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1 Introduction

We can now compute the dimensions of single-trace local operators in planar N’ = 4 super
Yang-Mills (SYM), at least in principle, because of its underlying integrability [1]. However,
to fully solve the theory it is also necessary to know the three-point functions between local
operators. There are now a number of important results on this subject at both weak [2—15]
and strong coupling [16-27].

In this paper we continue our study of three-point correlators in A" = 4 SYM at strong
coupling by using flat-space vertex operators to find the relevant couplings [28, 29]. Here
we investigate two issues. The first involves the appearance of poles in extremal three-point
amplitudes. This leads to a mixing between single- and double-trace operators which we
explicitly compute for a Konishi operator mixing with a double-trace operator composed
of two chiral primaries.

The second issue we consider is the three-point functions for scalar operators with
a higher spin operator. Using results of Schlotterer for flat-space massive superstring
amplitudes [30], we can straightforwardly compute the three-point functions and compare
with recent results in [31], where the authors study these correlators by considering Regge
amplitudes of four scalar operators. In the limit of large dimensions we find agreement
with their results.

In a conformal field theory, the correlator of three local scalar operators must have
the form
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where A; are the operator dimensions. Using Witten diagrams [32], one finds that the
structure constant Cjo3 in a four-dimensional CFT has the form [33]

V(A= 1) (A — 1)(Az — 1) T(ay)T(a2)T(a3) (T — 2)
G = ¥/t ATy e
where 1
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The coupling G193 is given by
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where (15,9 5,97,) is an S° overlap integral and (Vj, Vi, Vi,) is the 3-point string ampli-
tude for the string states dual to the operators, with the momenta k; depending on their
dimensions and R-charges. The closed string coupling and tension are translated through
the AdS/CFT dictionary to be g. = 7%/2/N and o/ = 1/V/, where A = ¢2,,N is the "t
Hooft coupling.

In supergravity amplitudes the three-point couplings may have derivative terms, but
this does not affect our results since our string amplitudes are on-shell and do not distin-
guish between derivative and non-derivative couplings. As an illustration of this point, the
difference between Witten diagrams for the supergravity couplings ¢1¢2¢3 and ¢10,,¢20" ¢3
is the factor [33]

1
AsAs + (d — 22)0[1 ~ 5 (A% — A% — Ag) , (15)

where the approximation assumes that A; > 1. But this last factor is precisely —ko - k3
where the k; correspond to the momentum along the AdSs directions in the flat-space
limit [28]. Hence one should use the Witten diagram for non-derivative couplings since the
derivative terms, if any, will be built into Gio3 in our analysis. Further evidence that this
is correct, at least to leading order, is our ability to reproduce the supergravity results [34]
for three-point functions of chiral primaries in [29], and our results we present in section 4
which among other things reproduce the supergravity results in [45].

A prominent feature of (1.1) is the presence of poles for extremal correlators, which
occur when one of the «; is zero. This corresponds to the dimension of one operator being
equal to the sum of the other two. In the case of three chiral primaries it was shown that
the pole is canceled by a zero in the coupling G293, leaving a finite result [34, 35]. However,
if the correlator contains one or more non-primary operators then this might not be the
case. In particular, in [29], the coupling for two chiral primaries with opposite R-charges
and the Konishi operator was explicitly computed, where it was found that
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1
(Ve Vo, —iVi) = %o/z <J + 2A> . (1.6)
Ve, is the vertex operator for a chiral primary O;(x) with R-charge J and Vi is the vertex
operator for the Konishi operator, with dimension A ~ 2 \Y/4. As extremality is approached
with J — 1 A/2 it is clear that the coupling in (1.6) remains non-zero and the pole in (1.1)



survives. This indicates that the Konishi operator mixes with the double-traced SO(6)
singlet in the tensor product of two J-symmetric traceless representations, with

O;5(x) =:0;(2)0_;(x) : (1.7)

being one of the components that contribute equally to the mixing.

In this paper we compute the mixing for large J, and hence the splitting of the di-
mensions at the extremal point. If two equal dimension operators mix, there will be a log
divergence in the two-point function between the operators. Our result at closest approach
of the splitting between the two eigenvalues of the mixed operators is

\/MJ3/2
Am =~ — (1.8)
where M is the dimension of the J-symmetric, traceless representation of SO(6),

In section 2 we review results from [28, 29] which are necessary for the analysis in
this paper. In section 3 we present the details about the three-point correlators between
the Konishi operator and two chiral primaries of opposite R-charge. We then show how
this leads to the mixing between Konishi and the double-trace operators. In section 4 we
consider the three-point correlators between scalar operators dual to supergravity states
and states at the first massive level, and at least one higher spin operator dual to a string
state along the leading Regge trajectory. We show here that we can match with the
results in [31] as long as the scalars also have large R-charges such that our flat-space

approximations are valid. In section 5 we present our conclusions.

2 Review of previous results

In this section we collect some relevant results from [28, 29].

We assume that the operators are short operators such that the sizes of the string-duals
are small compared to the AdSs and S radii. We can then approximate the three-point
correlator using Witten diagrams [32, 33]. The Witten diagram includes an integration over
all possible intersection points, but in the case of large dimension operators the integration
is dominated by a saddle point. The location of the saddle point can be determined [28, 36]
as well as the contribution of Gaussian fluctuations. The saddle-point location is itself
related to the conservation of constants of the motion, and it is these constants that
determine the vertex operators that are inserted in the Witten diagram [28].

The classical constants of the motion are expectation values of the different components
of the conformal algebra and are determined by the R-charges, the spins, the dimensions
and by the positions of the operators on the boundary. For example, for the scalar operator
O;(x;) in a three-point function the conserved charges include

(P') = (03(2;)Opl(ay) PHOs(w:)) = —2i (ak + ajx;’“> ,

i ik
xk s
(Di) = (0;(2;)Ok(xk) DO;(;)) = i (Az’ — 2z (Oékx;] + aj?)) ;o (20)
ij ik
where IZ =zl — x? .



The conformal algebra can be written in a manifestly SO(2, d) covariant way by defining

1 _ 1 _
M_y, = E(KJPH -k'K,), Mg, =-—F—=(kP,+r'K,), M_,=-D, (22)
with arbitrary x, and Casimir —%MTSM” = —A? r,s = —1...d. Setting d = 4 and
combining with the SO(6) R-symmetry Casimir, we have

N

1 1
— §MTSM’”5 + 5RIJR” =—-A?4J?, (2.3)
where R;; are the R-symmetry generators with I,J =5, ..., 10.

If A and J are large, then the SO(2,4) x SO(6) algebra effectively reduces to a 10
dimensional Poincaré algebra. Because of the translation symmetry, we are free to shift
the intersection point to 2 = 0, in which case all (M) = 0 and the conserved charges
(K!) satisfy

103l
(K} = —Wﬁﬂ%ﬁ% (Pf), (2.4)
where

F = ajon 2y + a3 235 + azag 235 (2.5)
If we further choose k to be

Vaiopa3%
K= |z12]|w23|231] (2.6)

V2F

then the only non-zero components in (2.2) are (M_1,,), m = 0, ..., 4 for all three operators.
Assuming A2 > 1, and choosing a basis where the only non-zero R-symmetry components
are (Rj10), we can then identify the full 10-dimensional flat-space momentum as

kM = ((M_1m), (R10)) , (2.7)
which satisfies the on-shell condition
k-k=—-A24+J%=—4nV\. (2.8)

We can expand the algebra to the full superconformal PSU(2,2|4), by including the

supercharges (), and @g and the superconformal generators S% and Sg,, where o and
& are space-time spinor indices and raised or lowered a is an SO(6) spinor index. The
SU(2,2) ~ SO(2,4) covariant supergenerators are

o = (/2 Quar /2550

Qi = (w200 g, k112001 ) (2.9)
where lowered or raised a are SO(2,4) spinor indices. Defining the supercharges

- bb R : - bb
Qh = Qha + 9 meQ™ ™, Q= i (Qhy — 9 meQ™), (2.10)



then in the flat-space limit these approach the usual 10-dimensional super-Poincaré
generators with

{QF™. Q5" = —2(P4TMC)apPy, Py = (M_1m,Ryp0), {Q%.Q%} =0, (2.11)

where P is the positive-chirality projector.
A special class of operators are primary, which satisfy [S%, O(0)] = [Saa, O(0)] = 0. In
terms of the super-Poincaré generators this corresponds to

Qha=1Q%,,  QF =-iQf", (2.12)

where («, &) are the explicit four-dimensional space-time spinor indices transverse to the
trajectory in the AdS; part and (@) are the SO(6) spinor indices for the remaining six
dimensions.

The operators that satisfy (2.12) are described in detail in [29]. They are linear com-
binations of operators in the NS-NS and R-R sectors and have a fairly complicated form.
However, their flat-space three-point functions were remarkably simple. In particular, the
three-point function for two chiral primaries and a Konishi or Konishi-like operator (a
primary operator at level one with a nonzero R-charge), is given by

2,234 52372
Q102N 5%

AZAIAL (2.13)

<VC,J1 VC,Jz VK7J3> = gg «

where 1
Z3:§(|<]1\‘|'|¢72|+|J3|), a; =X —|Ji. (2.14)

In the special case where J; = —Jy = J, J3 = 0, this reduces to (1.6), where A = As.

3 Extremal correlators and operator mixing

In this section we compute the mixing between the double trace operator O;; and the
Konishi operator O. We first observe that the coupling in (1.4) near the extremal point
J = A/2 =~ A\/* is well approximated by

237V A
N )

G123 = (3.1)

where we have used the AdS/CFT dictionary for g. and «’. Using this, we also have that
near the extremal point the three-point coupling coefficient in (1.2) is approximately

A3/8 1
N 2J —A°

The structure constants among physical primary operators must be finite, hence the

6123 ~ (3.2)

pole in (3.2) signals that the operators renormalize and mix with each other. To find the
mixing the double trace operator O;7(z) defined in (1.7) needs to be regulated. Here we
use point-splitting and define the regulated operator

1

O34(x) =+ Os(a +)0y(a) = Osla + )0, (x) = [y

(3.3)



It is then clear that 1

(05 5(2)055(y)) = m7 (3.4)
while the mixing in the two-point function is
(057(2)O0k (y)) = (Os(x + )0 ;(x)Ok (y))

N Ci23 A8 1 1
[ —y?2e/=8 T N (27 = A8 fw —yPA

Note that the planar three-point function gives a nonplanar contribution to the two-point

(3.5)

function of the Konishi operator with the double trace operator. As expected, in the limit
of infinite N there is no mixing between these operators.
0% ;(z) is just one of M operators that have an equal two-point function with O (z),
where M is the dimension of the J-symmetric traceless representation of SO(6),
(J+1D)(J+22(J+3) J*

M = ~N—. .
12 12 (3.6)

Since O (z) is an SO(6) singlet, it only mixes with the singlet combination of the double-

trace operators,
1 < 1
0% () = — <O[x+€(’)1:c—>, 3.7
s,J ( ) \/M ; ( ) ( ) | E|2 J ( )
where [ refers to one of the states that make up the J-symmetric traceless representation.
The two-point-function of the singlet double-trace and the Konishi operators is then

E N8/ M 1 1
<OS,J(x)OK(y)> ~ N (2] _ A)‘€|2J7A |£C _ y|2A ’

(3.8)

To cancel the divergence at the pole in (3.8) we take as the renormalized operators the
combinations

N3/ M
ren __ — 1 €
Ok =0 = Jim S —a) %=
A3/8/M log(ep)
N OKv
where 1 is some scale satisfying ey < 1. Notice that to order 1/N the pole in the three-

O = 0%, + (3.9)

point function of O}%" with the two chiral primaries O; and Oj cancels. Expanding the

pre-factors in (1.2), we find that the structure constant involving the renormalized operator

at the pole is

A3/810g A
8N

The pole in the three-point function of OJF" with the same chiral primaries does not

Crn ~ (3.10)

appear until order 1/N?2, and so to leading order in the 1/N expansion it is also pole-free.
The point-splitting parameter € acts as a UV cutoff and leads to an anomalous dimen-
sion for the mixed operators. The anomalous dimension matrix at this order has the form

0 Jsir
I' = ’ 3.11
<53J,K 0 ) ' (3.11)



where the off-diagonal elements are given by

0sT K = ;Ei)ﬁ/j\\f/ﬂlog(au) = )\i”/;\v/ﬂ' (3.12)
The eigenvalues of I' are then given by
\3/8
0y = N M. (3.13)

Hence, at the cross-over point J = A/2 =~ A/ the mixed operators have dimensions

M \3/8
As—2]+ 7”2]AV (3.14)

and thus the splitting is Ay — A_, giving the result in (1.8), which can be reexpressed as

/M /\3/8 )\7/8

Am ~ .
N 2V3N

(3.15)

Note that the structure constant in (3.10) is scheme dependent as we could have defined
different renormalized operators by using other linear combinations of the bare operators.
But this will not affect the structure constants between the chiral primaries and the final
mixed operators that are the eigenstates of I'.

We can compare the splitting to the leading correction to the double-trace dimension
coming from supergravity, where it was found to be [37]

5, 2= 1])\;]2(J +2) (3.16)

Hence the splitting, which scales as J7/2 /N, is much larger.

4 Three-point couplings with spin

4.1 The operators and corresponding string states

In this section we consider three-point functions where at least one of the operators is dual
to a string state in the leading Regge trajectory. As in [28, 29|, the correlators can have
one or more chiral primaries,

Ocp = Cp1,..1, Tr [@11 072 0l7] (4.1)

where Cf, 1,...1, is symmetric and traceless and ®! are the six scalars in N/ = 4 SYM. These
are states in the [0, J, 0] representation of SO(6) and have the protected dimension Acp = J.
At strong coupling, these operators correspond to massless scalar vertex operators with
nonzero Kaluza-Klein momentum, and have the following mixture of NS-NS and R-R
modes [28, 29]

1 1
Vor=—- W, —W . 4.2
C.k 1 ( 1,k T NG 2,k> (4.2)



The NS-NS and R-R vertices are given respectively by
Wik =9cep wMe_‘ﬁz;Me_deik'X , Wok = gctan (:)Ae_%‘ZB OB 30cikX , (4.3)
with the following polarizations
o (M) kM];M‘i‘kM]%M O[/ 1/2 T 0/ 1~1/ 2/ 3
ey = (—=1)%* T ) tap= 5 (C VT TerT %)AB. (4.4)

We define the untwisting factor as

1 M=0,....3
op(M) = (4.5)
0 M=4.5...9.

The primed indices denote a frame in which the directions 0,...,3" are transverse to the
momentum k.

The other operators considered in [28, 29] also transform in the [0, J, 0] representation,
but have bare dimension Ay = J + 2 [38]. Operators of this type include

Oy=Tr[0'®,Z27] +..., (4.6)

where Z = (®5 + i®)/v/2, and the ellipsis refers to different positions of the ®; in the
trace, such that the corresponding magnon momenta lie at level one [38, 39]. For J = 0 we
have the Konishi operator

Ok = O0j—9 =Tr [ @[] , (4.7)

which at strong coupling has dimension Ag &~ 2X'/4. These operators correspond at strong
coupling to scalar vertex operators at the first massive string level, possibly with some
Kaluza-Klein momentum. They can be written as

1 1
Kk="T6 < et Ver 5 3,k> (4.8)
where Vi j, and V5, are the NS-NS vertices and V31 is in the R-R sector

2 T
Vik = ge ey " 10X N e Mg X N et (4.9)

a b
Vak = ge Oy NN YMopNople=0 pMypNople=d etk X |
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MN _ EMEN

Defining the tensor 7MY = p w2 we can write the polarizations in the following way
ok (4o, (W) (L s S L

ey = (=1) 5 (Mg + M) = gy ) > (4:10)
~ ~ ~ 1 . . . .

aMNL;MNi, = (—1)0'k(M)+O'k(N)+Uk(L)3?(nMMnNN,r/Li = (5 permutatlons)) ’
v ! 1/2 ’ ’ / / ].
taang = (—1)7+3) <O;) <CT1TO r'rrrg (ﬁMN - 9FRFS??MR?7NS>>
AB



In this work we will also consider relatives of the Lagrangian operator with R-charge J
which have protected dimension Ay, =4+ J

Op, =T [FuF*™Z7] + ..., (4.11)

where F),, is the field strength of N’ =4 SYM, and the ellipsis refers to different positions
of the F},, in the trace, and also other scalar and spinor terms required by supersymmetry.
At strong coupling these operators correspond to the ten-dimensional dilaton with some
Kaluza-Klein momentum
9e kacky +kgkar\ v o g ikx
Ve =——F+ - — = e e %e . 4.12
Lk \/g <77M M Lk ”¢ ¢ ( )

Finally, an obvious extension to the results in [29] is to consider operators with spin.

It is in general nontrivial to find the vertex operator for a generic operator with dimension
A and spin S. However, if the operator is a special combination of the three following twist
two operators [31]

Tt [Fuu, Dy, ... Dy | Fyi#], Tr[®/D,, ... Dyg®"], Tr [oDy, ... Dyy Tygtp®], (4.13)

then the dual string state lies on the leading Regge trajectory at level n = %(S — 2) with
scaling dimension A ~ 2y/nA\1/4.

As noted in [30], the vertex operator for a symmetric traceless state in the leading

Regge trajectory is given by
2\" - P A 5
On = ge <a) SRR A | (2 e UArad | (22 SR Aty
j=1 J=1
(4.14)
with e, v a totally symmetric and traceless tensor. To normalize the vertex operator

we need only to compute its two-point function
(OnkOn,—k) = T(S/2)%enry..page™ 5 . (4.15)

The normalized vertex operator for a string state in the leading Regge trajectory is then

S—2 S5—2

S/2—1 2 2 ~ - -

o ge2 norm oM\ Mg g — AN M\ T Mgy — ik X

Vsk = 7F(§)O/S/271 EMl...MS/QZ\?h...J\?Is/Q 1_11 (@X 3)1/1 s/2e 1_[1 (zaX J)@D 5/2¢%¢ .
Jj= Jj=

(4.16)

4.2 The building blocks

Three-point functions of operators with arbitrary spin can be written as a linear combina-
tion of a finite number of conformally invariant building blocks [40-42], which have been
rederived in [43] using the embedding formalism

C({zi}) = Qi) (4.17)

T1+72—73 T1+73—72 To+73—71
(235) (215) (235)




where 7, = A; +S; and Q({z;}) is a polynomial built out of six building blocks
Vi =Vias, Vo =Vaar, V3 = V319, Hyo, Hys, Hss, (4.18)

which encode the space-time dependence
V‘-—i 200 i) 2 (o Ho: = 22(2 - 2.)— 2z - 2::) (25 - 2 4.1
ijk = 2 (xij(zz zi) — i (2 ng)) ) ij —xz‘j(zz ZJ) (2i - i5) (25 xzy)- (4.19)
jk

Here we encode symmetric tensors by polynomials obtained by contracting the tensor with

a reference vector z!'. We can recover the tensor by applying the symmetric traceless
projector
. 1 . . . 0 0 1 82
7 - (2 1 1 L T
Pl = (S!)QD“l Dy D, = (1 + z azi) 97 221“7821 o (4.20)

The polynomial Q({z;}) is then written as the following sum

Pros, Porvvs, Fovopsy, O ConVi Ve M T L Y HY, . (4.21)

1/1...1/,5'2 1.
i,j,k€T

where Cj;i are the structure constants and the summation range is
IZ{i,j,kGNQZSl—i—jZO, Sg—i—kZO, Sg—j—kZO}. (4.22)

We can reproduce these structures with our holographic procedure. In [30] Schlotterer
derived the coupling of three Regge open superstring states at levels ni, ng and n3.! We
can apply this result directly to the left and right movers separately. The three-point
function for the left movers is,

s1+sats 112) 7 Ik (s34 jsg 4 ksy —ij —ik—jk)
_ 179 1+s2+s3 1o 7 (a/ 3 2 1
(Ony OnyOns) L = o'/ RELAL ]zk:d ik (s1—i— ) (sa—i—k)!(s3—j—Fk)!

x (et ekg ) (k) (€ kT oy (4.23)

where s; = n; + 1. We used the following shorthand notations

P = ¢ My My
€ k] _EMI---MpMp+1---Msikj ]{3] s
ik _ i j Mi Ny My Ny,
€€ Mij = M. M, €Ny LN, T e ; (4.24)

and the summation range is the same as in (4.22). We notice then that the superstring
amplitude of three closed spin states with polarizations €1, €2 and €3 will be a sum of terms
of the form

(61 ) kgliiij) (62 ) k:}qriik) (63 ‘ k’lsgijik> 77%277{377]53 ) (4.25)
which we represent diagrammatically in figure 1. These superstring structures from the

coupling of the three string states at the intersection point in the bulk are in fact related
to the boundary CFT building blocks.

!This work is an extension of [44] which addresses a related problem in the context of open bosonic
strings.

~10 -



Sy—j—k

-v. h

kgo . 'ks
N
Sy —i—k

Figure 1. We represent each polarization €; by a circle with S; indices. The lines connecting two
polarization tensors correspond to contractions of their indices. The leftover indices are contracted
with the momenta. The allowed structures correspond to the different ways of connecting the three
polarization tensors.

To understand this relation between the two sets of building blocks, it will be enough
to restrict ourselves to the AdS3 space defined by the bulk direction and the plane on the
boundary defined by the three endpoints of the strings. If the polarization is orthogonal
to any of those directions then & - k; vanishes trivially and ' . &) remains proportional to
H;;. On the other hand, if the polarizations live in some direction inside the AdS3 defined
above then we must be more careful. At the intersection point the polarization of each
string is orthogonal to the momentum which, following [28], is given by

1
k= —(k(P*) — kYK, k* = —(D), 4.26
\/5( (Pr) (K*)) (D) (4.26)
with (P*), (D), (K*) and « defined in (2.1), (2.4), and (2.6) when one takes the intersection
point to the origin. In this case, the momentum at the intersection point can be written

in the following way

V/ ) k. M a2
k‘f _ 9 100203 ‘;’12‘@23”3313‘ <ak123 +aj12k> ’ k= A — QJTM' (4.27)
ij ik

Since the polarization is orthogonal to the momentum at the intersection point, it is
useful to change to a basis {OZ, ]5;} in the plane transverse to the momentum. If we let k”
be the projection of k; to the boundary then we can write the basis vectors as

6¢=E¢XEiB, é:EZX6Z (4.28)
We denote this change of basis by MZI . When one looks at the propagation of the string from
the intersection point to the boundary, one sees that O; stays the same, but P, becomes

- 11 -



proportional to Ef” . Finally, we return from the basis {@, /;ZB } to the canonical one at the
boundary through another change of basis MiB. The relation between the polarization at
the intersecton point and at the boundary is then given by

(N = (imP)Y | (P)" (4.29)

(2 3

where we denoted the polarization at the intersection point by 51-1 and the one at the bound-

ary by eB. The polarization !

is symmetric and traceless, which leads to a polarization
at the boundary with the same properties. sf will then act as a symmetric and traceless
projector ensuring the right tensor structure of Q({x;}). The structure at the intersection

point E - k;j then corresponds to one of the CFT building blocks at the boundary

NI T
el k= (gf)“< g Y2k PZV) . (4.30)

|z12]|213]|223| A H

Analogously, the structure &/ - 5]( becomes a combination of the CFT building blocks at the
boundary
eleln; = (giB)“iZP,j‘Pg <sz i A VV)( By, (4.31)
Ty JAVIAY

Putting all the elements together, terms of the form (4.25) now become proportional to

5;+8;-8 o s ni;
T 3 * k HVZ-SZ e 11 <Hz] rog O‘A] VV) . (4.32)
1<j i i<j
oy

Notice that the spacetime dependence from the string theory amplitude combines with
the one obtained from the propagation of the strings in AdS, (2%,)73 (2%,)72(23;5) 71, to
produce the spacetime behaviour expected from conformal symmetry in (4.17).

It will also be useful to work out the case where one operator is a scalar, for which we
set S1 = 0. With no loss of generality we choose S < S3, so the amplitude will reduce to

a sum over (S + 1) structures with coefficients F,

Sa

S/ F R (E ) (k) nhy (4.33)

k=0
Following our analysis on the equivalence of the two sets of building blocks, the three-point

function of a scalar with two spin states becomes

S 4 853
% (20 ajasasy) 2 T3

So—k A S3—k
ASFAS

k Sa
20000
So—ky,S5—k 2003 So—ky,Ss—k 7k
Va2 tvge <H23+ A V2V3> Ik:g—o CpVy? V3™ " Has,

k=0
(4.34)

where D denotes both the contribution from the propagation of the strings in AdS (1.2)
and the coupling (1.4)

V(A1 = 1(Ay —1)(As — 1) T(a)T(e2)l(a3)l(2 - 2) 8
25/2n [(ANI(A2)l(A3)  g2a

D= (@Z}J1 ¢J2¢J3> (4'35)
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and the structure constants are

)52/2+S3/2—k So 1
> (k) (' X)L F . (4.36)
=k

(2d/ vy g™

Cr=D Agz_kA§3_k

In the other case of interest, we let two of the operators be scalars, hence S1 = 5o = 0.
There is now only the structure (a’/2)%3/2(€3 - kls 3)F, with the coefficient F coming from
the superstring amplitude. The structure constant is then given by

(20/a1a20z32)53/2

C=D (Bg)%

(4.37)

4.3 Structure constants

Now that we have the necessary ingredients, we can compute the three-point coupling for
different string states.

Two massless scalars and one Regge spin. We start by computing the three-point
functions having two massless scalars, which we can compare with previous results in the
literature. When the two massless scalars are dilatons, we can insert the polarizations
defined in (4.12) into the results of appendix A, thus giving the string amplitude between

two dilatons and one Regge spin
2/ yanasX) 2 o

WeVEVs) = g erisay

(4.38)

Analogously, if we consider the massless scalars to be two chiral primaries, then we use
the polarizations defined in (4.4), obtaining the following amplitude for two chiral operators
with R-charges J; and Js and one Regge spin with some R-charge J3

a3 (2 ayanasy)d? o
JEI3(83)5T(S/2) *

(VeVoVs) = (4.39)
When the two chirals have opposite R-charge and the Regge spin has no R-charge, the
expression (4.39) becomes (4.38). In this case we can put this result into (1.2) and (1.4),
and taking the asymptotics for large 't Hooft coupling, we find the structure constant
for two massless scalars with dimension A and a Regge state with spin S and dimension

Ag = /2(S — 2)AV/4,
(—1)A7T3/2(S _ 2)(573)/2+A)\71/4+A/2
25+A-T/20(S/2)T(A — D)T(A)N

Crrs = 2758 csc (TAg/2) . (4.40)
This reproduces the results obtained in [31], where the authors used Mellin transforms.
Note also the presence of poles in the factor csc (mAg/2) which are related to mixing with
double-trace operators as discussed in the previous section.

Another case we consider is when both scalars have the same dimension A, but with
the Regge spin also at the massless level, which corresponds to a relative of the graviton
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with some R-charge J;. When 1 < [Jy| < A then (4.39) becomes simply (4.38) and the
structure constant we obtain in that limit is

™
Ccca = 23+\CNA, (4.41)

again obtaining agreement with [31] for large scaling dimensions.

If we wish to compute the coupling between three states with R-charges of the same
magnitude, then we can compare with [45] where the authors used supergravity to compute
the coupling between two chirals and a graviton with some Kaluza-Klein momentum. For
chirals with dimension J and a graviton with R-charge J, = J we get

J3/2

Coca = 8—N<CJCJCJ> : (4.42)

where (C71C72(C73) is the unique SO(6) invariant that can be formed from the C/i appear-
ing in the definition of the spherical harmonics on S®
275 /(T+1)(J +2)

J i i
vy = 7 Cipi,xt . .at. (4.43)

The structure constant in (4.42) agrees with [45] in the limit of large scaling dimensions.
For completeness we have also computed the coupling between one dilaton operator, a chiral
and an operator in the leading Regge trajectory and have obtained a vanishing structure
constant at leading order.

One massive scalar, one massless scalar and one Regge spin. If we consider the
three-point function of a Konishi operator, a dilaton with some R-charge J and a Regge
spin with the opposite R-charge, we can use the results of appendix A and plug in the
polarizations from (4.10), (4.12), obtaining the amplitude

(S —2) (20 ayaasX)9/? g
25v2  (A3)5T(S/2) °

Notice that this amplitude vanishes when we take the Regge spin to S = 2. Going to the

(VkVLVs) = — (4.44)

limit of large 't Hooft coupling, the structure constant in the case of a Regge spin at the
first mass level is A
VT s (4.45)
29-+J \/ﬁ N
If instead of the dilaton we consider a chiral primary, then we use the polarizations
of (4.4), (4.10) in the results of appendix A. When the spin operator has S = 2, the
structure constant also vanishes at leading order. When considering a Konishi, one chiral

Ckrs =

with R-charge J and a massive Regge spin the amplitude for J < A/% is
(8 —2) (2/ vy anazX) /2

S
= , . 4.4
VRV = T sy (440
When the Regge spin is at the first massive level we obtain
4
Cres = ST =3 (4.47)

26+J N
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Two massive scalars and one Regge spin. The two massive scalars we consider here
are the Konishi-like operators with the vertex operators (4.8). To compute the correlation
function between two of this operators and one Regge spin we use the results derived in
appendix A and plug in the polarization (4.10) thus obtaining, in the case of a massive
spin, where all operators can be taken to have no R-charge

S+ 14)? (2¢/ 13 X)5/2
S e Y (45)

(VkVKVs) =

In the limit of large 't Hooft coupling, we get for the structure constant of two Konishi
operators with dimension Ax ~ 2X'/4 and a massive Regge spin of dimension A g satisfying
the triangle inequalities

10-S5 S+14 pY: _ B
CKKS _ ( ) ( + ) \/> 42 2A g —Ag (2—\/E)AK Ag/2 (2—}-\/ﬁ) 2+AK+AS/2’
25 NT(5/2)
(4.49)
where n is the mass level of the Regge spin. If the massive Regge spin does not obey the

triangle inequalities then the structure constant acquires poles,

. csc ((y/n —2) mAl/4
CRis = Cikks % ( 5 ) : (4.50)

When the Regge spin is at the massless level and has an R-charge J < A4, we get

(20/ oy gz X) /2
ot (#51)

(VkVKVa) =

Then the structure constant of a Konishi operator, a Konishi-like operator with some
R-charge J and a relative of the graviton with the opposite R-charge is

Crkrka =

VT 4
22+JN)‘ / (4.52)

in the limit of large dimensions.

One massless scalar and two Regge spins. When there are two spins with Sy < Ss,
there are (S + 1) different structure constants in (4.33). In appendix A we have computed
the amplitude for a dilaton with two spins (A.18), which we can rewrite as

Sa

(VeVi V) = (! 2)%/2050/27 (2. k) (& o) by (4.53)
k=0

with the coefficients given by

1 1 Y] 92— 2Y(2 +2)! 3 (J—'—2> Y]

781_[?:2 (%)!(%)—qu j:Oj G+DI2Y -2)) ‘z )23 2Y+1

. (4.54)
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where Y = k/2 — 2, |Y| denotes the largest integer not greater than Y and (a),, is the
Pochhammer symbol, (@), =I'(a +m)/I'(a) . Analogously, we have computed the ampli-
tude for a chiral operator of dimension A with two spins (A.19), which we can rewrite as

Sa

(VoVi,Viy) = (! [2)52/2055/27k (&2 k) (& giomh) il (4.55)
k=0

where

k
. Dk 77,2!7”L3!(5
Cr = \/§ + ; 4(l — 1)'(]{ -1 - 1)!(82 — l)!(Sg — l)!(SQ —k+ l)!(83 —k+ l)' ’

(4.56)

and the values of § for two massive spins, one massless spin of dimension A and one massive
spin, and two spins with S = 2 are

AZ 40510(20[32
6 = —, 5 = 07 5 =,
ST T T A

respectively. Taking the expression for the structure constant (4.36) for a chiral primary

(4.57)

with scaling dimension A and two massive Regge states with the same spin S, in the limit
of large coupling constant we have

N 2k—SAQS—Qk)\k/Q—S/2+1/4F(A/2)2 ZS: (l

_ k=l
bss = = A=A 1 k) (25 — 4)"'c. (4.58)

=k
If we take one of the Regge spins to have S = 2 and the opposite R-charge of the scalar,
then for A < A4 the structure constant is

2A—k+5

] T2 — 2 _ l-

S4+2A—-3k+5
2

k —
CEGS -

Finally, if both operators in the Regge trajectory are at the massless level and have dimen-
sion A as the massless scalar then

— S—k
Qk—2 A 7/2—2k ) E51 2\ [ 4\
CEGG = k-1 <CACACA> <k> 3A2 Cs. (4.60)

One massive scalar and two Regge spins. In appendix A we have computed the two

correlators that make up the amplitude for a Konishi with two spins (A.22), (A.25), which
we can put together as

Sa
(VicVs Vi) = D (0! /2) /20500278 (& b (& ko) gy iy (4.61)
k=0
The coefficient K, is quite lengthy so we refer the reader to (A.28). Taking the expression
for the structure constant (4.36) for a Konishi and two massive Regge states with the same
spin S, in the limit of large coupling constant

1A _s s
p V/m(2yn—1) T2 TAsTAK2() fyg 1) T AS AR/ 1/4 l k—1
Chgs = PRSTRRI(5 35 FITARN A ; ) @5-5)"7K, (4.62)
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where n is the mass level of the Regge spins. If we take one of the Regge spins to be at
the massless level with scaling dimension A < X'/ and the other at the first massive level
then the structure constant becomes

9 k-3 2 -k
ASENSTT(A)2)2 (l) AL/
ck = E — K. 4.63
KGs 2V2NT(a) &= \k)\ A : (4.63)

Finally, the structure constant for one Konishi and two states with spin S = 2 and dimen-
sion A < A4 is

3 1+2A—2k 2
o (F1)Ar2 AR l Ik
Ckaa = S Bk NT(A T 1)2 csc(TrAK/2)lZ£ L) DK (4.64)

5 Discussion

In the first part of this article we studied how the poles appearing in extremal three-point
functions relate to the mixing of single- and double-trace operators of N'= 4 SYM. We have
made this relation quantitative for the case of the Konishi operator and the double-trace
operator made of chiral primaries with large R-charge.

In the paper’s second part we computed three-point functions involving higher spin
states. For correlators with symmetric traceless operators, conformal symmetry allows for
a number of different spacetime dependent structures. Here we have successfully matched
the building blocks appearing in the superstring amplitudes with the structures allowed
by conformal symmetry. The set of operators we considered are the chiral primaries, the
scalar primaries dual to string states at the first massive level, Lagrangian-like operators
dual to the dilaton with some Kaluza-Klein momentum and twist two operators dual to
strings in the leading Regge trajectory. We have also successfully matched our results for
the three-point functions of two massless scalars and a spin state in the leading Regge
trajectory with recent calculations using the Mellin amplitude formalism, and older super-
gravity calculations. Having checked with these known cases we went on to compute new
correlation functions involving two higher spin states and Konishi operators.

For the future, there are many interesting directions to explore. For example, it would
be interesting to generalize our procedure to include operators with small scaling dimen-
sions. When the operators are dual to strings at massive levels, then our methods are valid,
since their dimensions scale as 2\/71)\1/ 4. However, we are forced to give large R-charges to
protected operators, which makes it impossible to study three-point functions involving,
say, the chiral primary in the 20. Another direction of study would be to compute sub-
leading corrections to our results in the o expansion. Besides the corrections coming from
the expansions of the dimensions, we would also need to calculate loop corrections to the
worldsheet amplitude.

Another possibility is to study four-point correlators of short operators. In principle
the main ideas behind our methods should still hold. When doing the saddle point approx-
imation one would obtain two intersection points in the bulk, corresponding to the product
of two three-point functions and exchange of some operator. It is possible that under some
approximations this computation might become feasible.
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Perhaps yet another future application of our results involves the comparison to upper
bounds of leading twist operators using bootstrap methods. In [46] the authors showed that
the upper bounds are consistent with the supergravity correction in (3.16) for the J = 2
double-trace state at large values of the central charge, ¢ = i(N 2 _1). There is evidence
that the upper bounds occur at special values of the coupling [47, 48], which corresponds
to an 't Hooft coupling of order A\ ~ N. For this value the splitting is large compared
to the supergravity correction but also only affects double-traces with J ~ N4 and so
a present comparison cannot be made. If instead one could also expand the bootstrap
analysis to include the 't Hooft parameter as an input, then one could in principle make
such a comparison if at the same time one can find the splitting for low J values.

Finally, a bigger goal is to understand the structure of the full AdSs x S° vertex
operators and to use the underlying integrability of the string world-sheet to compute
holographic three-point functions.
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A Vertex function contractions

Two massless scalars and one Regge spin. When computing the three-point function
of one Regge spin and two massless scalars, we need to compute only two amplitudes. The
first, with three NS-NS vertices, is (W;W;0,,) which can be computed by using the result
for the left movers (4.23) and taking n; = ng = 0. Combining with the right mover part

we have
o n—1 o
0= 32 (2) g (s ) X,
with ,
o
X%NRS:nnMRnNS—FEk{% (kY ™NS 4+ kY M5 4 kPnMNY (A.2)

The other correlator is (WoW50,,) which gives

1 g (a"\" 4 2 1M A2\ T M

(WaW20,) = 34 <2) (EMM : k1”> Tr [t Mo o} . (A.3)
One massless scalar, one massive scalar and one Regge spin. To compute the
three-point function of one massless scalar, one scalar at the first massive level and one
Regge spin, we will need three amplitudes, two with three NS-NS vertices and one with
two vertices in the R-R sector. Once again, for (V1W10,,), we can use the left mover
result (4.23) and take n; = 1 and ny = 0. Including also the right movers we obtain

«

I\ n—2 e e m
— S S’
(Vi 0y) = —g? (2) Arnirios (Chsrasr - K1) XPNPRSTXHNPRST - (4 4)

~ 18 —



with

I\ 2
XYINPRST (C;) EARERS (kEn™ + K0T 4 KP4+ mln — 1) VST

k:R MS (nk‘P NT L (1+n)kly NP~|—2nl~z§V77PT) ) (A.5)
We also need to compute (VoW 0,,) which is
o\ MmN INE "
(VaW10,,) = —364° <2> ot Bakop€yy (g HE") . (A6)
The amplitude with R-R vertices is
14 (d o 3 2n—2 2 MNP (41 MNP\ T
0aw0,) =50t (5 ) (w4877 T |2 <pp) (x#)]. )
where

O(/
XMNP <m7MP + 2k§,’k2M) (PNC) + SR (,0). (A.8)

Two massive scalars and one Regge spin. In this case we will need three amplitudes
with three NS-NS vertices and one with two R-R vertices. For (V1V10,,) we just take (4.23)
with n1 = ng = 1, thus obtaining

I\ n—3 e e e e
(ViVi0,) = —g? <a> L2 ( 3 o k_%n76> XgJNPQRSTVXIJ:\fNPQRSTV’

2 MNNMN PQPQ\ RSTV RSTV
(A.9)
ith
V;yNPQRSTV
= n(;/k:ﬁnMSnPT (2( 1) (k:Q NV kéVnQV) ot 2)/{}/77]\[@)
+ <02/>2k‘{%k'15< (k;?{ij MT NV o pMyN, PT,QV 4 gpMpP, NT,, Qv)

+ k‘T MPp (k:YnNQ—F(n—FQ) (k:Q NV—HféVnQV))) +n(n—1)(n— 2)77MR77NS17PT17QV

/
+ (Z) KM kD kRS T (k:Q NV | pNpQV 4 kY nNQ) : (A.10)
The other correlators with NS-NS vertices are

N—1

_ ;23 1 2 3 2n—2 v MNLOPQRS v MNLOPQRS
(V2V20n) = —67; (2) N NEC0PQ.oPatRs, RS R XL Xg

(A.11)

with
!
XMNLOPQRS _ | NQ, LP (0241{;{3( MOLS | 3 (KrMS 1+ kM 105)) + 3nnMEy, os)y (A.12)

and

I\ n—1
_ 3¢ 1 2 3 2n—2\ v MNLPQRS v MNLPQRS
<‘/2V10n> __3690 <2> aMNL,MNEGPQ,PQ (GRS,RS . kln ) XL X s
(A.13)
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with
MNLPQRS [o! o

The correlator with two R-R vertices is

n—2
g 3 2n—4 1 MNLRS (2 \'(vMNLRS\"
057500 =5 () (Gowwins ) T [t () (k)]

where

X]WNLRS
L

o o
(=055 G (o (50 VSR 7+ GRS ) ) ()

a/ O/ a/
G (053 (e R ) () - (S AT ) (60 RS (T 0)).

When considering the correlator of two

One massless scalar and two Regge spins.
Regge spins with a massless scalar it is enough to use (4.23) with ny = 0 which, for ns < ng,

gives for the left mover contractions

52 / 1/2(s2+s3—1)—k
/2) [2sztsa—1)= L”23 1 2 1.52—k 3 1.83—k
= 1na! E . . 1.S2—kL L L.Ss—kL

g Nnongz: k (52 k ) (83 k ) k[ ( kg) (6 k3 ) (6 kl )

+ sa(ss—kp, elM k2R (S kTR ) fsg(so—kr M kRl (Bopsa—he) |
3 MR 3 1

For the right movers we will have the same formula, with the sum running over kg instead.
If we contract with the polarization of the dilaton and denote k = ki, + kr then we have

(W{0s,0s,) (A.18)
3 S min(%,k) (ng'ﬂg ) ( //2)32/2+Sg/2 k( .k527k71> <€3 _kSS*k*l)
- Z (Z ) N(sy —1)!(ss — D)I(k—)(sy — k+1)!(s3 — k +1)!
0 =max 772
X ks [(kszs?’ —2l(k—1))k§4k{V *1253 (k(s2+53) 5233—41(k—l)>nMN].
If instead we contract with the polarization of the chiral operator then we obtain
(A.19)

<W1052053>
72, (n2|n3) ( //2)52/2+53/2 k( kSz —k— 1) (E?V'klsg_k_l)
’QCZ Z N(ss — D(s5 — D1k — D)(s2 — k + D)l(s3 — &k +1)!

k=0 1=max(0, k—TQ)

n%K k‘ffs?’ + (24 )k — ))kfkl 525 (k(52+53>—5253—41(k—1))nMN],

Aol

with

0= \/;A% (VA((S2+S5—4) A2~ (82~ 55) (A3~ A3)) + A(S2 — $3)2~da1a205% ) . (A.20)
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One massive scalar and two Regge spins. For this correlator there are two ampli-
tudes we must consider. The first one can be taken by using (4.23) with n; = 1 which, for
ng < ng, gives for the left mover contractions

<V10n20n3>L
S2 ( //2)1/2(52+S3) kr— 1,,7 o5
kr'(s2 — kp)!(s3 — kr)!

3 so—kr—2 3 s3—kr—2
= ginalns! eMN<6pQ ks>~ )(eRS-kf E )

k=0
X [83(52 — kr)(na — k)M PN ERRY + sa(s5 — ki) (ns — kp)n™ NS kD kS

OZ/

2
+ (s2+ 53— 1) (52 — kr)(s3 — kr)n™ PN EES kS + <2> ko k) kY kY kS kR
Oé,
+ SRATRTRE (3 4+ ki) (52 — ko) OkT + (52 + br) (s — kL)nNSk:?)} . (A21)

For the right movers we will have an analogous formula, so contracting with the polarization
of the Konishi opeartor and using k = kj, + kgr leads to

(ViOn,O4,) (A.22)
S min(%,k) (n2|n3 ) ( //2) SQ+53 k( AN k32 k—2) (EPQ kS:; k— 2) 7)53
=9l N(so — D(s3 — D1k — D)'(s2 —k + )!(s3 — k + 1!

k=0 ;= max(O,k—STz)

2 , 4
X |:K1(kalvSlvAl)kglkékak?+wK2(kvlaSZ7Al)njupkévk?—’_a/QKS(kvlvsluAl)nMPnNQ]a

with
(k,l,Si,Ai)
kS (A2 Wk —1) \o (A2
= (A —AVNAL + S_A_ )) - S A (A_-8ﬁ(2a++s,A,))
Ik —1
+ % (451 k(354 +2) — (35 + 28k + 485k — 12k?)) — (28&) <144)\z(/<: —1)

—36V/\ ((S= (S% +2S1 +4k) +4S_) A_ +2(2k —6+25, + S2) A})

9((352 +2(S4 +2k+1)) A2 +8S_A_A; — 16A3A3) + 2A (951 +365%

—2(11+36(S — k))S% — 8(13 + 185 — 15k)S; + 4(56 + 9S(3 + 45 — 8k)))> :

KQ(ka la Sl'a AZ)

- 1(11441) <954 + 2253 +25% (13k — 455 — 32) + 45, (10 — 275 — 8k)

+8(275(S +1) — 5k) — 121(k — 1)(35% +16(S, — 2))>

- %7‘5(;3 (53 (95+34k—36k%) —45, (35+22k+18k*) +8 (35S —45°+5k+18k*(1+9)))
_ % (S (S = 4k?) + 4k — 1) (4105 — 1) — (52— 28))) (A2 — 4VAQRA, +5-A)),
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K3(k7 lv S’ia Az)
S

= 1% <45+ (258 + 50k + 18kS + 64k?) — S7 (7S + 128k — 100k?)

+ 14kS% — 2 (185% + 865 + 725k + 57k* — 72Sk2)>

l(l;8_8l) <_7si + 14(k +2)S% + (505253 — 56k — 28)S% + 8(S(9k + 2) + k) S

—8(275% +18kS + 11) — 4l(k — 1) (7(S — 2)* + 368)) : (A.23)

where we defined S_ = So—S53, S; = S3+4953, 5 = 5253, A_ = A%—A% and A, = A%—I-A%.
The other correlator needed is, for ny < ng

n2 //2) kL-i-%n3Jr1 kr,

23 MNL 2 e kr &3 s kr,
V50,,,0,, Ins! E ks NFy k A.24
< 2 2 3>L gch n3: kL (n2—kL)'(n3—kL)' a7 3L ( )

Combining with the contractions from the right movers and contracting indices from the

scalar polarization, we get for k = k, + kg
(V20s,0s;) (A.25)

S + L 7.
PR ratng)(@/2) 7 (G k2 (e ) ol
—ch 2. N(ns — D)i(ng — D)k — Dl(na —k + 1)!(ng — &k +1)!

k=0 l=max(0,k— S22 )

1 2 4
x [—2k§4kékak?+O/K4(Si,Ai)nMPk§Vk? —5 K5(55, A O™ty NQ}

where
Ka(Si As) = 7o (4)\ (S 25, +4) + A2 +4VA2A, —S_A_ ))
1
K(Si, ) = 1= ( (52 —4S, +12) A — A2 +8\FA+) (A.26)
Putting the two correlators together we get
Sa
(VicVi, V) = D (0! 25220500270 (. b (&8 o) o iy (A.27)
k=0

with the coefficients Ky given by

min(%,k) oIl
_ 3 2-743-
,Clc—gc Z 5 16['(52—l)'(s;g—l)'(k‘—l)'(SQ—kf—i—l)‘(Sg—k‘—FZ)'X
l=max(0,k— =)

(k—1)
(52— k+1+1)(s3—k+i+1)
(k=D(k—1-1) N
* (32—k+l+1)(53—k+l+1)(32—k+l+2)(33—k+l+2K3(k_2’l’S”AZ)
(2= kA D(ss—k+D(s2—D(ss 1)
2
(k=D —=1-1)(s2—=)(s3—1)
(so—k+1+1)(ss—k+1+1)

KQ(k - 17 l7 Si7 Al)

X |:K1(k7 lv S’ia AZ) +

+ (k=) (s2 = 1) (s3 — ) K4(5i, Ai)

K5(S;, A - (A.28)
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