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Abstract. Nowadays the Thoma criterion is often violated to diminish the cross section 9 

of surge tank, therefore the surge fluctuation is aggravated and frequency stability 10 

becomes more deteriorative. The focus of this paper is on stabilizing the low frequency 11 

oscillation of an isolated Hydropower plant (HPP) caused by surge fluctuation. From a 12 

new perspective of HPP operation mode, frequency stability under power control is 13 

investigated and compared with frequency control, by adopting the Hurwitz criterion 14 

and numerical simulation. In a theoretical derivation, the governor equations of 15 

frequency control and power control are introduced to the mathematical model. For 16 

numerical simulation, a governor model with control mode switch-over function is built. 17 

The frequency oscillations under frequency control, power control and control mode 18 

switch-over are simulated and investigated respectively, with different governor 19 

parameters and operation cases. The result shows that the power control has a better 20 

performance on frequency stability at the expense of rapidity, comparing with the 21 
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frequency control. Other recommendations regarding worst operation cases and choice 22 

of control modes are also developed.  23 

 24 
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 27 

1 Introduction 28 

Frequency stability refers to the ability of a power system to maintain steady frequency 29 

following a severe system upset resulting in a significant imbalance between generation 30 

and load [1]. Hydroelectric generating units will undertake the peak modulation and 31 

frequency modulation in a power system, hence their frequency stability have been a 32 

critical factor of the power system security and power quality.  33 

 Especially for the hydropower plant (HPP) with surge tank, with the scale getting 34 

larger nowadays, the Thoma criterion [2, 3] is often violated to diminish the cross 35 

section of surge tank. Therefore, the surge fluctuation is aggravated and frequency 36 

stability becomes more deteriorative [4]. In this case, not only frequency, but also 37 

opening and power output would oscillate with the surge fluctuation, therefore 38 

frequency stability is actually a typical indicator of the whole system stability. Recently, 39 

some huge Chinese HPPs encountered this instability problem during the 40 

commissioning, measurements under a load step disturbance are shown in Figure 1. 41 

Hence, the focus of this paper is on stabilizing the low frequency oscillation of an 42 



3 

isolated HPP caused by surge fluctuation. If stability cannot be achieved well by 43 

standard frequency control (speed control), is power control (power output control) an 44 

effective alternative? This question is urgently in need of research.  45 

 46 

Figure 1. Measurement of oscillations under a load step disturbance from a Chinese HPP 47 

 There are several researches on governing system stability of HPP which mainly 48 

adopt theoretical derivation [4-6]. However, the mathematical models only take into 49 

account equations of ideal governor, so the practical governor control modes are 50 

simplified. Moreover, the single theoretical analysis inevitably ignores the water 51 

elasticity and nonlinear characteristic of turbine and piping system. There are other 52 

simulations and studies on isolated HPP control [7] and influence factors of frequency 53 

stability and quality: surge tanks [5, 8], governor setting [9-11], hydraulic system layout 54 

[12], power system stabilizer [13, 14] and water column elasticity [15]. Oscillation 55 

behavior under frequency control in a pumped-storage HPP is simulated and 56 

investigated, the influence of governor parameters (the droop settings, derivative term, 57 

dead-band) are discussed [16]. Low frequency oscillation under different frequency 58 

control modes are contrasted under islanded operation in [17], and it is found that feed 59 

forward controllers should not be used, since they adversely influence the frequency 60 

stability. To the best of the author’s knowledge, the water way system in many 61 
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numerical models is relatively simplified. What's more, existing studies seldom discuss 62 

the frequency stability from the angle of operation mode, such as different control 63 

modes and operation cases. In particular, the stability under power control is not 64 

well-studied yet. 65 

 In this study, frequency stability under power control is investigated and compared 66 

with frequency control, from a new perspective of HPP operation mode. Section 2 67 

presents two mathematical models, which are built in this study, for theoretical 68 

derivation and numerical simulation respectively. In section 3, by means of theoretical 69 

derivation, stability conditions under two control modes are contrasted through adopting 70 

Hurwitz criterion. In section 4, the frequency oscillation under frequency control, power 71 

control and control mode switch-over are simulated and investigated respectively, with 72 

different governor parameters and operation cases.  73 

 74 

2 Mathematical model 75 

This study is conducted by both theoretical derivation and simulation, with building two 76 

mathematical models respectively. The models are unique in the sense that: in 77 

theoretical derivation, the governor equations of frequency control and power control 78 

are introduced to the mathematical model; for numerical simulation, a governor model 79 

with control mode switch-over function is build. These two models and their main 80 

difference are illustrated in this section. 81 

 82 
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2.1 Model for theoretical derivation 83 

The theoretical derivation of this paper is based on assumptions below: (1) Rigid water 84 

hammer is adopted in draw water tunnel with neglecting the elasticity of water and pipe 85 

wall. (2) Characteristic of penstock is ignored. (3) Head loss at the bottom of surge tank 86 

is not considered. (4) Steady-state characteristic of hydraulic turbine is described by 87 

transmission coefficient. (5) Nonlinear characteristic of governor (saturation, rate 88 

limiting and dead zone) is ignored. (6) Generator equation is first-order for describing 89 

isolated operation. On the basis of assumptions above, the model of water diversion and 90 

power generation system is linearized, the basic equations are indicated in Eqs. (1-7), 91 

and a schematic diagram is shown in Figure 2.  92 

 93 

Figure 2. Water way and power generation system in a HPP with surge tank 94 

 Dynamic equation of draw water tunnel: 95 

 
(1) 

 Continuity equation of surge tank: 96 

 
(2) 

 Moment equation and discharge equation of hydraulic turbine: 97 

 (3) 

 (4) 
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 Generator equation: 98 

 
(5) 

 Governor equations:  99 

 Frequency control (speed control): 100 

2

2

d d d( ) (1 ) ( )
d d dy p P y p P p I y p I P I

y y xT b K T b K b K T b K y K K x
t t t

+ + + + + = − +  (6) 

 Power control (power output control): 101 
2

2

dd d ( )
d d d

g
y p I g t

py yT e K p p
t t t

+ = + −
 

(7) 

 The details of the symbols in the equations above are given in Appendix A. These 102 

two control modes correspond to the function of the governor in section 2.2, more 103 

descriptions are presented later. It is worth noting that, in this study, the characteristic 104 

coefficient of power grid load (eg) is set to 0, which represents the resistive 105 

constant-power load for achieving a conservative and robust solution [20].  106 

 107 

2.2 Model for numerical simulation 108 

The modeling described in this section is based on the software TOPSYS [18], which is 109 

developed for analyzing transient processes of HPP based on VC++. Comparing with 110 

the assumptions of theoretical derivation above, the model has these improvements: (1) 111 

Elastic water hammer is adopted in draw water tunnel considering the elasticity of water 112 

and pipe wall. (2) Characteristic of penstock is taken into account. (3) Head loss at the 113 

bottom of surge tank is considered. (4) Characteristic curve of hydraulic turbine is 114 

introduced. The generator equation is still first-order for simulating isolated operation. 115 

 The turbine control subsystem in TOPSYS is improved to simulate different control 116 

d ( )
da t g g
xT m m e x
t
= − +
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modes and their switch-over. The control mode switch-over is implemented by a 117 

combined control system in a parallel structure. Each control mode can be assigned to a 118 

separate controller. However, the controllers all actuate the same main servo-positioner 119 

to control the opening. The power controller command signal still follows the actual 120 

power output signal in the frequency control mode [19], and vice versa. Then the 121 

bump-free switch-over between frequency control and power control can be achieved.   122 

 

Figure 3. Diagram of governor with switch-over function of control mode 

3 2

3 2

2

2

( ) (1 )

( )

p d y y p p y d p p p p i y p i

d p i

d y d y dyb K T T b K T K K b K b K T b K y
dt dt dt
d x dxK K K x
dt dt

+ + + + + + +

= − + +

 (8) 

 The governor, with a selector of the PID frequency controller and the “integral + 123 

feed-forward” power controller, is shown in Figure 3. The final value of guide vane 124 

opening (Y) is the sum of set point (yc) and deviation (y). The differential equation of 125 
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frequency control is shown in Eq. (8), more exactly, Eq. (8) is equivalent with Eq. (6) 126 

when the value of Kd is set 0. The differential equation of power control is the same as 127 

Eq. (7). Besides, the dead-band, saturation and rate limiting are contained in the model. 128 

Their effect can be reflected in simulations, but they are omitted in the equations 129 

because of their nonlinear nature.  130 

 131 

2.3 Engineering case 132 

The engineering case, for both theoretical derivation and numerical simulation, is a huge 133 

Chinese HPP with an upstream surge tank, huge power output and long draw water 134 

tunnel. Details of the engineering case are found in Appendix B. A model of this HPP is 135 

built by applying the extended software TOPSYS, as shown in Figure 4.  136 

 137 

Figure 4. Model of the HPP built by extended software TOPSYS 138 

 139 

3 Theoretical derivation with Hurwitz criterion 140 

3.1 Stability condition 141 

Stability condition of frequency oscillation under frequency control and power control 142 

is obtained by adopting Hurwitz criterion. 143 

 144 
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3.1.1 Frequency control 145 

By applying the Laplace transform to Eqs. (1-6), the transfer function of hydraulic- 146 

regulating system is obtained: 147 

2

5 4 3 2
0 1 2 3 4 5

(1 ) (1 ) (1 )( )( )
( )

F qh y p p p p p i y p i

g

T ms me T b K s b K b K T s b KX sG s
M s a s a s a s a s a s a

 + + + + + + + = = −
+ + + + +

 
(9) 

 The fifth-order differential motion equation of frequency control is derived from the 148 

transfer function: 149 

5 4 3 2

0 1 2 3 4 55 4 3 2 0d x d x d x d x dxa a a a a a x
dt dt dt dt dt

+ + + + + =  (10) 

The details of the symbols in the equations above are given in Appendix C. 150 

 For frequency control, the stability condition is: 151 

( =0, 1, 2, 3, 4, 5) (11) 

 (12) 

 (13) 

 152 

3.1.2 Power control 153 

In the equation of power control, the ordinary expression of pt is pt = mtx + mt + x, but 154 

mt and x are micro for small load disturbance. In order to maintain linearity of equation, 155 

the expression of pt can be simplified to pt = mt + x by ignoring the second-order term 156 

mtx. Therefore Eq. (7) is transferred to Eq. (14) from Eq. (5) and the simplified 157 

expression of pt : 158 

2

2

d d d ( 1)
d d dy p I a p I g

y y xT e K T e K e x
t t t

+ = − − +
 

(14) 

 The fifth-order differential equation of motion of power control is derived from Eqs. 159 

1 0ia∆ = > i

2 1 2 0 3= 0a a a a∆ − >

2
4 1 2 0 3 3 4 2 5 1 4 0 5( )( ) ( ) 0a a a a a a a a a a a a∆ = − − − − >
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(1-5) and Eq. (14):  160 

5 4 3 2

0 1 2 3 4 55 4 3 2 0d x d x d x d x dxa a a a a a x
dt dt dt dt dt

′ ′ ′ ′ ′ ′+ + + + + =  (15) 

The details of the symbols in the equations above are given in Appendix C. 161 

 The differential equations of motion of two control modes are both fifth-order. 162 

Therefore, the stability condition of power control is the same as which of frequency 163 

control by replacing the ai to ai’ in Eqs. (11-13). 164 

 165 

3.2 Stability analysis of two control modes 166 

This section makes contrast and analysis of stability regions of two control modes based 167 

on the engineering case. The stability region is the region which satisfies the stability 168 

condition in Ki-n coordinates by substituting the system parameters of different states 169 

into the stability condition. The value n (n = F/Fth ) stands for the coefficient of cross 170 

section area of surge tank, F and Fth are the real area and Thoma critical area [2], 171 

respectively. In terms of the drawing method of stability region, firstly, curves which 172 

correspond to critical stability condition are drawn in Ki-n coordinates, and then the 173 

envelope of curves is obtained. The envelope is the boundary of stability region and the 174 

right portion is the stability region. 175 

 The related parameter values are given in Appendix B. Based on the stability 176 

condition, a set of curves of stability region boundaries is achieved under two control 177 

modes, as shown in Figure 5. The stability region of power control is much larger than 178 

which of frequency control. There is no proportional gain (Kp can be regarded as 0) in 179 
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power control, and it is conducive to the stability. However under frequency control, 180 

when the Kp is set to near 0, the stability region is still smaller than for power control. 181 

Besides, the head loss and the ratio Tw /Ta also affect the stability, and they should be 182 

further discussed. In conclusion, from the theoretical derivation, it is found that the 183 

stability performance under power control is better than which is under frequency 184 

control. 185 

  186 

Figure 5. Stability region in Ki-n coordinates of two control modes 187 

 188 

4. Numerical simulation 189 

In the section, numerical simulation is applied to validate the result of theoretical 190 

derivation, and to explore the worst operation cases and solutions of frequency 191 

unsteadiness. Idealized cases, which are the load step disturbances (610MW decrease to 192 

549MW), are simulated under two control modes. 193 

 194 

4.1 Stability under two control modes with different governor parameters  195 

In the simulation, different values of Kp and Ki are adopted, and other parameters are set 196 
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to the same values as in section 3, see Appendix B. Results are shown in Figure 6 and 197 

Figure 7. 198 

 From the simulation, the conclusion drawn in section 3 is verified: the power 199 

control produces a better effect on stability than frequency control. More specifically, 200 

under frequency control, it is hard to stabilize the frequency by adopting any of the three 201 

sets of parameters. Even when Kp is set to nearly 0, to compare with the power 202 

controller which is without proportion component (Kp = 0), the frequency instability still 203 

occurs. With the decrease of the governor parameter, the frequency has a tendency to 204 

stabilize, whereas the rapidity becomes worse. Hence, the governor parameters should 205 

be tuned to ensure the stability and rapidity simultaneously. While under power control, 206 

frequency stability is well ensured, and the contradiction between rapidity and stability 207 

is also indicated.  208 

 It is worth noting that the instability usually refers to the oscillation with increasing 209 

amplitude, however in this practical study, a stable oscillation is also regarded as 210 

instability. Besides, the steady-state frequency error, due to the permanent speed droop 211 

(bp), occurs after a load disturbance under frequency control (primary control), and it 212 

 

Figure 6. Frequency oscillation under frequency 

control with different governor parameters 

 

Figure 7.  Frequency oscillation under power control 

with different governor parameters 
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could be corrected by secondary control. However the frequency error is not discussed 213 

in this paper, only the stability performance is the main concern.  214 

 215 

4.2 Stability under two control modes with different operation case 216 

The water inertia of water way system is adverse to regulating stability [21]. However, 217 

former research make the analysis of water inertia time constant ( w
Q LT

gH f
= ∑ ) just 218 

from the view of layout and design of HPP by focusing on length (L) and section area (f) 219 

of piping, while the discharge (Q) and water head (H) are seldom studied. Therefore in 220 

this section, different operation cases, with different loads and operating water levels, 221 

are analyzed under two control modes, as shown in Table 1, Figure 8 and Figure 9. 222 

Moreover, for six cases in Table 1, the upsteam water levels are 1640.0 m and “final 223 

state” means the steady state after the load disturbance whereas the discharge and water 224 

head are obtained by calculation of steady flow. Besides, the governor parameters are 225 

the same under two control modes (recommended value): Kp = 2.0, Ki = 0.25, other 226 

parameters are shown in Appendix B.  227 

 

Figure 8. Influence of final state and operating water 

level (frequency control) 

 

Figure 9.  Influence of initial state and amplitude of 

load disturbance (frequency control) 
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Table 1. Related parameters of HPP operation case 228 
Case Downstream 

water level (m) 
Load step 

disturbance 
Water head of 
final state (m) 

Discharge of final 
state (m3/s) 

Q/H 
(m2/s) 

1 1331.94 90%-100% 292.96 224.19 0.765 
2 1331.94 100%-90% 296.53 197.32 0.665 
3 1331.94 80%-90% 296.53 197.32 0.665 
4 1331.94 90%-80% 299.24 172.73 0.577 
5 1341.94 90%-80% 288.60 178.81 0.620 
6 1331.94 92%-90% 296.53 197.32 0.665 

 For frequency control, according to Figure 8 and Figure 9, under unfavorable cases, 229 

the instability phenomenon is obviously reflected by the constant amplitude of 230 

frequency oscillation. Under different cases, the initial load has no effect on the 231 

frequency stability (the contrast between case 2 and case 3 in Figure 9). In contrast, 232 

large load of final state (the contrast between case 1 and case 4 in Figure 8) or low water 233 

head (the contrast between case 4 and case 5 in Figure 8) results in large water inertia of 234 

final state (indicated by the value of Q/H in Table 1) and goes against the frequency 235 

stability. The load disturbance amplitude has little influence on frequency stability, but it 236 

determines the amplitude of frequency oscillation, see case 6. In summary, under 237 

frequency control, the HPP shows poor frequency stability, and the worst operation case 238 

is when the load ascends from 90% to 100% of rated power under the lowest water 239 

head.  240 

 The simulation under power control is described in Figure 10 and Figure 11. The 241 

power control has an obviously better effect on stability which is influenced only little 242 

by diverse operation cases. Even for the worst case of frequency control, the stability is 243 

still guaranteed. By contrast, the regulation rapidity cannot be ensured well. It is takes a 244 

few periods for frequency oscillation amplitude to decay to an acceptable range, and the 245 
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larger amplitude of load disturbance, the longer setting time.  246 

 For operation cases with small water inertia of final state, it is appropriate to adopt 247 

frequency control to ensure the stability and rapidity simultaneously. Otherwise, the 248 

power control could be applied to guarantee the stability at the expense of rapidity.  249 

 250 

4.3 Frequency oscillation under control mode switch-over 251 

If the instability already occurs under frequency control, could the stability be 252 

re-obtained by manually switching the control mode to power control? In this section, 253 

this case is simulated to investigate the frequency oscillation during the control mode 254 

switch-over.  255 

 The simulation of the control mode switch-over is shown in Figure 12, for the case 256 

2 in Table 1. In order to compare the results clearly, the steady-state frequency error is 257 

diminished by setting the droop bp to 0. The control mode is manually converted to 258 

power control at 1200 s, when the frequency oscillation tends to be unstable under 259 

frequency control. The frequency oscillation amplitude increases immediately under the 260 

influence of water level fluctuation in surge tank, because of the relatively poor rapidity 261 

 

Figure 10.  Influence of final state and operating water 

level (power control)  

 

Figure 11.  Influence of initial state and amplitude of 

load disturbance (power control) 
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of power control, and afterwards it takes several periods for the frequency oscillation to 262 

stabilize again. In short, the stability could be re-obtained finally by control mode 263 

switch-over, although the frequency oscillation amplitude would increase during the 264 

transient process. Therefore the control mode switch-over is a simple and effective 265 

option for re-obtaining the frequency stability.  266 

 

Figure 12.  Oscillation of frequency and guide vane opening under control mode switch-over 267 

 268 

5 Conclusions  269 

In this study, a theoretical model, containing the governor equations of frequency 270 

control and power control, and a simulation model with control mode 271 

switch-over function are built. Frequency stability under power control is investigated 272 

and compared to frequency control, with various operation cases.  273 

 The conclusions are drawn as follows: (1) the power control has a better 274 

performance on frequency stability, comparing with the frequency control. By contrast, 275 

power control leads to poorer rapidity. (2) The water inertia of final state is a key factor 276 

of frequency stability. The worst operation case for stability is with large load, large 277 

load disturbance amplitude and low water head of final state. So a suggested case of 278 
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isolated operation, for simulation or test, to exam the stability could be: load (or power 279 

output) ascends from 90% to 100% of rated power under the lowest water head. (3) For 280 

the operation case with small water inertia of final state, it is appropriate to adopt 281 

frequency control to ensure the stability and rapidity simultaneously. Otherwise, the 282 

power control can be applied to guarantee the stability at the expense of rapidity. 283 

Besides, the simulaion also shows that if the instability already occurs under frequency 284 

control, the stability could be re-obtained by manually switching the control mode to 285 

power control, although the frequency oscillation amplitude would increase temporarily 286 

during the switch-over transient process.  287 

 This study lays a foundation for the future research on stability of islanded or 288 

interconnected operation of multiple power-generating units or HPPs, for example a 289 

study on optimizing the combination of units in different control modes to enhance the 290 

whole system stability.  291 
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 301 

Appendix A. List of symbols 302 

      discharge of draw water tunnel 303 

        discharge of turbine 304 

0

0

g ct

c

f fn nx
n f

−−
= =  rotation speed of turbine 305 

         guide vane opening 306 

      dynamic moment of turbine 307 

     braking moment of generator 308 

        power of hydroelectric generating unit 309 

      given power of hydroelectric generating unit 310 

           relative change value of water level in surge tank 311 

Symbols above are all relative values (per unit values), and symbols with subscript “0” 312 

stands for initial value.  313 

 314 

△Z              absolute change value of water level in surge tank 315 

H0               net head of turbine 316 

hyo               head loss of draw water tunnal 317 

Twy             water inertia time constant of draw water tunnel 318 
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         surge tank time constant 319 

F         cross section area of surge tank 320 

Ta        generating unit inertia time constant 321 

eh, ex, ey           moment transmission coefficient of turbine 322 

eqh, eqx, eqy        discharge transmission coefficient of turbine 323 

eg     characteristic coefficient of power grid load 324 

Kp, Ki, Kd, Ty, bp, ep governor parameters which are shown in Figure 3 325 

 326 

Appendix B. Details of the engineering case 327 

Rated power of generating unit: 610 MW 328 

Rated water head of generating unit: 288.0 m 329 

Rated discharge of generating unit: 228.6 m3/s 330 

Rated rotation speed of generating unit: 166.7 r/min 331 

Length of draw water tunnel: 16662.16 m 332 

Twy of draw water tunnel: 23.88 s 333 

Tw of penstock: 1.35 s 334 

Head loss: 15.67 m 335 

Equivalent section area of draw water tunnel: 113.10 m2 336 

Inertia time constant of generating unit (Ta): 9.46 s 337 

Length of penstock: 513.34 m 338 

Other governor parameters: Kd = 0, Ty = 0.02, bp = 0.04, ep = 0.04, Ef = Ey =Ep= 0 339 

Characteristic coefficient of power grid load: eg = 0.0 340 

0

0
F

y

FHT
Q

=
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Transmission coefficient of ideal turbine: eh = 1.5, ex = -1,ey = 1, eqh = 0.5, eqx = 0, eqy = 1 341 

Cross section area of surge tank (F): 415.64 m2 342 

Thoma critical section area for stability (Fth): 416.08 m2 343 

 344 

Appendix C. Symbols in Section 3.1 345 

(1) Symbols in Eqs. (9-10): frequency control 346 

0

0

2 y
wy

h
m T s

H
= + , 0 4 (1 )y P Pa f T b K= + , 1 5 4(1 ) (1 )y P P P P P I ya f T b K f b K b K T= + + + +  347 

2 6 5 4 1(1 ) (1 )y P P P P P I y P I Pa f T b K f b K b K T f b K f K= + + + + + +348 

3 7 6 5 2 1(1 ) (1 )y P P P P P I y P I Pa f T b K f b K b K T f b K f K f= + + + + + + +  349 

4 7 6 3 2(1 )P P P I y P I P Ia f b K b K T f b K f K f K= + + + + + , 5 7 3P I Ia f b K f K= +  350 

1 y F wyf e T T= , 0
2
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2
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y qh wy F h qy wy

h
f e e T T e e T
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3
0 0

2 2
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f e e e e

H H
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0
5

0

2
( ) ( )y

F wy g x a F wy qh

h
f T T e e T T T e

H
= − + + , 0 0

6
0 0

2 2
( )( ) (1 )y y
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h h
f e e T T e T e e e T
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0 0
7

0 0

2 2
( )(1 )y y

g x qh h qx

h h
f e e e e e

H H
= − + +  353 

(2) Symbols in Eq. (15): power control 354 

0 wy F y aa T T T T′ = , 1 2 0wy F y y a wy F aa T T T b T T b T T T′ = + +  355 

2 0 2 1 2 0 4y y a wy y h qx wy F a y wy Fa T b b T T b T T e e T T b T b e T T b′ = + + + + +  356 

3 1 2 3 0 2 1 0 4 5( )y y qx a wy h qx y wy h qy y wy Fa T b b T e b b b T b T e e e b T e e b e T T b′ = + + + + + − +  357 

4 1 2 3 0 5 1 3 4( ) ( )qx y wy h qy y qya b b e b e b T e e b e b e b b′ = + + − + − , 5 1 3 5( )y qya e b e b b′ = − , 358 

0
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1y qhh e
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