Lagrangian function

L = l(θ)− λ′h(θ),

where λ is an r × 1 vector of Lagrange multipliers. According to the
first order conditions

∂L
∂θ
|θ=θ̃ = s(θ̃)− H(θ̃)λ̃ = 0,

∂L
∂λ
|θ=θ̃ = h(θ̃) = 0,

where H(θ̃) = ∂h(θ)′/∂θ, the LM test statistic can be constructed as

LM = λ̃
′
H(θ̃)′I−1(θ̃)H(θ̃)λ̃ = s(θ̃)′I−1(θ̃)s(θ̃). (1.1)
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The score function s(θ) is exactly equal to zero when θ is estimated
under unrestricted ML estimation, whereas s(θ̃) is not zero. If the con-
straints are true, we would expect both s(θ̃) and λ̃ to be small, such
that large values of (1.1) will lead to the rejection of the null hypothe-
sis H0 : h(θ) = 0. Under the null hypothesis, the sample distribution
of the LM statistic usually converges with increased sample size to a
chi-square distribution with k− r degrees of freedom.

The parameter vector θ may be partitioned as θ1 (k1× 1) and θ2 (k2×
1) such that θ= (θ′1,θ′2)

′, where θ1 is unrestricted and θ2 is constrained.
The information matrix and its inverse may then be partitioned into the
blocks:

I =

(
I11 I12
I21 I22

)
; I−1 =

(
I11 I12

I21 I22

)
,

where I11 =−E(∂2l (θ)/∂θ1∂θ′1), I12 =I ′21 =−E(∂2l (θ)/∂θ1∂θ′2) and
I22 = −E(∂2l (θ)/∂θ2∂θ′2). Under the null hypothesis

H0 : θ2 = θ20,

we have s(θ̃) = (0, (∂l(θ)/∂θ2)
′)′. Hence, the LM statistic becomes

LM =

(
∂l(θ)
∂θ2

)′
I22

(
∂l(θ)
∂θ2

)
. (1.2)

If I (θ) is block diagonal, then I22 = I−1
22 . When the null hypothesis

only concerns one parameter, by taking into account the appropriate
sign, it is more meaningful to use LM∗(θ2) =

(
∂l(θ)
∂θ2

)√
I22 (e.g., p.315,

Cox and Hinkley, 1974).
In this thesis, some LM-type tests are derived to test for panel unit

roots in factor models. To the best of our knowledge, the present study
is one of the first studies to consider the likelihood-based tests for panel
unit roots with cross-sectional dependence. Panel unit root tests and
factor models are introduced in the following subsections.

1.2 Unit root tests
Testing for unit root is an important issue in time series econometrics.
One reason is that when there exists a unit root, the limiting distribu-
tions of the estimators are very different from those in the stationary
case. To see this, let us consider an autoregressive process of order one
(AR(1)),

yt = ρyt−1 + εt, t = 1, · · · , T, (1.3)

where εt are identically and independently distributed (i.i.d) with mean
0 and variance σ2

ε . When |ρ|< 1, the process is stationary; when |ρ|> 1,
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the process is explosive, which is usually not an interesting case; and
when ρ = 1, there exists a unit root. The ordinary least squares (OLS)
estimator of ρ is

ρ̂ =
∑T

t=2 ytyt−1

∑T
t=2 y2

t−1

.

Following the central limit theorem (CLT),
√

T(ρ̂ − ρ) converges to
N(0,1− ρ2) when |ρ| < 1, whereas it degenerates to zero when ρ = 1.
If we cannot distinguish between a stationary process and a nonsta-
tionary process, misleading conclusions might be drawn. Another rea-
son is that a variable with a unit root behaves completely different
from one without (e.g., the difference between a Brownian motion pro-
cess and a stationary process, e.g., Hamilton, 1994). Additionally, as
stated by Granger and Newbold (1974), any regression, unless it is a co-
integrating relationship, between two nonstationary processes is spu-
rious. Specifically, the regression of two independent nonstationary
series will show significant correlation even though there is none.

For testing the null hypothesis H0 : ρ = 1 against the alternative
H1 : ρ < 1, the most widely used method is the Dickey-Fuller (DF) test
(e.g., Dickey and Fuller, 1979), which is based on OLS estimation of
the autoregressive coefficient. By changing the convergence rate from√

T to T, the DF ρ test statistic T(ρ̂ − 1) converges to a non-standard
distribution,

1
2{[W(1)]2 − 1}∫ 1

0 [W(r)]2dr
, (1.4)

where W(·) is the Brownian motion process. The critical values of (1.4)
can be tabulated by Monte Carlo simulations. T(ρ̂− 1) diverges to−∞
under the alternative hypothesis. The DF t-ratio test statistic is defined
as

t =
ρ̂− 1

σ̂ρ̂
, (1.5)

where σ̂ρ̂ is the OLS standard error for ρ̂.
Consider a general AR(p) process,

yt = µ + ρ1yt−1 + ρ2yt−2 + · · ·+ ρpyt−p + εt. (1.6)

Equation (1.6) can be written as A(L)yt = µ + εt, where A(L) = 1 −
ρ1L − ρ2L2 − · · · − ρpLp, and L is the lag operator such that for any
integer q, Lqyt = yt−q. The process is weakly stationary when both the
mean and the autocovariances are independent of t, say E(yt) = µ∗ <
∞ for all t and E((yt − µ∗)(yt−s − µ∗)) = γs < ∞ for all t and s. That
yt is stationary implies that all the roots of A(z) = 0 are outside of the
unit circle, i.e., |zi| > 1 for all i.
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The DF test works only for AR(1) processes. For an AR(p) pro-
cess, the augmented DF (ADF) test was modified by Said and Dickey
(1984). Consider an even more general case, say, in Model (1.3), εt =
∑∞

j=0 ψjvt−j, where vt are i.i.d error terms, εt is a moving average (MA)
process with the coefficients square summable, i.e., ∑∞

j=0 ψ2
j < ∞.1 In

fact, according to the theory of Wold (1938), any weakly stationary pro-
cess can be represented as the sum of deterministic components and an
MA process. For process (1.6), it is straightforward to verify that

yt = A(L)−1 (µ + εt) = µ† + ψ(L)εt,

where ψ (L) = A(L)−1 = ∑∞
j=0 ψjLj such that A(L)−1A(L) = 1. Phillips

and Perron (1988) considered a non-parametric method to test unit
roots. Their procedure is also based on OLS, adjusted by the short-
run covariance, long-run covariance and half long-run covariance, σ2

ε =
E(ε2

t ) = ∑∞
j=0 ψ2

j , ω2
ε = (∑∞

j=0 ψj)
2 and ζ2

ε = (ω2
ε − σ2

ε )/2, respectively.
Some other unit root tests include the LR test by Dickey and Fuller

(1981), the LM test by Solo (1984), Schmidt and Phillips (1992) and the
generalized least square (GLS) test of Elliott, Rothenberg, and Stock
(1996).

The unit root tests for single time series suffer from low power in
finite samples. To increase power, econometricians and statisticians
often use the increased information in panels.

1.3 First generation panel unit root tests
Since the working paper versions of Quah (1994) and Breitung and
Meyer (1994), research about unit root tests in panel data has continu-
ously increased. A recent survey is Breitung and Pesaran (2008). Some
early reviews include Banerjee (1999) and Baltagi and Kao (2001). The
original motivation for deriving panel unit root tests was to increase
power when testing the nonstationary null hypothesis against a sta-
tionary alternative by combining the information of the cross-sectional
units. Today, the panel unit root analysis has become a research branch
in its own right (e.g., Westerlund and Breitung, 2013).

Consider a simple AR(1) panel model,

yi,t = µi + ρiyi,t−1 + εi,t, (1.7)

where εi,t is the error term with mean 0 and variance σ2
i , i = 1, · · · , N

denote the cross-sectional individuals and t = 1, · · · , T denote the time

1There are other restrictions on the MA coefficients, such as ∑∞
j=0 j|ψj| < ∞, or

∑∞
j=0 |ψj| < ∞, that imply the square summability.
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periods. Equation (1.7) can be written in vector form,

yt = µ + ρyt−1 + εt, (1.8)

where yt = (y1,t, · · · ,yN,t)
′, µ = (µ1, · · · ,µN)

′, ρ = diag (ρ1, · · · ,ρN) and
εt = (ε1,t, · · · , εN,t)

′. The null hypothesis is

H0 : ρi = 1 for all i.

There are two types of alternative hypotheses: the homogeneous alterna-
tive and the heterogeneous alternative. A homogeneous alternative tests
whether every individual time series has a unit root against the alter-
native that all time series are stationary with the same autoregressive
coefficient, i.e.,

H1a : ρi = ρ < 1 for all i.
The heterogeneous tests share the same null hypothesis as the homoge-
neous tests, but the autoregressive coefficients are different under the
alternative hypotheses, i.e.,

H1b : ρi < 1 for i = 1, · · · , N1 and all other ρi = 1,

where N1
N → δ1 > 0 as N1, N→∞.

Depending on whether the cross-sectional individuals are indepen-
dent of each other or not, the panel unit root tests are roughly classified
into two categories: the first generation unit root tests, which assume
that the cross-sectional individuals are mutually independent (such
that the covariance matrix of the error terms, Var(εt), is diagonal),
and the second generation unit root tests, which assume that there exists
cross-sectional dependence (such that the covariance matrix Var(εt) is
a general positive definite symmetric matrix).

Levin, Lin, and Chu (2002) (hereafter LLC) and Im, Pesaran, and
Shin (2003) (hereafter IPS) are two of the most cited papers concerning
first generation panel unit root tests. LLC is a pooled OLS test for panel
data,

τLLC =
∑N

i=1 σ̂−2
i ∆y′i M ιyi,−1√

∑N
i=1 σ̂−2

i y′i−1M ιyi,−1

. (1.9)

In (1.9), ∆yi = (∆yi,1, · · · ,∆yi,T)
′, yi,−1 = (yi,0, · · · ,yi,T−1)

′, M ι = IT −
ιT(ι

′
TιT)

−1ι′T where ιT is a T × 1 vector of ones and

σ̂2
i =

∆y′i Mi∆yi
T − 2

,

where Mi = IT − X i(X ′iX i)
−1X ′i and X i = (ιT,yi−1). IPS uses the aver-

age ADF t-ratio test to construct the test statistic

τIPS =

√
N(τ̄ −E(τ))√

Var(τ)
, (1.10)
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where τ̄ = 1
N ∑N

i=1 τi and τi are the ADF t-ratio test statistics for each
individual.

Another popular approach to deal with heterogeneous alternative
hypotheses is the Fisher-type test by Maddala and Wu (1999). This test
combines the p-values (e.g., Fisher, 1934) of the usual ADF test for each
individual, with N fixed,

τMW = −2
N

∑
i=1

log pi.

Choi (2001) extends the analysis to allow N→∞ by standardization,

−2∑N
i=1 log pi − 2N√

4N
d→N (0,1) as N→∞. (1.11)

The first generation panel unit root tests successfully improved power.
However, the restriction that individuals should be independent is cru-
cially restrictive and lacks reality. For instance, data in macroeconomics,
international trade or international finance are highly dependent (e.g.,
Pesaran, 2004; Lyhagen, 2008). The dependence could arise through
temporal correlations (e.g., O’Connell, 1998) or through common stochas-
tic trends, i.e., when the panel individuals are co-integrated (e.g., Ur-
bain and Westerlund, 2011). As pointed out by O’Connell (1998) and
Maddala and Wu (1999), the tests may exhibit severe size distortion
when the independence assumption is violated. This potential prob-
lem encourages the development of the second generation panel unit
root tests.

1.4 Second generation panel unit root tests
The second generation panel unit root tests allow for cross-sectional
dependence. Basically, two main approaches have been proposed for
this purpose. The first considers general cross-sectional dependence.
Some examples include the nonlinear instrumental variables (NIV) test
of Chang (2002), the robust GLS test of Breitung and Das (2005) and the
bootstrap methods of Chang (2004) and Palm, Smeekes, and Urbain
(2011).

Another popular approach models cross-sectional dependence by
imposing unobserved common factors. There are two reasons for do-
ing this. First, the cross-sectional space can be reduced to the factor
space in which the dimension of the latter is usually much smaller than
the dimension of the former. Second, it is natural to consider the de-
pendence of a large set of economic variables arising from common
factors: a large system may be driven by a small set of shocks (e.g.,
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Breitung and Eickmeier, 2006). Phillips and Sul (2003) and Pesaran
(2007) assume one factor, whereas Moon and Perron (2004), Bai and
Ng (2004) and Pesaran, Smith, and Yamagata (2013) allow for a more
general factor structure.

In Model (1.7), the unobservable terms can be expressed as

εi,t =
r

∑
j=1

λi,j f j,t + vi,t,

where f j,t is the unobservable common factor, λi,j is the corresponding
factor loading and vi,t is the idiosyncratic error term. It is obvious that
yi,t are cross-sectionally dependent in that they share the same latent
variables.

There are several ways to remove the effect of the common factors.
Pesaran (2007) uses the mean of the observations as a proxy for the
common factor, and then subtracts it from the model. Moon and Per-
ron (2004) use the method of principal components (PC) to estimate the
factor loadings and then multiply the observations by the orthogonal
projection of the estimated factor loadings to remove the effect of the
common factors. Bai and Ng (2004) first use the method of PC to esti-
mate the space spanned by the common factors and the space spanned
by the idiosyncratic error terms separately and then treat them as ob-
servable.

Since factor structure cross-sectional dependence is so popular in
the second generation panel unit root tests, it is necessary to introduce
more detailed information about the factor model separately.

1.5 Factor model
Factor analysis is a statistical method to describe the correlation among
a large set of observed variables in terms of a handful of unobserved
factors. Consider the factor model

x = Λ f + u, (1.12)

where x= (x1, · · · , xN)
′ is a vector of N observable variables, f = ( f1, · · · , fr)

is a vector of r unobservable common factors, u = (u1, · · · ,uN)
′ is a vec-

tor of N unobservable idiosyncratic components and Λ = (λi, · · · ,λN)
′

is a matrix of factor loadings in which λi = (λi,1, · · · ,λi,r)
′.

The assumptions of the classical factor model are: (i) the number of
variables N is fixed; (ii) the factors f and the idiosyncratic component u
are i.i.d with E( f ) = 0, E( f f ′) = Σ f and E(u) = 0, E(uu′) = Ψ, where
Ψ = diag(ψ1, · · · ,ψN); and (iii) f and u are mutually independent with
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Cov( f ,u) = E( f u′) = 0. The covariance matrix of x is

Σx = Var(x) = ΛΣ f Λ′ + Ψ.

The parameters to be estimated are θ = (Λ,Σ f ,Ψ). Without additional
restrictions, we cannot identify the factor model. To see this, let Λ∗ =
ΛG and Σ∗f = G−1 f G′−1, where G is any nonsingular r × r matrix. It
is obvious that ΛΣ f Λ′ = Λ∗Σ∗f Λ∗′.

Since the non-singular matrix G has r2 free parameters, we need r2

restrictions to identify the model. There are many ways to impose re-
strictions (e.g., Jöreskog, 1967, 1969). The following are five commonly
used identification conditions (IC):

• IC1: Λ = (Ir,Λ′2)
′, Σ f is unrestricted.

• IC2: 1
N Λ′Ψ−1Λ = Ir and Σ f =D, the diagonal matrix, whose di-

agonal elements are distinct and arranged in descending order.
• IC3: 1

N Λ′Ψ−1Λ =D and Σ f = Ir.
• IC4: Λ1 is a lower triangular matrix with all diagonal elements

being 1 and Σ f =D.
• IC5: Λ1 is a lower triangular matrix with none of its diagonal ele-

ments being 0 and Σ f = Ir, where Λ1 is the upper r× r submatrix
of Λ.

Under the normality assumption, the most commonly used estima-
tion method is ML (e.g., Lawley and Maxwell, 1963; Anderson, 2003;
Johnson and Wichern, 1988). Since the unobserved common factors
can be considered as missing data, the expectation maximization (EM)
algorithm (e.g., Rubin and Thayer, 1982) is popular. There are two
main reasons for its popularity. First, the EM algorithm involves only
complete-data ML estimation, which is often computationally simple.
Second, the convergence is stable, with each iteration increasing the
likelihood.

Let l(x, f |θ) be the complete log-likelihood, and let p( f |x,θ(t)) be
the conditional distribution of the unobservable factors f when given
x and θ(t). The E-step is to compute the expectation of the complete
log-likelihood based on the conditional distribution p( f |x,θ(t)), which
is a function of θ, denoted by Q(θ|θ(t)),

E-step: Compute Q(θ|θ(t)) = Ep( f |x,θ(t))[l(x, f |θ)].

The M-step is to find the θ which maximizes Q(θ|θ(t)), denoted by
θ(t+1),
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M-step: θ(t+1) = argmax
θ

Ep( f |x,θ(t))[l(x, f |θ)].

The iteration starts from some initializing values θ(1), repeating until
||θ(t+1) − θ(t)|| is less than some small tolerance.

1.6 Dynamic factor model and its static
representation

A distinction needs to be made between a static factor model and a
dynamic factor model. A static factor model is

xi,t = λ′i f t + ei,t = Ci,t + ei,t, (1.13)

where f t is a vector of the common factors, λi is a vector of the factor
loadings, ei,t is the idiosyncratic component. Moreover, Ci,t = λ′i f t rep-
resent the common components, where i indicates the cross-sectional
unit for i = 1, · · · , N and t indicates the time period for t = 1, · · · , T. The
model is defined as static because it specifies a static relationship be-
tween xi,t and f t, although f t could be a dynamic process such that
f t = C(L)vt, where C(L) = ∑∞

i=0 C jLj and vt are i.i.d errors. In contrast,
a dynamic factor model is usually defined as

xi,t = λ′i(L) f t + ei,t,

where λi(L) = (1 − λi,1L, · · · ,−λi,sLs) is a vector of dynamic factor
loadings of order s and ei,t = Di(L)εi,t (e.g., Bai and Ng, 2008; Forni,
Hallin, Lippi, and Reichlin, 2000).

Every dynamic factor model with finite lags of the factor loadings
has a static representation. As shown in Bai and Ng (2008), a dynamic
factor model with q factors can be written as a static factor model with
r factors, where r = q× (s + 1). In this sense, it is sufficient to focus on
the static factor model with dynamic factors and dynamic idiosyncratic
error terms.

Rewrite (1.13) in vector form,

xt = Λ f t + et,

where xt = (x1,t, · · · , xN,t)
′. The covariance matrix of xt is

Σx = Var(x) = ΛΣ f Λ′ + Ψ,

where Σ f = E( f t − E( f t))( f t − E( f t))
′ and Ψ = E(et − E(et))(et −

E(et))′. When Ψ is diagonal, the model in Equation (1.13) is referred
to as the exact factor model, whereas an approximate factor model does
not require Ψ to be diagonal (e.g., Chamberlain and Rothschild, 1983).
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The eigenvalues of Ψ are usually assumed to be uniformly bounded,
but the largest r eigenvalues of Σx increase with N, i.e., O(N), and
the remaining eigenvalues of Σx are bounded. According to Chudik,
Pesaran, and Tosetti (2011), the dependence among the idiosyncratic
terms is weak and the dependence among the observations is strong.

Many economic and financial problems can be characterized accord-
ing to a (static) factor model. For instance, in macroeconomics, suppose
that xi,t is the GDP growth rate for country i at time t, f t is a vector of
unobserved common shocks with heterogeneous impact of the shocks
given by λi and ei,t is the country-specific growth rate (e.g., Bai and Ng,
2008). The static factor model is different from the classic factor model
in the following sense: (i) both the number of individuals N and ob-
servations T can be large and (ii) both the factors and the idiosyncratic
error terms are usually serially, or cross-sectionally dependent, or both.

In this thesis, we focus on the exact static factor model with high
dimensions and with dynamic factors and dynamic idiosyncratic com-
ponents. Our study will contribute to the more general approximate
dynamic factor models.

1.6.1 Estimation of factor model: PC
As mentioned in the previous section, the commonly used method for
estimating the classic factor model is ML. In contrast, for factor models
of high dimensions (and with dynamic factors and idiosyncratic er-
rors), the commonly used approach is the method of PC (e.g., Connor
and Korajzcyk, 1986, 1988; Stock and Waston, 2002; Bai and Ng, 2004).

Rewrite (1.13) in matrix form, x = Λ f + e, where x is an N × T ma-
trix, f is a r× T matrix and e is an N× T matrix. For a given number of
factors r, the PC procedure minimizes the following objective function

V(Λ, f ) =
1

NT
||x−Λ f ||2 = 1

NT ∑
i

∑
t
(xi,t − λ′i f t)

2.

By concentrating out Λ, under the condition that f f ′/T = Ir (without
loss of generality), the optimization problem is identical to maximizing
tr( f (x′x) f ′). Let v1, · · · ,vr be the eigenvectors of x′x corresponding
to its r largest eigenvalues. Then, the estimated factors based on PC,(

f̂
pc)′

, is
√

T times [v1, · · · ,vr] such that f̂
pc(

f̂
pc)′

/T = Ir. Further,

we have Λ̂
pc
= x f̂

pc
/T. When r is unknown, the methods introduced

by Bai and Ng (2002) can be used to estimate it consistently.
The advantages of the PC method are obvious. First, it is easy to

compute, and second, it provides consistent estimators for the factors
and factor loadings when both N and T are large (Bai, 2003). The esti-
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mation of the factor loadings, the space spanned by the common fac-
tors and the idiosyncratic error terms are consistent. As shown by Bai

(2003), f̂
pc
t

p→ H ′ f t, as N, T → ∞ if
√

N/T → 0, and λ̂
pc
i

p→ H−1λi as

N, T→∞ if
√

T/N→ 0, where H is some invertible matrix. Ĉi,t
p→ Ci,t

as min(N, T)→∞ without any further restrictions.
However, the disadvantage of PC is also obvious. As shown in Bai

(2003), when N is fixed, the PC estimators of the factor loadings are not
consistent when there exists heteroscedasticity, which will impact the
unit root tests based on the estimated residuals. ML, on the other hand,
is more attractive than PC. Not only is ML consistent when N is fixed
but it is also more efficient.

1.6.2 Estimation of factor model: ML
Doz, Giannone, and Reichlin (2012) consider quasi-ML estimation in
a misspecified exact factor model in which the true model is the ap-
proximate factor model. Bai and Li (2012b,a) consider a more general
quasi-ML approach.

Let Ψt = E(ete′t), which allows for heteroscedasticity over T, and let

Ψ = diag
(

1
T ∑T

t=1 Ψt

)
. Consider the following objective function

l = − 1
2N

ln |Σx| −
1

2N
tr
(

MxΣ−1
x

)
, (1.14)

where Mx = 1
T

T
∑

t=1
ẋt ẋ′t denotes the sample variance of xt, and where

ẋt = xt − 1
T ∑T

t=1 xt. Also, let Σx = ΛΣ f Λ′ + Ψ, where Σ f is the covari-
ance matrix of f t.

As shown by Bai and Li (2012a), under very general forms of id-
iosyncratic autocorrelation, time heteroscedasticity and cross-sectional
correlation, the quasi-ML estimators of the approximate model, i.e., Λ,
Σ f and Ψ, are consistent when they are identified by any of the five
identification restrictions as stated in Section 1.5, with average conver-
gence rates,

1
N ∑N

i=1
1

ψ̂2
i

∣∣∣∣∣∣λ̂i − λi

∣∣∣∣∣∣2 =Op

(
T−1

)
+Op

(
N−2

)
,

1
N ∑N

i=1

(
ψ̂2

i − ψ2
i

)2
=Op

(
T−1

)
+Op

(
N−2

)
,∣∣∣∣∣∣Σ̂ f − Σ f

∣∣∣∣∣∣2 =Op

(
T−1

)
+Op

(
N−2

)
.
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When the model is an exact factor model, the Op
(

N−2) terms vanish.
The computation can be done using the EM algorithm as introduced in
Section 1.5.

1.6.3 Nonstationary factor model
The nonstationary factor model can now be considered,

Xi,t = µi + λ′iFt + ei,t, (1.15)
(1− L)Ft = C(L)vt,

(1− ρiL)ei,t = Di(L)εi,t.

In this model, the non-stationarity of Xi,t can arise because Ft is I(1),
or because ei,t is I(1), or both. The ability to estimate Ft and ei,t makes
it possible to test unit roots in Ft and ei,t separately (e.g., Bai and Ng,
2004).

When the model is nonstationary, estimation based on Bai (2003) is
not consistent. However, as shown in Bai and Ng (2004), if we per-
form the first difference operation, i.e., ∆Xi,t = λ′i∆Ft + ∆ei,t, the model
becomes stationary. Denote xi,t = ∆Xi,t, f t = ∆Ft, and zi,t = ∆ei,t. Let
(λ̂1, · · · , λ̂N), ( f̂ 1, · · · , f̂ T) and ẑi,t for all i and t be the PC estimates of
λi, f t and zi,t. In other words, λ̂i, f̂ t and ẑi,t are consistent for H−1λi,
H ′ f t and zi,t for some invertible r× r matrix H. Note that, as N, T→∞,
F̂t = ∑T

s=2 f̂ t is uniformly close to HFt. The results are not dependent
on whether Ft or ei,t are I(1) or I(0). Similarly, we can apply ML to the
differenced model and then re-accumulate the estimated terms.

After estimating the common factors and the idiosyncratic compo-
nents, we can test for unit roots of the common factors and the idiosyn-
cratic components separately as they are observed.
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2. Summary of papers

2.1 Framework and assumptions
Consider the following factor model

Xi,t = µi + λ′iFt + ei,t, i = 1, · · · , N; t = 1, · · · , T, (2.1)

where µi is the individual specific fixed effect, Ft = (F1,t, · · · , Fr,t)′ is an
r× 1 vector of dynamic factors, λi = (λi,1, · · · ,λi,r)

′ is a r× 1 vector of
factor loadings and ei,t is the idiosyncratic error. In this model, only Xi,t
is observed. Both Ft and ei,t are dynamic and unobserved. Equation
(2.1) can be rewritten in vector form,

X t = (X1,t, · · · , XN,t)
′ = µ + ΛFt + et, (2.2)

where µ = (µ1, · · · ,µN)
′, et = (e1,t, · · · , eN,t)

′ and Λ = (λ1, · · · ,λN)
′. The

general assumptions made are as follows:

Assumption 2.1 The idiosyncratic components are homogenous AR(1),
ei,t = ρiui,t−1 + εi,t, where ρi ∈ (−1,1], εi,t ∼ N

(
0,σ2

ε,i

)
are i.i.d with

σ2
ε,i < ∞ and where E(εi,tε l,s) = 0 for all i 6= l (i, l = 1,2, . . . , N) and all

t, s = 1,2, . . . , T.
Assumption 2.2 The factors are Gaussian AR(1), Fj,t = αjFj,t−1 + vj,t,
where αj ∈ (−1,1], vj,t ∼ N (0,1) are i.i.d, and E(vj,tvq,s) = 0 (j,q =
1, · · · ,r) for all j 6= q and all t, s = 1, · · · , T.
Assumption 2.3 The factor loadings are non-random with ||λi|| < ∞,
where 1

N ∑N
i=1 λiλ

′
i converges to a positive definite matrix ΣΛ.

Assumption 2.4 The processes vj,t and εi,t are mutually independently
distributed such that E(vj,t, εi,t) = 0 for all j = 1, · · · ,r; i = 1, · · · , N and
t = 1, · · · , T.
Assumption 2.5 For stationary processes f j,t and ei,t, the initial values
f j,0 and ei,0 come from the stationary distributions, while for nonsta-
tionary processes, they are Op(1).
Assumption 2.6 The idiosyncratic components and the factors are sep-
arate homogenous groups, i.e., ρi = ρ for all i, and αj = α for all j.
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For notational convenience, let T∗ = T − 1, D be the T∗ × T first-
difference matrix,

D =


−1 1 0 · · · 0

0 −1 1
. . .

...
...

. . . . . . . . . 0
0 · · · 0 −1 1

 , (2.3)

and let Y = XD′, where X = (X1, · · · , XT) is the observed panel data.
Under Assumption 2.6, αj = α and ρi = ρ for all j = 1, · · · ,r; i = 1, · · · , N,
the differenced and stacked panel data, Yv = vec(Y) = (y′2,y′3, · · · ,y′T)′,
has covariance matrix

Σ = E(YvY ′v) = [Ψ(α)⊗ΛΛ′] + [Ψ(ρ)⊗ Σε], (2.4)

where⊗ denotes the Kronecker product of two matrices, Σε =diag(σ2
ε,1,

· · · ,σ2
ε,N) and where

Ψk,s(ρ) =

{ 2
1+ρ

− ρ||k−s|−1|(1−ρ)
1+ρ .

When α = 1 and ρ = 1, Ψ(α) = Ψ(ρ) = IT∗ , (2.4) becomes

Σ|α=1,ρ=1 = IT∗ ⊗ΛΛ′ + IT∗ ⊗ Σε = IT∗ ⊗ (ΛΛ′ + Σε) = IT∗ ⊗Ω,

where Ω ≡ ΛΛ′ + Σε.
Let θ = (vec(Λ)′,σ2

ε,1, · · · ,σ2
ε,N ,α,ρ)′; under the multivariate normal-

ity assumption, the log-likelihood of Yv is

l(θ) = −NT∗

2
log(2π)− 1

2
log |Σ| − 1

2
Y ′vΣYv. (2.5)

Denote θ̃ = (vec(Λ̃)′, σ̃2
ε,1, · · · , σ̃2

ε,N ,1,1)′ the ML estimators that maxi-
mize (2.5). For notational convenience, let

S01 = Λ̃Λ̃
′
+ Σ̃ε. (2.6)

More strictly, when σ2
ε,i = σ2

ε for all i = 1, · · · , N, we have Σε = σ2
ε IN .

Assumption 2.7 The idiosyncratic components are cross-sectionally ho-
moscedastic, i.e., σ2

ε,i = σ2
ε for all i.

In Paper I and II, we follow Assumptions 2.1-2.7. In Paper III, we relax
the assumption that the factors are integrated, while allowing the fac-
tors to have quite general form of dynamics. Thus, Assumption 2.2 is
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replaced by Assumption 2.2* in Subsection 2.4. In paper IV, additional
to the relaxation of the factors, the restrictions concerning the idiosyn-
cratic components are also relaxed (see Assumption 2.1* in Subsection
2.5 ).

2.2 Paper I
In paper I, we derive a homogeneous LM-type test for panel unit roots
in the idiosyncratic components under the conditions that all factors
are nonstationary, i.e., f t ∼ I(1) and that the number of factors are
known. We give the asymptotic distribution of the test statistic in two
cases: (i) when the number of panel individuals (N) is fixed and the
number of time points (T) tends to infinity, and (ii) when T tends to in-
finity followed by N trending to infinity. We compare the size-adjusted
power of the LM-type test with the pooled test of Bai and Ng (2004),
and study the robustness to cross-sectional heteroscedasticity and the
heterogeneity in the autoregressive parameters.

Under Assumptions 2.1-2.7, we consider the hypotheses

H0 : ρ = 1|Fj,t ∼ I(1), for all j = 1, . . . ,r,

H1 : ρ < 1|Fj,t ∼ I(1), for all j = 1, . . . ,r.

Let θ =
(
vec(Λ)′,σ2

ε ,ρ
)′ be the parameter set that can be partitioned as

θ1 = (vec(Λ)′,σ2
ε )
′, and θ2 = ρ. Based on (2.5), we derive the LM-type

statistic

ϑ1 =

[
∂l
∂ρ

√
Iρρ

] ∣∣∣
ρ=1

, (2.7)

where ∂l
∂ρ is the first derivative of log likelihood corresponding to ρ

and Iρρ is the corresponding lower right scalar of the inverse of the
information matrix. For any given T, (2.7) is

ϑ1 =
T∗tr

(
S−1

01

)
− 2tr

(
S−1

01 S0S−1
01

)
+ tr

(
S−1

01 S00S−1
01

)
√

2T∗(T∗ − 1)tr
(

S−2
01

) , (2.8)

where S01 is as shown in (2.6),

S0 =
T

∑
t=2

yty
′
t = YY ′, (2.9)

and

S00 =

(
T

∑
t=2

yt

)(
T

∑
t=2

yt

)′
. (2.10)
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Let ηi be the eigenvalues of Λ′Λ with η1 ≥ η2 ≥ · · · ≥ ηr ≥ 0 for
1 ≤ r < N. We show that when N is fixed and T → ∞, the limiting
distribution of (2.8) is a weighted sum of independent χ2

1-variables,

ϑ1
d→ 1√

2∑N
i=1 w2

i

(
N

∑
i=1

wiχ
2
1,i −

N

∑
i=1

wi

)
, (2.11)

where χ2
1,i are independent over i = 1, . . . , N, and where wi =

σ2
ε

ηi+σ2
ε

for
1≤ i≤ r and wi = 1 for r < i≤ N. Matching the first- and second-order
moments, (2.11) can be approximated as

ϑ1
app.
∼ 1√

2d1

(
χ2

d1
− d1

)
, (2.12)

where d1 =
(∑N

i=1 wi)
2

∑N
i=1 w2

i
=

[tr(Ω−1)]
2

tr(Ω−1Ω−1)
, and where Ω = ΛΛ′ + σ2

ε IN .

Furthermore, the number of degrees of freedom of (2.12) can be ap-
propriately approximated by N − 1

2 r, where r is the number of non-
stationary factors. When T tends to infinity followed by N tending to
infinity, the distribution tends to the standard normal, irrespective of

the number of factors, i.e., ϑ1
d→N (0,1).

Our Monte Carlo simulations show that ϑ1 has good size properties
if N is not much larger than T, and as long as the number of factors
r is not large relative to N. ϑ1 is also demonstrated to have substan-
tially higher local power than the Fisher-type test in Bai and Ng (2004).
Even though the test statistic is derived under integrated factors, the
simulations show that as long as the dimensions of the panel are large
enough, the test statistic is robust when the factors are stationary or co-
integrated. Although the case in this paper is rather special, by using
a quasi-likelihood method, the LM statistic can be extended to allow
for more general cases (e.g., higher order dynamics and cross sectional
heteroscedasticity).

2.3 Paper II
In contrast to Paper I, in which we derive an LM-type test for the id-
iosyncratic unit roots conditional on I(1) factors, in paper II we con-
sider a homogeneous test for unit roots in the common factors condi-
tional on I(1) idiosyncratic components.

Under Assumptions 2.1-2.7, the hypotheses are

H0 : α = 1|ui,t ∼ I(1), for all i = 1, · · · , N;
H1 : α < 1|ui,t ∼ I(1), for all i = 1, · · · , N.
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Similar to Paper 1, the test statistic is

ϑ2 =

[
∂l
∂α

√
Iαα

] ∣∣∣
α=1
' ϑ∗2 =

[
∂l
∂α

√
I−1

αα

] ∣∣∣
α=1

. (2.13)

In detail,

ϑ∗2 =
T∗ tr

(
M̃S−1

01

)
− 2tr

(
M̃S−1

01 S0S−1
01

)
+ tr

(
M̃S−1

01 S00S−1
01

)
√

2T∗2 tr
(

M̃S−1
01 M̃S−1

01

) , (2.14)

where M̃ = Λ̃Λ̃
′

and S0,S00,S01 are given by (2.9),(2.10) and (2.6) re-
spectively.

When N is fixed and T→∞, the test statistic converges to the weighted
sum of χ2

1 distributions,

ϑ∗2
d→ 1√

2∑r
j=1 w2

j

(
r

∑
j=1

wjχ
2
1,j −

r

∑
j=1

wj

)
, (2.15)

where χ2
1,j are independent over j = 1,2, . . . ,r and where wj =

ηj

σ2
ε +ηj

.

Matching first- and second-order moments of (2.16) yields

ϑ∗2
app.∼ 1√

2d2

(
χ2

d2
− d2

)
,

where d2 =
[tr(MΩ−1)]

2

tr(MΩ−1 MΩ−1)
. As T→∞ followed by N→∞,

ϑ∗2
d→ 1√

2r

(
χ2

r − r
)

. (2.16)

In addition to the above test, we propose another two LM-type tests
that jointly test for unit roots in the factors and the idiosyncratic com-
ponents and derive their asymptotic distributions. Specifically, for test-
ingH0 : α= 1 and ρ= 1 againstH1 : α< 1 and/or ρ< 1, the test statistics
are a combination of the test statistic ϑ1 in Paper I and ϑ∗2 in Paper II.

By simulation, the size and power properties of the proposed statis-
tics are studied. Their performance is also compared with the PANIC
procedure of Bai and Ng (2004). The simulation results show the fol-
lowing: (i) the likelihood-based statistics have higher local power than
the PANIC procedure based on PC; (ii) PANIC has virtually no power
against locally stationary factors; and (iii) our test statistics are robust
to the conditioning on I(1) factors and I(1) idiosyncratic components
if the panel dimensions are large enough. The results in this paper are
derived under the important AR(1) case, which should contribute to
the development of likelihood-based unit root tests in dynamic factor
models with more general dynamic properties than considered here.
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2.4 Paper III
In paper III, we derive a homogeneous LM-type test for idiosyncratic
unit roots in the exact factor model based on the likelihood function
of the differenced data. The setup in this paper is similar to that in
Paper I, but the restrictions are relaxed with respect to two features.
First, the idiosyncratic components are assumed to be cross-sectional
heteroscedasticity, i.e., σ2

ε,i are distinct for different i. Second, the fac-
tors are allowed to be general linear processes. Specifically, we use the
Assumption 2.2* in place of the original assumption (i.e., Assumption
2.2).

Assumption 2.2* (factors). The factors admit the representation (1−
L)Ft = C(L)vt, where C(L) = ∑∞

m=0 CmLm is an r × r lag polynomial
matrix and where

(i) vt ∼ i.i.d (0,Σv), where E||vt||4 < ∞;

(ii) Σ∆F = ∑∞
m=0 CmΣvC′m > 0;

(iii) ∑∞
m=0 m||Cm|| < ∞; and

(iv) rank(C(1)) = r1, where 0≤ r1 ≤ r.

Assumptions 2.2* concerning the factors is the same as Bai and Ng
(2004). r ≥ 1 is the number of factors and 0 ≤ r1 ≤ r is the number
of the common trends among the factors (e.g., Johansen, 1995). To con-
struct the test statistic, we impose the following misspecification:

Misspecification 2.1 The differenced factors are multivariate white noise
drawn from the normal distribution, ∆Ft ∼ i.i.dNr(0, I).

Under Assumptions 2.1, 2.3-2.5, Misspecification 2.1 and ρi = ρ for
all i, the parameter vector is θ = (vec(Λ)′,σ2

ε,1, · · · ,σ2
ε,N ,ρ)′, which can

be partitioned as θ1 = (vec(Λ)′,σ2
ε,1, · · · ,σ2

ε,N)
′ and θ2 = ρ. Consider the

null hypothesis and the alternative hypothesis

H0 : ρ = 1, vsH1 : ρ < 1.

Because the information matrix is block diagonal when T→∞ no mat-
ter if N is fixed or N→∞, the LM-type test statistic is

ϑ3 =

[
∂l
∂ρ

√
Iρρ

] ∣∣∣
ρ=1
' ϑ∗3 =

[
∂l
∂α

√
I−1

ρρ

] ∣∣∣
ρ=1

. (2.17)
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In detail,

ϑ∗3 =
T∗ tr

(
Σ̃εS−1

01

)
− 2tr

(
Σ̃εS−1

01 S0S−1
01

)
+ tr

(
Σ̃εS−1

01 S00S−1
01

)
√

2T∗2 tr
(

Σ̃εS−1
01 Σ̃εS−1

01

) , (2.18)

where S0,S00 are given by (2.9) and (2.10) respectively, S01 = Λ̃Λ̃
′
+ Σ̃ε,

where Σ̃ε = diag(σ̃2
ε,1, · · · , σ̃2

ε,N).
For fixed N, let ηi be the eigenvalues of Λ′Σ−1

ε Λ with η1 ≥ η2 ≥ · · · ≥
ηr ≥ 0 for 1 ≤ r < N, where r is the number of factors. As T→ ∞, the
LM-type test (2.18) has the following asymptotic distribution

ϑ∗3
d→ 1√

2∑N
i=1 w2

i

(
N

∑
i=1

wiχ
2
1,i −

N

∑
i=1

wi

)
, (2.19)

where χ2
1,i are independent over i = 1, . . . , N and where wi = (1 + ηi)

−1

for 1 ≤ i ≤ r and wi = 1 for r < i ≤ N. Similar to Paper I and II, ϑ3 can
be approximated by

ϑ∗3
app.
∼ 1√

2d3

(
χ2

d3
− d3

)
, (2.20)

where d3 =
[tr(ΣεΩ−1)]

2

tr(ΣεΩ−1ΣεΩ−1)
.

Under Assumptions 2.1, 2.2*, 2.3-2.5 and ρi = ρ for all i, as T→∞ fol-

lowed by N→∞, ϑ∗3
d→N (0,1). We show that this result is asymptoti-

cally independent of the distribution of the factors. The factors may be
independent I(1) processes, co-integrated process, or be I(0) processes
as long as they satisfy Assumption 2.2*.

By simulation, we compare the size and the local power properties of
the LM-type test with some commonly used tests. Those tests include
the Fisher-type test proposed by Bai and Ng (2004), the two statistics in
Moon and Perron (2004) and the analogous statistics proposed by Bai
and Ng (2010). The simulation results reveal the following findings: (i)
the LM-type test and the Fisher-type test are robust in terms of size,
whereas the tests of Moon and Perron (2004) and Bai and Ng (2010) are
over-sized; and (ii) the LM-type test has the highest size-adjusted local
power as N and T grow.

25



2.5 Paper IV
To test for idiosyncratic unit roots in Model (2.1), Bai and Ng (2004) use
the method of PC to estimate the spaces spanned by the common fac-
tors and the idiosyncratic components consistently. The idiosyncratic
components can then be treated as if they were observable. In this pa-
per, we replace the PC method by the ML method to get the estimated
idiosyncratic components. The size and power properties of some com-
monly used tests, including Bai and Ng (2004, 2010) and Wang, Wang,
Yang, and Li (2010), are compared by simulation based on the residuals
estimated by PC and ML.

In this study, we allow the common factors as well as the idiosyn-
cratic components to be general linear processes. That is, in addition
to replace Assumption 2.2 with Assumption 2.2*, we also replace As-
sumption 2.1 with Assumption 2.1*.

Assumption 2.1* The idiosyncratic components are (1− ρiL)ei,t =
Di(L)εi,t, where ρi ∈ (−1,1], εi,t∼ i.i.d(0,1) across i and over t, E|εi,t|8 <
∞. Di(L) = ∑∞

j=0 dijLj with ∑∞
j=1 j · |dij| < ∞ and Di(1)2 > 0.

Under Assumptions 2.1*-2.2* and 2.3-2.5, applying the method of PC
to the first difference of Model (2.1), we have

∆Xi,t = λ′i∆Ft + ∆ei,t.

For convenience, let xi,t = ∆Xi,t, f t = ∆Ft and zi,t = ∆ei,t. Then

xi,t = λ′i f t + zi,t, (2.21)

which mirrors the stationary factor model (1.13). Denote the PC esti-
mators as λ̂

pc
i and f̂

pc
t for i = 1, · · · , N and t = 1, · · · , T. Hence, we have

the estimated residuals of the differenced model, ẑpc
i,t = xi,t−

(
λ̂

pc
i

)′
f̂

pc
t .

Estimated factors and the idiosyncratic components of the original model
can be obtained by re-accumulating f̂

pc
t and ẑpc

i,t ,

êpc
i,t =

t

∑
s=2

ẑpc
i,s , F̂

pc
t =

t

∑
s=2

f̂
pc
s . (2.22)

Using the method introduced in Section 1.6, we get the ML estima-

tors of the differenced model (2.21), λ̃
ml
i and f̃

ml
t , and then

z̃ml
i,t = xi,t −

(
λ̃

ml
i

)′
f̃

ml
t ,

and

ẽml
i,t =

t

∑
s=2

z̃ml
i,s , F̃

ml
t =

t

∑
s=2

f̃
ml
s . (2.23)
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The simulation results suggest that the estimations of the factors and
factor loadings based on ML are more efficient than those based on PC,
regardless of whether the model is stationary or nonstationary. Further,
the idiosyncratic unit root tests based on the likelihood-based residuals
generally have better size and higher size-adjusted power, particularly
when the cross-sectional dimension is small and the time series dimen-
sion is large.
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3. Further research

In Papers I-III, the LM-type tests are derived directly from the likeli-
hood of the data. In Paper I, a one-sided LM-type statistic is derived
to test for unit roots in the idiosyncratic error terms conditional on the
integrated factors and the homoscedastic idiosyncratic error terms. In
Paper II, we consider the LM-type statistics to test the unit roots in the
common factors conditional on the integrated idiosyncratic error terms
and homoscedastic factors. In Paper III, we partly relax the assump-
tion of integrated factors, allowing them to be nonstationary, station-
ary, or co-integrated linear processes. The idiosyncratic components
are also allowed to be heteroscedastic over the cross-section though
heteroscedasticity in the time dimension is ruled out.

The results from Papers I-III are quite good, especially with reference
to the fact that we present the first to attempt a likelihood approach for
the model under consideration. However, one can further relax some
of the restrictive assumptions as follows.

First, let us consider an AR(p) process. In Papers I-III, we assume
that the idiosyncratic error terms {ei,t} are AR(1) processes. A common
approach to allow for higher-order dynamics is to adjust for autocor-
relation non-parametrically by estimating the long-run variance (e.g.,
Levin, Lin, and Chu, 2002; Moon and Perron, 2004). It is likely that we
can use the long-run variance to adjust the LM test to allow for AR(p)
processes. Another approach would be to consider a parametric coun-
terpart, where the AR(p) process is decomposed into an AR(1) process
with an AR(p − 1) error term. For example, an AR(2) process can be
decomposed as

ei,t = ρiei,t−1 + εi,t,
εi,t = γiεi,t−1 + vi,t,

where |γi|< 1 and vi,t are i.i.d. Here, the nuisance parameters γi would
have to be concentrated out. Bai and Li (2012a,b) offer a potential path
of consistently estimating these nuisance parameters. Yet, a third ap-
proach might be the pre-whitening method of Breitung and Das (2005)
and extend it to the dynamic factor structure in Breitung and Das (2008).

Second, let us look at the heterogeneity in the error terms. In Papers
I-III, we assume ρi = 1 for all i. This is not a problem when testing
the size properties. However, this might lead to a loss of power under

28



heterogeneous alternatives. If we allow for heterogeneity, the inverse
of the information matrix will be difficult to derive. More attention will
be needed when deriving the asymptotic distributions.

Third, is the issue of the heteroscedasticity in the error terms. In Pa-
pers I-III, we also assume that the error terms are i.i.d and Gaussian.
When applied to financial data, the error terms are, in most cases, non-
normally distributed and often heteroscedastic over time. This prob-
lem might be resolved by modifying the LM test to allow for GARCH
dynamics (e.g., Lee, 1991).

In Paper IV, we use a quasi-ML method based on a misspecified like-
lihood function (see Bai and Li, 2012a,b; Doz, Giannone, and Reichlin,
2012; Jungbacker and Koopman, 2008) to get the estimated common

factors F̂
ml
t and the estimated idiosyncratic error terms êml

i,t . This proce-
dure is then compared with the procedure of Bai and Ng (2004), who
estimate the factor model by the method of PC. The results show that
the ML-based methods are indeed more efficient than the PC-based
methods. Paper IV compares the properties of the unit root tests under
the two sets of estimated idiosyncratic terms, êml

i,t and êpc
i,t . It would

also be worthwhile to compare the properties of the analogous co-

integration tests under the two sets of estimated common factors, F̂
ml
t

and F̂
pc
t , and perhaps also to compare the performance of the estimated

factors in forecasts on financial or macroeconomic data (e.g., Stock and
Waston, 2002; Choi, 2012).
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