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1 Introduction

We can now compute the dimensions of single-trace local operators in planar N = 4 super

Yang-Mills (SYM), at least in principle, because of its underlying integrability [1]. However,

to fully solve the theory it is also necessary to know the three-point functions between local

operators. There are now a number of important results on this subject at both weak [2–15]

and strong coupling [16–27].

In this paper we continue our study of three-point correlators in N = 4 SYM at strong

coupling by using flat-space vertex operators to find the relevant couplings [28, 29]. Here

we investigate two issues. The first involves the appearance of poles in extremal three-point

amplitudes. This leads to a mixing between single- and double-trace operators which we

explicitly compute for a Konishi operator mixing with a double-trace operator composed

of two chiral primaries.

The second issue we consider is the three-point functions for scalar operators with

a higher spin operator. Using results of Schlotterer for flat-space massive superstring

amplitudes [30], we can straightforwardly compute the three-point functions and compare

with recent results in [31], where the authors study these correlators by considering Regge

amplitudes of four scalar operators. In the limit of large dimensions we find agreement

with their results.

In a conformal field theory, the correlator of three local scalar operators must have

the form〈
O∆1(xµ1 )O∆2(xµ2 )O∆3(xµ3 )

〉
=

C123

|x12|∆1+∆2−∆3 |x23|∆2+∆3−∆1 |x31|∆3+∆1−∆2
, (1.1)
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where ∆i are the operator dimensions. Using Witten diagrams [32], one finds that the

structure constant C123 in a four-dimensional CFT has the form [33]

C123 =

√
(∆1 − 1)(∆2 − 1)(∆3 − 1)

25/2π

Γ(α1)Γ(α2)Γ(α3)Γ(Σ− 2)

Γ(∆1)Γ(∆2)Γ(∆3)
G123 , (1.2)

where

Σ =
1

2
(∆1 + ∆2 + ∆3) , αi = Σ−∆i . (1.3)

The coupling G123 is given by

G123 =
8π

g2
cα
′ 〈Vk1Vk2Vk3〉 〈ψJ1ψJ2ψJ3〉 , (1.4)

where 〈ψJ1ψJ2ψJ3〉 is an S5 overlap integral and 〈Vk1Vk2Vk3〉 is the 3-point string ampli-

tude for the string states dual to the operators, with the momenta ki depending on their

dimensions and R-charges. The closed string coupling and tension are translated through

the AdS/CFT dictionary to be gc = π3/2/N and α′ = 1/
√
λ, where λ = g2

YMN is the ’t

Hooft coupling.

In supergravity amplitudes the three-point couplings may have derivative terms, but

this does not affect our results since our string amplitudes are on-shell and do not distin-

guish between derivative and non-derivative couplings. As an illustration of this point, the

difference between Witten diagrams for the supergravity couplings φ1φ2φ3 and φ1∂µφ2∂
µφ3

is the factor [33]

∆2∆3 + (d− 2Σ)α1 ≈
1

2

(
∆2

1 −∆2
2 −∆2

3

)
, (1.5)

where the approximation assumes that ∆i � 1. But this last factor is precisely −k2 · k3

where the ki correspond to the momentum along the AdS5 directions in the flat-space

limit [28]. Hence one should use the Witten diagram for non-derivative couplings since the

derivative terms, if any, will be built into G123 in our analysis. Further evidence that this

is correct, at least to leading order, is our ability to reproduce the supergravity results [34]

for three-point functions of chiral primaries in [29], and our results we present in section 4

which among other things reproduce the supergravity results in [45].

A prominent feature of (1.1) is the presence of poles for extremal correlators, which

occur when one of the αi is zero. This corresponds to the dimension of one operator being

equal to the sum of the other two. In the case of three chiral primaries it was shown that

the pole is canceled by a zero in the coupling G123, leaving a finite result [34, 35]. However,

if the correlator contains one or more non-primary operators then this might not be the

case. In particular, in [29], the coupling for two chiral primaries with opposite R-charges

and the Konishi operator was explicitly computed, where it was found that

〈VC,JVC,−JVK〉 ≈
g3

c

16
α′2
(
J +

1

2
∆

)4

. (1.6)

VC,J is the vertex operator for a chiral primary OJ(x) with R-charge J and VK is the vertex

operator for the Konishi operator, with dimension ∆ ≈ 2λ1/4. As extremality is approached

with J → +∆/2 it is clear that the coupling in (1.6) remains non-zero and the pole in (1.1)
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survives. This indicates that the Konishi operator mixes with the double-traced SO(6)

singlet in the tensor product of two J-symmetric traceless representations, with

OJJ̄(x) = : OJ(x)O−J(x) : (1.7)

being one of the components that contribute equally to the mixing.

In this paper we compute the mixing for large J , and hence the splitting of the di-

mensions at the extremal point. If two equal dimension operators mix, there will be a log

divergence in the two-point function between the operators. Our result at closest approach

of the splitting between the two eigenvalues of the mixed operators is

∆m ≈
√
M J3/2

N
, (1.8)

where M is the dimension of the J-symmetric, traceless representation of SO(6),

In section 2 we review results from [28, 29] which are necessary for the analysis in

this paper. In section 3 we present the details about the three-point correlators between

the Konishi operator and two chiral primaries of opposite R-charge. We then show how

this leads to the mixing between Konishi and the double-trace operators. In section 4 we

consider the three-point correlators between scalar operators dual to supergravity states

and states at the first massive level, and at least one higher spin operator dual to a string

state along the leading Regge trajectory. We show here that we can match with the

results in [31] as long as the scalars also have large R-charges such that our flat-space

approximations are valid. In section 5 we present our conclusions.

2 Review of previous results

In this section we collect some relevant results from [28, 29].

We assume that the operators are short operators such that the sizes of the string-duals

are small compared to the AdS5 and S5 radii. We can then approximate the three-point

correlator using Witten diagrams [32, 33]. The Witten diagram includes an integration over

all possible intersection points, but in the case of large dimension operators the integration

is dominated by a saddle point. The location of the saddle point can be determined [28, 36]

as well as the contribution of Gaussian fluctuations. The saddle-point location is itself

related to the conservation of constants of the motion, and it is these constants that

determine the vertex operators that are inserted in the Witten diagram [28].

The classical constants of the motion are expectation values of the different components

of the conformal algebra and are determined by the R-charges, the spins, the dimensions

and by the positions of the operators on the boundary. For example, for the scalar operator

Oi(xi) in a three-point function the conserved charges include

〈Pµi 〉 ≡ 〈Oj(xj)Ok(xk)P
µOi(xi)〉 = −2i

(
αk
xµij
x2
ij

+ αj
xµik
x2
ik

)
,

〈Di〉 ≡ 〈Oj(xj)Ok(xk)DOi(xi)〉 = i

(
∆i − 2xiµ

(
αk
xµij
x2
ij

+ αj
xµik
x2
ik

))
, (2.1)

where xµij = xµi − x
µ
j .
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The conformal algebra can be written in a manifestly SO(2, d) covariant way by defining

M−1µ ≡
1√
2

(κPµ − κ−1Kµ) , Mdµ ≡
1√
2

(κPµ + κ−1Kµ) , M−1d ≡ −D , (2.2)

with arbitrary κ, and Casimir −1
2MrsM

rs = −∆2, r, s = −1 . . . d. Setting d = 4 and

combining with the SO(6) R-symmetry Casimir, we have

− 1

2
MrsM

rs +
1

2
RIJR

IJ = −∆2 + J2 , (2.3)

where RIJ are the R-symmetry generators with I, J = 5, . . . , 10.

If ∆ and J are large, then the SO(2, 4) × SO(6) algebra effectively reduces to a 10

dimensional Poincaré algebra. Because of the translation symmetry, we are free to shift

the intersection point to xµ = 0, in which case all 〈Mµν〉 = 0 and the conserved charges

〈Kµ
i 〉 satisfy

〈Kµ
i 〉 = −α1α2α3Σ

2F 2
x2

12x
2
23x

2
31〈P

µ
i 〉 , (2.4)

where

F = α1α2 x
2
12 + α2α3 x

2
23 + α3α1 x

2
13 . (2.5)

If we further choose κ to be

κ =

√
α1α2α3Σ√

2F
|x12||x23||x31| , (2.6)

then the only non-zero components in (2.2) are 〈M−1m〉, m = 0, . . . , 4 for all three operators.

Assuming ∆2 � 1, and choosing a basis where the only non-zero R-symmetry components

are 〈RJ,10〉, we can then identify the full 10-dimensional flat-space momentum as

kM =
(
〈M−1m〉, 〈RJ,10〉

)
, (2.7)

which satisfies the on-shell condition

k · k = −∆2 + J2 = −4n
√
λ . (2.8)

We can expand the algebra to the full superconformal PSU(2, 2|4), by including the

supercharges Qαa and Q̃aα̇ and the superconformal generators Saα and S̃α̇a, where α and

α̇ are space-time spinor indices and raised or lowered a is an SO(6) spinor index. The

SU(2, 2) ' SO(2, 4) covariant supergenerators are

Q1
ȧa ≡

(
κ1/2Qαa, κ

−1/2S̃α̇a

)
Q2,ȧa ≡

(
κ−1/2εαβSaβ , κ

1/2εα̇β̇Q̃a
β̇

)
(2.9)

where lowered or raised ȧ are SO(2, 4) spinor indices. Defining the supercharges

QL
A = Q1

ȧa + γ−1

ḃȧ
γ 6
baQ

2,ḃb , QR
A = −i

(
Q1
ȧa − γ−1

ḃȧ
γ 6
baQ

2,ḃb
)
, (2.10)
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then in the flat-space limit these approach the usual 10-dimensional super-Poincaré

generators with{
QL,R
A , QL,R

B

}
= −2(P+ΓMC)ABPM , PM = (M−1m, RJ,10) ,

{
QL
A, Q

R
B

}
= 0 , (2.11)

where P+ is the positive-chirality projector.

A special class of operators are primary, which satisfy [Saα,O(0)] = [S̃α̇a,O(0)] = 0. In

terms of the super-Poincaré generators this corresponds to

QL
αã = iQR

αã , QL
α̇
ã

= −iQR
α̇
ã
, (2.12)

where (α, α̇) are the explicit four-dimensional space-time spinor indices transverse to the

trajectory in the AdS5 part and (ã) are the SO(6) spinor indices for the remaining six

dimensions.

The operators that satisfy (2.12) are described in detail in [29]. They are linear com-

binations of operators in the NS-NS and R-R sectors and have a fairly complicated form.

However, their flat-space three-point functions were remarkably simple. In particular, the

three-point function for two chiral primaries and a Konishi or Konishi-like operator (a

primary operator at level one with a nonzero R-charge), is given by

〈VC,J1VC,J2VK,J3〉 = g3
c α
′2 α

2
1α

2
2Σ4α̃2

3Σ̃2

∆2
1∆2

2∆4
3

, (2.13)

where

Σ̃ =
1

2
(|J1|+ |J2|+ |J3|) , α̃i = Σ̃− |Ji| . (2.14)

In the special case where J1 = −J2 = J , J3 = 0, this reduces to (1.6), where ∆ = ∆3.

3 Extremal correlators and operator mixing

In this section we compute the mixing between the double trace operator OJJ̄ and the

Konishi operator OK . We first observe that the coupling in (1.4) near the extremal point

J = ∆/2 ≈ λ1/4 is well approximated by

G123 ≈
23π
√
λ

N
, (3.1)

where we have used the AdS/CFT dictionary for gc and α′. Using this, we also have that

near the extremal point the three-point coupling coefficient in (1.2) is approximately

C123 ≈
λ3/8

N

1

2J −∆
. (3.2)

The structure constants among physical primary operators must be finite, hence the

pole in (3.2) signals that the operators renormalize and mix with each other. To find the

mixing the double trace operator OJJ̄(x) defined in (1.7) needs to be regulated. Here we

use point-splitting and define the regulated operator

OεJJ̄(x) = : OJ(x+ ε)OJ̄(x) := OJ(x+ ε)OJ̄(x)− 1

|ε|2J
. (3.3)

– 5 –
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It is then clear that

〈OεJJ̄(x)OεJJ̄(y)〉 =
1

|x− y|4J
, (3.4)

while the mixing in the two-point function is

〈OεJJ̄(x)OK(y)〉 = 〈OJ(x+ ε)OJ̄(x)OK(y)〉

=
C123

|x− y|2∆|ε|2J−∆
≈ λ3/8

N

1

(2J −∆)|ε|2J−∆

1

|x− y|2∆
. (3.5)

Note that the planar three-point function gives a nonplanar contribution to the two-point

function of the Konishi operator with the double trace operator. As expected, in the limit

of infinite N there is no mixing between these operators.

Oε
JJ̄

(x) is just one of M operators that have an equal two-point function with OK(x),

where M is the dimension of the J-symmetric traceless representation of SO(6),

M =
(J + 1)(J + 2)2(J + 3)

12
≈ J4

12
. (3.6)

Since OK(x) is an SO(6) singlet, it only mixes with the singlet combination of the double-

trace operators,

Oεs,J(x) =
1√
M

M∑
I=1

(
OI(x+ ε)OI(x)− 1

|ε|2J

)
, (3.7)

where I refers to one of the states that make up the J-symmetric traceless representation.

The two-point-function of the singlet double-trace and the Konishi operators is then

〈Oεs,J(x)OK(y)〉 ≈ λ3/8
√
M

N

1

(2J −∆)|ε|2J−∆

1

|x− y|2∆
. (3.8)

To cancel the divergence at the pole in (3.8) we take as the renormalized operators the

combinations

Oren
K = OK − lim

∆→2J

λ3/8
√
M

N(2J −∆)
Oεs,J ,

Oε,ren
s,J = Oεs,J +

λ3/8
√
M log(εµ)

N
OK , (3.9)

where µ is some scale satisfying εµ � 1. Notice that to order 1/N the pole in the three-

point function of Oren
K with the two chiral primaries OJ and OJ̄ cancels. Expanding the

pre-factors in (1.2), we find that the structure constant involving the renormalized operator

at the pole is

Cren
123 ≈ −

λ3/8 log λ

8N
. (3.10)

The pole in the three-point function of Oε,ren
s,J with the same chiral primaries does not

appear until order 1/N2, and so to leading order in the 1/N expansion it is also pole-free.

The point-splitting parameter ε acts as a UV cutoff and leads to an anomalous dimen-

sion for the mixed operators. The anomalous dimension matrix at this order has the form

Γ =

(
0 δsJ,K

δsJ,K 0

)
, (3.11)
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where the off-diagonal elements are given by

δsJ,K =
1

2
ε
∂

∂ε

λ3/8
√
M

N
log(εµ) =

λ3/8
√
M

2N
. (3.12)

The eigenvalues of Γ are then given by

δ± =
λ3/8

2N

√
M . (3.13)

Hence, at the cross-over point J = ∆/2 ≈ λ1/4, the mixed operators have dimensions

∆± = 2J ±
√
Mλ3/8

2N
(3.14)

and thus the splitting is ∆+ −∆−, giving the result in (1.8), which can be reexpressed as

∆m ≈
√
M λ3/8

N
≈ λ7/8

2
√

3N
. (3.15)

Note that the structure constant in (3.10) is scheme dependent as we could have defined

different renormalized operators by using other linear combinations of the bare operators.

But this will not affect the structure constants between the chiral primaries and the final

mixed operators that are the eigenstates of Γ.

We can compare the splitting to the leading correction to the double-trace dimension

coming from supergravity, where it was found to be [37]

δJJ = −2(J − 1)J(J + 2)

N2
. (3.16)

Hence the splitting, which scales as J7/2/N , is much larger.

4 Three-point couplings with spin

4.1 The operators and corresponding string states

In this section we consider three-point functions where at least one of the operators is dual

to a string state in the leading Regge trajectory. As in [28, 29], the correlators can have

one or more chiral primaries,

OCP = CI1I2...IJ Tr
[
ΦI1ΦI2 . . .ΦIJ

]
, (4.1)

where CI1I2...IJ is symmetric and traceless and ΦI are the six scalars in N = 4 SYM. These

are states in the [0, J, 0] representation of SO(6) and have the protected dimension ∆CP = J .

At strong coupling, these operators correspond to massless scalar vertex operators with

nonzero Kaluza-Klein momentum, and have the following mixture of NS-NS and R-R

modes [28, 29]

VC,k = −1

4

(
W1,k +

1√
2
W2,k

)
. (4.2)
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The NS-NS and R-R vertices are given respectively by

W1,k = gc εMM̃ ψMe−φψ̃M̃e−φ̃eik·X , W2,k = gc tAB Θ̃Ae−
1
2
φ̃ ΘBe−

1
2
φeik·X , (4.3)

with the following polarizations

εMM̃ =(−1)σk(M̃)

(
ηMM̃−

kM k̄M̃+kM̃ k̄M

k · k̄

)
, tAB=

(
α′

2

)1/2(
C†iΓ0′Γ1′Γ2′Γ3′/k

)
AB

. (4.4)

We define the untwisting factor as

σk(M) =

{
1 M = 0′, . . . , 3′

0 M = 4′, 5, . . . , 9 .
(4.5)

The primed indices denote a frame in which the directions 0′, . . . , 3′ are transverse to the

momentum k.

The other operators considered in [28, 29] also transform in the [0, J, 0] representation,

but have bare dimension ∆0 = J + 2 [38]. Operators of this type include

OJ = Tr
[
ΦIΦIZ

J
]

+ . . . , (4.6)

where Z = (Φ5 + iΦ6)/
√

2, and the ellipsis refers to different positions of the ΦI in the

trace, such that the corresponding magnon momenta lie at level one [38, 39]. For J = 0 we

have the Konishi operator

OK = OJ=0 = Tr
[
ΦIΦI

]
, (4.7)

which at strong coupling has dimension ∆K ≈ 2λ1/4. These operators correspond at strong

coupling to scalar vertex operators at the first massive string level, possibly with some

Kaluza-Klein momentum. They can be written as

VK,k = − 1

16

(
V1,k + V2,k +

1√
2
V3,k

)
, (4.8)

where V1,k and V2,k are the NS-NS vertices and V3,k is in the R-R sector

V1,k = gc
2

α′
εMN ;M̃Ñ ψ

M i∂XNe−φ ψ̃M̃ i∂̄XÑe−φ̃eik·X , (4.9)

V2,k = gc αMNL;M̃ÑL̃ ψ
MψNψLe−φ ψ̃M̃ ψ̃Ñ ψ̃L̃e−φ̃eik·X ,

V3,k =
2gc

α′

(
i∂̄XM Θ̃− α

′

16
ψ̃M
(
/k /̃ψΘ̃

))A
e−φ̃/2tMA;NB

(
i∂XNΘ− α

′

16
ψN (/k/ψΘ)

)B
e−φ/2eikX .

Defining the tensor η̂MN ≡ ηMN− kMkN

k2 , we can write the polarizations in the following way

εMN ;M̃Ñ = (−1)σk(M̃)+σk(Ñ)

(
1

2

(
η̂MM̃ η̂NÑ + η̂MÑ η̂NM̃

)
− 1

9
η̂MN η̂M̃Ñ

)
, (4.10)

αMNL;M̃ÑL̃ = (−1)σk(M̃)+σk(Ñ)+σk(L̃) 1

3!2
(
η̂MM̃ η̂NÑ η̂LL̃ ∓ (5 permutations)

)
,

tMA;NB = (−1)σk(M̃)

(
α′

2

)1/2(
C†iΓ0′Γ1′Γ2′Γ3′/k

(
η̂MN −

1

9
ΓRΓS η̂MRη̂NS

))
AB

.
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In this work we will also consider relatives of the Lagrangian operator with R-charge J

which have protected dimension ∆LJ = 4 + J

OLJ = Tr
[
FµνF

µνZJ
]

+ . . . , (4.11)

where Fµν is the field strength of N = 4 SYM, and the ellipsis refers to different positions

of the Fµν in the trace, and also other scalar and spinor terms required by supersymmetry.

At strong coupling these operators correspond to the ten-dimensional dilaton with some

Kaluza-Klein momentum

VL,k =
gc√

8

(
ηMM̃ −

kM k̄M̃ + kM̃ k̄M

k · k̄

)
ψMe−φψ̃M̃e−φ̃eik·X . (4.12)

Finally, an obvious extension to the results in [29] is to consider operators with spin.

It is in general nontrivial to find the vertex operator for a generic operator with dimension

∆ and spin S. However, if the operator is a special combination of the three following twist

two operators [31]

Tr
[
Fµν1Dν2 . . . DνS−1FνS

µ
]
, Tr

[
ΦIDν1 . . . DνSΦI

]
, Tr

[
ψ̄αDν1 . . . DνS−1ΓνSψ

α
]
, (4.13)

then the dual string state lies on the leading Regge trajectory at level n = 1
2(S − 2) with

scaling dimension ∆ ≈ 2
√
nλ1/4.

As noted in [30], the vertex operator for a symmetric traceless state in the leading

Regge trajectory is given by

On,k = gc

(
2

α′

)n
εM1...Mn+1M̃1...M̃n+1

n∏
j=1

(
i∂XMj

)
ψMn+1e−φ

n∏
j=1

(
i∂̄XM̃j

)
ψ̃M̃n+1e−φ̃eik·X ,

(4.14)

with εM1...MS
a totally symmetric and traceless tensor. To normalize the vertex operator

we need only to compute its two-point function

〈On,kOn,−k〉 = Γ(S/2)2εM1...MS
εM1...MS . (4.15)

The normalized vertex operator for a string state in the leading Regge trajectory is then

VS,k =
gc2

S/2−1

Γ
(
S
2

)
α′S/2−1

εnorm
M1...MS/2M̃1...M̃S/2

S−2
2∏
j=1

(
i∂XMj

)
ψMS/2e−φ

S−2
2∏
j=1

(
i∂̄XM̃j

)
ψ̃M̃S/2e−φ̃eik·X .

(4.16)

4.2 The building blocks

Three-point functions of operators with arbitrary spin can be written as a linear combina-

tion of a finite number of conformally invariant building blocks [40–42], which have been

rederived in [43] using the embedding formalism

C({xi}) =
Q({xi})

(x2
12)

τ1+τ2−τ3
2 (x2

13)
τ1+τ3−τ2

2 (x2
23)

τ2+τ3−τ1
2

, (4.17)
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where τi = ∆i + Si and Q({xi}) is a polynomial built out of six building blocks

V1 ≡ V1,23 , V2 ≡ V2,31 , V3 ≡ V3,12 , H12 , H13 , H23 , (4.18)

which encode the space-time dependence

Vi,jk =
1

x2
jk

(
x2
ij(zi · xik)− x2

ik(zi · xij)
)
, Hij = x2

ij(zi · zj)− 2(zi · xij)(zj · xij) . (4.19)

Here we encode symmetric tensors by polynomials obtained by contracting the tensor with

a reference vector zµi . We can recover the tensor by applying the symmetric traceless

projector

P iµ1...µS
=

1

(S!)2
Di
µ1
. . . Di

µS
, Di

µ =

(
1 + zi ·

∂

∂zi

)
∂

∂zµi
− 1

2
ziµ

∂2

∂zi · ∂zi
. (4.20)

The polynomial Q({xi}) is then written as the following sum

P 1
µ1...µS1

P 2
ν1...νS2

P 3
ρ1...ρS3

∑
i,j,k∈I

CijkV
S1−i−j

1 V S2−i−k
2 V S3−j−k

3 H i
12H

j
13H

k
23 , (4.21)

where Cijk are the structure constants and the summation range is

I = {i, j, k ∈ N0 : S1 − i− j ≥ 0, S2 − i− k ≥ 0, S3 − j − k ≥ 0} . (4.22)

We can reproduce these structures with our holographic procedure. In [30] Schlotterer

derived the coupling of three Regge open superstring states at levels n1, n2 and n3.1 We

can apply this result directly to the left and right movers separately. The three-point

function for the left movers is,

〈On1On2On3〉L =
√
α′/2

s1+s2+s3
n1!n2!n3!

∑
i,j,k∈I

(α′/2)−i−j−k(is3+js2+ks1−ij−ik−jk)

i!j!k!(s1−i−j)!(s2−i−k)!(s3−j−k)!

×
(
ε1 · ks1−i−j2

)(
ε2 · ks2−i−k3

)(
ε3 · ks3−j−k1

)
ηi12η

j
13η

k
23 , (4.23)

where si = ni + 1. We used the following shorthand notations

εi · kpj = εiM1...MpMp+1...Msi
kM1
j . . . k

Mp

j ,

εiεjηkij = εiM1...Msi
εjN1...Nsj

ηM1N1 . . . ηMkNk , (4.24)

and the summation range is the same as in (4.22). We notice then that the superstring

amplitude of three closed spin states with polarizations ε1, ε2 and ε3 will be a sum of terms

of the form (
ε1 · kS1−i−j

2

)(
ε2 · kS2−i−k

3

)(
ε3 · kS3−j−k

1

)
ηi12η

j
13η

k
23 , (4.25)

which we represent diagrammatically in figure 1. These superstring structures from the

coupling of the three string states at the intersection point in the bulk are in fact related

to the boundary CFT building blocks.

1This work is an extension of [44] which addresses a related problem in the context of open bosonic

strings.
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ε1 ε3

ε2

k2

k2

k1

k1

k3k3

S3 − j − k

S2 − i− k

S1 − i− j

i

k

j

Figure 1. We represent each polarization εi by a circle with Si indices. The lines connecting two

polarization tensors correspond to contractions of their indices. The leftover indices are contracted

with the momenta. The allowed structures correspond to the different ways of connecting the three

polarization tensors.

To understand this relation between the two sets of building blocks, it will be enough

to restrict ourselves to the AdS3 space defined by the bulk direction and the plane on the

boundary defined by the three endpoints of the strings. If the polarization is orthogonal

to any of those directions then εi · kj vanishes trivially and εi · εj remains proportional to

Hij . On the other hand, if the polarizations live in some direction inside the AdS3 defined

above then we must be more careful. At the intersection point the polarization of each

string is orthogonal to the momentum which, following [28], is given by

kµ =
1√
2

(κ〈Pµ〉 − κ−1〈Kµ〉) , kz = −〈D〉 , (4.26)

with 〈Pµ〉, 〈D〉, 〈Kµ〉 and κ defined in (2.1), (2.4), and (2.6) when one takes the intersection

point to the origin. In this case, the momentum at the intersection point can be written

in the following way

kµi = −2

√
α1α2α3Σ|x12||x23||x13|

F

(
αk
xµij
x2
ij

+ αj
xµik
x2
ik

)
, kzi = ∆i − 2

αjαkΣx
2
jk

F
. (4.27)

Since the polarization is orthogonal to the momentum at the intersection point, it is

useful to change to a basis { ~Oi, ~Pi} in the plane transverse to the momentum. If we let ~kBi
be the projection of ~ki to the boundary then we can write the basis vectors as

~Oi = ~ki × ~kBi , ~Pi = ~ki × ~Oi . (4.28)

We denote this change of basis by M I
i . When one looks at the propagation of the string from

the intersection point to the boundary, one sees that ~Oi stays the same, but ~Pi becomes
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proportional to ~kBi . Finally, we return from the basis { ~Oi, ~kBi } to the canonical one at the

boundary through another change of basis MB
i . The relation between the polarization at

the intersecton point and at the boundary is then given by(
εIi
)M

=
(
M I
iM

B
i

)M
µ

(
εBi
)µ

, (4.29)

where we denoted the polarization at the intersection point by εIi and the one at the bound-

ary by εBi . The polarization εIi is symmetric and traceless, which leads to a polarization

at the boundary with the same properties. εBi will then act as a symmetric and traceless

projector ensuring the right tensor structure of Q({xi}). The structure at the intersection

point εIi · kj then corresponds to one of the CFT building blocks at the boundary

εIi · kj =
(
εBi
)µ(−2

√
α1α2α3Σx2

jk

|x12||x13||x23|∆i
P iµ Vi

)
. (4.30)

Analogously, the structure εIi ·εIj becomes a combination of the CFT building blocks at the

boundary

εIi ε
I
jηij =

(
εBi
)µ 1

x2
ij

P iµP
j
ν

(
Hij + 2

αiαj
∆i∆j

ViVj

)(
εBj
)ν
. (4.31)

Putting all the elements together, terms of the form (4.25) now become proportional to∏
i<j

k 6=i,j

(
x2
ij

)−Si+Sj−Sk
2

∏
i

V
Si−

∑
j 6=i nij

i

∏
i<j

(
Hij + 2

αiαj
∆i∆j

ViVj

)nij
. (4.32)

Notice that the spacetime dependence from the string theory amplitude combines with

the one obtained from the propagation of the strings in AdS, (x2
12)−α3(x2

13)−α2(x2
23)−α1 , to

produce the spacetime behaviour expected from conformal symmetry in (4.17).

It will also be useful to work out the case where one operator is a scalar, for which we

set S1 = 0. With no loss of generality we choose S2 ≤ S3, so the amplitude will reduce to

a sum over (S2 + 1) structures with coefficients Fk

S2∑
k=0

(α′/2)
S2
2

+
S3
2
−k
(
ε2 · kS2−k

3

)(
ε3 · kS3−k

1

)
ηk23Fk . (4.33)

Following our analysis on the equivalence of the two sets of building blocks, the three-point

function of a scalar with two spin states becomes

D
S2∑
k=0

(2α′α1α2α3Σ)
S2
2

+
S3
2
−k

∆S2−k
2 ∆S3−k

3

V S2−k
2 V S3−k

3

(
H23+

2α2α3

∆2∆3
V2V3

)k
Fk=

S2∑
k=0

CkV
S2−k

2 V S3−k
3 Hk

23,

(4.34)

where D denotes both the contribution from the propagation of the strings in AdS (1.2)

and the coupling (1.4)

D =

√
(∆1 − 1)(∆2 − 1)(∆3 − 1)

25/2π

Γ(α1)Γ(α2)Γ(α3)Γ(Σ− 2)

Γ(∆1)Γ(∆2)Γ(∆3)

8π

g2
cα
′ 〈ψJ1ψJ2ψJ3〉 , (4.35)
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and the structure constants are

Ck = D (2α′α1α2α3Σ)S2/2+S3/2−k

∆S2−k
2 ∆S3−k

3

S2∑
l=k

(
l

k

)
(α′α1Σ)k−lFl . (4.36)

In the other case of interest, we let two of the operators be scalars, hence S1 = S2 = 0.

There is now only the structure (α′/2)S3/2(ε3 · kS3
1 )F , with the coefficient F coming from

the superstring amplitude. The structure constant is then given by

C = D (2α′α1α2α3Σ)S3/2

(∆3)S3
F . (4.37)

4.3 Structure constants

Now that we have the necessary ingredients, we can compute the three-point coupling for

different string states.

Two massless scalars and one Regge spin. We start by computing the three-point

functions having two massless scalars, which we can compare with previous results in the

literature. When the two massless scalars are dilatons, we can insert the polarizations

defined in (4.12) into the results of appendix A, thus giving the string amplitude between

two dilatons and one Regge spin

〈VLVLVS〉 =
(2α′α1α2α3Σ)S/2

(∆3)SΓ(S/2)
V S

3 . (4.38)

Analogously, if we consider the massless scalars to be two chiral primaries, then we use

the polarizations defined in (4.4), obtaining the following amplitude for two chiral operators

with R-charges J1 and J2 and one Regge spin with some R-charge J3

〈VCVCVS〉 =
α̃2

3Σ̃2(2α′α1α2α3Σ)S/2

J2
1J

2
2 (∆3)SΓ(S/2)

V S
3 . (4.39)

When the two chirals have opposite R-charge and the Regge spin has no R-charge, the

expression (4.39) becomes (4.38). In this case we can put this result into (1.2) and (1.4),

and taking the asymptotics for large ’t Hooft coupling, we find the structure constant

for two massless scalars with dimension ∆ and a Regge state with spin S and dimension

∆S ≈
√

2(S − 2)λ1/4,

CLLS =
(−1)∆π3/2(S − 2)(S−3)/2+∆λ−1/4+∆/2

2S+∆−7/2Γ(S/2)Γ(∆− 1)Γ(∆)N
2−∆S csc (π∆S/2) . (4.40)

This reproduces the results obtained in [31], where the authors used Mellin transforms.

Note also the presence of poles in the factor csc (π∆S/2) which are related to mixing with

double-trace operators as discussed in the previous section.

Another case we consider is when both scalars have the same dimension ∆, but with

the Regge spin also at the massless level, which corresponds to a relative of the graviton
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with some R-charge Jg. When 1 � |Jg| � ∆ then (4.39) becomes simply (4.38) and the

structure constant we obtain in that limit is

CCCG =

√
π

23+JN
∆ , (4.41)

again obtaining agreement with [31] for large scaling dimensions.

If we wish to compute the coupling between three states with R-charges of the same

magnitude, then we can compare with [45] where the authors used supergravity to compute

the coupling between two chirals and a graviton with some Kaluza-Klein momentum. For

chirals with dimension J and a graviton with R-charge Jg = J we get

CCCG =
J3/2

8N
〈CJCJCJ〉 , (4.42)

where 〈CJ1CJ2CJ3〉 is the unique SO(6) invariant that can be formed from the CJi appear-

ing in the definition of the spherical harmonics on S5

ψJ =
2
J−1

2

√
(J + 1)(J + 2)

π3/2
CJi1...iJx

i1 . . . xiJ . (4.43)

The structure constant in (4.42) agrees with [45] in the limit of large scaling dimensions.

For completeness we have also computed the coupling between one dilaton operator, a chiral

and an operator in the leading Regge trajectory and have obtained a vanishing structure

constant at leading order.

One massive scalar, one massless scalar and one Regge spin. If we consider the

three-point function of a Konishi operator, a dilaton with some R-charge J and a Regge

spin with the opposite R-charge, we can use the results of appendix A and plug in the

polarizations from (4.10), (4.12), obtaining the amplitude

〈VKVLVS〉 = −(S − 2)

25
√

2

(2α′α1α2α3Σ)S/2

(∆3)SΓ(S/2)
V S

3 . (4.44)

Notice that this amplitude vanishes when we take the Regge spin to S = 2. Going to the

limit of large ’t Hooft coupling, the structure constant in the case of a Regge spin at the

first mass level is

CKLS = − J4√π
29+J

√
2N

λ−3/4 . (4.45)

If instead of the dilaton we consider a chiral primary, then we use the polarizations

of (4.4), (4.10) in the results of appendix A. When the spin operator has S = 2, the

structure constant also vanishes at leading order. When considering a Konishi, one chiral

with R-charge J and a massive Regge spin the amplitude for J � λ1/4 is

〈VKVCVS〉 =
(S − 2)

26

(2α′α1α2α3Σ)S/2

(∆3)SΓ(S/2)
V S

3 . (4.46)

When the Regge spin is at the first massive level we obtain

CKCS =
J4√π
26+JN

λ−3/4 . (4.47)
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Two massive scalars and one Regge spin. The two massive scalars we consider here

are the Konishi-like operators with the vertex operators (4.8). To compute the correlation

function between two of this operators and one Regge spin we use the results derived in

appendix A and plug in the polarization (4.10) thus obtaining, in the case of a massive

spin, where all operators can be taken to have no R-charge

〈VKVKVS〉 =
(S + 14)2

28

(2α′α1α2α3Σ)S/2

(∆3)SΓ(S/2)
V S

3 . (4.48)

In the limit of large ’t Hooft coupling, we get for the structure constant of two Konishi

operators with dimension ∆K ≈ 2λ1/4 and a massive Regge spin of dimension ∆S satisfying

the triangle inequalities

CtKKS =
(10−S)

S−1
2 (S+14)2√πλ

1
4

2
7
2

+SNΓ(S/2)
2−2∆K−∆S

(
2−
√
n
)∆K−∆S/2

(
2+
√
n
)−2+∆K+∆S/2 ,

(4.49)

where n is the mass level of the Regge spin. If the massive Regge spin does not obey the

triangle inequalities then the structure constant acquires poles,

CntKKS = CtKKS ×
csc
(
(
√
n− 2)πλ1/4

)
2

. (4.50)

When the Regge spin is at the massless level and has an R-charge J � λ1/4, we get

〈VKVKVG〉 =
(2α′α1α2α3Σ)S/2

(∆3)SΓ(S/2)
V S

3 . (4.51)

Then the structure constant of a Konishi operator, a Konishi-like operator with some

R-charge J and a relative of the graviton with the opposite R-charge is

CKKG =

√
π

22+JN
λ1/4 , (4.52)

in the limit of large dimensions.

One massless scalar and two Regge spins. When there are two spins with S2 ≤ S3,

there are (S2 + 1) different structure constants in (4.33). In appendix A we have computed

the amplitude for a dilaton with two spins (A.18), which we can rewrite as

〈VLVS2VS3〉 =

S2∑
k=0

(α′/2)S2/2+S3/2−k
(
ε2 · kS2−k

3

)(
ε3 · kS3−k

1

)
ηk23Dk , (4.53)

with the coefficients given by

Dk =
1√
8

1∏3
i=2

(
Si−2

2

)
!
(
Si
2

)
−bY c−1

bY c∑
j=0

22−2Y (2j + 2)!

j!(j+1)!(2Y −2j)!

3∏
i=2

(
Si
2 −j−2

)
j+1−bY c

(Si−2j−4)2j−2Y+1

, (4.54)
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where Y = k/2 − 2, bY c denotes the largest integer not greater than Y and (a)m is the

Pochhammer symbol, (a)m = Γ(a+m)/Γ(a) . Analogously, we have computed the ampli-

tude for a chiral operator of dimension ∆ with two spins (A.19), which we can rewrite as

〈VCVS2VS3〉 =

S2∑
k=0

(α′/2)S2/2+S3/2−k
(
ε2 · kS2−k

3

)(
ε3 · kS3−k

1

)
ηk23 Ck , (4.55)

where

Ck = −Dk√
2

+
k∑
l=0

n2!n3!δ

4(l − 1)!(k − l − 1)!(s2 − l)!(s3 − l)!(s2 − k + l)!(s3 − k + l)!
, (4.56)

and the values of δ for two massive spins, one massless spin of dimension ∆ and one massive

spin, and two spins with S = 2 are

δSS =
∆2

4
√
λ
, δGS = 0 , δGG = −4α1α2α3Σ

∆2
√
λ

, (4.57)

respectively. Taking the expression for the structure constant (4.36) for a chiral primary

with scaling dimension ∆ and two massive Regge states with the same spin S, in the limit

of large coupling constant we have

CkLSS =
2k−S∆2S−2kλk/2−S/2+1/4Γ(∆/2)2

N
√

(∆− 1)(S − 2)Γ(∆− 1)

S∑
l=k

(
l

k

)
(2S − 4)k−lCl . (4.58)

If we take one of the Regge spins to have S = 2 and the opposite R-charge of the scalar,

then for ∆� λ1/4 the structure constant is

CkLGS =
(−1)∆π

3
2 (S−2)

S+2∆−3k+5
2 ∆k−3λ

2∆−k+5
4 csc(π∆S/2)

2S+∆− 3k+1
2

+∆SNΓ(∆−1)Γ(∆+3)

2∑
l=k

(
l

k

)(
S−2

2

)k−l
Cl . (4.59)

Finally, if both operators in the Regge trajectory are at the massless level and have dimen-

sion ∆ as the massless scalar then

CkLGG =
8k−2∆7/2−2kλ

k−1
2

3k−1N
〈C∆C∆C∆〉

(
2

k

)(
4
√
λ

3∆2

)S−k
CS . (4.60)

One massive scalar and two Regge spins. In appendix A we have computed the two

correlators that make up the amplitude for a Konishi with two spins (A.22), (A.25), which

we can put together as

〈VKVS2VS3〉 =

S2∑
k=0

(α′/2)S2/2+S3/2−k
(
ε2 · kS2−k

3

)(
ε3 · kS3−k

1

)
ηk23Kk . (4.61)

The coefficient Kk is quite lengthy so we refer the reader to (A.28). Taking the expression

for the structure constant (4.36) for a Konishi and two massive Regge states with the same

spin S, in the limit of large coupling constant

CkKSS =

√
π(2
√
n−1)−

1
2

+∆S−∆K/2(2
√
n+1)−

5
2

+∆S+∆K/2

2∆S+∆K−3(S − 2)S−k−1+∆SN
λ1/4

S∑
l=k

(
l

k

)
(2S−5)k−lKl, (4.62)
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where n is the mass level of the Regge spins. If we take one of the Regge spins to be at

the massless level with scaling dimension ∆� λ1/4 and the other at the first massive level

then the structure constant becomes

CkKGS =
∆

9
2
−kλ

k−3
4 Γ(∆/2)2

2
√

2NΓ(∆)

2∑
l=k

(
l

k

)(
λ1/4

∆

)l−k
Kl . (4.63)

Finally, the structure constant for one Konishi and two states with spin S = 2 and dimen-

sion ∆� λ1/4 is

CkKGG =
(−1)∆π

3
2 ∆1+2kλ

1+2∆−2k
4

2k−3+∆KNΓ(∆ + 1)2
csc(π∆K/2)

2∑
l=k

(
l

k

)
(−1)l−kKl . (4.64)

5 Discussion

In the first part of this article we studied how the poles appearing in extremal three-point

functions relate to the mixing of single- and double-trace operators of N = 4 SYM. We have

made this relation quantitative for the case of the Konishi operator and the double-trace

operator made of chiral primaries with large R-charge.

In the paper’s second part we computed three-point functions involving higher spin

states. For correlators with symmetric traceless operators, conformal symmetry allows for

a number of different spacetime dependent structures. Here we have successfully matched

the building blocks appearing in the superstring amplitudes with the structures allowed

by conformal symmetry. The set of operators we considered are the chiral primaries, the

scalar primaries dual to string states at the first massive level, Lagrangian-like operators

dual to the dilaton with some Kaluza-Klein momentum and twist two operators dual to

strings in the leading Regge trajectory. We have also successfully matched our results for

the three-point functions of two massless scalars and a spin state in the leading Regge

trajectory with recent calculations using the Mellin amplitude formalism, and older super-

gravity calculations. Having checked with these known cases we went on to compute new

correlation functions involving two higher spin states and Konishi operators.

For the future, there are many interesting directions to explore. For example, it would

be interesting to generalize our procedure to include operators with small scaling dimen-

sions. When the operators are dual to strings at massive levels, then our methods are valid,

since their dimensions scale as 2
√
nλ1/4. However, we are forced to give large R-charges to

protected operators, which makes it impossible to study three-point functions involving,

say, the chiral primary in the 20. Another direction of study would be to compute sub-

leading corrections to our results in the α′ expansion. Besides the corrections coming from

the expansions of the dimensions, we would also need to calculate loop corrections to the

worldsheet amplitude.

Another possibility is to study four-point correlators of short operators. In principle

the main ideas behind our methods should still hold. When doing the saddle point approx-

imation one would obtain two intersection points in the bulk, corresponding to the product

of two three-point functions and exchange of some operator. It is possible that under some

approximations this computation might become feasible.
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Perhaps yet another future application of our results involves the comparison to upper

bounds of leading twist operators using bootstrap methods. In [46] the authors showed that

the upper bounds are consistent with the supergravity correction in (3.16) for the J = 2

double-trace state at large values of the central charge, c = 1
4(N2 − 1). There is evidence

that the upper bounds occur at special values of the coupling [47, 48], which corresponds

to an ’t Hooft coupling of order λ ∼ N . For this value the splitting is large compared

to the supergravity correction but also only affects double-traces with J ∼ N1/4 and so

a present comparison cannot be made. If instead one could also expand the bootstrap

analysis to include the ’t Hooft parameter as an input, then one could in principle make

such a comparison if at the same time one can find the splitting for low J values.

Finally, a bigger goal is to understand the structure of the full AdS5 × S5 vertex

operators and to use the underlying integrability of the string world-sheet to compute

holographic three-point functions.
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A Vertex function contractions

Two massless scalars and one Regge spin. When computing the three-point function

of one Regge spin and two massless scalars, we need to compute only two amplitudes. The

first, with three NS-NS vertices, is 〈W1W1On〉 which can be computed by using the result

for the left movers (4.23) and taking n1 = n2 = 0. Combining with the right mover part

we have

〈W1W1On〉 = −g3
c

(
α′

2

)n−1

ε1
MM̃

ε2
NÑ

(
ε3
RSR̃S̃

· k2n−2
1

)
XMNRS
L XM̃ÑR̃S̃

R , (A.1)

with

XMNRS
L = nηMRηNS +

α′

2
kR1
(
kM2 ηNS + kN3 η

MS + kS1 η
MN
)
. (A.2)

The other correlator is 〈W2W2On〉 which gives

〈W2W2On〉 = −1

2
g3

c

(
α′

2

)n (
ε3
MM̃
· k2n

1

)
Tr
[
t1ΓMC(t2)TΓM̃C

]
. (A.3)

One massless scalar, one massive scalar and one Regge spin. To compute the

three-point function of one massless scalar, one scalar at the first massive level and one

Regge spin, we will need three amplitudes, two with three NS-NS vertices and one with

two vertices in the R-R sector. Once again, for 〈V1W1On〉, we can use the left mover

result (4.23) and take n1 = 1 and n2 = 0. Including also the right movers we obtain

〈V1W1On〉 = −g3
c

(
α′

2

)n−2

ε1
MNM̃Ñ

ε2
PP̃

(
ε3
RSTR̃S̃T̃

· k2n−4
1

)
XMNPRST
L XM̃ÑP̃ R̃S̃T̃

R , (A.4)
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with

XMNPRST
L =

(
α′

2

)2

kM2 kR1 k
S
1

(
kP3 η

NT + kN2 η
PT + kT1 η

NP
)

+ n(n− 1)ηMRηNSηPT

+
α′

2
kR1 η

MS
(
nkP3 η

NT + (1 + n)kT1 η
NP + 2nkN2 η

PT
)
. (A.5)

We also need to compute 〈V2W1On〉 which is

〈V2W1On〉 = −36g3
c

(
α′

2

)n+1

α1MNL,M̃ÑL̃
k2Lk2L̃ε

2
MM̃

(
ε3
NÑ
· k2n

1

)
. (A.6)

The amplitude with R-R vertices is

〈V3W2On〉 = −1

2
g3

c

(
α′

2

)n−1 (
ε3
MNM̃Ñ

· k2n−2
2

)
Tr

[
t2XMNP

L

(
t1
P̃ ,P

)T(
XM̃M̃P̃
R

)T]
, (A.7)

where

XMNP
L =

(
n ηMP +

α′

2
kP3 k

M
2

)(
ΓNC

)
+
α′

2
kM2 ηNP (/k1C) . (A.8)

Two massive scalars and one Regge spin. In this case we will need three amplitudes

with three NS-NS vertices and one with two R-R vertices. For 〈V1V1On〉 we just take (4.23)

with n1 = n2 = 1, thus obtaining

〈V1V1On〉=−g3
c

(
α′

2

)n−3

ε1
MNM̃Ñ

ε2
PQP̃ Q̃

(
ε3
RSTV R̃S̃T̃ Ṽ

· k2n−6
1

)
XMNPQRSTV
L XM̃ÑP̃ Q̃R̃S̃T̃ Ṽ

R ,

(A.9)

with

XMNPQRSTV
L

= n
α′

2
kR1 η

MSηPT
(

2(n− 1)
(
kQ3 η

NV + kN2 η
QV
)

+ (n+ 2)kV1 η
NQ
)

+

(
α′

2

)2

kR1 k
S
1

(
n
(
kP3 k

Q
3 η

MT ηNV + kM2 kN2 η
PT ηQV + 3kM2 kP3 η

NT ηQV
)

+ kT1 η
MP

(
kV1 η

NQ+(n+2)
(
kQ3 η

NV +kN2 η
QV
)))

+ n(n− 1)(n− 2)ηMRηNSηPT ηQV

+

(
α′

2

)3

kM2 kP3 k
R
1 k

S
1 k

T
1

(
kQ3 η

NV + kN2 η
QV + kV1 η

NQ
)
. (A.10)

The other correlators with NS-NS vertices are

〈V2V2On〉=−62g3
c

(
α′

2

)n−1

α1
MNL,M̃ÑL̃

α2
OPQ,ÕP̃ Q̃

ε3
RS,R̃S̃

· k2n−2
1 XMNLOPQRS

L XM̃ÑL̃ÕP̃ Q̃R̃S̃
R

(A.11)

with

XMNLOPQRS
L = ηNQηLP

(
α′

2
kR1
(
ηMOkS1 + 3

(
kO3 η

MS+kM2 ηOS
))

+3nηMRηOS
)
, (A.12)

and

〈V2V1On〉=−36g3
c

(
α′

2

)n−1

α1
MNL,M̃ÑL̃

ε2
PQ,P̃ Q̃

(
ε3
RS,R̃S̃

· k2n−2
1

)
XMNLPQRS
L XM̃ÑL̃P̃ Q̃R̃S̃

R ,

(A.13)
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with

XMNLPQRS
L =

√
α′

2
ηMRηNPkL2

(
nηQS +

α′

2
kQ3 k

S
1

)
. (A.14)

The correlator with two R-R vertices is

〈V3V3On〉 = −g
3
c

2

(
α′

2

)n−2 (
ε3
MNLM̃ÑL̃

· k2n−4
1

)
Tr

[
t1
R̃,R

XMNLRS
L

(
t2
S̃,S

)T(
XM̃ÑL̃R̃S̃
R

)T]
,

(A.15)

where

XMNLRS
L (A.16)

=

(
n(n−1)ηMRηNS+

α′

2
kM1

(
n
(
kS3 η

NR+ηNSkR2
)
+kN1 η

RS+
α′

2
kS3 k

N
1 k

R
2

))(
ΓLC

)
+
α′

2
kM1

(
ηNS

(
nηLR+

α′

2
kR2 k

L
1

)
(/k2C)−ηNR

(
nηLS+

α′

2
kS3 k

L
1

)
(/k1C)+

α′

4
kN1 η

RS
(
/k1ΓL/k2C

))
.

One massless scalar and two Regge spins. When considering the correlator of two

Regge spins with a massless scalar it is enough to use (4.23) with n1 = 0 which, for n2 ≤ n3,

gives for the left mover contractions

〈W1On2
On3
〉L (A.17)

= g3cn2!n3!

s2∑
kL=0

(α′/2)1/2(s2+s3−1)−kLηkL
23

kL!(s2−kL)!(s3−kL)!

[
α′

2
kL
(
ε1 ·k2

)(
ε2 ·ks2−kL

3

)(
ε3 ·ks3−kL

1

)
+ s2(s3−kL)ε1

M
(
ε2 · ks2−kL

3

)(
ε3M ·k

s3−kL−1
1

)
+s3(s2−kL)ε1

M
(
ε2M ·k

s2−kL−1
3

)(
ε3 ·ks3−kL

1

)]
.

For the right movers we will have the same formula, with the sum running over kR instead.

If we contract with the polarization of the dilaton and denote k = kL + kR then we have

〈WT
1 OS2

OS3
〉 (A.18)

= g3c

S2∑
k=0

min(S2
2 ,k)∑

l=max(0,k−S2
2 )

(n2!n3!)2(α′/2)S2/2+S3/2−k
(
ε2M ·k

S2−k−1
3

)(
ε3N ·k

S3−k−1
1

)
l!(s2 − l)!(s3 − l)!(k − l)!(s2 − k + l)!(s3 − k + l)!

× ηk23
[(

kS2S3

4
−2l(k−l)

)
kM3 kN1 +

S2S3

4α′

(
k(S2+S3)−S2S3−4l(k−l)

)
ηMN

]
.

If instead we contract with the polarization of the chiral operator then we obtain

〈W1OS2OS3〉 (A.19)

= g3c

S2∑
k=0

min(
S2
2 ,k)∑

l=max(0,k−S2
2 )

(n2!n3!)2(α′/2)S2/2+S3/2−k
(
ε2M · k

S2−k−1
3

)(
ε3N · k

S3−k−1
1

)
l!(s2 − l)!(s3 − l)!(k − l)!(s2 − k + l)!(s3 − k + l)!

× ηk23
[(
−kS2S3

4
+ (2 + δ)l(k − l)

)
kM3 kN1 −

S2S3

4α′

(
k(S2 + S3)− S2S3 − 4l(k − l)

)
ηMN

]
,

with

δ =
1√
λ∆2

1

(√
λ
(
(S2+S3−4)∆2

1−(S2−S3)
(
∆2

2−∆2
3

))
+λ(S2−S3)2−4α1α2α3Σ

)
. (A.20)
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One massive scalar and two Regge spins. For this correlator there are two ampli-

tudes we must consider. The first one can be taken by using (4.23) with n1 = 1 which, for

n2 ≤ n3, gives for the left mover contractions

〈V1On2On3〉L

= g3
cn2!n3!

s2∑
kL=0

(α′/2)1/2(s2+s3)−kL−1ηkL23

kL!(s2 − kL)!(s3 − kL)!
ε1MN

(
ε2PQ · k

s2−kL−2
3

)(
ε3RS · k

s3−kL−2
1

)
×
[
s3(s2 − kL)(n2 − kL)ηMP ηNQkR1 k

S
1 + s2(s3 − kL)(n3 − kL)ηMRηNSkP3 k

Q
3

+ (s2 + s3 − 1)(s2 − kL)(s3 − kL)ηMP ηNRkQ3 k
S
1 +

(
α′

2

)2

kLk
M
2 kN2 k

P
3 k

Q
3 k

R
1 k

S
1

+
α′

2
kM2 kP3 k

R
1

(
(s3 + kL)(s2 − kL)ηNQkS1 + (s2 + kL)(s3 − kL)ηNSkQ3

)]
. (A.21)

For the right movers we will have an analogous formula, so contracting with the polarization

of the Konishi opeartor and using k = kL + kR leads to

〈V1On2
On3
〉 (A.22)

= g3c

S2∑
k=0

min(S2
2 ,k)∑

l=max(0,k−S2
2 )

(n2!n3!)2(α′/2)
S2+S3

2 −k
(
ε2MN · k

S2−k−2
3

)(
ε3PQ · k

S3−k−2
1

)
ηk23

l!(s2 − l)!(s3 − l)!(k − l)!(s2 − k + l)!(s3 − k + l)!

×
[
K1(k, l, Si,∆i)k

M
3 kN3 k

P
1 k

Q
1 +

2

α′
K2(k, l, Si,∆i)η

MP kN3 k
Q
1 +

4

α′2
K3(k, l, Si,∆i)η

MP ηNQ

]
,

with

K1(k, l, Si,∆i)

=
kS

32λ

(
∆2
− − 4

√
λ(∆+ + S−∆−)

)
− l(k − l)

256λ2
∆2
−

(
∆2
− − 8

√
λ(2∆+ + S−∆−)

)
+
S

96

(
4S+k(3S+ + 2)−

(
3S + 28k + 48Sk − 12k2

))
− l(k − l)

288λ

(
144λl(k − l)

− 36
√
λ
((
S−
(
S2
− + 2S+ + 4k

)
+ 4S−

)
∆− + 2

(
2k − 6 + 2S+ + S2

−
)

∆+

)
+ 9

((
3S2
− + 2(S+ + 2k + 1)

)
∆2
− + 8S−∆−∆+ − 16∆2

2∆2
3

)
+ 2λ

(
9S4

+ + 36S3
+

− 2(11 + 36(S − k))S2
+ − 8(13 + 18S − 15k)S+ + 4(56 + 9S(3 + 4S − 8k))

))
,

K2(k, l, Si,∆i)

=
l(k − l)

144

(
9S4

+ + 22S3
+ + 2S2

+(13k − 45S − 32) + 4S+(10− 27S − 8k)

+ 8(27S(S + 1)− 5k)− 12l(k − l)(3S2
− + 16(S+ − 2))

)
− S2S3

576

(
S2

+

(
9S+34k−36k2

)
−4S+

(
3S+22k+18k2

)
+8
(
3S−4S2+5k+18k2(1+S)

))
− 1

256λ

(
S
(
S − 4k2

)
+ 4l(k − l)

(
4l(k − l)−

(
S2
− − 2S

))) (
∆2
− − 4

√
λ(2∆+ + S−∆−)

)
,
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K3(k, l, Si,∆i)

=
S

1152

(
4S+

(
25S + 50k + 18kS + 64k2

)
− S2

+

(
7S + 128k − 100k2

)
+ 14kS3

+ − 2
(
18S2 + 86S + 72Sk + 57k2 − 72Sk2

))
+
l(k − l)

288

(
−7S4

+ + 14(k + 2)S3
+ + (50S2S3 − 56k − 28)S2

+ + 8(S(9k + 2) + 7k)S+

− 8
(
27S2 + 18kS + 11

)
− 4l(k − l)

(
7(S+ − 2)2 + 36S

))
, (A.23)

where we defined S− = S2−S3, S+ = S2+S3, S = S2S3, ∆− = ∆2
2−∆2

3 and ∆+ = ∆2
2+∆2

3.

The other correlator needed is, for n2 ≤ n3

〈V2On2On3〉L=g3
cn2!n3!

n2∑
kL=0

6 (α′/2)−kL+
n2+n3+1

2 ηkL23

kL!(n2−kL)!(n3−kL)!
αMNL

1 ε2M·k
n2−kL
3 ε3N·k

n3−kL
1 k3L. (A.24)

Combining with the contractions from the right movers and contracting indices from the

scalar polarization, we get for k = kL + kR

〈V2OS2OS3〉 (A.25)

= g3
c

S2∑
k=0

min(
S2
2
,k)∑

l=max(0,k−S2
2

)

(n2!n3!)2(α′/2)
S2+S3

2
−k
(
ε2MN · k

S2−k−2
3

)(
ε3PQ · k

S3−k−2
1

)
ηk23

l!(n2 − l)!(n3 − l)!(k − l)!(n2 − k + l)!(n3 − k + l)!

×
[
−1

2
kM3 kN3 k

P
1 k

Q
1 +

2

α′
K4(Si,∆i)η

MPkN3 k
Q
1 +

4

α′2
K5(Si,∆i)η

MP ηNQ
]
,

where

K4(Si,∆i) = − 1

16λ

(
4λ
(
S2
− − 2S+ + 4

)
+ ∆2

− + 4
√
λ(2∆+ − S−∆−)

)
,

K5(Si,∆i) =
1

16λ

(
2
(
S2
− − 4S+ + 12

)
λ−∆2

− + 8
√
λ∆+

)
. (A.26)

Putting the two correlators together we get

〈VKVS2VS3〉 =

S2∑
k=0

(α′/2)S2/2+S3/2−k
(
ε2 · kS2−k

3

)(
ε3 · kS3−k

1

)
ηk23Kk , (A.27)

with the coefficients Kk given by

Kk = g3
c

min(
S2
2
,k)∑

l=max(0,k−S2
2

)

n2!n3!

16l!(s2 − l)!(s3 − l)!(k − l)!(s2 − k + l)!(s3 − k + l)!
×

×
[
K1(k, l, Si,∆i) +

(k − l)
(s2 − k + l + 1)(s3 − k + l + 1)

K2(k − 1, l, Si,∆i)

+
(k − l)(k − l − 1)

(s2 − k + l + 1)(s3 − k + l + 1)(s2 − k + l + 2)(s3 − k + l + 2
K3(k − 2, l, Si,∆i)

− (s2 − k + l)(s3 − k + l)(s2 − l)(s3 − l)
2

+ (k − l)(s2 − l)(s3 − l)K4(Si,∆i)

+
(k − l)(k − l − 1)(s2 − l)(s3 − l)
(s2 − k + l + 1)(s3 − k + l + 1)

K5(Si,∆i)

]
. (A.28)
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